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Abstract. We consider optimization problems where the objective and constraint functions
may be nonconvex and nonsmooth. Problems of this type arise in many important applications,
and In particular many have solutions at points of nondifferentiability of the problem functions. We
present a line search algorithm for situations when the objective and constraints are locally Lipschitz
and continuously differentiable on open dense subsets of ™., Our method is based on a sequential
quadratic programming {SQP) method that uses an £; penalty to regularize the constraints, where
a process of gradient sampling (G8) Is emploved to make the search direction computation robust
in nonsmooth regions. We analyze the global convergence properties of our SQP-GS method and
illustrate its effectiveness with a MATLAB implementation.
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1. Imtroduction. In this paper, we consider optimization problems of the form
min f(z)
x

(L1)
subject to (s.t.) e(z) <0

where the objective f : B® — R and constraint functions ¢ : B® — R™ are locally
Lipschitz end continuously differentiable on open dense subsets of R™. Due to a sub-
sequent regularization strategy that we apply to problem (1.1}, the solution method
that we propose can also be applied to problems with equality constraints ¢ (z) = 0
if they are formulated as the inegualities ¢ () < 0 and —c®(z) < 0. Thus, for ease of
exposition, we consider only inequality constraints in (1.1). Moreover, since we make
no convexity assumptions about f and/or ¢, we are concerned only with finding local
solutions to (1.1).

A wealth of research on the solution of smooth constrained optimization prob-
lems has been produced in recent decades. In particular, the methodology known
as sequential quadratic programming (SQP) has had one of the longest and richest
histories [19, 32]. Its many variations are still widely used and studied throughout
the optimization community as new techniques are developed to confront the issues of
nonconvexity, ill-conditioned constraints, and the solution of large-scale applications.
At a given iterate zy, the main feature of SQP algorithms is the following quadratic
programming (QP) subproblem used to compute a search direction:

mdin f{xk)—l—Vf(a:k)Td-l-%dTde 12
1.2
.. of (wp) + Vel ()Td <0, §=1,...,m.
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This subproblem is constructed by forming a local (and usually convex) quadratic
model of the objective function and linearizations of the constraints, which makes the
search direction calculation intuitively appealling as well as computationally robust
and efficient ir practice.

There has also been a great deal of work on the solution of nensmooih uncon-
stragned optimization problems (i.e., problem (1.1) with m = 0). For instance, in a
collection of recent papers [6, 7, 27), an algorithm known as gradient sampling (GS)
has been developed and analyzed for the minimization of locally Lipschitz f. The GS
method is interesting theoretically in that convergence guarantees hold with proba-
bility one, but is also widely applicable, robust, and has been used to solve a variety
of interesting problems {5, 13, 18, 17, 37]. Indeed, unlike the many variations of bun-
die methods {21, 24], GS does not require the user to compute subgradients as the
iterates and sample points remain in the open dense set Df C R™ over which f is
continuously differentiable. The main computational expenses at a given iterate xy
are simply O{n) gradient evaluations and the computation of an approximate steepest
descent direction. Defining the multifunction

Gz, €) := cl conv V F(Blxy, €) N DY),
where
Blzy, €) = {z | [iz — zkl2 < €}

is the closed ball centered at x), with radius ¢, we have the representation

8 (xx) = [} Glaw,€)
>0
of the Clarke subdifferential of f(z) at zx [11]. Then, with G, set as the convex hull of
a finite number of gradients sampled randomly in G(xg, €), the approximate steepest
descent direction computed by GS is di, = —gi/llgxl|2, where gi solves the QP

mgin llgllz, st. g€ G

More generally, a search direction di of this type can be defined by the solution to

min z + %dTde
s (1.3)
st. flog) + V@) d<z, VoeeB]

where Hy is defined as in subproblem (1.2) and Bf < B(z,¢) N DY is a randomly
generated set that includes oy ([7], Lemma 2.1).

Altogether, the successes of these and other methods for smooth constrained
problems and nonsmooth unconstrained applications have laid the groundwork for
nonsmooth constrained optimization algorithms. Indeed, the purpose of this paper
is to present and analyze such an approach. Our method combines techniques from
SQP and GS for the development of a robust SQP-GS algorithm. At the heart of our
discussion is a subproblem related to

Iﬁl,izn z+ 3dT Hid
. { Flaw) + Vi@)Td <z VzeB] (1.4)
S. 0.

o) + VeI (@)Td <0, YoeBY, j=1,...,m
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which can be seen as a natural extension of the SQP subproblem (1.2) when combined
with the GS techniques that led to (1.3). Similar to Bi for the objective function, the

sets Bf < Bz, e) N DY, j=1,...,m, are randomly generated to sample gradients
of the constraint functions at points near ®;. Enhancements to subproblem (1.4) and
other aigorithmic features are necessary to ensure that the method is well-defined and
yields convergence guarantees, but we believe the structure of this subproblem gives
our approach both intuitive appeal as well as practical advantages.

Let us close this introduction by referencing previous work on nonsmooth con-
strained optimization algorithms. One popular approach has been to solve constrained
problems through unconstrained optimization methods, either by using problem-
specific reformuiations (e.g., see §5.9 in [28]) or by penalizing constraint violations
in the objective (e.g., see §4.2 in {7}, §14.3 in [14], and |23, 31]). Researchers have also
considered special classes of constrained problems for which methods such as the SQP
approach in [15] or the techniques in [29] can be applied. In contrast, our approach is
designed for general problems of the form (1.1}. Overall, our method is most similar
to the bundie techniques in [22] and [25, 26], though these methods and ours differ
significently in detail.

We organize our discussion as follows. Motivation and a description of cur al-
gorithm are presented in §2. The main components of the approach are the search
direction computation and line search. Global convergence guarantees for our method
under certain common assumptions are provided in §3. In §4 we describe a MATLAB
implementation of our algorithm. Gur implementation includes certain practical en-
hancements to the basic framework discussed in §2, such as a dynamic update of the
penalty parameter value, the incorporation of (approximate) second order informa-
tion, and the special handling of functions that are known to be smooth. Numerical
results are presented in §5, and concluding remarks are provided in §6.

Notation. All norms are considered £; (i.e., Euclidean) unless otherwise indicated.
‘We generally use subseripts to denote iteration number in an algorithm and super-
scripts to denote element number in a vector or set. The expression M » 0 is used to
indicate that the matrix M is symmetric and positive definite.

2. Sequential Quadratic Programming with Gradient Sampling. In this
section, we motivate and present our algorithm. We begin by developing an enhanced,
yet practical version of subproblem (1.4). Qur complete algorithm is specified in detail
at the end of this section, though some practical features that are inconsequential for
our convergence analysis in §3 are left for the discussion in §4.

2.1, Search direction calculation. The search direction calculation in our
algorithm ie inspired by subproblem (1.4). This subproblem lacks safeguards to make
it well-defined at any given iterate xg, so we begin by proposing a particular safeguard:
regularization through the use of a penalty function. We also need to formally define
the set of sample sets

B = (B,BS, ... B

and line search in such a way that the method possesses convergence guarantees. In
this subsection we discuss both of these issues.
Consider the £; penalty function

Bz p) = pflz) +v(z),
3



where

v(z) =Y max{c'(z),0}

J=1

is a measure of infeasibility and p > 0 is a penalty parameter. If z, is 2 minimizer
of ¢(x; p) with p sufficiently small so that v(z,) = 0, then z, solves (1.1). In order
to ensure that such a p exists, however, we formally consider situations as described
in the following theorem. In the theorem, we define a local stability condition known
as calmness [11, 35]. We then state a result given as Proposition 1 and Theorem 1 in
[36], the proofs of whick draw from that of Proposition 6.4.3 in [11].

THEOREM 2.1. Suppose f and ¢ are locally Lipschitz on R™ and let =’ be a local
minimaum of {1.1). Moreover, suppose problem (1.1) is calm ot 2’ in thot there exists
v > 0 such that for all sequences (xy, 31) — (2',0), with each pair (xr, sx) sotisfying
clwy) < s, we have f{x') ~ fxe) < vlisi|l- Then, there exists p' > 0 and ¢’ > 0 such
that for all x € B{z',¢")

$lz;p) 2 8(x';p) whenever p 2 p'. 2.1)

If, in addition, x' is an isolated local minimum, then o’ > 0 and € > Q can be chosen
so that the inegualities in (2.1) are strict.

Theorem 2.1 leads to the notion of emact penclization commonly discussed in
smooth optimization; e.g., see §17.2 in [30]. With this concept in mind, it is appropri-
ate to use the minimization of ¢{x;p) as an algorithmic tool for selving (1.1). That
is, under the assumption that p is sufficiently small and (1.1) is sufficiently calm, the
focus of our discussion and analysis will be on monotonically reducing ¢(z; p). 1t is
worthwhile to note that calmness is a weak constraint gualification in ocur context as
other qualifications, such as the Mangasarian-Fromowitz and Slater conditions, both
imply calmness. We also have the following result care of Proposition 6.4.4 in [11],
proving the existence of Lagrange multipliers at calm solutions to (1.1},

THEOREM 2.2. Suppose f and ¢ are locelly Lipschitz on R™ and let ' be a calm
local mindmum of (1.1). Then, there exist Legronge multipliers N > 0 such that

ERACIUEN
Mz =0, j=1,...,m,

where L(z, M) := f{z) + ATc(x) is the Lagrangian for (1.1).

Penalty functions in algorithms for constrained optimization problems have been
studied extensively and widely implemented since the analyses by Han [19] and Powell
[33]. Indeed, shey have also been investigated in the context of nonsmooth applications
[4, 3, 23, 25, 26, 36]. In our context, the two main benefits of the penalty function
are that it provides a mechanism for judging progress in the algorithm and, when
carried through the derivation of the search direction computation, the penalty terms
have important regularization effects on the subproblem formulation. For example,
for smooth optimization problems, it can be seen that the minimization of a quadratic
model of the penalty function ¢(z; p) at a given iterate z; is equivalent to the QP

min p(f(zx) + Vf(zx)Td) + 3 v + §dT Hyd
ar et (2:2)
st efzx) + Vel@n) T d<r r 20,
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where r € R™ is a vector of auxiliary variables [8]. The solution component dj, of this
subproblem is guaranteed to provide descent in the penalty function from the current
iterate zx, which means that (2.2) is consistent with the choice of judging progress by
reductions in ¢(z; p). Moreover, due to the presence of the auxiliary variables, this
subproblem is always feasible, meaning that di is always well-defined. Comparing this
subproblem with (1.2), the only difference is that the constraints have been relaxed
(with appropriate objective terms for penalizing violations in these constrainte), so
one may view {2.2) as a regularized version of subproblem (1.2).

In our algorithm, the search direction calculation is performed by solving a QP
of the form (1.4) after appropriate penalty terms have been incorporated. The sub-
problem may be viewed as a regularized version of subproblem (1.4) or, alternatively,
as & robust version of subproblem (2.2). In particular, to incorporate ideas from the
(S algorithms described in [7, 27), we define

Bi = {mig, xﬁl,...,mﬁp}, where mio 12 Tk, (23)
and Bf = {wﬁ%,mﬁ?,...,xﬁ,}, where x§y =y, forj=1,...,m

as sets of independent and identically distributed random points sampled uniformly
from Bz, €) for some sample size p > n 4+ 1. Then, as long as

Bg c Dl and Bf « p¥ fori=1,...,m, (2.4)

where D/ and D‘fj, respectively, are the open dense subsets of R™ over which the
functions f and ¢f, j = 1,...,m, are locally Lipschitz and continuously differentiable,
the QP subproblem

fzn:},ri pE ;__;rj + %dTde
. { flag) + V(@) Td < 2, Ve € Bf

W) + V(@ Td<r, Ve e BY, 1120, j=1,....m

(2.5)

is well-defined and provides a direction of descent for the penalty function ¢{x; p) at
#x (see Lemma 3.8 below). Indeed, let us define the local model

Q(ds Py Tks Bk) H-'C)

m mg};{f(mk) + Vi) dy + i max {max{c’ (zx) + VI (2)7d,0}} + 37 Hyd
zeB] Bg

41 TEBE

of the penalty function ¢{z;p) at zx. If (dy, 2x, 7%} is a solution to (2.5}, then di also
solves

ma%n q(d;p7mk:8ksHk} (26)

(e.g., see [8, 14]), and the two subproblems produce equal optimal objective values.
Due to this equivalence, we refer to (2.5) and {2.6) interchangesbly throughout the
rest of our discussion.

We remark that it may be tempting to choose B = B} == Bﬁm so that
only p random points in B(zy, ) need to be generated during iteration k. Indeed, this
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choice may work well in practice. However, our convergence results in §3 (in particular,
Lemma 3.9) rely on the fact that points are generated independently for each problem
function. We also remark that, as in other methods that have been proposed for
nonsmooth constrained optimization (e.g., see [22]}, it may be tempting to aggregate
all of the inequality constraints intc the single constraint max;{c’(z)} < 0 in order to
reduce the problem size, especially in terms of the QP {2.5). However, we believe that
there are significant risks in this type of reformulation. First, the reformulation is not
scale invariant, and so an employed algorithm may perform differently for different
scalings of the constraints and poorly for certain choices of scalings. Second, such a
reformulation disregards information about constraints that do not currently yield the
largest value. This can especially be detrimental to the search if numerous constraints
are active or near-active al a solution point. In contrast, subproblem (2.5) maintains
information about ail constraints during sll iterations and is less sensitive to poor
scalings of the constraint functions.

2.2. Algorithm description. Our complete algorithm is presented as Algo-
rithm 2.1, As in [7, 27}, the sampling radius ¢ is driven to zero throughout the solu-
tion process so that in the limit the method locates a stationary point of ¢{x; ) (see
Definition 3.3). The indicator for reducing ¢ is the reduction obtained in the model
g{d; p, 21, Br, Hy). For a given dy,, we define this reduction in ¢{d; p, zx, Be, Hg) to be
the value

A(I(dk:97 xkaBka Hk) = Q(O?pa Ty Bk! Hk} - Q(dk1p7 Ly Bk; Hk)
= ¢lak; p) - ¢ldr; o, Tk, Biy Hy) 2 0.

(The reduction is nonnegative due to the fact that d = 0 yields an objective value of
¢y p) in subproblem (2.6).} As illustrated in Lemma 3.6, Ag{dy; p,xp, By, Hy) =0
if oy, is stationary for ¢(z; p) (with respect to the current value of ¢), so a sufficiently
small reduction in ¢{d; p, zr, By, Hg) indicates that a reduction in ¢ is appropriate.
The line search is performed by backtracking along the search direction in order
to ensure progress in reducing the value of the penalty function ¢(x; p) during each
iteration. The main condition that we enforce is the sufficient decrease condition

HHzry1; p) < ¢zr; p) — norAgldy; p, e, Br, He), (2.7)

where £xq1 + Tk -+ogdy for some steplength o € (0,1] and 5 € (0,1). Note that this
condition is satisfied for sufficiently small & > 0 as long as ¢'{dr; p, zr) < 0, where

d{dp; p,xg) = lim #(xr + ady; p) — $(ze; p)

a— 0+ [#3

(2.8)

is the directional derivative of ¢{x; p) at zy along dy. H @p41 € D, where
D=0 nDa...nD,
then we continue; otherwise, we replace Ty with any point in T satisfying (2.7) and
s + cdi — Tl < winfo, e}Hldell- (2.9)

Since Trey ¢ D is an unlikely event, it is argued in [7, 27] that we may practically
always set zpp1 — Tk + apdy, in which case (2.9) is trivially satisfied. However, this
careful consideration that the iteraies remain in T is necessary for our analysis.
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Algorithm 2.1 Sequential Quadratic Programming w/ Gradient Sampling (SQP-GS)
1: (Initialization): Choose a sample radius ¢ > 0, penalty parameter p > 0, sample
size p > n + 1, line search constant 7 € (0, 1), backtracking constant v € (0,1),
reduction factor § € (0,1}, and tolerance parameter v > 0. Choose an initial
iterate zo € D and set k « 0.

2: {Gradient sampling): Generate By satisfying (2.3) and (2.4).

3: {Search direction calculation); Choose Hy » 0 and compute (d, 2, ri) from (2.5).

4: (Parameter reduction): If Ag(dy;p, Tk, B, Hi) < ve?, then set ¢ — f¢, zppy
zp, and oy « 0, and go to step 6.

5 (Line search): Set ay as the largest value in {1,v,7% ...} such that xx41 «
Zp + ondy satisfies (2.7). If zpy; ¢ D, then replace zg4 with any point in D
satisfying (2.7} and (2.9).

6: (Iteration increment): Set k — &k + 1 and go to step 2.

‘We remark that the sampling procedure in step 2 and the computation of x4 €
D satisfying (2.7} and (2.9) in step 5 can easily be implemented as finite processes. If,
for example, the algorithm generates m{z ¢ DY for some i € {1,...,p}, then this point
may be discarded and replaced by another randomly generated point in B(xzy, €), which
is then also checked for inclusion in DY, Since the points are sampled independently
and uniformly from B(zy,€) and Df is dense, this procedure terminates. Similarly, if
Iy + opde ¢ D, then we may sample 2541 from a uniform distribution defined on

B{xy + ardy, minf{oy, eHidell /7).

incrementing ¢ by 1 each time until 41 € P and (2.7) holds. As in |27}, since ay is
chosen to satisfy (2.7), the continuity of ¢(z; p) implies that this procedure terminates.

It is worthwhile to note that in the context of smooth constrained optimization,
Algorithm 2.1 {with a sample size of p = 0) reduces to a 3¢; QF method {14}, and in the
context of nonsmooth unconstrained optimization {with m = (), the algorithm reduces
to a variation of the gradient sampling algorithms in [7, 27]. Thus, Algorithm 2.1
generalizes sach of these methods to nonsmooth constrained problems.

3. Global convergence. We make two assumptions throughout our global con-
vergence analysis. The first relates to the properties of the problem functions them-
selves, though we believe that in practice Algorithm 2.1 is a viable approach even
when the problem functions do not satisfy this assumption.

ASSUMPTION 3.1. The function f (¢ for j € {1,...,m}) is locally Lipschitz on
R™ and continuously differentiable on the open dense subset Df (D) T R™.

The second assumption relates to the iterates generated in the algorithm.

ASSUMPTION 3.2. The sequences of iterates and sample points generated by Al-
gorithm 2.1 are contained in o convex set over which the functions [ and ¢ and their
first derivatives are bounded. In addition, there exist constants € > £ > 0 such that
£l < d¥ Hyd < €)id|2 for all k and d € R™,

We remark that restricting Hy to the space of symmetric, positive semidefinite,
and bounded matrices is standard for SQP methods since otherwise one cannot be
sure that a QP solver is able to compute a global solution to subproblem (2.5). Indeed,
we go slightly further and require Hy > 0 to ensure that the solution to the QP is
bounded in norm (see Lemma 3.10).



The main result that we prove in this section states that, with probability one, Al-
gorithm 2.1 will successfully locate a stationary point for the penalty function é(x; p)
(see Theorem 3.7 for the precise statement of our result). Since (1.1) is nonconvex
and we do not assume exact second-order information is available or is used, this is
the best that one can prove, though the hope is that with p sufficiently small and
problem (1.1} being sufficiently calm, the results of Theorems 2.1 and 2.2 will apply
and a given stationary point will in fact be a local minimum for (1.1).

Our notion of stationarity for ¢(z; p) differs slightly from the more common no-
tion of Clarke stationarity found in the literature for nonsmooth optimization [11].
Rather, our definition is move closely related to a notion of stationarity discussed in
the constrained optimization community (e.g., see Theorem 3.2 in [8], which draws
from the results in [20}) as it relates to the sclution of a constrained optimization
subproblem. We begin our analysis by resolving the relationship between these two
concepts. In addition, we present our definition of e-stationarity for ¢(z;p). Again,
our definition differs from the notion of Clarke ¢-stationarity on which the methods in
[7, 27] are based, but it is similar, so we prove a second lemma to show that the two
approaches are related in spirit. This discussion is also important to illustrate a cru-
cial difference between our approach and that of applying the GS algorithm directly
to the penalty function @{x; p), as we explain following Lemma. 3.4.

Consider any #' € R”™. This point is Clarke stationary for ¢(x; p) if

0 € dg(a"; p).
In contrast, let us define the subproblem
l:;rg’xi pz-&i?‘j + idTH'd
f@) + V() d< 2 Yo e B
" {c?‘(:c') +VARTd <, Ve e BY, v >0, j=1,...,m,
where H' satisfies the same conditions as Hy, in Assumption 3.2 and
B = (BB, . B} = (B2, n DY, Bl, )N DY, .., BE,)ND ). (3.2)

The d component of the solution to (3.1) can also be obtained by solving

(3.1)

min g(d; p, 2", B', H')

m
_ ' T oy j T 140 gyt
= pmax{f(&') + V() d}+§£g§{max{a(m Y+ Vel (2)Td, 0}} + 1dT H'd.

(3.3)

We define the following notion of stationarity.
DerINITION 3.3, The point & is stationary for ¢{z; p) if end only if for alle > 0
the solution o (3.3) isd =0.
Our first lemma relates this definition and Clarke stationarity for ¢(z; p).
LeMmMa 3.4. Define B=8BInB n-.-nB", the model

§(d; p. ', B, H')
= max p(f(wx) + VF@)Td) + Y max{c (zx) + VI (z)7d, 0} } + 3d"H'd
xE Juxl
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of ¢(z; p) at 2, and the subproblem
min §(d; p,o', B, H'). (3-4)
If d is the solution to (3.3) and d is the solution to (3.4), then
Aq(d';p,2' B H') < 8" p) — §(ds p, 2, B, H'). (3.5)

Thus, if 2’ is Clarke stationary for ¢{x; p), then x' is stationary for ¢(z; p) according
to Definition 3.5.

Proof. Subproblers (3.3) and {3.4) have a similar structure. The difference,
however, is that for given € > 0 and d € R™ the function gradients in (3.4) must all be
evaluated at the same z € B, whereas in {3.3) the points at which the gradients are
evaluated may vary. Therefore, for any ¢ > 0 and d € R", the fact that all elements
of B include B implies that g{d; p, ', B, H') > g{d; p, &/, B, H'). Thus,

o(d'sp,e' B, H') 2 §(d'; p, 2", B, H') = §(d; p, &', B, H'),

which implies (3.5).

Now suppose z' is Clarke stationary. Since H' » 0, this is equivalent to stating
that for all ¢ > 0, the solution to {3.4) is d = 0; see [11], Lemma 2.1. Inequality (3.5)
then implies that for all ¢ > 0, the solution to (3.3} isd' =0. 00

In inequality (3.5) lies a crucial difference between Algorithm 2.1 and that of
applying the GS algorithm directly to the peralty function ¢(x; p}. Applying GS to
¢{z; p) means that search directions are computed by subproblems that approximate
{3.4), whereas in Algorithm 2.1 search directions are computed by subproblems that
approximate (3.3). If z’ is Clarke stationary for ¢(z; p), then Lemma 3.4 states that x'
will also be stationary by our definition. However, at all other points, inequality {3.5)
reveals (along with Lemma 3.6 below) that, when compared to a method that applies
GS to ¢{x; p) directly, Algorithm 2.1 will compute shorter steps. We also expect these
steps to be more productive due to the fact that they handle the problem functions
as distinct quantities; see our discussion at the end of §2.1.

Our second definition is the following.

DEFINITION 3.5. If for a given ¢ > Q the solution fo (8.3) is d' = 0, then 2’ is
e-stationary for ¢{z; p).

This definition leads to our next lemma. The result relates Algorithm 2.1 to the
methods in [7, 27], both in terms of the algorithmic decision made in step 4 and
with respect to the line search conditions (2.7} and (2.9). More precisely, considering
non-normalized search directions as in §4.1 of [27], the algorithms in [7, 27] essentially
update the sample radius € based on norms of the search directions, whereas in our
case the value is updated based on Aq(dy; p, k., By, Hi). The lemma illustrates that
these choices are consistent.

LeMMA 3.6. The solution dr to (2.6} with Hy >~ 0 and By satisfying (2.3} and
(2.4) yields

Aq(dk;p, .’L'k,Bk,Hk) = %dngdk (3.6)

Therefore, if Agldy: p, tx, Be, Hi) == 0, then zy, is e-stationary for ¢(x; p).
Proof. Equation (3.6) follows from the optimality conditions of the QP (2.5); see
[30], equation (16.37). Thus, under Assumption 3.2, Hy > 0 implies dp = 0 if and

9



only if Ag(dy;p, i, Be, Hi) = 0. The second part of the lemma then follows from
the fact that if dy = 0 solves (2.6), then it also solves (2.6) with B; replaced by
Bz, ) N DF  Blzg, ) NDY .., Blag, ) N D). O

The remainder of our analysis proceeds in the following manner. We illustrate
that the line search procedure in step 5 is well-defined so that the method will generate
an infinite sequence of iterates {zz}. We then show that if the iterates remain in a
neighborhood of a point z/, the algorithm eventually computes a search direction
dy, that sufficiently approximates the solution d' to (3.3). This, along with a lemma
illustrating that the computed search directions {d;} are sufficiently bounded in norm,
will be used to prove that the algorithm successfully locates (near) e-stationary points
for the penalty function ¢{z; p). Our main result, the proof of which can be found at
the end of this section, is the following.

TueorEM 3.7. Let {z:} be a sequence of iterates generated by Algorithm 2.1,
Then, with probability one, every cluster point of {zs} is stationary for ¢(x; p).

Now to the results in our analysis. At xj and for s given d € R™, we respectively
define the sets of linearly active and violated constraints as

Aldyzi)y = {j€{1,...,m} | & (zs) + VS () d = 0}
and V{dizp) = {je{l,...,m} | (@) + Ve {ze)Td > 0},

so that for z; € D we have

#(dspyo) = pVFze)Td+ Y. Velw)Td+ Y V(z)Td  (37)
FEA(D2x) FEV{Dmy)
JeV{dizk)
LeMMaA 3.8. If Algorithm 2.1 executes step 5 during iteration k, then
¢'(dxi p,2x) < —df Hydy <0,

and hence there exisis oy > 0 such that condition (2.7) is satisfied.
Proof. Since z, € BL NBE N---NBL" by (2.3), we have from (3.7) that

&' (d; p, 1)
< pmax V(z) d + Z max Vel (z)Tdy + Z max Vel ()7 dx
z6B] j@A{U;mk)xEBféj iV zeBg
FEV (i}
= plm = flz))+ > i+ D (-l
FEA(0;zx) FEV(0izk)
jevidize)
m .
< @l p) + pze+ I = —Dgldy; p, 2k, Br, Hi)) — 3df Hidi. (3.8)
=1

By Assumption 3.2 and Lemma 3.6, we then have
& (di; 0, Tk) < —Ag(dy; o, Th, Bi, H) — 2T Hypdye = —df Hedp < 0.

Thus, dy. is & descent direction for ¢(z; p) at @y, so there exists oy > 0 such that (2.7)
holds. O

We now turn to the algorithm’s ability to approximate the solution to (3.3) when
2y, is sufficiently close to o', We remark that, according to Definition 3.3, a measure
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of the proximity of any point &’ to e-stationarity of the penalty function ¢{x; p) is
Ag(d'; p,2', B, H'), where d' solves (3.3). For a given 2/, we define

P
S(zk) = (H(B(mk, yn D H(B(wk,e)ﬂD“ H(B zj,€) ND° ))

1

and consider the set
T(p, ZCk,.’L‘I,w) B {Bk € S(.’L‘k) E AQ{dk;pa xk!BkaHk) S AQ(d’;p7mr:BI1H’} +w}

(Here, in the definition of 7{p,xs,2’,w) we continue with the notation that dj
solves (2.6) and d’ solves (3.3).) We show that for xy sufficiently close to ' the
set 7(p, ©r, 2', ) is nonempty.

LeMMA 3.9, For any w > 0, there exists { > 0 and a nonempty set T such that
for all z;. € B(r', ) we have T C T{p, xp, 2’ ,w).

Proof. We present a proof by illustrating that, for a given w > 0, & nonempty
set 7 < Ti{p, 25,2, w) can be constructed. First, let d be any vector yielding
Ag(d; p, 2", B, H') < Aq(d'; p, &, B, H") +w whose existence follows from the contina-
ity of ¢(-; p, o', B', H') and the fact that w > 0. By the definition of ¢{d; p, 2", B', H'),
there exists (', ,...,4°") such that

a(d; p,a, B HY) = p(§(a)+ Vi) d)+ Y max{d (2') + Ve (y*')7d, 0} + 3T H'd.
i=1

Since the sample size p in Algorithm 2.1 satisfies p > n -+ 1, Carathéodory’s theorem
[34] implies that there exists

{y;r}ll < Bz, ¢) NDF

and a set of nonnegative scalars {X/ }_, such that
Zx\.wl and Z,\fyz =yt
=1 il

Similarly, for all § € {1,...,m}, the same theorem implies the existence of
o .
{yfj} C B(z',e) N DY
fa=3
and nonnegative scalars {A¢ }2_, such that
[ ) r S
7
S =1 and D Myl =9°
fel [EY

Since f (¢ for j =1,...,m) is continuously differentiable on the open set Df (ch ),
there exists ¢ € {(0,¢) such that the set

»
T (Hmua(y“c}ﬂmtmwc T B¢ )

=1 i=1 dam ]

satisfies the following three properties:
11



e The first element of 7 lies in B(z',e) N DY,
e The j+ 1 clement of 7 lies in B(z',e) "D for j=1,...,m
o The solution djy to (2.6) with By, € T satisfies

Ag(di; p, x, Be) < Aqgld'p,2', B H') + w.

Thus, for all z, £ B{z',(), we have that B(z',e — {} C B(xg, ¢} and hence 7 C
T(p,ep, o', w). O

The proof of Lemma 3.9 illustrates the need for sampling gradients of each func-
tion independently. In summary, for any vector d satisfying Ag(d;p, 2", B, H") <
Ag{d';p,z', B’ H') + w, the objective value of subproblem (3.3) is defined by up to
m-+1 distinct points at which the gradients of the functions {f and ¢ for j = 1,...,m)
are to be evaluated. In order to guaraniee (by Carathéodory’s theorem) that these
points are included in the convex hull of the sampled gradients, the sampling of each
function must be performed independently.

A technical lernma related to the solution of (2.6) follows next.

LeMMA 3.10. The solution of (2.6} is contained in B{0,& + &||dr])) for some
constants £1, &z > 0, where cfk is the minimum norm mirdmaizer of

Hd;zx, Br) : Z max max{c’ (zz) + Vi ()7 d, 0}
lmeﬁ

Proof. The function I(-;xk, By) is plecewise linear, convex, and bounded below,
s0 it has a minimum norm minimizer and we call it dx. Under Assumption 3.2, the
vector dp, yields

pné%};{vf(m)j"cfk} + ddi Hydy < p e 1V F @ del + 3E0dal. (3.9)

Similarly, for an arbitrary vector d € R* with

sl > o ma [94(2)

. — 3.10
wnd > e 1951 dul+ Sl (8.10)

we have that
Pmm;{vf(x)Td} + 2dT Hyd > —pmax ||V f(2)]|dll + 3E1d)?
zeB;, ET3: 24

> €l
> pmax [VF(@)lldel + 3ElidxlI?
zeB)

v

pmax{V f(z)Tdy} + d% Hydx,
mEB{

where the last inequality follows from (3.9). Thus, for d satisfving (3.10), we have
al{d; p, Tx, B, Hi) > q(dg; p, Tr, Be, Hy), which means that d cannot be a minimizer
of g(;p, xk, Br, H). By Assumption 3.1, this means that we can define constants
£1,&; > 0 related to the quantities in (3.10) such that no solution of subproblem (2.6)
lies outside B0, &1 + &lldx]|). 0

12



We are now ready to prove Theorem 3.7. Qur proof closely follows that of Theo-
rem 3.3 in [27].
Proof. The update condition {2.9) ensures

llzper — zell < min{ay, e} fid]l + olldel] < 2aullde - (3.11)

This inequality holds trivially if the algorithm skips from step 4 to step 6, and by the
triangle inequality if step B vields Tpa1 = 7 + apdy. By condition (2.7), Lemma 3.6,
Assumption 3.2, and (3.11), we have

Pk p) — Plers1;0) = narglde; p, 2, Be, Hy)
> jnoflldi?
z snélzesr — zelllidl- (8.12)

Thus, since (2.7) and (3.12) hold for all &, we have by Assumption 3.2 that

o0
ZakAQ(dk;p'lxk)Bk}Hk) < o0, and (3133‘)
Jez=0
o0
> ks — zelifldell < oo (3.13b)
k=0

We continue by considering two cases.
Case 1: Suppose there exists k' > O such that e = ¢’ > O for all k > k', According
to step 4 of Algorithm 2.1, this can only occur if

Aqldy: p,xp, Br, Hi) > v{€? for all k> k. (3.14)

The inequality (3.14) in conjunction with (3.13a) means that oy -+ 0. Similarly, by
Lemma 3.6, inequality (3.14) implies that |ldy|| is bounded away from zero, which in
conjunction with (3.13b) means that =, — z' for some z'.

If 2’ is ¢-stationary for ¢{xz;p), then we have Ag(d;p,2',B',H') = 0. Thus,
with w = v(¢’)?/2 and ({,7) chosen as in Lemma 3.9, there exists k” > &’ such that
xp €B(z,{) for all k = k" and

Aqldy; o,z Br, Hi) < 1(¢)?/2 whenever k > k" and By, € 7. (3.15)

Together, {3.14) and (3.15) imply that Bx ¢ T for all £ > k". However, this is a
probability zero event since for all such k the points in By are sampled uniformly
from &{z), which includes the nonempty set 7.

If ' is not ¢'-stationary, then for all k > k' any o not satisfying (2.7) yields

¢{zk + ady; p) — d(zr; p) > —nadg(de; o, Tr, B, Hi ),
whereas (3.8) implies
Blax + ade; p) — $(zr; p) < —alg(dr; p, Tie, Be, Hy) + o Ll di ||°

where Ly is the Lipschiiz constant for the gradient of ¢(z;p) on [zg, Tk + opdy].
Combining these inequalities yields a lower bound on any o not satisfying (2.7),
which, since the line search in Algorithm 2.1 has a backtracking factor of -y, yields the
bound

x> (1 — ) Ag(ds . Ty Biey Hr )/ (Lelldi )
13



However, with w = Ag(d'; p, %', B, H') {which is strictly positive since ' is not ¢-
stationary) and ({,7) again chosen as in Lemma 3.9, there exists k" > k' such that
zp € B(x',{) for all k > k" and

Dqldy; p, Th, Br, Hy) < 2Aq(d’; p,z',B', H') whenever k > k" and B, € T. (3.16)

Under Assumptions 3.1 and 3.2, the fact that 25, ~» 2’, Lemma 3.10, and (3.16) imply
that for all k sufficiently large, Lilldyl|?> < L for some constant L > 0, meaning that
for all k > k" such that By, € T, oy is bounded away from zero. Together, this fact
and the fact that ay ~» 0 imply that B, € T for all k > k", which is a probability
zero event.

Case 2: Suppose that € — 0 and {x3} has a cluster point z’. First, we show that

lékrn inf max{flzz ~ 2|, lde]|} = 0. (3.17)

If o, — 2, then by construction in the algorithm and Lemma 3.6, ¢ — 0 if and only
if there is an infinite subsequence K of iterations where

$Elldel* < 2df Hedy, = Aqldy; p, x, By, Hy,) < ve.
Thus, since € — {,
éleﬂ}}riidkli = {)

and (3.17) follows. On the other hand, if ; + o', then we proceed by contradiction
and suppose that (3.17) does not hold. Since 2’ is a cluster point of {z;}, there is an
¢' > 0 and an index k' > 0 such that theset K" :={k |k 2 K/, |Jzp—2')| < ¢, |ldell >
¢'} is infinite. By (3.13b), this means

Z s — mi]] < oo {3.18)

ke K7

Since zy # z, there exists an ¢ > 0 such that for all k) € K' with {|zx, — 2'|| < €/2
there is by > ki satisfying |lon, — 2r)| > ¢ and |jzr — 2| S ¢ for all kg < & < ko
Thus, by the triangle inequality, we have ¢ < |lag, — 25, < Efi}i hrpsr — zll-
However, for k; € K’ sufficiently large, (3.18) implies that the right-hand side of this
inequality must be strictly less than e (a contradiction).

Finally, since for all £ we have

By, C (B(zg, &) N DY Blzr, ) NDS ... Bz, ¢) N D),

equation {3.17) and the fact that ¢ — 0 together imply that the cluster point z’ is
stationary for the penalty function ¢(z;p). 1

4. An Implementation, We implemented Algorithm 2.1 in MATLAB.* We tested
a few QP solvers for subproblem (2.6) and overall found that MOSEK produced the best
results in terms of reliability and efficiency.? In this section we describe some of the
remaining details of our iraplementation. In particular, we discuss three enhancements
that are designed to improve the practical performance of the method, and then
comment on our choices for the input parameters.

1Publicly available at htép:/ fcoralielehigh.edu/ frankecurtis
?Avsilable at http://www.mosek.com
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First, the most significant enhancement addresses the fact that Algorithm 2.1
considers only a fixed value of the penalty parameter p throughout the solution pro-
cess, If this value ig too large, then Algorithm 2.1 may converge to stationary points
of the penalty function ¢(z;p) that are infeasible for the original nonlinear program
(1.1). If pis too small, then the algorithi may converge slowly as too much emphasis
is placed on maintaining feasibility of the iterates. Thus, we have implemented an
approach that initializes p to & moderate value (see Table 4.2}, and then decreases it
only when it appears that feasibility is not being attained. We do this by defining
o feasibility indicator parameter §. During the parameter reduction check in step 4
of Algorithm 2.3, if Ag{dy; e,z By, Hy) is sufficiently small so that ¢ is decreased,
then our implementation also compares the current value of 6 and the infeasibility
measure »(zx ). If v(zy) < 6, then the current point is both e-stationary and suffi-
ciently feasible, so § is decreased to tighten the indicator. Conversely, if v(zy) > 6,
then p is decreased to place a higher priority on attaining feasibility in the remainder
of the run. We use the same reduction factor, 8, for all reductions in €, p, and 8; see
Table 4.1.

We believe that this dynamic update for the penalty parameter strikes a balance
bhetween simply fixing the value af 2 small quantity and a process that attempts to
locate stationary points for ¢{z; p) before considering & decrease in p. More sophisti-
cated technigues, such as the steering rules described in [9], may be freitful, but for
our purposes here we determined this basic approach to be sufficient.

Our second enhancement relates to the cheice of Hy made during each iteration.
In an attempt to achieve a fast rate of convergence, we sel this matrix as a damped
BFGS approximation of the Hessian of the penalty function ¢(z; p); e.g., see [30]. We
initialize Hy = pf for g > 0 and then, for all k, employ the update

HkSkSTHT wkwT

B i k7 k k
ka1 k™ i e 3 (41)

35, Hysy 3}, Wk

where
S 7= T4l — Tk
is the displacement in z computed during iteration k,
yi = Vd{Zug; prer) — Vlax; ox)
is the corresponding displacement in the gradient of ¢(z; p),
wy 1= XY + (1= X ) Hrsk
and, for some & € (0,1),

]t i sl yp > (1 — k)st Hysy
Xb = (55T Hiose )/ (sT Hisg, — sTye)  otherwise.

A few remarks are necessary here. First, it should be noted that changes in the penalty
parameter value will have an effect on this update in a manner that is difficult to quan-
tify. For example, if p = gy at the start of iteration k differs from p = pppq at the start
of iteration k + 1, then Hy is intended to be an approximation of V2¢(z; p) while
Hy-1 is intended to be an approximation of V2$(x; pry1). The update (4.1}, however,
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Parameter | Value || Parameter | Value

p 2n 3 Se-1

n le-8 04 Be-1

v 2e+4 I3 2e-1

£ le-4 g let+d
TABLE 4.1

Input volues for the static parameters for Algorithm 2.1

makes no distinction between this case and that when pp = pry1. In our implementa~
tion, we simply disregard this occurrence and update the Hesslan according to (4.1).
A second issue is that, because we skip a differentiability check to ensure that the
algorithm maintains zx € D for all k, there is a (probability zero) chance that we will
compute an iterate at which the penalty function is nondifferentiable, in whick case
Yk 18 not well-defined. In our implementation, we alse disregard this event and simply
compute an arbitrary subgradient of ¢(z; pr4q) at such points. Finally, the BFGS
matrix Hy will likely become ill-conditioned as iterates approach stationary points
of the penalty function ¢(z;p); see [28]. Thus, in our implementation, we perturb
each update so that the resulting matrix Hy.y; satisfies Assumption 3.2 for predefined
£ and £ (see Table 4.1). More precisely, we use MATLAB’s built-in eigs function to
compute the smallest and largest eigenvalues of the right-hand side of (4.1) and, if
necessary, replace (4.1) with

Hksksfo
sfﬂksk

T
Hisr — (1 —7) (Hk - + ) + 71, (4.2)

$;, Wk

where 7 € [{),1] is the smallest positive scalar such that Assumption 3.2 hoids.

The third enhancement to Algorithm 2.1 that has been implemented in our code
is a special handling of functions that are known to be smooth. Indeed, if a function
is known to be continuously differentiable everywhere in R™, then one can argue that
for that function it is not necessary to sample gradients at nearby points! (We remark
that, with this enhancement, if all functions are smooth, then our approach reduces to
a standard type of penalty-SQP method.} Specifically, if the objective (jth constraint)
is known to be smooth, then this is equivalent to setting B! = {z;} (B = {zx})
for all k. This choice can have a significant impact on the practical performance of
the algorithm as this effectively eliminates pn, linear inequality constraints from the
quadratic program (2.5), where n, is the number of smooth functions; otherwise, the
subproblems will always have p(m -+ 1) such constraints in addition to the m bounds
on the auxiliary variables.

Finally, we use the values for the static input parameters indicated in Table 4.1,
as we found them to yield the best results for the experiments in §5. Initial values
for the dynamic parameters are provided in Table 4.2. A sample size of p = n + 1
is all that is required in our analysis, but for the same reasons as described in [7] we
instead choose p = 2n. The chosen values for n and v are standard for line search
methods. The remaining values were decided upon during the course of our tests.

5. Numerical experiments. In this section we discuss the results of our MATLAB
implementation of Algorithm 2.1 applied to a set of test problems. The first prob-
lem is somewhat contrived, but is still an interesting illustrative example in that it
involves the minimization of a classically difficult type of objective function. All of
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Parameter | Initial Value
€ le-1
I le-1
a le~1
TABLE 4.2

Initial values for the dynamic parameters for Algorithm 2.1

the remaining problems are derived from real applications. We remark that in a few
cases, special purpose soivers designed for the individual applications will most likely
provide better results than are presented here, but it should be noted that ours is
only a preliminary implemertation and, in fact, there are natural ways in which our
approach can be tailored to each problem individually (see §6). Thus, for our pur-
poses here, we siraply apply our gereral purpose implementation of Algorithm 2.1 and
illustrate that it is effective on a wide range of problems,

Tor each problem we ran our implementation with 10 different starting points,
each sampled from & standard normal distribution. Due to the stochastic nature
of the algorithm itseif, we could have decided to run the algorithm from the same
starting point multiple times, expecting to find variations in the performance over
each run. However, in the end we found that the algorithm behaved consistently
even for different starting points, and so we provide the results for these runs with
the idea that they more clearly indicate the robustness of the approach. In all cases
we imposed a maximum iteration limit of 5060. Our code also includes an optimality
check that terminates the solver when a sufficiently feasible e-stationary point has
been found (for any small € > 0 provided by the user), but in our tests we turned this
feature off and simply let the code run until the iteration limit was reached, allowing
¢ to decrease indefinitely.

ExAMPLE 5.1. Find the minimizer of a nonsmoosth Rosenbrock function subject
to an ineguality constraint on the weighted mazimum value of the veriables:

min w|a? ~ aa| + (1 — 21)%

(5.1)

s.t. max{e1xy,came} < 1.

The Rosenbrock function is a standard smooth, nonconvex optimization test prob-
lem, and so the nonsmooth variation in problem (5.1) is an interesting one to consider
for our method. Defining the objective weight to be w = & and the coefficients to
be (¢1,¢2) = (V2,2), we illustrate this problem on the left-hand side of Figure 5.1.
The curved contours of the objective illustrate that the unconstrained minimizer lies

at {1,1). The feasible region, however, is the rectangle including the lower left-hand

corner of the graph, so the solution of the constrained problem is z. = (—‘g—ﬁ, %}, a

point at which both the objective and the constraint functions are nondifferentiable.

In all of our runs, Algorithm 2.1 converged rapidiy to z,. On the right-hand side
of Figure 5.1, we plot ||zx — .|l with respect to k and note that in all cases this
distance was less than le-6 within 60 iterations.

EXAMPLE 5.2. Find an N x N matriz X with normalized columns so that the
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Fic. 5.1. Hlustration of the objective coniours and feasible region for an instance of Example 5.1
{left) and a plot of fjayg — x4 || with respect to k for 10 runs of Algorithm 2.1 (right).

product of the K largest eigenvalues of the matriz Ao X TX is minimized:

K
. ) T
min in H)\;(AOX X)
=1
st X% =1, j=1,...,N,

{5.2)

where A;(M) denotes the jth largest eigenvalue of the matriz M, A is a real symmetric
N % N matriz, o denotes the Hadamard matriz product, and X; represents the jth
column of X.

Example 5.2 is 2 nonconvex relaxation of an entropy minimization problem arising
in an environmental application [1]. We remark that this problem is one of the
exampies in [7), where the variables were defined as the off-diagonal entries in M =
XTX and M was forced to be positive semidefinite through a penalty term in the
objective, and in [28], where the constraint is enforced through a redefinition of the
objective function. However, in our case, we can simply impose that the columns of
X are normalized by defining the constraings in {5.2), with the equalities defined as
pairs of inequalities as described in §1.

N K n fac Vs

2 1 4 1.000000e+00 | 2.976561e-10
4 2 16 | 7.462928e-01 | 1.975641e-08
6 3 36 | 6.336426e-0% | 7.525639e-08
8 4 64 | 5.598340e-01 | 2.077412e~07
10| 5 1 100 | 2.182082e-01 | 1.946443e-06
12 | 6 | 144 | 1.225451e~01 | ©.189085e-06
14 1 7 7 196 | 8,361197e-02 | 1.053643e-05
16 | 8 | 266 | 5.690842e~02 | 4.976905e-06

TABLE 5.1

Results for Exzample 5.2 for various volues of N.

Table 5.1 shows the results of Algorithm 2.1 applied to problem (5.2) for various
values of N, where in each case we choose K = N/2. We set the matrix 4 to be the
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N % N leading submatrix of a 63 % 63 covariance data matrix.® The data we provide
are the number of optimization variables (n), the best value of the objective value
obtained over all the runs (f.), and the value of the infeasibility measure (see v(x)
in §2) corresponding to this best objective value (v.). The results are comparable to
those obtained in [7).

EXAMPLE 5.3. Find the minimum £,-norm vector that approzimates the solution
of a linear system insofor as the residual is within a given folerance:

mie [zl

5.3
st [Re—yl <6 ¢4

where p > 0, R e R™*" 4y € BR™, and § > 0 is an error {olerance.

Example 5.3 is a problem of interest in compressed sensing, where the goal is to
reconstruct a sparse vector z. of length n from m < n observations. In our test,
we choose m = 32 and n == 256 and generate R by taking the first m rows of the
n % n discrete cosine transform (DCT) matrix. The vector we alm to recover, .,
is chosen to take entries equal to 0 with probability 0.90 and entries that have a
standard normal distribution with probability 0.1; see Figure 5.2. The vector z. that
we generated has 19 nonzero entries.

|
i
it Or-—‘{—"-\——! Yy i—-"’h\»—}w——w—mm« S g ‘,J%ﬁw\ W [—J R

54 100 150 200 o [ 100 150 20 250

FIG. 5.2. x« {left) and z300 (right) for Brample 5.5 with p = 1 end epact deta.

We consider four instances of problem (5.3), each with the same K and z.. In
the first two instances, y = Rx, and § = 0. We then choose two values of p. First,
for p = 1, we have the common l;3-norm minimization problem; e.g., see [10, 12]. On
the right-hand side of Figure 5.2 we plot the best solution cbtained by Algorithm 2.1,
(Note that for this and all other instances of problem (5.3), we define the best solution
as that yielding the lowest objective value). It can be seen in Figure 5.2 that the
solution vector . is not recovered exactly with this choice of p. Indeed, defining a
“non-zero” entry as any having an absolute value greater than le-2, the illustrated
solution has 70 non-zero entries. Thus, in an attempt to steer the algorithm toward
sparser solutions, our second set of runs was performed with p = 0.5; again, see
[10, 12]. In this case, the best solution obtained by Algorithm 2.1 is plotted along
with z, in Figure 5.3. This instance is nonconvex, with multiple local minimizers,
and non-Lipschitz. However, we do consistently find that a solution with few non-zero
entries is found; e.g., the sclution in Figure 5.3 has only 26.

3Publicly available at http:/ /www.cs.nyu.edu/faculty /overton/papers/gradsamp/probs/
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F1G. 5.3. z« (left) and wsoo (right) for Example 5.8 with p == 0.5 and exact defa.

In our other two instances of problem (5.3), y = Rz, + ¢, where ¢ is a noise vector
with element ¢; distributed uniformly in [R;z. —0.005|R;2.|, R;2.+0.005|R . }; ie.,
there is up to a 0.5% difference (component-wise) between y and Rxz.. We assume
that this error level is overestimated and so choose § == 2[Rz, ~ y||. For p =1 and
p = 0.5, respectively, the best solutions obtained are plotted in Figure 5.4. For p = 1,
the illustrated solution has 66 non-zero entries, while for p = 0.5, the illustrated
solution has only 25,
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FiG. 5.4. w500 when p = 1.0 (lgft) and msop when p = 0.5 {right} for Bxemple 5.3 with noisy date.

EXaMPLE 5.4. Find the robust minimizer of a lineor objective function subject
to an uncertein conver quadratic constraint:

: T
min T
n f

stool Az + b x4+ e <0, V(4,bc) €U,

(5.4)

where § € B™ and for each (A, b, c) in the uncertainty set U, A is an n X n positive
semidefinite matriz, b is o vector in R™, and ¢ s o real scalar value.

Example 5.4 is a problem of interest in robust optimization. In this model-
ing framework, the primary concern is that the parameters defining an optimization
problem are, in practice, estimated, and are therefore subject to measurement and
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statistical errors. Since the solution is typically sensitive to perturbations in these
parameters, it is important to take data uncertainty into account in the optimization
process. For instance, in problem (5.4), we require that any solution vector x, satisfy
the convex quadratic constraint no matter which instance in the uncertainty set U
is realized. Problems of this type have applications in, for example, robust mean-
variance portfolio selection [16], least-squares problems [2], and data-fitting [38].

We generated random data for an instance of problem (5.4) with n = 100 un-
knowns. The uncertainty set was defined to be

1¢
U e {(A, bye): (A,b,c) = (A(U),b(u),c(o)) + Zui(A(i),b(i},c(i}), wlu < 1} ,

iml

where A 4= 0,..., 10, were generated randomly using MATLAB’s built-in sprandsym
function. In particular, 4@ was & symmetric 100 x 100 matrix with approximately
0.1n? nonzero entries, generated by a shifted sum of outer products so that the condi-
tion number was approximately 10 {i.e., A(®) was set by sprandsym(100,0.1,0.1,2)),

and A fori=1,..., 10 was generated in the same way, but multiplied by the scalar
factor 0.01. The elements of all of the b vectors had a standard normal distribu-
tion. Finally, ¢/® = —10 while ¢ for i = 1,...,10 were uniformly distributed on

[~1,1]. The feasible region was verified to be nonempty as it included the origin. At
a given zy, the corresponding ux in I was computed by minimizing a linear function
over the closed unit ball, with which the constraint value and gradient was obtained.
We remark that, as described in [2], this instance can be reformulated and solved
as an equivalent semidefinite program. However, our algorithm can also be applied
to more general robust nonlinear programs that do not necessarily have convenient
reformulations.

Algorithm 2.1 generally converges rapidly on this instance of problem (5.4). In
Figure 5.5, we plot the objective function value f(xi) with respect to k. In most
instances, the function values converge to the optimal value within 40 to 60 iterations.
However, due to the stochastic nature of the algorithm and the different starting
points, in three runs the algorithm required more iterations to find a solution of similar
quality. (The visible kinks in these three plotted lines indicate when the algorithm
finally sampled a set of points resulting in a solution of the QP subproblem that
invoked an initial decrease in ¢, after which the convergence was more rapid.} Despite
the slight inconsistency in the convergence behavior exhibited here, the resuits appear
to indicate that {perhaps with a fine-tuning of the input parameters) Algorithm 2.1
can successfully solve robust optimization problems along the lines of Example 5.4.

6. Conclusion. We have proposed and analyzed an algorithm for nonconvex,
nonsmooth constrained optimization. The method is based on a sequential quadratic
programming framework where a gradient sampling technique is used to create robust
linear models of the objective and constraint functions around the current iterate. We
have shown that if the problem functions are locally Lipschitz in R™ and continuously
differentiable almost everywhere, then the algorithm successfully locates stationary
points of a penalty function. Preliminary numerical experiments illustrate that the
algorithm is robust and applicable to numerous types of probiems.

We believe that our approach can be fine-tuned for individual applications. For
example, for Example 5.3 with § = 0 and p sufficiently small, at any feasible iterate
the search directions will subsequently always be computed in the null space of R.
Thus, one may consider sampling gradients at points only in this space, and may
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Fia. 5.5. flzr) with respect to k for 10 runs of Algorithm 2.1 on an instence of Example (5.4).

consider fewer points overall; e.g., n— m + 1 as opposed to n + 1. More generally, if
the given problem is convex, then subproblem (2.5) may be replaced by

min z + d7 Hyd
d,z

. Fla) + ViETd< 2, Vo e B (6.1)
" ) VI @)TALO0, Ve e BY, i=1,...,m,

(ie., the auxiliary variables » may be fixed to zero) after which the penaity parameter
can be decreased, if necessary, to ensure that the computed search direction is one of
descent for the penalty function. The main idea here is to reduce the size of the QP
subproblem, as its solution is the main computational expense of the approach.
Finally, we remark that the SQP-GS algorithm discussed in this paper can easily
be altered into a sequentizl linear programming algorithm with gradient sampling
(SLP-G8). In particular, the quadratic term in (2.5) can be replaced by a trust region
constraint pn the search direction, yielding the linear programming subproblem

m
min pz + Zfri

d,z,7

2, pot
Flae) + Vi) Td< 2, Vo € B (6.2)

st Iz + VI @) Td<rd, Ve e BS  ri >0, j=1,...,m

“d”oc S Ak
where Ay, is a trust region radius. Our MATLAB implementation contains an option for
running SLP-GS instead of SQP-GS. However, although the computation time per
iteration will generally be less for SLP-GS, the rate of convergence is typically much
slower when compared to SQP-GS.
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