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Abstract This paper describes a practical implementation of a line-search interior-
point algorithm for large-scale nonlinear optimization. It is based on the algorithm
proposed by Curtis, Schenk, and Wächter [SIAM J. Sci. Comput., 32 (2010), pp.
3447-3475], a method that possesses global convergence guarantees to first-order
stationary points with the novel feature that inexact search direction calculations
are allowed in order to save computational expense during each iteration. The im-
plementation follows the proposed algorithm, except that additional functionality
is included to avoid the explicit computation of a normal step during every itera-
tion. It also contains further enhancements that have not been studied along with
the previous theoretical analysis. The implementation has been included in the
IPOPT software package paired with an iterative linear system solver and precon-
ditioner provided in the PARDISO software. Numerical results on a large nonlinear
optimization test set and two PDE-constrained optimization problems with con-
trol and state constraints are presented to illustrate that the implementation is
robust and efficient for large-scale applications.
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1 Introduction

The techniques described in this paper are motivated by increased interests in the
solution of large-scale nonlinear optimization problems. By large-scale, we refer
to classes of problems for which contemporary optimization techniques, including
most interior-point methods, have proved to be impractical due to large numbers
of variables/constraints and significant fill-in during the factorization of derivative
matrices. New computationally efficient strategies are needed if such large-scale
problems are to be solved realistically in practical situations.

The main purpose of this paper is to describe a practical implementation, in-
cluding enhanced algorithmic features, for the algorithm proposed and analyzed in
[20]. This algorithm addresses the challenges posed in large-scale nonlinear opti-
mization by employing iterative linear system solvers in place of direct factorization
methods when solving the large-scale linear systems involved in an interior-point
strategy. Moreover, computational flexibility is greatly increased as inexact search
direction calculations are allowed, but controlled sufficiently so that theoretical
convergence guarantees are maintained. Our experience has shown that the imple-
mentation described in this paper achieves these desirable characteristics.

A prime example of a class of problems for which our techniques may be
applicable are those where the constraints involve discretized partial differential
equations (PDEs) [6,7,12,30]. Typical methods for solving these types of problems
generally fall into the categories of nonlinear elimination [2,5,22,34,50], reduced
space [28,29,31,38,46], or full space [8,9,10,27,37] techniques. The algorithm dis-
cussed in this paper fits into the category of full-space methods, but is unique
from many previously proposed approaches in its ability to attain strong theoret-
ical convergence guarantees with great computational flexibility.

We describe our implementation in the context of the generic problem

min
x∈Rn

f(x)

s.t. cE(x) = 0

cI(x) ≥ 0,

(1.1)

where the objective f : Rn → R, equality constraints cE : Rn → Rp, and inequality
constraints cI : Rn → Rq are assumed to be sufficiently smooth (e.g., C2). If
problem (1.1) is infeasible, however, then our algorithm is designed to return an
approximate stationary point for the unconstrained problem

min
x∈Rn

1
2‖cE(x)‖22 + 1

2‖max{−cI(x), 0}‖22 (1.2)

as a certificate of infeasibility. Here, the “max” of vector quantities is to be un-
derstood component-wise. A solution to (1.2) that does not satisfy the constraints
of problem (1.1) is known as an infeasible stationary point of the optimization
problem.

While the algorithm described in this paper is similar to the one presented in
[20], we present its implementation here in much more detail. In addition, there
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are a number of notable differences. The primary difference is the strategy we
describe for switching between two potential search computation methods. As
described in §2.2, our goal in this strategy is to improve the overall efficiency of the
algorithm while still relying on the theoretical convergence guarantees provided by
the techniques developed in [20]. The other main differences include refinements
of the implemented termination tests for the iterative linear system solver and
Hessian modification strategy, as well as a new adaptive refinement strategy in
the preconditioner computation.

The focus of our numerical experiments is the performance of the nonlinear
optimization algorithm when an iterative solver is used for the inexact solution of
the arising linear systems. We note, however, that in practice it is also extremely
important to employ effective preconditioners. For example, in the context of PDE-
constrained optimization, advantages can be gained by exploiting spectral prop-
erties of discrete differential operators. In our study, we obtain very encouraging
results using the general-purpose preconditioner implemented in the PARDISO soft-
ware package when the algorithm is applied to model PDE-constrained problems;
see §3.4. Limitations of this approach are commented on further in §5.

Notation. All norms are considered `2 unless otherwise indicated. A vector com-
posed of stacked subvectors is written in text as an ordered list of subvectors; i.e.,
by (a, b), we mean [aT bT ]T . Parenthesized superscripts (e.g., x(i)) are used to in-
dicate the component of a vector and subscripts are generally used to indicate the
current iteration number in an algorithm. We often drop function dependencies
once they are defined and, when applicable, apply iteration number information
to the function itself; i.e., by fk, we mean f(xk).

2 Algorithm Description

We motivate and describe our implemented algorithm in this section. The method
is based on the series of inexact SQP, Newton, and interior-point algorithms that
have been proposed and analyzed in [13,14,19,20], though the majority relates to
the latest enhancements in [20]. We begin by describing the basic interior-point
framework of the approach, and then discuss at length the major computational
component of the algorithm: namely, the search direction calculation. Further spec-
ifications and details of our software implementation are provided in §3 and §4.

It is important to note that, in the following discussion, we consider scaled

derivatives corresponding to the slack variables for the inequality constraints; see
γ(z;µ), A(z), and W (z, λ;µ) throughout this section. This results in scaled sets
of equations for computing the primal-dual step; i.e., while our focus will be on
linear systems for the computation of the pair (dk, δk), the algorithm will follow
a search direction edk where the components corresponding to the slack variables
are scaled as edsk = Σkd

s
k. Here, Σ is a diagonal scaling matrix that depends on

the values of the slack variables s. (See [15] for a similar use of a scaled space for
the slack variables.) The analysis in [20] uses Σ = S := diag(s), but it is easy to
see that the convergence proofs in that paper also hold for Σ(i,i) = min{1, s(i)}.
This latter option is used in our implementation as we have experienced it to work
better in practice. Following the primal-dual strategy in [49], our implementation
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also maintains multipliers for the simple bounds on the slack variables. However,
for ease of exposition, we suppress discussion of these multipliers until §3.2.

2.1 Interior-Point Framework

The framework of the algorithm is a classical interior-point or barrier strategy. Let
z = (x, s) be the primal variables, where s ∈ Rq is a vector of slack variables, and
let

ϕ(z;µ) := f(x)− µ
qX
i=1

ln s(i) and c(z) :=

»
cE(x)

cI(x)− s

–
.

For a sequence of barrier parameters µ ↓ 0, problem (1.1) is solved through the
solution of a sequence of barrier subproblems of the form

min
z∈Rn+q

ϕ(z;µ), s.t. c(z) = 0. (2.1)

If f , cE , and cI are continuously differentiable, then first-order Karush-Kuhn-
Tucker (KKT) optimality conditions for (2.1) are»

γ(z;µ) +A(z)Tλ
c(z)

–
= 0 (2.2)

along with s ≥ 0, where λ ∈ Rp+q is a vector of Lagrange multipliers, e ∈ Rq is a
vector of ones,

γ(z;µ) :=

»
∇f(x)
−µS−1Σe

–
, and A(z) :=

"
∇cE(x)T 0

∇cI(x)T −Σ

#
.

In situations where (1.1) is infeasible, (2.2) has no solution, so the algorithm is
designed to transition automatically from solving (2.1) to solving (1.2), where the
latter problem has the KKT conditions

A(z)T c(z) = 0 (2.3)

along with s ≥ 0 and cI(x) − s ≤ 0. In fact, the algorithm maintains s ≥ 0
and cI(x) − s ≤ 0 during each iteration by increasing s when necessary. Thus,
convergence to a solution of the barrier subproblem (2.1) or an infeasible stationary
point of (1.1) is achieved once (2.2) or (2.3), respectively, is satisfied.

At an iterate (zk, λk), the algorithm computes a primal-dual search direc-
tion (dk, δk) satisfying appropriate conditions for guaranteeing global convergence;
see §2.2. Given such a direction, we compute the scaled search direction edk :=
(dxk , Σkd

s
k) along which a line search is performed. The line search involves two con-

ditions. First, to maintain positivity of the slack variables, a stepsize αmax
k ∈ (0, 1]

satisfying the fraction-to-the-boundary rule

sk + αmax
k Σkd

s
k ≥ (1− η1)sk (2.4)

is determined for a given constant η1 ∈ (0, 1). We use η1 = max{0.99, 1 − µ} in
our implementation. The algorithm then backtracks from this value to compute
αk ∈ (0, αmax

k ] yielding sufficient decrease in the penalty function

φ(z;µ, π) := ϕ(z;µ) + π‖c(z)‖, (2.5)
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where π > 0 is a penalty parameter. The condition we enforce is

φ(zk + αk edk;µ, π) ≤ φ(zk;µ, π)− η2αk∆mk(dk;µ, π) (2.6)

where η2 ∈ (0, 1) is a given constant (we choose η2 = 10−8), and where∆mk(dk;µ, π)
is a quantity related to the directional derivative of the penalty function along the
computed search direction. We define ∆mk(dk;µ, π) in equation (2.10) in §2.2. In
the dual space, we update λk+1 ← λk + βkδk where βk is the smallest value in
[αk, 1] satisfying

‖γk +ATk λk+1‖ ≤ ‖γk +ATk (λk + δk)‖. (2.7)

That is, we set λk+1 so that the norm of the dual feasibility vector is at least as
small as would be obtained for a unit steplength in the dual space.

Our complete interior-point framework is presented as Algorithm 1. In the
algorithm, we refer to two search direction computation variants, Algorithms 2 and
4, that are presented in §2.2. These methods include mechanisms for computing
(dk, δk) and updating the penalty parameter π. The termination criteria for the
original problem (1.1) and the barrier problem (2.1), the choice of the initial point,
and the updating rule for the barrier parameter µ are identical with those in [49].

Algorithm 1 Interior-Point Framework

1: (Initialization) Choose line search parameters η1, η2 ∈ (0, 1), an initial barrier parameter
µ > 0, and an initial penalty parameter π > 0. Initialize (x0, s0, λ0) so that the slack
variables satisfy s0 > 0 and s0 ≥ cI(x0). Set k ← 0.

2: (Tests for convergence) If convergence criteria for (1.1) are satisfied, then terminate and
return xk as an optimal solution. Else, if convergence criteria for (1.2) are satisfied and xk

is infeasible for (1.1), then terminate and return xk as an infeasible stationary point.
3: (Barrier parameter update) If convergence criteria for (2.1) are satisfied, then decrease the

barrier parameter µ > 0, reset π > 0, and go to step 2.
4: (Search direction computation) Compute (dk, δk) and update π by Algorithm 2 or Algo-

rithm 4. Set the search direction as edk ← (dx
k , Σkd

s
k).

5: (Line search) If edk = 0, then αk ← 1. Else, let αmax
k be the largest value in (0, 1] satisfying

(2.4) and let l be the smallest value in N0 such that αk ← 2−lαmax
k satisfies (2.6).

6: (Iterate update) Set zk+1 ← zk + αk
edk, sk+1 ← max{sk+1, cI(xk+1)}, update λk+1

according to (2.7), set k ← k + 1, and go to step 3.

2.2 Search Direction Computation

The main computational component of each iteration of Algorithm 1 is the primal-
dual search direction calculation (step 4). We describe two related approaches for
computing this direction, presented as Algorithms 2 and 4 in this subsection. The
first approach is a simpler calculation, but global convergence for the overall algo-
rithm is only guaranteed with this method if an infinite subsequence of iterations
involve (scaled) constraint Jacobians {Ak} that have full row rank and singular
values bounded away from zero. Otherwise, the second approach must be employed
to ensure convergence. The two algorithms have many common features, and we
start by discussing the components present in both techniques. (In §3.1 we discuss
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our implemented mechanism for having the algorithm dynamically choose between
these two approaches during each iteration of Algorithm 1.)

The search direction computation is based on Newton’s method applied to the
KKT conditions of problem (2.1). Defining the scaled Hessian matrix

W (z, λ;µ) :=

»
∇2
xxf 0
0 ΣΞΣ

–
+

pX
i=1

λ
(i)
E

"
∇2
xxc

(i)
E 0

0 0

#
+

qX
i=1

λ
(i)
I

"
∇2
xxc

(i)
I 0

0 0

#
, (2.8)

a Newton iteration for (2.2) is defined by the linear system»
Wk A

T
k

Ak 0

– »
dk
δk

–
= −

»
γk +ATk λk

ck

–
. (2.9)

In (2.8), the diagonal matrix Ξ is the Hessian (approximation) for the barrier term;
see §3.2. We use second derivatives of the objective and constraint functions for the
numerical experiments reported in §4 in order to achieve a fast local convergence
rate as in Newton’s method. However, global convergence can be guaranteed by
only requiring that Wk is a uniformly bounded real symmetric matrix.

The central issue that must be confronted when applying Newton’s method
for large-scale applications is that exact solutions of (2.9) are computationally
expensive to obtain. Therefore, our major concern is how an iterative linear system
solver can be employed for solving (2.9) in such a way that inexact solutions are
allowed, yet global convergence of the algorithm is guaranteed. This issue was the
inspiration for all of the algorithms proposed in [13,14,19,20], and the approaches
described below are derived from these methods.

Algorithms 2 and 4 each outline a series of termination tests for an iterative
solver applied to (2.9) that state conditions under which an inexact solution (dk, δk)
can be considered an acceptable direction for step 4 in Algorithm 1. In the following
bullets we define the quantities that appear in these tests.

– Let the dual residual vector corresponding to the first block of equations in
(2.9) be

ρk(dk, δk) := γk +Wkdk +ATk (λk + δk).

If the linear system (2.9) is solved exactly, then this quantity is zero, but in
our tests we only require that it is sufficiently small in norm.

– Let the constraint residual vector corresponding to the second block of equa-
tions in (2.9) be

rk(dk) := ck +Akdk.

Again, if (2.9) is solved exactly, then this quantity is zero, but in our tests we
only require that it is relatively small in norm. In some cases, this is enforced
implicitly via other conditions.

– Let the overall primal-dual relative residual be

Ψk(dk, δk) :=

‚‚‚‚»ρk(dk, δk)
rk(dk)

–‚‚‚‚ffi‚‚‚‚»γk +ATk λk
ck

–‚‚‚‚ .
To promote fast convergence, this relative residual should be small [21]. Thus,
our implementation aims to compute steps for which this relative residual is
below a desired threshold. If the iterative linear system solver is unable to








