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Abstract. This paper discusses the identification of the optimal partition of second order cone
optimization (SOCO). By giving definitions of two condition numbers which only dependent on the
SOCO problem itself, we derive some bounds on the magnitude of the blocks of variables along the
central path, and prove that the optimal partition B, A/, R, and T for SOCO problems can be
identified along the central path when the barrier parameter p is small enough. Then we generalize
the results to a specific neighborhood of the central path.
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1. Introduction . The notion of optimal partition is well known for linear op-
timization (LO) and linear complementarity problems (LCP). It is an important tool
both in identifying exact optimal solutions and in sensitivity analysis, see e.g., [10, 20].
Using a geometric approach, Yildirim [26] extends the concept of optimal partition to
general convex conic optimization, and [3] provides another algebraic definition of the
optimal partition B, N, R, T for Second Order Cone Optimization (SOCO). However,
as pointed out in [23], the identification of the optimal partition along the central
path is still a missing element of the interior point methods (IPM) theory for SOCO.

The identification of optimal partition in IPMs methods is closely related to the
limiting behavior of the central path. The analyticity of the central path at the limit
has been studied extensively for LO, see, e.g., [1, 5, 7, 24]. The limiting behavior of
the central path for LCP as the barrier parameter u — 04 (where p — 04 means
that g — 0, > 0) have been studied e.g., in [8, 19, 21, 22, 16]. For P,(x) LCPs, the
paper [8] proposed a strongly polynomial rounding procedure yielding a maximally
complementary solution. The properties of the central path for semidefinite optimiza-
tion (SDO) problems have been studied by e.g., by [4, 6, 12, 13, 15, 17, 18], where the
analyticity of the central path at zero are obtained when the strict complementarity
condition is satisfied. However, as pointed out in [23], the convergence properties
of the central path of SOCO, and the identification of the optimal partition are not
sufficiently studied yet for the general case.

This paper is organized as follows. In Section 2, we review some key results for
SOCO. In Section 3, after reviewing the definition of optimal partition for SOCO, we
first propose two condition numbers o1, 02, which are positive constants that depen-
dent only on the optimization problem. Then we derive quantitative results on the
magnitude of the variables along the central path, and prove that the optimal parti-
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tion B, N, R, T, proposed by [3], can be identified exactly. In Section 4 we generalize
the results derived in Section 3 to the vicinity of the central path and show that if
(x,y, s) is given in an appropriate neighborhood of the central path (x(u), y(u), s(p)),
with p small enough, we also have a complete separation of the blocks of variables
according to the optimal partition. We conclude this paper with some remarks in
Section 5.

Notation: In this paper || - || denotes the Euclidean 2-norm in R", i.e., |z| =
Vai+- -+ a2 for x € R™; 2T's denotes the standard inner product for z,s € R™,
ie., 2Ts = Yo xisi. As in MATLAB, we use “,” for stacking vectors and matrices
in a row, and use “;” for stacking them in a column. Subscript expressions involving
colons refer to portions of a vector or a matrix. For example, (a;b) = (aT,b™)T, and

T = (w2, ..., 2%)T, where “T” indicates the transpose of a vector or a matrix.

2. Preliminaries . SOCO has been studied extensively [14, 2] in the past two
decades. Theoretically, SOCO can be seen as a special case of SDO, see, e.g., [25, 2].
However, as pointed out in e.g., in [2], due to its broad applicability, its special struc-
ture, high efficiency of IPMs in computational practice, and its theoretical complexity
bound, SOCO is worth studying on its own right.

The convex cone
K={x=(21,...,2,) € R" | 21 > ||x2:n]|}

is referred to as a second-order cone (SOC), or Lorentz cone, or quadratic cone. It is
well known that the SOC is self-dual, i.e., we have I = K*, where

K*={seR"|s"z >0, Vx € K}

is the dual cone of K. Denote K} = {a% = (zf,... 2}, )" € R™
i=1,...,k. Then the standard form SOCO problem is as follows

i = ||, |1} for

s.t. E Alxt = b, (2.1)

1=

i e/@ i=1,2,...k,

where b = (by,...,by)T € R™, A" € R™™ and ¢' = (ci,c,...,c, )" € R™ for

i = 1,...,k. Since for every i = 1,2,...,k, the set ICfI is self-dual, i.e., we have
(Ki)* = K, the corresponding dual of problem (2.1) is:

max bly
st. (AYTy+si=cl i=1,...,k, (2.2)
e (K ={st | s} > ||sho |}, i =1,2,...,k,

where y = (y1,...,ym)T € R™ is the dual variable, and s* = (si,..., sﬁh)T € R™ are
the slack variables for ¢ = 1,2,... k.

For brevity let n = nq +ng + - - - +ny, and denote A = [A', A% ... AF] € R™*",

ol k2 koo (.20 Lk (al 12 2 k k \T

K =Ky xKgx..xKg, c=(cye? .. ;%) = (c1, o5 Cppn € o oy Gy s 1oy )
O DU S | 1.2 2 k k \T o

and x = (z';2% .. .52%) = (21,.. ., %0, 7, .-, Tpyy o T, 2y ). By definition

K is the Cartesian product of several SOCs, hence K is also self-dual, i.e., we have
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K* =K. Byz =k 0 (z >x 0), where z € R", we mean that € K (z € int(K)). Then
the SOCO problem (2.1) and its dual (2.2), analogous to LO, can also be written as

min Tz max bly
(P) s.t. Az =hb, (D) st. Aly+s=c, (2.3)
x =x 0. s >=x 0.

In order to analyze the properties of problem (2.3), the following two standard as-
sumptions are made.

Assumption 1. Matrix A = [A}, A2 ... A¥] € R™*" in (2.3) has full row rank,
i.e., rank(A) = m.
Assumption 2. Both the primal problem (P) and the dual problem (D) in (2.3)

have strictly feasible solutions, i.e.,
Jz € int(K) such that Az =b

I(y,s) € R™ x int(K) such that ATy 4 s =c.
Assumption 1 is a technical one. It enforces a one-to-one correspondence between
y and s for dual solutions (y,s). Therefore, when the solution s is bounded, so is

the corresponding solution y. On the other hand, Assumption 2 is a Slater condition,
which is essential in the development of the theory of convex optimization.

Now let us introduce the customary notation in SOCO:

{ETS
oS8 =
T152:n + S1T2:n ’

where © = (71;72.,) = (v1,72...,7,)" and s :‘(51‘;52:”) = (s1,82...,8,)T. For
r=(2';...;2F) € K, s = (s';...;5%) € K, where 27, 5° € Ky fori=1,...,k, define
zos=(ztos';. . ;aFosh).

Denote F as the set of all primal-dual feasible points for (2.3), F* as the set of
all primal-dual optimal solutions for (2.3), i.e., we have

F ={(z,y,8) € R"xR™ x R" | z is feasible for the primal problem (P) in (2.3),
(y, s) is feasible for the dual problem (D) in (2.3)}

F*={(x,y,s) € R"xR™ x R" | z is optimal for the primal problem (P) in (2.3),
(y, s) is optimal for the dual problem (D) in (2.3)}

Suppose that K, is a second order cone. It is well known that for all z,s € I,
we have 2Ts > 0, and that 27s = 0 is equivalent to 2 0 s = 0. We have the following
results for the primal-dual pair of SOCO problems (2.3) (see, e.g., [14, 2]).

THEOREM 2.1. Consider the SOCO problem (P) and its dual (D) as in (2.3).

1. If (z,y,s) € F, then the duality gap ¢tz — by = sTx > 0.

2. If Assumption 2 is satisfied, then both the primal and the dual problems in
(2.8) have optimal solutions z*, (y*,s*) and cTz* = bYy*, i.e., the duality
gap (x*)Ts* =0, which is equivalent to x* o s* = 0 for x* € K and s* € K.
Moreover, a point (x,y,s) € F*, if and only if

Axr =0b, x €K,
Aty+s=c, sek, yeR™, (2.4)
zos=0,
where x = (z1;...;2%) € K and s = (s';...;s%) € K withxi,sielel.
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8. If both Assumption 1 and Assumption 2 are satisfied, then the optimal solution
set F* of (2.3) is a nonempty and compact convez set.

Now we give the definition of the central path. As in [2], we denote e, =
(1;0;..;0) € R¥ e = (eny;€ny;---;€n,), where “ ; 7 is a concatenation operation
for vectors and matrices in columns. The central path for problem (2.3) is defined as
the set of solutions (z(u),y(u), s()), where > 0, of the following system:

Axr =0b, z €K,
Aty+s=c, se€k,yecR™, (2.5)
Tos = pe.

System (2.5) can be seen as a perturbation of system (2.4). We have the following
result (see, e.g., [14, 2, 9]):

THEOREM 2.2. If both Assumption 1 and Assumption 2 are satisfied, we have:

1. For any p > 0 system (2.5) has a unique solution (x(u),y(n),s(p)). More-
over, we have x'(p) € int(K}) and s*(u) € int(K}), for everyi=1,...,k

2. For p > 0, the sequence (x(u),y(1),s(n)) defines a vector-valued analytical
function of .

3. The sequence (x(p),y(u), s(p)) converges to a mazimally complementary op-
timal solution (z*,y*,2*) € F* C R™ x R™ x R™ of (2.8) as u — 0, where
uw— 04 means that pp — 0 while p > 0.

Theorem 2.2 tells us that the central path {(z(u),y(u),s(w)) | p > 0} is properly
defined, and for g > 0 it is a smooth analytical curve in R™ x R™ x R™. In this paper
we study the properties of the central path when y — 04. Unlike the case of Linear
Optimization (LO), the central path is not differentiable at zero for general SOCO
problems.

3. The identification of the optimal partition. The optimal partition for
the primal-dual SOCO problem pair (2.3) consists of four sets, which are defined in
[3] as (see also [23]):

B ={i|a} > |b.,,| for a primal optimal solution z},
N = {i|s} > ||s.,. || for a dual optimal solution (y, s)},
R ={i|z] = |25, > 0, 81 = [|s5.,, | > 0
for a primal-dual optimal solution (z,y, s)},
T={i|lz'=5"=0; ora* =0, s = ||s5,,] > 0; or
z} = ||lab,,,|| > 0, s" = 0 for all primal-dual optimal solutions (z,y, s)}.
It is obvious, due to the convexity of the optimal set, that the sets B,N,R, and T
are disjoint and BUN URUT ={1,2,...,k}.
In the following analysis, we will always assume that both Assumption 1 and
Assumption 2 are satisfied.
LEMMA 3.1. ForVi € BUN UR, we have:
1. If i € B, we have s* = 0 for V (z,y,s) € F*.
2. If i € N, we have 2* =0 for V (z,y,s) € F*.
3. Ifi € R, then for every (z,y,s) € F*, we can write:



where h = ”;‘"lH = —Hsf‘"l T € R™~1 is a constant vector for all optimal
2ing 2ing

solutions (x,y,s) € F* with ||| = 1, while o = 2} > 0,8 = s{ > 0 may
change with the particular optimal solution (z,y,s) € F*.

Proof. By the optimality conditions (2.4) in Theorem 2.1, we know that for
V (z,y,5) € F* and V (z,9,5) € F*, we have (z')T5s" = 0 and (z%)Ts’ = 0 for all
i=1,2,....k, where z = (z';...;2F), s = (s!;...;s") with 2%, 7%, 5°, 5 € ICfI C R™
fori=1,...,k.
1. Since 7 € B, there exists some (Z,%,5) € F* such that z' € int(K}), i.e.,
T > ||@h,, | > 0. Since for all (z,y,s) € F*, we have s{ > ||sh., || and
(z")Ts' = 0. By the Cauchy-Schwarz inequality we get

n;
0=(2)Ts' = a1s) + ) ) > Fisi — [Thun, Il 850, ]| > 0. (3.1)
j=2
Therefore we have 5611511 - ||5c§n [|$5.,. Il = 0. Then, by si > [|$5.,,. I and
Ty > [|2h,,,. ||, we get s7 = ||sh.,,.[| = 0, which is equivalent to s* = 0.

2. In the same way as above we can get the desired result.

3. Since i € R, by the definition of R, we know that there exists some (Z, 7, §) €
F* such that &} = ||z4,, || > 0 and 8] = |55, | > 0. For V (2,y,s) € F*,
we have o} > ||z}, ||, s1 > ||sh.,,|| and (z*)"s" = 0. Then, by (3.1), we get
5% = [lsh., | and

By the equality conditions of the Cauchy-Schwarz inequality and ||z5,, || > 0,

there exists some § > 0 such that ., = —BzY,,, . Since ||z, || = @} >
. . L i
0,85, ]l = 81 >0, we get 5 = 2+ >0, and hence we have
1
| - s
X3 Py 3 1
S2in; = _BxQ:ni =~ Lo, (32)
3
Define
175,01 2

By (3.2) we get

i st o\ st 4 a1 L 1
S_<Sé:m>_ffzi<_$z2:m)_81<_h>_ﬂ<_h),

where 3 = s} > 0 and h € R"~! is a constant vector (which is independent
of (z,y,s)) with ||h]| = 1.
According to the optimality conditions, we have (z*)T5" = 0, hence in the
same way as above we get

— o

i 5_1 Ill I 1

S = = —jz = 5 _h .
T 2:n;
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Since (5%)T2! = 0, the same way we get

;T 5 (1Y 1
T s )T )T e )

where o = 2% > 0.

6 d

Denote bd(K}) = {z' € K | ] = |lzom, || > 0}, and int(K}) = {2' € K | z§ >
[ 22:n, | }. Then each block ' may be in one of the following three states: z* € int(K}),
or z° € bd(leI), or z* = 0. According to Lemma 3.1, it is impossible to have both
z* € int(K}) and s* € int(K; )Ubd(K}), or both s € int(KY) and 2" € int (K}, )Ubd(KY).
However, if we have z = 0 and 5 € bd(K) U {0}, or 5 = 0 and 2’ € bd(K{) U {0}
for some optimal solution (z,y, §) € F*, then there may still exist some other optimal
solution (z,y,s) € F* with 2* € bd(K}) and s* € bd(K}), and vice versa. Hence,
in such a case, we have i € R, and so ¢ ¢ T. Now, as pointed out in [23], we can
enumerate all the possible configurations for the primal-dual blocks of variables at
optimality. These configurations are listed in Table 3.1, where cases that are not
possible are indicated by “x”.

TABLE 3.1
Possible configurations for the i*™® blocks in an optimal solution.

P v 0 bd(Ki) | int(KCh)
0 ieTUR |i€eTUR | i€eB

bd(Kl) i€ TUR| ieR x

int(KC;) ieN X X

One can see that the set T is complementary to BUN UR by definition, and the
intersection of any pair of the three sets B, N, R is empty by Lemma 3.1. Hence, as
in [3], we have the following result.

COROLLARY 3.2. The four sets BN, R, T, defined by the optimal solution set
F*, give a partition of the index set {1,...,k}

In order to derive bounds for the magnitude of the variables (z(u),y(u), s(u))
along the central path as u4 — 04, for SOCO problems we define two condition
numbers o1 and oo as follows:

= mi E ||l 3.3

o5 l;rélél (LlrJI,lS)E(]-‘*{xl sznl }7 ( )
o T 3.4

N Erel.l/\rfl (LlrJI,lS)E(]-‘*{Sl Hss'm }, ( )

o1 = min{og,on}, (3.5)

o2 =min max_{z+ st — |, + s I} (3.6)

i€ER (z,y,8)EF*
By Lemma 3.1 and definitions (3.3)—(3.5), we define

= mi a C st — |2t oL 3.7
o1 ié?ﬁbr}\f(z,gls))éf*{xl—i_sl 1250, + S50, I} (3.7)

Observe, that the definitions of the two condition numbers o1 and o5 have the same
form, only that the index sets are different. When Assumptions 1 and 2 are satisfied,
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then the set of optimal solutions F* is nonempty, convex and compact. Thus, the two
condition numbers o1 and oy are well defined, which is spelled out in the following
Lemma.

LEMMA 3.3. The two condition numbers o1 and oo are both positive constants,
i.e., we have o1 > 0, and o9 > 0.

Proof. By the compactness of F* and the definitions of o1 and o9, it is obvious
that they both are constants. Further, for Vi € B, there exists some (Z,7,5) € F*
such that 4 — ||z, || > 0. Since by Theorem 2.1 F* is nonempty and compact, and
@} — ||@b,, | is a continuous function on the compact set F*, there must exist some
(Z,9,8) € F* such that

= ma xt — |2k,
01 (I7y7s)§P{ 1~ 1750,

Then by the finiteness of the set B we obtain op = miél of > 0. In the same way we
1€
can prove oy > 0, and hence o1 = min{og,on} > 0.

Similarly, for Vi € R, there exists some (,%,5) € F* such that 7} = [|75,,,,| >0
and 57 = ||55,,,.|| > 0. Then by Lemma 3.1 we have

i i 1 S i 1
pon (1), e 1),

where h; € R™ ! is a constant vector with ||h;|| = 1. So we have

B8 [ Sho ] = 244 51— 1 — 5] = 2minad, ) > 0.
In a similar way, using the compactness of F*, the continuity of the function z% +
51 — [|@b.,,, + sh.,,, || on F*, and the finiteness of the set R, we get that oo > 0. 0

Lemma 3.3 tells us that the two condition numbers o1 and o5 are well defined finite
positive values. By using o7 and o, according to the optimal partition B, A/, R and
T, we can derive some bounds for the variables along the central path of the SOCO
problem.

THEOREM 3.4. Let u > 0 and (z(u),y(p), s(n)) be the corresponding point on
the central path which satisfies (2.5). Then we have

1. For ¥i € B, we have

i i i g1 i kp
z1(p) = 21 (1) — |25, (W] > BT and  sj(p) < o1
2. For Vi e N, we have
i i i 01 i ku
500 > 10~ b, (] > S5, and wi() < 2.

3. For Vi € R, we have
02

1k 4k’
(@40 = b, G0 + (51 0) = b 01 < 22

i (p) > and s} (p) >

In particular we have

2ku i i 2kp i i
— > 1(p) = |25, (W, and —= > s7(n) = |52, (w)]]-
o2 02
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4. For¥i € BUN we have

i i i i g1
21 (p) + 51(1) = 1@am, (1) + 82, ()] > -
For Vi € R we have
i i i i 02

For Vi e T, we have

23 (1) + 51(18) = 23, (1) + 5, ()| = 0 a5 1 — O,
Proof. By (2.5) for any i € {1,...,k} we have

QUZ(M) © Si(M) = pe; = (Maoa = '70)T7

”( —izliugu) >

21 (1)? = |20, ()12

s1(w))
(s1(1))? = (|85, (W2

which is equivalent to:

s =7

or equivalently

(3.10)

1. For Vi € B, by the definition of o1 and the compactness of F*, we can choose

some (Z, ¥, 5) € F* such that

iﬂl - Hjénln >01.

(3.11)

Since both (Z,7,5) and (x(u), y(u), s(p)) are primal-dual feasible, we get

(2 — ()" (5 —s(n) = (& —2(n) " (ATy — ATy(p))
=(Az— Az(u) G-y =0b-0)"(F—y) =0.

Therefore we have

2'5 4+ 2(p) () = 2" s(n) + x(n)"s.

(3.12)

Since (Z,9,5) € F*, by the optimality conditions in Theorem 2.1 we have
715 = 0. By formula (3.8) we have (27 (u))Ts?(u) = pfor j = 1,2,..., k, and

hence z(u)Ts(p) = Z?Zl (29 (1)) Y87 (1) = kp. Then by formula (3.12) we get
k
D 1@ s (1) + (57) 2 ()] = kp. (3.13)
j=1

Since (27)Ts7 (1) > 0, (57)T27 (1) > 0 and s7 (u) > Hs;m (W) forj=1,...,k,
by formula (3.13), the Cauchy-Schwarz inequality and formula (3.11) we get:

kp > (2°)s' (1) = 251 (1) + (T50,) T 85, (1)

8




Hence we have

‘ k
si(w) < -E vien. (3.14)

g1

By (3.9) and 2} () > [[2h.,, (u)]] we have

iy ()
1) = GO Jan P
_ n (D)
200~ [ G T00) F [ (O]
" 1

7 00— ek, ()] 2 (3.15)

Then by (3.14) and (3.15) we get

1 >U_
251(#) 2k’

and it is obvious that x% () — ||:1c2 s (W] < 28 ().

. Analogously, by substituting x%(u) for s*(u) and s?(u) for %(u) respectively,
we can get the desired result in the same way as above.

. By the the definition of g5 and the compactness of F*, for all i« € R, we can
choose some (Z, 7, §) € F* such that

By Lemma 3.1 we have

xizxi(;_), si=s§<_1h_>, (3.17)

where h; € R"~! is a constant vector with ||h;|| = 1. So we have

Then by (3.16) and (3.18) we get

7> 22 2 5 > 5 (3.19)
y (3.8) we have
2 (1) Shep, (1) + 81 (1) 2.y, (1) = 0,
which, since 2% (1) > 0, is equivalent to:
i si(p)
) = = 2t ), (3.20)

i (w)
Then by (3.13), (3.17), (3.19), ||h:|]| = 1 and the Cauchy-Schwarz inequality

we derive

k> (@) (1) + (52 ()
= &4 (54(10) + (5o, () i) + 54 (@ (1) = (i, (1)) ")
> 2(5 (1) — |155on, 1) + 51 (@ (1) — 250, (1))
> Z2(53(0) — l1shon ) + 22 (0) = o, (G- (3.21)

9



So we get

2k

o 2 (1. (1) = ll8%n, (1) + (@3 (1) = [0, (W)])-

Since s} () - [|8h.0, ()] > 0 and @} () — |25, (1) > 0, we get
2kp i i 2kp i i
— > a1(p) = 22,1, —— > s1(1) = lls2n, -
02 02

Then by (3.15) and (3.22) we have

si(u) 2 2 (1) = b, (II) — 4k

Analogously, by (3.10) and si(u) > ||s5.,,, (#)|| we have

pst ()

) = 0%~ s O
_ " ‘ Si(u‘)
00 5 S0+ s G
I 1

>

s1 (1) = lIshep, (W) 27
Then by (3.22) and (3.23) we get

i o2
2051 () — 55 O~ 4k

i (p) >

. Now by the results in item 1 of this theorem, for all i € B we have

21 (1) + 81(1) — %, (1) + 8be, ()|
> xy () + s1 (1) = (250, ()] + (|85, (1) 11)
. . o1
X2 _ 7 > —.
> 1) = b (0] = 2
Similarly for all 7 € A we have
. . o1
) — st > 2L
> 5408) ~ b, ()] 2 2
Then by (3.24)—(3.25), for all i € BUN we have

g1

74 (1) + 53 (0) = [, () + Sh ()] > 2

(3.22)

(3.23)

(3.24)

(3.25)

For all i € R, by (3.20) and the results in item 3 of this theorem, we have

— i st . _Sli(/i) z
—af() + 510 - 1 S|t 001
> ) + 510 [1- 2 ol )

> 2min{a} (), s} (1)} > 22

10
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By Theorem 2.2, we know that for all ¢ € T, we have either x*(u) — 0
and s'(u) — 0, or z*(p) — 0 and s{(p) — sh.,, (1) — 0, or s'(u) — 0 and
@t (p) — ab., (n) — 0 as p — 04. So we get

2 () + 85 (1) = @, (1) + 85, ()| = 0 as gt — 04 (3.27)
O

By Theorem 3.4, we get the following known result as a corollary.

COROLLARY 3.5. The central path (z(u),y(p),s(n)) of SOCO problem (2.3)
converges to a mazimally complementary optimal solution (T,F,5).

Proof. By Theorem 2.2 we have (x(u),y(p), s(p)) — (z,9,5) € F* as p — 04.
Then by Theorem 3.4 for all i € B we have 7§ — [|Z%,, | > & > 0 and s = 0; for
all i € N we have 5} — |85, || > Z > 0 and z* = 0; and for all i € R we have
T+ 8 — ||, + 55,1 > 5. So we get ' 4+ 5" € int(KL) for all i € BUN UR,
which maximize the number of strictly complementary blocks. d

According to Theorem 3.4, we can identify the partition of the four sets B, A/, R
and T as u — 04. By (3.24)—(3.26), for all i € BUN UR we have

. . . . o1 O
2 (0) + 5101) = @5, (1) + 8.0, (W] > min { T, 224,
and according to formula (3.27), for all i € T we have ' (p) + si () — ||@b,, (1) +
5., (W] = 0 as g — 04. Therefore, if we choose p so small that = (u) + si(u) —
b, (1) + She, (1) || < min{gk, 22} for all i € T, we can separate 7 from BUN UR.
After that, according to the results of Theorem 3.4, we can separate B, N, R when u
is so small that

which is equivalent to

2
. g1 0102
u<mln{ﬁ, 152 }

In order to derive bounds for the i*" block in the central path with i € T, we
need the following result, which is presented as Theorem 2.4 in [11].

THEOREM 3.6. Fori = 1,...,m, let g;(x) : R® — R be quadratic functions.
Suppose that the set S = {x € R™ | g1(x) <0,g2(z) <0,...,gm(z) <0} is nonempty.
Then for every scalar p > 0, there exist positive scalars T and vy such that

dist(z, §) < 7lllg(@)]+[]",  Va e R" satisfying ||z]| < p,
where dist(x, S) is the Euclidean distance from the vector x to the set S, and [g(z)]+ =

(max{gi(z),0}, max{g2(x),0}, ..., max{gm(z),0}).

Denote the central path as z(u) = (z(u), y(1), s(1)). By Theorem 3.6, we can get
the following estimation for the central path.

THEOREM 3.7. Suppose 0 < u < M, where M is any positive constant. Then
there exist two constants T > 0 and v > 0 such that
dist(z(p), F*) < 7",
11



where z(p) = (x(p), y(p), s(1)) is a point on the central path satisfying system (2.5),
and F* is the set of primal-dual optimal solutions.

Proof. Since the second order cone constraint 1 > ||za.,|| is equivalent to the
following quadratic constraints

n
xf—foZO and z1 > 0.
i=2

We know that every functions g;(z), where z = (z,y,s) € R™ x R™ x R", in systems
(2.4) and (2.5) are quadratic, and the solution set of system (2.4) is 7*. By Theorem
2.1 the set F* is nonempty. By the convergence and the analyticity properties of
the central path z(u) in Theorem 2.2, we know that the set {z(u) | 0 < p < M} is
bounded, i.e., for 0 < u < M there exists a constant pas > 0 such that ||z(u)]| < pm.
By system (2.5), where every equality is counted as two inequalities, we have

Ig(@)]+ ]l =

Then by Theorem 3.6 we get the desired result. a

Using Theorem 3.7, for i € T we derive the following estimates for the i*" block
of variables on the central path.

THEOREM 3.8. Suppose 0 < p < M, i € T and (z*(n),y* (1), s* (1)) is the i*®
block of variables on the central path (x(u),y(un),s(u)). Define

T, = max ], 7.= max _ S].
(z,y,8)€F* (w,y,s)€F*

Then there exist constants 1 > 0, 75 > 0, and v > 0 such that
1 Ifmi=7i=0, we have w' = ' =0 for ¥ (2,y,5) € F*, and

o= < (1) — [, ()] < (1) < g
ot T < (1) = (b, (W] < 81 (0) < ap”
2. If % > 0, we have st = 0 for ¥ (z,y, s) € F*, i.e., we have 7° = 0 and
Topt T < @y () = [[0h,, (W) < Tup?,
Top < 81(p) = [sbe, (Wl < Tp?, mop' ™Y < si(p) < mp.
3. If 1 >0, we have xi =0 for ¥ (z,y,s) € F*, i.e., we have 70 = 0 and
Topt T < 81 (1) = NI, ()| < g
ropt < (1) — ||1312n1(#)|| <mp?, mpt <ai(p) < T

Moreover, we have 0 < v < %, and there exists a constant T3 > 0 such that for all
i €T we have

T2M1_V < le (/J’) + Szi (/J’) - Hxénl (M) + Sénl (M)H < T3/J'V'
12



Proof. By Theorem 3.7 there exist constants 7 > 0 and v > 0 such that
dist(z(p), F*) < 7.
Since F* is compact, there exists (Z,7,5) € F* such that
dist(2(u), F*) = V/llz(n) — 2I2 + [ly(1) — 7112 + [[s(1) — 5[]

By the above two inequalities we get

o' () — 2| <7, |Is'(p) = §'|| < 7p?, Vi=1,2,... k.

(3.28)

By the proof of Theorem 3.7 we know that there exists a constant pp; > 0 such that

| < pap forall 0 < p < M. In the following analysis, we assume ¢ € 7 and let

1 1
7'1:\/57'>0, Tg—min{— }>O.

37’ 2pM

1. If 72 = 72 = 0, then by the definition of 7% and 7! we have z} = s} = 0 for

all (z,y,s) € F*. Since z} > ||z}, || and s} > [|sh,, ||, we get ' = s* = 0 for
all (x,y,s) € F*. Hence in formula (3.28) we have ' = 5° = 0, and thus

" ()l < 7, Nl ()l < 77 (3.29)
Then by (3.15) and (3.29) we have

; ; 1 pu 1 I 1 ,_
] (M) - Hxln(u)H 2 5 1 2 5 - 2 —HM 7.
' 2o 2 si(n) ~ 2 [lsi(u)] = 27

Since 71 = V27 > 7, 79 < + < 5=, by the above formula and (3.29) we get

Top! T < @y () = @b, ()] < @1 (0) < 2’ (W) < T
In the similar way as above we can get
ot ™7 < sy (1) = [lshe, ()] < 81(1) < map”

. Suppose 7% > 0. Since F* is compact, there exists an (2,7, §) € F* such that
& =71.>0,||&%,, || =& >0and §" = 0 by the definition of 7. The proof is
by contradiction. If 7¢ # 0, then we have 77 > 0. Therefore there also exist
an (Z,9,5) € F* such that §{ = 77 > 0, ||$5.,,,[| = §{ > 0, and &' = 0. Since
F* is convex, we have

Lo . «
(.’Z’,?j,g):§($,y78)+—($,y,8)6]:
On the other hand, we have
Lo A+ F 3 G SitHE 5
Ty 5 5 >0, 51 2 9 >0,

which means i € R, that is in contradiction with ¢ € 7. Therefore we must
have 7¢ = 0, which means s* = 0 for all (z,y,s) € F*. So we have 5 = 0 in
(3.28), and we get

I ()l < 7u7. (3.30)
13



Then by (3.15) and (3.30) we obtain

P10 = o, ()] = 5 1

Since zi = ||z, || for i € T, by (3.28) we get

H 1 1—v

1
>s >
2 [ls'(p)ll ~ 2¢

(3.31)

%

21 (1) = 03, ()l = (21 (1) = 71) + ([ Foe, | = 2%, (1))
< V2|2t () - 7| < V2T, (3.32)
Then by (3.15) and (3.32) we obtain

i H
s1(n) 2 —

2} (1) = 5., ()] o (3.33)

. 1
_3CH

N =

Symmetrically by (3.23) and 2% (u) < [|2* ()| < ||2(1)]] < par we get:

s1(1) = 1850, (W] > =
! ? i (p

1
> _- 3.34
Z 2o (3.34)

~
N =

Since 1 = V27, T < & - <

370 T2 < g and si(u) < ||s'(u)]|, by formulae
(3.30)—(3.34) we have

o' T < 2y (1) = [ @b, (W] < i,

ot < 57(1) = [[8hon, (W S Tip?, mop' ™7 < 1 (p) < Mp.

3. Symmetrically, by substituting 2%(u) for s?(u) and s*(u) for x%(u), respec-
tively, we can derive the desired result in the same way as we did in item
2.

By the results as above, we get Ty > mou!™Y for 0 < u < M. Let p — 04, we
get v <1 —~. Combined with v > 0 we obtain 0 < v < %

According to the results of items 1-3, only three cases may appear for i € T, i.e.,
either 7{ = 72 =0, or 72 > 0 and 7¢ = 0, or 7% = 0 and 7! > 0. By the results of items
1-3, for any one of the three cases, we always have either rou' =7 < @ (1) — ||2.,, (1) ||
or Topu' ™7 < st (p) — || 84y, (). Thus, for all ¢ € T we have

op' ™Y < max{ay (1) = @5, (W], 51(18) = 85, (1)1}
< (@1 (1) = 22, (W) + (s1(1) = 820, (W)

If 7 = 7§ = 0, we have o (1) < i and (1) < 147 So we gt

(1) + 51 (1) = |2, (1) + 850, ()| < @5 (1) + 57 (1) < 277 (3.36)
If 72 > 0 and 7! = 0, we have 2} (u) — ||24.,,, (1)]| < 7ip” and 4 () < 7. So we get
<:v§ (u) IIwémi (Wl + 281( ) < 3mp”. (3.37)

14



If 78 > 0 and 78 = 0, we have s%(u) — ||52n (W < mp” and 2% (1) < mp?. So we get

(1) — ||82 s ()] +£v1( )+ Hfz;m(u)l\
(1) = I8em, ()| + 223 () < 317 (3.38)

Si
<s}

Let 73 = 371, then by (3.36)—(3.38) we have

Combining this inequality with formula (3.35) we have the desired result. O

Considering the analysis presented in Theorem 3.8, we can see that those blocks
yield the most challenge whose indices are in the set 7. Three cases may occur for
every block i € T either 70 = 7! =0, or 70 > 0 and 7/ =0, or 7. =0 and 7! > 0. In
each situations, the block (z%(u),y% (1), s'(1)) of the central path with i € T has its
own properties. There are similarities, but notable differences too.

We summarize the results of Theorem 3.4 and T heorem 3.8 in Table 3.2, where

AL () = 21 (1) = @b, (W)l AL(s) = 81(1) = lI8hep, (W, Ads(p) = '(u) +si(n) —
(25, (1) +85.0, ()|, and 71, T2, 73,7 are positive constants WlthO <y<i . Cases 1-3
correspond to the three cases “78 = 7i = 07, “7¢ >0, 7/ = 0,” and “7% = 0 Te > 07,

respectively for i € T. Observe7 that only one case is possible for every block 2), and
“\” indicates that we do not have enough information for that item.

TABLE 3.2
Local bounds for the central path

T
B N R Case 1 Case 2 Case 3
1—y > 1—v
o ku o > To M = To b
n) | 25| <E | 2T |20 \ e
> ot > oyl
siw) | < =% | =% |20 S \
1— 1—
i k 2k > Topu 7 > oY > Toll
Al(p) | 2| <& | <22 ,
! 2| Smp? < Tmip” < T
) 1—y > > 1=y
k 2k > Tt 2 Tapt > Topt
A(p) | < a—'u >3 | < U—'u y -
! 2| ST < Tip <7
1—
Apsw) [ 2F [ 2F | =22 o7 < AL (1) <

We may look at the results listed in Table 3.2 horizontally or vertically. If we
look horizontally, we can see that if p is so small that

k—u<min{2 2} hu 2/€u <
o1 2k’ 4k’ x cr17 o9 2k

<o {221,
Tglu min 2k 2k

15
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then we can have a complete separation of the blocks of variables. By the above
inequalities we get

9 1

. 01 0102 . o1 02 v
o1 192 NN . 3.39
“<mm{2k2’ 172 ’{mm{zkm’%m}} } (3.39)

Therefore, if we choose a positive p such that (3.39) holds, then we can determine the
optimal partition (B, N, R, T) for SOCO.

We can see that Table 3.2 is somewhat complicated. The complexity is mainly
caused by the set 7. In fact, if 7 = () and p is small enough, we can identify the
three sets B, N/, R by comparing the results listed in Table 3.2, without using the two
condition numbers o; and o2 explicitly.

On the other hand, by looking at the results of Table 3.2 vertically, if u is so small

ku o1 2kp o2 e g
that o < 5% and o < dr e, if

u<min{;—]j2,;—]§2}, (3.40)
we have

201) > 24 (1) = ohon, (] > 7

> 2 0 2 5100 b, (0] vies
24 0) = b (0] < () < 22

< 25 <81 () = lshn, (W] < s (), vie N
2 0) = o, ()] < 22 < 52 < 5300, vieR
$10) = b, ()] < 22 < 22 <l () vieR.

Therefore, when 7 = () and p is so small that (3.40) holds, we will have i € B if and
only if % (1) — [, ()]] > s4 (1), which implies s} (1) — ||}, (1) | < 2% (1)), and i €
N if and only if 57 (1) = [[s5.,, ()| > 21 (1) (which implies z} (1) —[|25.,,, ()| < s1(k)),
and i € R if and only if both @ () — ||, ()| < 571 (1) and s (1) =85, (L) || < 21 ().

However, in practice we may not assume that we can calculate points on the
central path exactly. Therefore, in the next section we deal with the case when a
point z = (x,y, s) is in the vicinity of the central path z(u) = (x(p),y(u), s(p)). We
show that if a point z is in an appropriate neighborhood of the central path z(u) and
w1 is small enough, then we also have a complete separation of blocks of variables into
the four sets B, N, R and T, which constitute the optimal partition.

4. Generalizations for approximate centers. In this section we generalize
the results of the previous section to the situation, where a point z = (z,y, s) is in a
specific neighborhood of the central path z(u). Denote

FO={z=(2,y,5) | (z,y,8) € F,x € int(K), s € int(K)}.
16



On the central path (z°)"s" =y > 0 and aish, +sizh, =O0foralli=1,... k.
Therefore the following two parameters are introduced to measure the centrality of a
point z = (z,vy,s) € F%

VT i o o
) ) e IS stk | )
¢ ml}l(aﬂ)TsZ ) Me nas (@) Ts , .
1€

where J = {1,...,k}.
Now we can generalize the results of Theorem 3.4 and Theorem 3.8 to points in
the vicinity of the central path.

) s
THEOREM 4.1. Let z = (z,y,s) € F° and denote pn = =———. If 6.(z) < 7 for

some T > 1 and n.(z) < 8 for some 0 < 6 < 1, then one has

1. For all i € B, we have

; ; ; (1 —9)0’1 ; ku
(2 > 2 _ 7,. ) > TR 7 < i
Ty 22 H$2mH ot S1 > o1

2. For alli € N, we have

(1—6)o i ku
~ 71 < £
- 2kt 1 o1

Szi Z Szi - ||$Z2nI
3. For all i € R, we have

(1—9)0’2 i > (1—9)0’2

%

0T T 0 VT T g
i i i i 2kp
(@] = |25, D) + (51 = 8%, ) < —-
02
In particular, we have
2ku ; 2ku

xi - H'réan < 0_—2 and S1— ||512n1|| <

4. Forie T, let C >0 and M > 0 be two positive constants, and define
Fuc=1{z=(z,y,5) € F* |3 0 < pu <M such that ||z — z(p)|| < C},

where z(w) is a point on the central path of (2.3). Suppose z € Fpr.c, then
there exist constants 7 >0, 75 > 0 and % > v > 0 such that:
(a) In case of T2 = 7 = 0, we have

1-46 ) ) .
7-2/1}77 < le - H‘Tém” < Ill < TLUJ’Ya

1-06 . . .
Top T < 5y — ||8hn, | < 5T < up?

(b) In case of Tt > 0 and i = 0, we have

1-6

T2M17’Y < Jii - Hxéan < Tlu’y7

ropt Y < st <.

Top < 85— [sh, | < Tipt?,

17



(¢c) In case of T8 > 0 and ¢ = 0, we have

1-6

S EM

1-40 - . 1-40
T2 [ < le - Hxénl < TlM’Yu

ropt Y <zl <.

5. For alli € BUN we have

i i i i (1-0)o1
— o o || >
T] + 81 = |75, + S5, hor
For all i € R we have
i i i i (1 - 9)202
— . o || > .
] + 87 = |25, + S50, | et

Finally, there exists a constant T3 > 0 such that for alli € T,

T2/1‘1_’Y S xll + Sll - Hxénl + Sz2an S T3/J’V'

Proof. Let
b= ()75 = a5k + (th,) shon, (4.2)
Ei = ‘/Lﬂi Sé:ni + Si‘ré:nlW *
lemin{ti|i=1,...,k}, ngmax{ti|i:1,...,k}. (44)

Then, using these quantities and the definition of y, d.(z) and n.(z), we have

0<T <77, |€'<0t, Vi=1,...,k, (4.5)

O0<m <t;<m, Ve=1,...,k, (46)

TS p < Ty, (4.7)
k

where the last inequality follows from the inequalities k7y < kp = > t; < k7a. Then,
i=1

by equation (4.3) we get

. s i ‘ oy i
% _ i i _ i

Soim; = T Lo, + — O Top, = —— Samp, + i
1 £ 51 51

By substituting (4.8) into (4.2) we have

N
Tainy el
S1 =T - - - : : .
P @2 = e, 12 (@2 ek, )P
. A\T
. . . 1
or xj=s] , - - — . . (4.10)
(51)% = llszn, I (s1) = llszun, [12

18



1. For all 4 € B, just as in the proof of Theorem 3.4, formulae (3.11)—(3.14)
still hold with x%(u) and s'(u) replaced by x' and s?, respectively. Because

(z,y,s) € FO, by definition we have Zle(:vi)Tsi = ku. By (4.9), (4.5), and
xf > ||h,,, ||, formula (3.15) is changed into

; T
i i Li !

si=ux . . — .
PN @D = e P (29)? — llab, )12
) t; 0t;
>zt ( . L - L )
@2 ek, 12 (@) — [lad,, 12
1-0) @l 1-6)¢t 1
= z( i)l i 11‘ z( i)l 5" (4.11)
Ty — Hx2an Ty + ||‘T2n1H Ty — Hx2an 2

Then by (3.14), where si (11) is replaced by st, (4.11), and formulae (4.5)—(4.7)
we obtain
(1-0)

7
51

(1 —9)0’17’1 > (1 —9)0’1.

C @b | >
Ty ||‘T2n1|| 2k‘u = o2kt

ti 1
- >
5=

2. Symmetrically, by respectively substituting 2’ by s’ and s’ by x* we can get
the desired result in the same way as above.

3. For all i € R, formulae (3.16)—(3.19) in the proof of Theorem 3.4 still hold.
Therefore, (3.21) also holds with z?(u) and s*(u1) replaced by z* and s?, re-
spectively. Thus we have

. . _ . 2k
(51 = ls2in, ) + (21 = lin, 1) < ==

Then by s{ — [|sb.,, || > 0 and @} — ||z4.,,. || > 0 we get

2ku

2%k
il (4.12)
o2

On the other hand, by (4.2), (4.5), (4.8), % > ||z}, || and the Cauchy-
Schwarz inequality we get

ti = (Ii)TSi = xllsll + (xézni)Tsé:ni
9 (Ei)TIQ:m

2
51

7
1

< = ((@1)? = Nlah,, I%) + 0t

=s) —— = (@1 — [, ) + 0t
< 2s1(a) — ||, 1) + 0. (4.13)
Then by (4.12), (4.13) and formulae (4.5)—(4.7) we obtain

(1 — 9)151 N (1 - 9)0'Qti > (1 - 9)0’27’1 > (1 - 9)0’2
2(2 = ll#hen, ) Ak T dkm T 4k
19
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Analogously, we can get

7

1-46
i s U= 0oz

4kt

. For all i € T, we first show that Theorem 3.7 still holds for z = (z,y,s) €
Fu,c. By the definition of Fas ¢, there exists a 0 < p < M such that
|lz—z(p)|| < C. Therefore, the set of points in he vicinity of the central path
z = (z,y,8) € Fu,c is also bounded by the boundedness of the central path
when 0 < p < M, i.e., there exists pps > 0 such that ||z|| < pa. Then by
(4.2) and (4.3) we get (where every equality is counted as two inequalities)

k k
g (@)] 4]l = 22 (£ + €1%) < | 21+ 62) Z < V214 02)kp.

Therefore, by Theorem 3.6 there exist constants ¢ > 0 and v > 0 such that
dist(z, F*) < 7u”.
Hence, there exists some (Z, 7, §) € F* such that
o' = 2| <7, |8 =Sl < TR, Vi=1,2,.. k. (4.14)

In the following analysis, constants 7, and 7 are the same as the ones defined
in the proof of Theorem 3.8.
(a) In case of 72 = 7¢ = 0, we have z° = s' = 0 for all (z,y,s) € F* as
pointed out in the proof of Theorem 3.8. Therefore, in formula (4.14)
we have Z° = 5 = 0, and so we get

&'l < 7, Is']| < T (4.15)

Then, by (4.11), (4.15), and formulae (4.5)—(4.7) we obtain

. (1 — H)ti 1 (1 — H)Ml_le (1 — 6‘) 1—
— ||z, > . - > > 7. 4.16
ool > 52 5> Qo0 > H20im ()
By (4.10), s§ > ||sb.,, ||, and (4.5) we get
s T
SZ:ﬁi Ei
i Li < °i )
Ty =s . . - :
T D2 = Db 12 (502 = (I8, 12
> gl ( ti 0t; )
=S8 7 7 B 7
PAGD2 = b, 12 (51)2 = [lshin, 12
_ 0O s, (2O 1
51— Hs2an 51 + ||S2:ni|| 81— ||S2:niH 2

In the same way, by (4.17), (4.15), and formulae (4.5)—(4.7) we obtain
; - 1-0); 1 1— 0= 1-6
g 2 LD L U2 (20) 1)

x4 2 2cp 2cT
20

(4.18)



Then, by (4.15), (4.16), (4.18), and the definitions of 7, and 72 we have

1-46

T?/J’li’y < Jii - Hxéan < Jii < HxZH < 7'1/[7"

1-46

<sp < s’ <mp

T2/1‘1_’Y < Szi - Hsénl

(b) In case of 72 > 0 and 7! = 0, we have 5' = 0 in (4.14), and we get
s < 7. (4.19)

Then in the same way as above we can see that formula (4.16) still holds,
and so does formula (3.32), where 2%(u) is replaced by z‘, i.e., we have

(1-9)

2cT

W < = | < VI (4.20)
Then by (3.32), (4.11), and formulae (4.5)—(4.7) we get

-0t 1 (-0 _ (10,
zi = llab,, Il 2 7 2v2rpr T 2\/57-7—” '

s3>

(4.21)

By z¢ < ||2°| < ||2|| < par, (4.17) and formulae (4.5)—(4.7) we get

L) R ) (T TR
2! 2pm 2pmT

Thus, by using (4.19)—(4.22) and the definitions of 71 and 75 we obtain

1-46

T2M1_V < xll - Hxém” < TlM’Y?

.y , , }
Top < 81 = sz, | < Is'l] < mup?,

1-—

0 , .
ot < s < | <

(c) Symmetrically by substituting a’ for s* and s’ for z*, respectively, we
can get the desired result in the same way as we do in last item.
By v>0and mp? > =2t~ forall 0 < p < M, we get 3 >~ > 0.

5. The same way as we in the proof of Theorem 3.4, for all s € BUN we have

(1 — 9)0’1

4.2
2kt (4.23)

By (4.2), (4.5), 2§ > |lab.,,,II, si > |sh.,,,[l, and the Cauchy-Schwarz inequal-
ity, we get
21

y<2ztst, Vi=1,... k. (4.24)

||S§:ni



For all i € R, we have two cases: z{ > s{ and 2! < s{. In the case when
2l > 81, by (4.5), (4.8), (4.24), and the results in item 3 we have

7 7 7 7
Ty + 51— ||$2:ni + S2:ni

. . st . el

1
=$11+511—H(1——i>x5:m+—i
a1 a1

zx§+s§—‘1——§. @
Z7

(1 — 9)20'2
2kt

> 2} — 20s) > (4.25)
In the case when z} < s, in the same way as above we get

% )
) . T . £
4 i M )
B Il + Sl H <1 Si > Sz:ni + Si

Za:i—l—si—' — —s

(1 - 9)202

> 2£Ci — 29w§ > 5%
-

(4.26)

Therefore for all ¢ € R, by (4.25) and (4.26) we have

. . ) X 1-0)%
2kt

For all i € T, in the same way as in the derivation of (3.35)—(3.38), where
2(u) and s'(u) are replaced by 2% and s’ respectively, we can get

1-6

TQ,UJ177 < Ill =+ Sli - H'rénl + Sénl || < 7-3/[}[7 Vi € T

Now we summarize the results of Theorem 4.1 in Table 4.1, where w; = =05 =

T b
@, and other symbols’ meanings are the same as that in Table 3.2, where x%(1u)

and s'(u) are replaced by z* and s’ respectively.

The results listed in Table 4.1 imply that if p is so small that

ku < . {0’1 0'2} ku 2ku < (o]
— wirmns —, ma. —_—,— W1 =5
g1 ! 2]{37 4k ’ x 0’17 g9 12I€
and
" < min {un 2 22}
T3p ' < min {w1 2k,w2 2% S

then we can have a complete separation of the blocks of variables. Thus, we have

) :
4 < min {wlol X19192 ) {mim{wla1 2292 }} } . (4.27)

2k2 ’ 4k2 2]€ng 2]€7’3
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TABLE 4.1
Local bounds in the vicinity of the central path

7
B N R Case 1 Case 2 Case 3
1—y > 1—v
i a1 ks s | ZWiT2p > wiTop
1 = 2k S o1 = 4k < ¥ \ < ~
ST S TR
1=y | > 1-y
i ku o oy | ZwWiTo 2 WiTafh
S1 So | 2w | 2w | 2 5 -5 \
S TIM < Tp
Al | > | < B <2k | Zwimp! 7Y | Zwimp! Y | 2 wimap
= Wiy = o1 — o2 Sﬁﬁﬂ STLLL’Y Sﬁ/ﬂ
Al < kp > w09 | < 2ku > wimulTY | > witep > wiTopt Y
s — o1 = W1 — o9 S Tlﬂv S Tllu'y S TIM’Y
A | 2wigt | 2wt | 2 wad? Wit <AL <

Therefore if we choose a positive p such that (4.27) holds, then we can identify the
optimal partition (B, N,R,T) in the vicinity of of the central path for SOCO.

When 7 = 0, in the same way as in the previous section, by utilizing the resuits
listed in Table 4.1 vertically, if p is so small that “ < wig; and 2L “ <wigg, i

2 2
. [0 o3
< v TS 4.28
o wlmin{ 572 8k2} (4.28)
we have i € B if and only if zj — [|25,,,,|| > si, which implies s§ — |[s,,,, || < z{; we

have i € N if and only if s — ||82n | > i, which implies z — |2, I < st; and we
have i € R if and only if both z} — Hx2 m, || < 8% and % — [|sh,,, || < @t.

5. Conclusions. In this paper we discuss the identification of the optimal parti-
tion B, N, R and T for SOCQO. By defining two condition numbers, which are positive
constants only depending on the SOCO problem itself, we prove that sufficiently close
to optimality, the optimal partition can be identified along the central path. Then we
generalize the results to the vicinity of central path, i.e., close to optimality we can
separate the blocks of variables according to the optimal partition in a neighborhood
of the central path. The results in this paper may facilitate to design more efficient
algorithms for SOCO. By the polynomial complexity of path-following interior point
algorithms for SOCO, we can see that the complexity for finding the optimal partition
B, N, R and T for SOCO is also polynomial.

Further, the results presented in this paper indicate that the properties of those
blocks of variables whose index is in the set 7 are the most complicated. The variable
blocks with index in B, N or R are simpler and easier to analyze. As indicated in
Theorem 3.8, three situations may occur for the blocks with index in 7,. So far we
were unable to give an exact estimation for the convergence order « for blocks ¢ with
i € T in Theorem 4.1. This is a challenging question that deserve further studies.

23



(1]
2]
3]
[4]
[5]
[6]
[7]

(8]

[9]

REFERENCES

I. Adler, R. D. C. Monteiro, Limiting behavior of the affine scaling continuous trajectories for
linear programming problems, Mathematical Programming, 50: 29-51 (1991).

F. Alizadeh and D. Goldfarb, Second-order cone programming, Mathematical Programming,
Ser. B 95: 3-51 (2003).

J. F. Bonnans and H. Ramirez C., Perturbation analysis of second-order cone programming
problems, Mathematical Programming, Ser. B 104:205-227 (2005).

D. Goldfarb, K. Scheinberg, Interior point trajectories in semidefinite programming, SIAM J.
on Optimization, 8, 871-886 (1998).

O. Giiler, Limiting behavior of weighted central paths in linear programming, Mathematical
Programming, 65: 347-363 (1994).

M. Halickd, Analyticity of the central path at the boundary point in semidefinite programming,
European J. of Operational Research, 143: 311-324 (2002).

M. Halickd, Analytical properties of the central path at boundary point in linear programming,
Mathematical Programming, 84: 335-355 (1999).

T. Illés, J. Peng, C. Roos and T. Terlaky, A strongly polynomial rounding procedure yielding
a maximally complementary solution for Px (k) linear complementarity problems, STAM J.
on Optimization, 11(2): 320-340 (2000).

E. Klerk, Aspects of Semidefinite Programming: Interior Point Algorithms and Selected Ap-
plications, Kluwer Academic Publishers, New York, 2004.

M. Kojima, N. Megiddo, T. Noma, and A. Yoshise, A Unified Approach to Interior Point
Algorithms for Linear Complementarity Problems, Lecture Notes in Comput. Sci. 538,
Springer-Verlag, Berlin, 1991.

Z. -Q. Luo, J. F. Sturm, Error Bounds For Quadratic Systems, 1998, preprint

Z. -Q. Luo, J. F. Sturm, Error bounds for mixed semidefinite and second order cone program-
ming, pp. 163-190 in: H. Wolkowicz, et al. (Eds.), Handbook on Semidefinite Programming,
Kluwer Academic Publishers, Dordrecht, 2000.

Z-Q. Luo, J.F. Sturm, S. Zhang, Superlinear convergence of a symmetric primal-dual path
following algorithm for semidefinite programming, SIAM J. on Optimization, 8: 59-81
(1998).

Y. Nesterov and A. Nemirovski, Interior Point Polynomial Methods in Convex Programming:
Theory and Applications. STAM, Philadelphia, 1994.

J.F. Sturm, Error bounds for linear matrix inequalities, STAM J. on Optimization, 10: 1228—
1248 (2000).

J.F. Sturm, Superlinear convergence of an algorithm for monotone linear complementarity prob-
lems when no strictly complementary solution exists, Mathematics of Operations Research,
24: 72-94 (1999).

J.F. Sturm, S. Zhang, On weighted centers for semidefinite programming, European J. of Op-
erational Research, 126: 391-407 (2000).

J.F. Sturm, S. Zhang, On sensitivity of central solutions in semidefinite programming, Mathe-
matical Programming, 90: 205-227 (2001).

R. D. Monteiro, T. Tsuchiya, Limiting behavior of the derivatives of certain trajectories asso-
ciated with a monotone horizontal linear complementarity problem, Mathematics of Oper-
ations Research, 21: 793-814 (1996).

C. Roos, T. Terlaky, J. Ph. Vial, Interior Point Methods for Linear Optimization, Springer
Science, New York, USA, 2006

J. Stoer, M. Wechs, On the analyticity properties of infeasible-interior point paths for monotone
linear complementarity problems, Numerical Mathematics, 81: 631-645 (1999).

J. Stoer, M. Wechs, Infeasible-interior-point paths for sufficient linear complementarity prob-
lems and their analyticity, Mathematical Programming, 83: 403-423 (1998).

T. Terlaky, I. Pélik, Parametric second order cone optimization and its applications: challenges
and perspectives, Preprint

M. Wechs, The analyticity of interior-point-paths at strictly complementary solutions of linear
programs, Optimization Methods and Software, 9: 209-243 (1998).

L. Vandenberghe and S. Boyd, Semidefinite programming, SIAM Review, 38(1): 49-95 (1996).

E. A. Yildirim, Unifying optimal partition approach to sensitivity analysis in conic optimization,
J. of Optimization Theory and Applications, 122(2): 405-423 (2004).

24



