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Abstract. We prapose a branch-and-bound algosithm for solving nonconvex quadratically-constrained quadratic programs. The algo-
rithm is novet in that branching is done by partitioning the feasible region into the Cartesian product of two-dimensional triangles and
rectangles. Explicit formutae for the convex and concave envelopes of bilinear functions over triangles and rectangles are derived and
shown to be second-order cone representable. The usefulness of these new relaxations is demonstrated both theoretically and computa-
tionally.
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1. Introduction

In this paper, we discuss branch-and-bound methods for solving the quadratically constrained quadratic pro-
gram (QCQP) which can be written as

min go(z)
subject 1o
gr(z) = by Ve M
i < U Yiel
T > Yie T,
where

gr=ciz+aTQrz  Vke {OuM).

We assume that explicit lower bounds and upper bounds on z are known, so that the feasible region is
compact. We do not assume any convexity properties of the gi(z), so the objective function of the problem
may be convex, concave, or indefinite, and the set of feasible solutions need not be convex or connected.

QCQP generalizes many well-known, difficult optimization problems. Linear mixed 0-1 programming,
fractional programming, bitinear programming, polynomial programming, and bilevel programming problems
can all be written as instances of QCQP, so QCQP is NP-Hard. From a practical standpoint, QCQP is one
of the most challenging optimization problems-—the current size of instances that can be solved to provable
optimality remains very small in comparison to other NP-Hard problem classes such as mixed integer pro-
gramiming.

Jeff Linderoth: Industrial and Systems Engineering Department, Lehigh University, 200 West Packer Avenue, Bethlehem, PA 18015;
je£l38lehigh.edu
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In this work, we describe a branch-and-bound algorithm for solving QCQP that is based on subdividing the
feasible region into the Cartesian product of triangles and rectangles. It can be viewed as an extension of the
work of Al-Khayyal and Falk [2], who derive a formula for the convex envelope of a product of variables over
a rectangle and give a branch-and-bound algorithm based on the formula. Al-Khayyal [1] extends the formula
for the concave envelope of the product of variables, and Al-Khayyal, Larsen, and Van Voorhis develop a
branch-and-bound algorithm based on these relaxations [3].

Raber [22,23] also gives a simplicial-subdivision based algorithm for QCQP. In Raber’s work, the feasible
region is enclosed in a high-dimensional simplex, and this simplex is subdivided in the spirit suggested by
Horst [14]. Our work is different in that the feasible region is enclosed in an initial hyper-rectangle, and that
hyper-rectangle is subdivided into the Cartesian product of rectangles and triangies (low-dimensional sim-
plices). Sherali and Alameddine [28] use the Reformulation-Linearization Technique (RLT) to solve bilinear
programming problems, and Audet ef al. [5] extend the use of RLT in solving QCQP by including different
classes of linearizations. Kim and Kojima [17] extend the lift-and-project idea of RLT to create a second-order
cone programming relaxation for QCQP. DC (Difference of Convex) programming techniques were used by
Phong, Tao and Hoai An to solve QCQP, and DC programming techniques form the basis of the general global
optimization software aBB [4]. BARON [26,31] is a mature, sophisticated software package that can solve
QCQP using convex/concave envelopes (in the spirit of [2]), but augmented with features such as sophisti-
cated range reduction and branching techniques [25,32]. BARON also can be accessed through a link to the
commercial modeling language GAMS.

The paper is organized as follows. In Section 2, expressions for the convex and concave envelope of the
bilinear function f(x,y) = zy over rectangular and triangular regions are derived. In Section 3 a simple
triangular-based branching scheme is introduced, and based upon such a scheme a nonlinear programming
relaxation for QCQP is given. Section 4 demonstrates that the nonlinear constraints in the relaxation are repre-
sentable as second-order-cone constraints. A polyhedral outerapproximation to the second-order cone is given,
resulting in a new linear programming relaxation to QCQP. Section 5 introduces two measures of the tight-
ness of approximations to the convex and concave envelopes and computes these measures for the envelope
expressions derived in Section 2. In Section 6, computational results are given to show the usefulness of the
triangle-based branch-and-bound method.

2. Relaxations for QCQP

Tractable relaxations of the nonconvex problem QCQP can be obtained using the notions of convex envelopes
and concave envelopes. For a function f : 2 — R, the convex envelope of f over (2, denoted vexgo(f),
is the poiniwise supremum of convex underestimators of f over {2. Likewise, the concave envelope of f
over (2, denoted cavp{f) is the pointwise infimum of concave overestimators of f over {2. This paper refers
extensively to the convex and concave envelope expressions for the bilinear function f (z,v) = zy. To simphify
the notation, the following definitions are made:

def
vexxy, = vexp(zy) and

def
cavxy, = cavo(zy).
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2.1. Linear Programming Relaxations

McCormick [20] gave a linear relaxation for the product of variables zy over a rectangle R = {(z,y) €
R €2 < up,ly Sy < uy }, and Al-Khayyal and Falk [2] and Al-Khayyal [1] subsequently showed that
the linear relaxation defined the convex and concave envelopes.

Theorem 1 (McCormick [20], Al-Khayyal and Falk [2], Al-Khayyal {1,

The convex and concave envelopes of the bilinear function Ty over a rectangular region
def
R = {(mr'y)Eszﬂ:SmSux: ly Syiuy}
are given by the expressions

vexxy (2, y) = max{lyz + Ly — lely, uy@ + uzy ~ vatiy} (D
cavxy p(z,y) = min{uyz + by ~ loty, lyz + uzy — Ugly} @)

Using Theorem 1 and introducing auxiliary variables z;; to act as an approximation of x;x, a linear pro-
gramming relaxation LP K, of QCQP can be written. For ease of notation, the z; variables are arranged
into a matrix Z, and we write the inner product of two matrices A € Rexn B g B*" a5 Ae B =

o 2o Gighij-

vLpR, = min dr+QoeZ (LPRD
subject to

Fr+QueZ b, VEeM,
zij = by — Ly + lil; 2 0 viel jel,
Zgj ~ Uig — Ui g b Uty 2 0 ViGI,jef,
zip = by —ugms Ly <00 Viel jel,
2y — gy~ Lm +uwgly <0 Viel,jel,
z; € [l u) Viel.

In practice, the auxiliary variables z;; need only be introduced for the nonzero elements of the ¢ matrices,
and the expressions for the convex or concave envelopes are included to bound the values of z;; depending on
the sign of the matrix elements g;; and right hand side elements by.

Figure 1 shows a plot of the function zy. The envelopes vexxyp and cavxyp define a simplex in R® as
depicted in Figure 2. With this geometric observation, an equivalent linear programming relaxation can be
wiitten using a dual notion of the convex and concave envelope. The relaxation is obtained by noticing that
over R, the values of xy are contained convex huil of the points obtained by evaluating zy at the extreme
points of R. Because ay is a linear function if either z or y is fixed, the approximation is exact along the
boundary. Sherali and Alameddine derive a sirnilar expression using arguments from LP duality [27]. We use
A¥ to denote the unit simplex in R®,
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Fig. L. f(z.y) = =y

Theorem 2 (Sherali and Alameddine [27]).
The convex and concave envelopes of the bilinear function xy over a rectangular region

RE{(zy) e R |l So<us, ly Sy<uy)
are given by the expressions
vexxyp(,y) = ;IEliAI}*{ZzlyAl + UglyAg + Ugtiy g + louyAg
# = (A 4 Ag) Fug(Ae + Ag), ¥ = LA+ A2) +uy(Aa + M)}
and
cavxyp(z,y) = gréadrg{lxly)\l + UglyAa + Ugty Az + [ty Ag |
T = L( M+ M) Fug(Ae + A2), vy =LA + Ao) +uy(As + A}

By Theorem 2, a linear programming relaxation L P Ry of QCQP can be written as follows:

vLpR, =min cz+QpeZ (LPRs)
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Fig. 2. Convex and Concave Enveiopes of zy Over a Rectangle

subject to
Fr+QreZ > by Yk e M,
()\«gji + )\3'34)53- -+ ()\,;jz + /\ijs)ui = py Vie T,
(Aij1 + Agadly + (Mg + Aga)uy =z Viel,
/\ijllélj + Aggously + Agjausug -+ Aijdgliuj = Zig Viel,jel,
4
ha=1 VielVjiel,
I=1
T; € [lz,uz] viegl,

Azt 20 viel,¥ielVig {1,2,3,4},

it follows directly from Theorems 1 and 2 that v pr, = VLPR,.

2.2. Nonlinear Programming Relaxations

The branch-and-bound method described subsequently in Section 3 subdivides the initial hyper-rectangle

12 = xen|li, wi] not into finer and finer hyper-rectangles, but into the Cartesian product of triangles and
rectangles. To develop tight and tractable relaxations for the method, it is useful to complement Theorem 1 by
deriving expressions for the convex and concave envelopes of the function zy over various triangular shapes.
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Two of the expressions (Theorems 3 and 4) also appear in an implicit form in the work of Sherali and
Alameddine [27]. For the remainder of the paper, we will refer to the following triangular regions.

Boy < {(2,9) € B? | lo S 2 S, by Sy S uy) 3)
SEyy & Roy 0 {(my) € B | (y — L)us — b) < (uy — b)) (@ — L)} @)
NWay & Roy 0 {(z,9) € B2 |y — ) (ue ~ k) = (uy — L)@ — L)} ®)
Wy & Boy 0 {(z,9) € B2 (y ~ uy)(tta — o) < (ly ~ wp)lz — L)} ©)
NEsy ¥ Ryy 0 {(m,y) € B2 | (y - up)(uz ~ L) > (ly — wy)(@ ~ 1)} %
Noy & NEpy N NWoy, (8)
Sey & SEpy N SWay, ©)
Eoy ¥ NE, N SE,,, and (10)
W,y & NW,y 0 SWa . (11)

Figure 3 depicts the various triangular regions. The N, S, E, and W notation is meant to mimic the “North”,
“South”, “Fast”, and “West” compass directions.

Uy

S

Ly
iz T Uz

Fig. 3. Pictorial Description of Friangular Regions Studied

Theorem 3 (Sherali and Alameddine [27]).
The convex envelope of the function y over the triangular region SE;, is given as

Uy fa=uyandy =l

gse(z,v)/lsp(z,y) otherwise, (12

Vexxysg, ., (z,y) = {
where

a55(3,v) F (2 — Luy)e® + (U2~ lyug)y?
+ (lyus — laty)zy + (Lelyuy + Lyuguy — QZgum}m
+ (lalytie + latguy — 2ully )y + (Ful — Lolyusuy),
and
Lo (1) L ~20ug + Loby + gty + (g — L)y + (b — )z,
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A3
Uy

Lo

i'y
M I uwAz

Fig. 4. Depiction of Entities in Proof of Theorem 3

Proof. In Figure 4, the line segment L, = {(z,y) € R? |y ~ by = m(x — uz)}, where

m = {ly ~ §)/(uz — £). The function zy is strictly concave on the domain L, since on this domain,

Ty = mz? + {ly — mug )z, which is a strictly concave function, since m < 0. Our aim is to define the
equation of line segment connecting (&, §, #) and (w4, ly, uxly) € R® as a function of « and y. To that end,
define (convex) multipliers Az, Az, As associated with the points (Iz, Iy), (e, ly), and (uz, uy), respectively.
The following five equations all define valid relationships between ., y, &, 9, A1, A2, and Ag:

(G = L)tz ~ lz) = (uy — L)(E — Lo},

(0 — ) ug ~ z) = (ly — y)& — wa),
Azlg + Aoty + Aste = T,
Arly + Aoy + Asuy =y,
Art A+ Ay =1

The solution of these five equations in the five unknowns (£, §, A1, Ag, As) yields the unique solution

(2 = lpug)y + (lely — louy)z — u2ly + lpuguy

r= (the — L)y + {ly — ug o + Ioly + uguy — 2yu, (13)
_ (Uatty — leug)y + (12 — Lyuy )z — Bus + lalyuy (h
(thg = Loy + (ly — uy )z + Ioly + uguy — 2lus
dg = (ty = ly)x ~ (U ~ L)y + Lyus —uyls (15)
Uglly — bytg + lzly ~ Uyls )
The line segment connecting (£, §, £§) and (ua, by, ugly) can be written as
Fsp(z,y) & Aqugly + (1 ~ 29)29. (16}

Substituting equations (13)—(15) into (16) yields

Fsp(z,y) = gselz, v)/lsp(z,v).

The remainder of the proof argues that Fgg(z, y) is indeed the convex envelope. It is clear that no convex
function is larger, since Fog(z,y) is the functional form of the line segment connecting the two endpoints of
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a strictly concave function. The convexity of Fsp(z, y) can be established by examining its Hessian. The
function Fsg(z,y) is not defined at (u,, l), but it follows from construction that vexxyg gt iy)) = ugly.
(See also Coroliary 2.5 of Tawarmalani and Sahinidis [3 1. |

The exact same proof also shows that vexxygg,  is the convex envelope over the regions Sz, and Ex .

Coroliary 1.
vexxygp, (%) = vexxys, (2,v) = vexyg, (2,¥). (17)

Example I. Let SE' = {(z,9) e R? |0 £ ¢ < 1,0 <y < 1,x 2 y}, then

y2

VEXXY o (SC,’y} = m

Figure 5 is a plot of vexxyg g (2, ). (Note that the function is only the convex envelope in the lower
triangular region of the figure). The convexity of the function can be seen by compufing the Hessian matrix
for vexxysp (2, 4):

, _ 1 212 2y(1 — =)
v {veﬁxySEr(if?,y)) = ﬂ(i Tt y)3 | 2y(1 - 2) 2(1 — 2z + z?) .

For (z,y) € SE', the relations (1 — z + )% > 0,2y 2 0, 2(1 ~ 2z + z?) > 0, and
441 — 2z + 27) — 4y%(1 ~ x)% = 0 all hold, so V>vexxygp (7, ) is positive semidefinite, and
vexxyg g (z, y) is indeed convex on SE.

Theorem 4. The convex envelope of the function Ty over the triangular region NWy ,, is given as

bpu ifz =l andy = uy,
vexxyNWm,g(may) = o f n: Y (18)
avw iz, v)/Inw(z,y) Otherwise,

where

anvwiz,y) = (“5 - lyuy)wz + (uyly — byt )2y
F (~lptg 4 12)y% + (uylytis — 2ile + uylyls)z
+ (Lplyue ~ 2lﬁuy + Lty )y — Loty lytis + uilg
and

Inw (@, y) = (uy — ly)x + (In — uz)y + Uyt — 2uyls + 1.

Proof. The proof proceeds in a similar fashion to the proof of Theorem 3. Namely, it can be shown that
anw (. y)/Ivw (z,y) is precisely the expression for the line segment connecting the point (1g, Uy, Izuy) and
(%,4,29) where (£, ) is on the line segment Ls in Figure 4. O

The same proof suffices to show that the the convex envelopes over the triangles NW; y, Ny, and Wy all
share the same functional form.

Corollary 2.
vexxynw, , (2,y) = vexxyy, (z,y) = vexxyy, (Z,y)- (19
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Fig. 5. vexxy g5 {2, V)

Concave envelopes for triangles SW,, ,, and N E, , are derived from similar arguments.

Theorem 5. The concave envelope of the function zy over the region SWy , is given as

lal = lyandy =l
Cavxysw.. ., (z,y) = Y ) v (20)
gew(z, v}/ lsw(z,y) otherwise.

where

gsw{z,y) = (lyuy ~ l:)mz + (ueuy — laly)zy
4 (latte — )% + (—lalyuy — Lyuguy + 20205)2
A+ (—lalytty ~ gty + 2200y + (— 202 + lolyuauy)

and
Lsw (2,Y) = (Uy = 10T + (ug — la)y = oty — uzly + 21,

Proof. In Figure 6, the line segment L1 = {(z,y) € R% 1y 1, = m(z — 1)}, where

m = (§ — )/ {ug — &), and the function zy is strictly convex on Ly, since on this domain

Ty = mz® + (ly = mly)z, withm > 0. Similar to the proof of Theorem 3, it can be shown that
gsw{z, v}/lsw{z,y) is the functional form of the line segment in R? connecting (I, Ly, luly) to (&,
and that the infinite collection of these line segment forms the concave envelope. 0

P

 &4),
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Iy
P

Ty

Fig. 6. Depiction of Entities in Proof of Theorem ??

The proof of Theorem 5 also suffices to establish the formulae for the concave envelopes over Sz and W .
Corollary 3.
caveygw, (T, y) = cavxyg, | (@,y) = caviyw,_ (%)

Example 2. Let SW' = {{z,1) e R* [0S 2 <L,0<y < Lz+y < 1}, then

Ty
T4y

cavxy g (2, y) =
Figure 7 shows a graph of cavxygw, .

Theorem 6. The concave envelope of the function xy over the region N Ey o, is given as

Uiy IfT = Uz and i = Uy,
caveyyp(z,y) = . (21}
gve(z,v)/ive(z,y) otherwise.

where

gne(z,Y) = (UZ . lyuy)mz + (upty — loly)zy+
(W2 — loug)y* + (——2u§um F Uglytiy + Lplyty )+
(=202 + Lptaty + lalyus)y + ugug — lpuglyu,
and

Ine(z,y) = (uy = L)z + (Ue ~ I}y — 2uguy + Ly + lyus.

Proof. The proof is to show that g g (2, ¥)/Ine(z, 1) is the expression for the line segment in R?
connecting (uz, Ly, Uzly) to (£, §, &), where (£, §) is on the line segment Ly in Figure 6. n

Once again, the same proof shows that N E, ,, N, and E;  all share the same concabe envelope.

Corollary 4.
caviyn g, , (z,y) = cavxyy, (z,y) = cawyg, {z,y). 2n
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Fig. 7. cavxy SWy (2, v}

To augment Theorems 3-6, we give the complementary convex and concave expressions over the four
triangular regions of the theorems. The envelopes are the equations of appropriate planes in the convex and
concave envelope expressions of zy over a rectangle R from Theorem 1: -

cavrygp, (2,4) =L + uoly — ugly, C{23)
cavxy yw, (2 9) = Uy + loly — lauy, (24)
vexxygy, (@, 4) = lyx + lay — laly, (25)
VeXXyn g, ,(Z; Y) = Uy + Ugly — Uglly. {26)

3. Triangular Based Branch-and-Bound

This section demonstrates how to exploit the formulae for convex and concave envelopes derived in Section 2
in a triangular-based branch and bound scheme.

3.1. Partitioning Schemes

Starting with the pair of variables (z;, z;} being constrained to lie in the rectangle Rz, »,, the
branch-and-bound procedure partitions the feasible region by subdividing the region Ry, »,. The partitioning
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tightens the convex and concave envelope approximations of the bilinear term z;x;. Typically, in a
rectangle-based branch-and-bound scheme, the original rectangle is subdivided into either two or four
rectangles [2,3]. When triangles are allowed as elements of the partition, the variety of ways in which the
feasible region might be divided increases. For example, a rectangular region Ry, =, might be divided into
four triangular regions of the type Nz, o, Szizss Eremss W, ;- @ in Figure &(a). A rectangular region
R, z; might be divided into two regions, one of the type NWy, o, and the other of the type SEq, o, like
Figure 8(b). A region of type NWy, ;. might be divided into a region of type Ra, z, and two regions of type
NW,, »; in a manner suggested by Figure 8(c).

In practice, partitioning schemes often ensure that the solution to the relaxed problem intersects with the
boundary of feasible region in child subproblems. In order to ensure global convergence, the branching
scheme should partition the region so that nested sequences of partitions converge to a singleton point. Then,
since the convex and concave envelope approximations are exact at such a point, the bounding procedure is
consistent and global convergence can be assured as long as the node selection operation periodically
evaluates the node with the smallest lower bound {c.f. {15]}.

In any of the above suggested partitioning schemes, each bilinear product of variables z;x; is constrained to
be in a rectangular or triangular region of a type given by the sets (3)——(11). In order to concisely write down
a valid relaxation for an arbitrary direct product of partitions, let

RE (i, 5) € I x I (zi,%5) € Rayos b
SEE {(i,5) € I x I'| (wi,7;) € 5Bz},
NW E {(i,5) € I x I {2, 7) € NWara,},
SWE (6,5) € T x I} (ms,25) € SWo, ;)
NEE (G, §) e I x I'|(z5,55) € NEg, ;)
Ny el x| (225) € Noway 1y
S {(4,5) € I x I (z4,25) € Sapz;

g def {i, eI xI| (@i z5) € Egias b

W {(0,5) € I x I'| (24,25) € Wiy}

A nonlinear programming relaxation N LPR of the problem where the individual bilinear terms z;; are
constrained to lie in these specified regions can be written as

UNLPR = fill_gl Tt QoeZ (NLPR)
subject to
o+ QpeZ > by Yk e M, 20N
zig — Lwy — Lz + Ll 20 Y(,7) €R, (28)
2 — wimy ~usTs Fugy = 0 Y(L,7) ER, 29
2 = biwy —uyzs + Lug <0 V() ER, (30)
ziy —wmy — Lzt uly S0 V(L F) €R, 3D

&g — VexxYNWm.wj (miw "TJ') =0 \'/('.i,j} eNUW UNWa (32)
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Uy Uy
Y >
! !
Ve I U Yl U

{a) Four-Triangle-Partition

Uy Uy
Y >
! 1
e z s I e

(b) Two-Triangle-Partiticn

1y Uy
Y I
l l
ylm €x U yl!a; U

() Two-Triangle-Rectangle Partition

Fig. 8. Sample Partitioning Schetes
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Zij — CAVKYN R, .. (mi,z;) SO V(i,j) e NUEUNE, (33)
Zij = VeXXYgp, .. (zs,25) 20 Vi, 7)) € SUEUSE, (34)
2ij — CAVKY g, (@i, ;) <O Y(i,5) e SUWUSW (35)

2 € [lou] Viel (36)

4. Second Order Cone Representations

In this section, we demonstrate that the nonlinear constraints in the relaxation N L PR are representable as
second order cone constraints. A second order cone constraint is a constraint of the form

YAz +blls € Tz +d.

The second order (or Lorentz) cone of order n is the set of points

The set of points that satisfy a second order cone constraint is a convex set (the set is the inverse image of the
unit second order cone under an affine mapping), and hence efficient and robust algorithms exist for the
solution of problems containing second order cone constraints [29,211. Kim and Kojima [17] have also
considered relaxations of QCQP consisting of second order cone and semidefinite cone constraints. These
relaxations are based on the idea of lift-and-project and are of a different flavor than those presented herein.
The second-order-cone relaxations presented here are more in the flavor of Tawarmalani and Sahinidis [30].
who describe the convex envelope of a simple function of two variables over a rectangle as being
characterized by the set of points obeying a semidefinite programming constraint.

The representability of inequalities (32)—(35) as second order cone constraints more directly stems from the
fact that they can be shown to be what is known as kyperbolic constraints of the form w? < ww, with

w > 0,v > 0. Hyperbolic constraints are second-order cone constraints, which is evident from the relations

.,

Theorems (7)~(10) show that each of the nonlinear constrainis present in our noniinear programming
relaxation to QCQP can be represented as a second order cone constraint.

Theorem 7. Let (z,vy) € SEg,y and define

U4 v
<utve | 2w | €K) (37)

w -V

w: <uv,u> 0,020

Y=y

Uy = by

ozl -yl

M T~ )y — )
x -l Y=y

=1- .
vsE uww1m+uy~—5y

WsE =

,and

Then
Usg +UsE
z > vexsg, ,(z,y) & Qwsg = !Cg.
ugE — VSE
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Proof. 'The proof is a tedious exercise in algebra to show that
S gse(z, y)
~ sp(z,y)
if and only if
2
(y—1y> S(zw—lym—lmy+lxly)(lmm—lm+ywly). 38)
uy — ly (g~ L) (uy — ly) U —le Uy —ly
The proof is completed by recognizing the terms wsg, UsE, and vgp in (38), noting that
(z,7) € SE,z < zy = usg 2 0,vgp = 0, and using the relations (37).
Theorem 8. Let (z,y) € NWy, and define
T —ly
WNW = )
Uy — g
2= lyx — Loy + ey
UNW = = and
(g = le)(uy — Zy)
-1 -1
vaw =1 — Y=y + T
Uy — by Uz — g
Then
uNw + UNW
z = vexyw(zy) & DN W c iCi.
UNW — UNW
Proof. The proof is a nearly identical exercise in algebra to that found in the proof of Theorem 7. m
Theorem 9. Let (z,y) € SWhy and define the variables
r— gz
WSW = (39
UyZ + Loy ~ lpty — 2
USW = 40
(vo — L)y — L) “0)
-1 -
vew = —— 2. 4 LT 1)
Uy -l uy =y
Then
USW -+ Usw
z < cavgwizy) & Zwew € JCg'
usw — Vsw
Proof. The proof begins by showing that
z< gsw (,y)
lSW(m'ty)
if and only if
2
(w—lm) S(uym+lmy—lwuy——z)(m—~£x +y—ly ) @)
Uy — Iz (U — 12 )ty = ly) Up =l Uy — ly

Substituting (39), (40), and (41) into (42), noting that (z,y) € SW, 2 2 2y = usw 2 0 and vgw > 0, and

using the relations (37) completes the proof. |
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Theorem 10. Let (x,y) € NE; , and define the variables

def Y~ ly ’
Uy — ly
e 8 UyT + Ly — lgliy — 2
NE T Tlug — L)y~ 1)

T)NEq"g’fQ”” x— 1 B y—1y
Uy — Iz

WN g

uy — Iy

Then

UNE -+ UNE
z < cavyp(zy) & 2wNE € K;.

UNE — UNE

Proof. The proof is a nearly identical exercise in algebra to that of Theorem 9. 0

4.1. A Linear Relaxation

The convex and concave envelope inequalities over the triangular regions in the relaxation N LPR w0 QCQP
are nonlinear, Nonlinear programs (even if posed as second-order cone programs) are more difficult to solve
and in general pose more numerical difficulties that linear programs. In branch-and-bound, portions of the
search space are fathomed based on bounds provided by the solution of relaxed problems, so relaxations that
are numerically unstable pose considerable difficulties. In general, when bounding procedures are based on
calculations using floating point arithmetic, mathematically rigorous guarantee of global optimality can only
be ensured using interval methods [16,13], but the probiem is only exacerbated if the solvers for the
relaxations are not numerically robust or reliable. Due to the huge commercial success of linear
programming, powerful, numerically robust tools can be used for its solution, so it is useful to have an
outerapproximation to the convex and concave envelope constraints of IV L PR that can be solved using linear
programming. The relaxation given here is in the same spirit of Ben-Tal and Nemirovski [6] who give a
polyhedrat approximation to the second order cone and in the spirit of the BARON (v6.0) package [31,32]
whose default behavior is to use polyhedral outer-approximations of nonlinear relaxations through a variant
of the sandwich algorithm {24].

Take for example the triangular region SE, 4, (as development for the other regions is similar). In

Theorem 3, it was shown that vexxygg, (&, y) was the line segment through the points {ug, Iy} and (z,y).
This line segment is labeled L1 in Figure 4 and intersects the line segment Ly defining the boundary SE; .
Therefore, appealing to the dual (or convex hull) representation of the convex envelope and to the geometry
of the bilinear form xy, we can write vexxyg E“ (z,y) as the solution to the following semi-infinite
optimization problem:

VeXXYgp, | {z,y) = :?1){1 Z Fi0:6 + uLly A
U {dEniE L)
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subject to

Z i‘zgz'*’um)\ == T,

(£4,9:)6 L2
> Gt A=y,
{Z:,d0)EL2
Z g’i A= 1:
(#¢,:)€ L2

A0,
fz' >0 Vi I (ﬁi,ﬂi) € Lo,

We outerapproximate this semi-infinite program through a discretization procedure, underestimating the
objective function coefficient for £; at certain points on Ly using the subgradient inequality. For sireplicity,
assume that all points are equally spaced. Then a polyhedral outerapproximation 10 VeXXygg, . can be
written as follows.

Let
—1
@k_zm+k(;§+2) k=0,1,...2K +2, (43)
k(uy, —1
G = Iy + f‘;;J) k=01, 2K +2, (44)
Epl if kis even
5y = AkykA L A ki (45)
Epe1Tkm1 + 5575 (Pe—1(ta ~ l2) + Ep—i(uy — ly)) ifkisodd
The outerapproximation is accomplished by associating with each of the points k = 0,1,...,2K -+ 2a
convex multiplier variable £, and writing (z,y, z) as appropriate combinations of these multipliers:
2K+2
z=ughe+ ) Filk, (46)
k=0
2K +2
y=lyda+ Y G 47
ks
2K +2
22 uglydo+ Y Bbe (48)
ke

With these definitions, a polyhedral set that contains the epigraph of vexxygg,  canbe written as

PSEyy(K) = {(z,y,2) € R* | (z,) € Ray,
© (&,9,2) obey (43), (44), (45)
(z,v, z) obey (46), (47), (48)
()\2,5) e A2K+4}.
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A similar onterapproximating polyhedra can be defined for NW, ., triangular regions by writing (z, vy, Z)ina
similar fashion:

2K+2

T = lm'Xci -+ Z ﬁ.’cfk} (49)
k=0
2K +2

y=upda+ > s, (50)
k=0
2K+2

22 Luda+ Y Ak 5D
k=0

PNWay(K) = {{z,y,2) € R®[ (5,) € Rayy,
(&,4, 2) obey (43), (44), (45)
(z,y, z) obey {49}, (50), (61)
(’\475) e AQK-M}

For the regions SW, ,, and N E,, ,, a similar discretization procedure can be applied. In these cases, the
discretization points are

E(u, — 1)

k{, ~
gk=uy+~§2-§’g—+iz’v’) k=0,1,...2K +2, (53)
. ZrUk if kiseven (54)
Zpy ==
Bre—1Bk—1 + 5Rrs (Jk-1{ua — ls) + Ee-1(ly —1y)) if ks odd.

As above, associate with each of the points k = 0,1,...,2K + 2 a convex multiplier variable i, defining
points and function values to obey

K42

T =l + Z Tt (33)
Ko
2K +2

y=lyh+ Y Drpr (56)
k=0
2K+2

z < Emly/\l -+ Z Zp g (37

k=0

PSWey(K) = {(z,y,2) € R®| (2,4) € Ruy,
(2,1, £) obey (52}, (53), (54)
(z,y, z) obey (55), (56), {57)
(Mg, 1) € A%+
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Construction of a polyhedral set containing the hypograph of caviyyp, , 1 sirnilar.

2K-+2

z=ugha+ Y, Eriky (58)
k=0
2K 42

y=uyds+ Y Gepes (59)
k=0
2R 42

2 S uguyds + Y Zpke (60)
k=)

PNE,y(K) = {(z,5,2) € R* | (2,1) € Ray,
(#,1, £) obey (52),(53), (54)
(z,y, z) obey (58), (59), (60)
(g, ) € APKH )
Make one final definition of PRz 4 has

PRgy = {(z,y,2) € R |& = (A + Aa)le + (A2 + Aa)ua
y = (A1 + Aa)ly + (Aa + Ad)uy
z = lly Ay 4+ ugly o + usuyAs + Lty Ay
e Aty

Using the linear outerapproximations of all nonlinear constraints, a linear programming relaxation LF R to
QCQP can be written:

min elz+QpeZ (LPR3)

subject to

cFr+QreZ =2b  VkeM,
zs € [, u) Viel,
(#iy x4, 25) € PRy, .z, Vi, R
(zi,24,2i5) € PSEg a; Y{i,7) € SEUSUE,
(zs, 35, 2:5) € PNWy, o, ¥(i,5) e NWUNUW,
(@i, 24, 255) € PSWi, a; Y(i,7) € SWUSUW,
(4,24, 2i5) € PNEy, o Y(i,5) e NEUNUE.

5. Strength of Envelope Expressions

In this section we quantify the strength of convex and concave envelope expressions for the bilinear
expression zy. In some sense, one cannot hope to obtain a tighter (tractable) relaxation for xy than by using
the convex and concave envelopes. Still, it may be that certain regions have tighter relaxations than others,
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and the strength of the relaxation can be taken into account when designing partitioning rules for an
algorithm. To quantify the strength of the convex and concave envelopes expressions, there are a number of
useful measures that can be defined. For example, over aregion I' C B2 the total lower error (%), total
upper error (), and total error () of a convex/concave envelope approximation to zy can be defined as

() 4 fr (zy — vexxyp(@,y))de dg,
w(n) ¥ [ (cavsypia,y) - sy)iody
o) ¥ [ (caveyole,) - vewyp (o,)do dy
= ’UE(F) + nu{l).

Using the functional expressions for the convex and concave envelopes (1) and (2), it is an exercise in
integration to compute the 7 error measures for the rectangular region Ry, as

N(Ray) = -é—(uzug o udlZ 12 4 1B17) - %(uguyzy + uzully + ualyly + uylily)
42 (uatiglaly)
n(B) = mo(R) = £1(R)
In a similar fashion, the error integrals for the triangular regions SEy 5, NWo y, SW; o, and NE; 4, can be

computed to be

24

1
-+ —élmlyu,,.uy y

NL(NEay) = n(SWay),

1 1
L (SWay) = 2 (u2u? +ul2 + Bul + 321) - -i-é«(iilyuy + Lougl? 4 lpugll + vllyuy)

1 1

L (NWy) = E(uiug +2l2 + 2l + 202) - ﬁ(ﬂgzyu,y + Lougl? + lpualy + ullyuy)
+i—8—lmlyuwuy,

WL(SE:c,y) = nL(NWx,y);

1 1
nu(NW, ) = ﬁ(uiui +uli2 4 Bl o+ 1202) - E(zgzyuy + Lougl? + Lougl? + wllyuy)

1
-+ Elmlyumuy,

WU(SEm,y) == TIU(NWm,y)v

i
nU(SWm,y) =

1
ﬁ(uiuz ull? + Pul o+ 1202) - %(zgzguy + lougl? + lougll + ullyuy)

1
B Elwlyuruy,
(N Egy) = Ny (SWe,y)-
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For the triangular regions NW,. , and SE; ,, the lower envelope approximation is better than the upper
envelope approximation. For the triangular regions SW,, , and N E; ,, the upper envelope approximation is
better than the lower envelope. This asymmetry is not present for the triangular regions Ny, Sz .y, Fa,y. and
Wa,y» 8s evidenced by the computed formulae for the error integrals:
H
W Npw) = ~—2-(u u? 4 ull2 Ul 4+ 20 - (u tgly + ugtuily + uxlal] + uylily)
1
+1s (uptiylely),
NSz} = M Ezy) =n(Way).

Measuring the maximum approximation error is also useful, and similar error expressions for the maximum
fower error (¢,), maximum upper error (¢r), and maximum total error (¢} can be defined:

& () def max{:cy — vexxyr(z,u)),
ou(l) def max(cavxyp(a:,y) ~ Ty},

HI) & cavxyp(z,y) — vexxyp(z,y).

Note that it is no? in general true that ¢, {I") + ¢y (I") = ${I") as is the case for the 1 measure of error. [t
may also be of interest to know the point at which the maximum error is achieved, and to that end define

def

(P (D), v2 (D)) & axgmax(zy — vexxyr(z, 1)),
(m‘f,(F),ygr(F)) def arg mﬁx(cavxyr(m,y) — TY)

(2#(I), 4P (1) = argmex(caviyp(z,y) ~ vexxyp(z,y))-

In the rectangular case, the point with the largest error is in the middle of the region R, 4:

(0,450 = (O ) = @A) = (5 + ) 50 +s) ).

So the max error measures for the convex and concave envelope over R, ,, are

1
SL(Ray) = = (Ugty — Uzly — lpuy + I2ly)

Pu(Ray) = = (Uglly — taly — lpuy +Isly)

.

H(Rzy) = E(uxuy — ugly — Loty + loly)

Computing ¢ for the triangular regions is slightly more complicated, but can be accomplished by examining
the optimality conditions for the optimization problem present in the definition of ¢. Performing the analysis
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vields

(2% (SBy), 42 (S Eay)) = (3

=
-

oL (SE'my)— (umuy Ugly — Loty + 1ly),

i
1.' l
Uz + 7 +4 )a

o

SR

(e (5B U (SBe) = ( 5(le +ue), 50 +uy>)

j

(2*(SEx ), ¥*(SEzy)) (lz + ug), (z +uy))

L\D

Py (SEyy) = m(umuy e Ugly = Lty + Ily),
4

P(SE; ) = i—(uxuy — ugly — lpuy + laly).

Not surprisingly (by symmetry), the error measures for similar shaped triangles are the same. They are
included in the Appendix.
For the triangles Sz y, Ny, Bz y, and W, a similar analysis can be performed to show that

(mi{sm,y),y); wy)) = (WU{S ‘y) yU{Sm y)} = {m (Szy)s y¢(8m,y)) =
(la s, o+ 221 )

' 3
¢Sz y) = (—2- - \/5) (uatty + loly — Loty ~ Usly),

and
ﬁﬁ(sm,y) = ¢{Nm,y) = ¢’(Ew,y) e ¢(Ww.y)

(The points at which the maximum error are obtained for regions besides S5 , are listed in the Appendix.)

Example 3. Consider a region R = {(z,y) € [0,2] x {0, 2]} that we divide into four subrectangles:

RSW = {{z,9) € {0,1] x [0,1]},
RNW = {(z,y) € [0,1] x [1,2]},
RNE = {{z,y) € (1,2 x [1,2]},
RSE = {(z,) € [1,2] x [0, 1]}.

The difference between concave and convex envelopes over these regions are
n(RSW) = n(RNW) RNE) = n(R.S'E}
If the same region R is subdivided into the four triangles
N = ﬁﬂﬂ{(.ﬁ,y} |$+y Z 2,y2m},
§=Rn{(z.9) |z +y<2y<al,
E =Rﬂ{($,y) |z +y <2,y 2z},
W=Rn{(zy)|z+y22y<a},
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The total error in the resulting relaxations of xy are

1) = () = n(B) = n(W) = 2.

Thus we are led to the somewhat surprising conclusion that for this particular branching scheme, measure by
the total error measure 7, it is better to subdivide the region into rectangles. The story is different if the
maximum error measure ¢ is used. In this case,

HEW) = $(TW) = $(NE) = 6(5E) = ,

and
() = p(5) = $(B) = p(W) = 6 — 4+/2 ~ 0.343.

So in terms of the maximum error, it is better to partition the region into triangles.

Example 4. Suppose we wish to decide whether to partition the region 2 = {(x,y) € [0, 2] x [0, 2}} into two
regions

Rl == {(m,y} € [01 1] x [0:2]}
RZ == {(w:y} € [}-12] x [0’2]}

or into the two regions

SE=Rn{(zv) |y <}
NW = Ekn{(zy) |y >z}

The total error measures are

na(B) = mu(Be) = no (Ba) = o (Ra) = 3,
() =n(fa) = 2,
1L(SE) = q(NW) = g,
n(SE) = ny(NW) = g
n(SE) = n(FW) = ¢.
The maximurm error measures are
b(Br) = Bu(Ra) = du(Re) = du(a) = 1,

$(By) = ¢(B2) = 1,
¢L(§E} = ¢L(W} = -,
¢ (SE) = gu(NW) = 1,

$(3E) = $(NW) = 1.

e o

What examples 3 and 4 demonstrate is that by branching into triangles, one can specifically improve one of
the fower or over approximations, depending on where the relaxed solution 2; lies in relation to the desired
value z}z}. This can be used to advantage in designing a branch-and-bound algorithm.
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6. Computational Resulis

The purpose of this section is to demonstrate that branch-and-bound algorithms for solving QUQP can benefit
from a triangular partitioning scheme, and thus the convex and concave envelope expressions derived in this
paper. The utility of a triangular branching scheme is demonstrated by comparing the solution times for two
and four rectangle partitioning schemes with a simple triangular based scheme on a fixed set of QUQP test
instances. Most of the test instances come from the GAMS GlobalLib {11]. Versions of these instance in the
AMPL modeling language are available from the COCONUT Benchmark [7]. The test suite has been
augmented with problems 4 and 7 from Audet et al. [S5], and one instance (ex_7.3.3) has been altered by
added artificial upper and lower bounds on all of the variables. The instances were chosen to contain a
significant number of bilinear terms (in comparison to squared terms), since a triangular partitioning only has
any real impact in the case of guadratics with bilinear terms. Table 1 shows some characteristics of our test
instances, where 7 is the numnber of variables, m is the number of constrainis, s, is the number of squared
terms in the objective function, b, is the number of bilinear terms in the objective function, s, is the number
of squared terms in the constraints, and b, is the number of bilinear terms in the constraints.

TFable 1. Characteristics of Test Instances

name n|lm| g | b | g be
audet4 6 4 0 3 4 3
audet? 61231 ¢ 5 5137
ex2 1.9 0] 1 ¢ 2210 0
ex3_1.1 8 6 0 0 0 5
ex3.1.2 5 6 1 H 2 | 16
ex3.1.4 3 3 0 0 3 3
ex5_2_2 casel 9 6 0 0 0 4
ex5_2.2.case? 9 6 0 0 0 4
ex5_2.2.cased 9 ] 4] 0 g 4
ex5.3.2 2(16] 0 0 0 ;12
ex5.42 8 & 0 0 i 5
ex5.4.3 6113 ¢ 0 0 3
ex54.4 201191 0 0 0 |15
ex7.3.3-bounded § 5 8 0 0 I 3
himmel1} 9 3 1 i 1 8
himmell6 15121 0 0 | 45123
prolog-bounded | 20 [ 22 | 0 §j 4 | O | 4

The relaxations and partitioning schemes have been implemented in a code called QPBB consisting of
roughly 10,000 lines of C++. Linear programming relaxations in QPBB are created and solved through the
COIN-OR 0siSolverInterface, and as such can use a number of different linear programming solvers
[8]. We use the C1p linear programming toolkit (also from COIN-OR) to produce the computational results
in this paper. Nonlinear relaxations can be modeled using the NLPAPI available in COIN-OR, which has
interfaces to both the nonlinear programming solvers Lancelot [9] or IPOPT [33]. However, in this study, the
nonlinear programming software is not used, instead we use the linear programming outerapproximation to
the nonlinear constraints developed in Section 4.1. QPBB has an interface to the AMPL modeling language.
The QPBB branch-and-bound code is implemented as an instantiation of the virtual class library MW [12],
and therefore QPBB is capabile of running in parallel on a loose federation of processors known as a
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computational grid [10]. In this study QPBB has been compiled with the Gnu g++ compiler and configured to
run (using the MW Independent mode) on a single Intel Pentium(R) CPU with a clock speed of 2.40GHz.

QPBB solves instances to approximate global optimality, where approximate is defined using the following
two definitions.

Definition 1. A solution (E, Z) to a relaxation of QCQP is said to be €g-feasible for QCQP if and only if

-l < F <u, Vie]
- T+ QreZ > by, Vhk € M, and
- |Zy ~ EEi| SepVieIVie L

Definition 2. A solution (%, Z), with relaxation objective value v* is said to be (€5 — £y ) optimal if and only
if (%, %) is ¢ j-feasible and there does not exist another ¢ -feasible solution whose relaxation objective value ©
satisfies [v* — 9| 2 €.

In our experiments, we attempt to solve all instances to the precision e; = €, = 10-©. Since the purpose of
this experiment is solely to test the usefulness of a triangular partitioning scheme, no advanced branching or
range reduction techniques are employed by QPBB. Given a solution to the relaxation (2, £), we branch on
the pair of variables x;-, z;+ satisfying

(*, %) = argmax{|2:; — £;&;(}.
i,5€7

For this experiment, QPBB had been configured to evaluate the node of the branch and bound tree whose
parent has the smallest relaxation value (best bound node selection).

The triangular branching scheme tested was the following:

~ Rectangular regions R, ., were partitioned into two regions SEy, »; and NWy, o, (like in Figure 8(b))
if the lower envelope approximation needed to be improved more than the upper. Conversely a
rectangular region Ry, ., was partitioned into two regions SWy, o, and NEq, o, if the upper envelope
approximation needed to be improved more than the lower (measured in terms of the absolute error of the
approximation).

— Triangular regions were partitioned into two triangular regions and a rectangular region in a manner
depicted by Figure 8(c).

This triangular branching scheme was compared against a two-rectangle partitioning scheme, where the
rectangle was divided into two subrectangle by bisecting the longest edge and a four-rectangle scheme
obtained by bisecting the original rectangle along both edges. The results of the computational experiment
are given in Table 2. As seen in Table 2, in many cases the simple triangular partitioning scheme significantly
outperforms the rectangular partitioning schemes.
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Table 2. Results of Branch-and-Bound for Various Partitioning Schemes

Two Rectangles Four Rectangles | Triangles and Rectangles
Name Nodes Time(s) Neodes Time(s) i Nodes TFime(s)
audetd 410 0.88 372 0.79 286 0.75
audet7 14655  112.3700 | 4119 30.6200 | 1886 20.6700
ex2.1.9 3527 12,84 3574 12,92 21 6.15
ex3_1.1 27370 48.41 50236 87.96 8810 28.92
ex3.1.2 57 0.10 53 0.11 55 0.14
ex3.1.4 43 0.06 43 0.06 47 0.08
ex5.2.2 casel 225 0.25 125 0.15 138 0.18
ex5.2_2 case? 420 0.47 246 0.28 299 0.38
ex3.2 2.case3 299 0.32 41 0.16 147 0.18
ex5.3.2 2099 5.45 497 104 465 1.47
ex5.4.2 3817 6.13 1844 2.80 1884 3.59
ex5.4.3 22 0.03 6 0.01 i3 0.03
ex5.4.4 100 0.28 59 0.17 247 119
ex7.3.3-bounded 25 0.11 33 0,10 209 0.30
himeaell 1 57 0.10 54 0.10 56 0.14
hinumel 16 228 1L.E 230 1.I5 327 2.05
prolog-bounded 5515 11.68 1194 2.47 962 2.62

7. Conclusions and Future Directions

In this paper, nonlinear expressions for the convex and concave envelopes of a bilinear function f (z,y) = zy
over various triangular shapes were derived. These expressions were used to create a second-order-cone
programming relaxation of the quadratically constrained quadratic program (QCQP), and a polyhedral
outerapproximation of the second-order cones was described, yielding a new linear programming relaxation
to QCQP. Two measures of the tightness of convex and concave envelope approximations were introduced,
and we showed that the envelopes over triangular regions are often demonstrably tighter than their
rectangular counterparts under these measures. The formulae were embedded into a branch-and-bound
algorithm for solving QPBB and shown to often reduce the computational effort required to solve instances.

The ultimate goal of this research is to create a solver capable of solving QCQP instances of larger magnitude
than currently possible. There are a number of areas for further investigation required to make this goal
possible. First, investigation of more sophisticated partitioning schemes that adaptively use the error measure
formulae to decide on a proper partitioning is required. Partitioning rules that subdivide the region so that the
solution to the relaxation is on the boundary of the new feasible regions will be explored. The QPBB solver
has already been augmented with features to choose a better branching entity by solving auxiliary linear
programs (akin to strong branching in mixed integer programming) and (o tighten variable bounds at nodes of
the branch-and-bound tree by solving auxiliary linear programs (strong preprocessing) [18,19]. Since the
QPBB code uses the MW software framework, ultimately it has been designed to run on a high-powered
computational grid computing platform. The resulting code will be used to solve large-scale QCQP instances.
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Appendix-—-Error Measure Formulae

The maximum errors for the triangular regions NW, ,, SW, .. and N E,, ,, are the following:

SL(NWy ) = i6{umuy + —tgly — gy + loly),
i
du(NWyy) = E(uxuy = Ugly = lgty + lzly),
1
S(NWL ) = = (uztty — uzly — lpuy + L1y},

ey

du{SWy ) = E(uxuy e ttgly = lgty + Igly)

Gr{SWoy) = %(umu?‘r + —tgly — lyty + lzly)
PSWey) = dr(SWay)

(N Ezy) = ¢u(SWay)

br(NEsy) = $u(SWay)
HNEzy) = ¢(SWay).

The points at which the maximum errors are achieved in the triangular regions Ny o, Wo o, By , are the
following:

(@2 (No ) ¥E (Naw)) = (88 (Vo) ¥ (Nay)) = (0% (N ), 3® (N g)) =
(%('zm + Uy ), "ély + §"'_“Qi'é_“’y) '

(wi(wz.y)ayi(wm,y)) = (m?}{wx,y)ryg(wm,y)} = (wé(Ww,y}ayqb(Wm,y)) =
Vv2-1

(xi(Em,y):yi(Emy)) = (m?}(Ex,y):yg(Em,y)) = (wd)(Ew,y):yqs(Ew w)) =
( Ly + 3 2\/—159;, 1(I +uy))
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