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1 Introduction

Augmented Lagrangian (AL) methods, also known as methods of multipliers, have
been instrumental in the development of algorithms for solving constrained opti-
mization problems since the pioneering works by Hestenes [23] and Powell [30] in
the late 1960s. Although overshadowed by sequential quadratic optimization and
interior-point methods in recent decades, AL methods are experiencing a resur-
gence as interests grow in solving extremely large-scale problems. The attractive
features of AL methods in this regard are that they can be implemented matrix-
free [1L419,26] and possess fast local convergence guarantees under relatively weak
assumptions [I5L24]. Moreover, certain AL methods—e.g., the alternating direc-
tion method of multipliers (ADMM) [18/21]—have proved to be extremely efficient
when solving structured large-scale problems [6[31]33].

Despite these positive features, AL methods have critical disadvantages when
they are applied to solve generic problems. In particular, they suffer greatly from
poor choices of the initial penalty parameter and Lagrange multipliers. If the
penalty parameter is too large and/or the Lagrange multipliers are poor estimates
of the optimal multipliers, then one typically finds iterations during which no
progress is made in the primal space due to points veering too far away from
the feasible region. This leads to wasted computational effort, especially in early
iterations. The purpose of this paper is to propose, analyze, and present numer-
ical results for AL methods specifically designed to overcome this disadvantage.
We enhance traditional AL approaches with an adaptive penalty parameter up-
date inspired by recently proposed techniques for exact penalty methods [7}[8]. The
adaptive procedure requires that each trial step yields a sufficiently large reduction
in linearized constraint violation, thus promoting consistent progress towards con-
straint satisfaction. We focus on employing our adaptive updating scheme within a
trust region method, but also present a line search algorithm with similar features.

The paper is organized as follows. In we outline a traditional AL algorithm
to discuss the inefficiencies that may arise in such an approach. Then, in §3] we
present and analyze our adaptive AL trust region method. We show that the algo-
rithm is well-posed and provide results related to its global convergence properties.
In §4] we briefly describe an adaptive AL line search method, focusing on the mi-
nor modifications that are needed to prove similar convergence results as for our
trust region method. In §5] we provide numerical results that illustrate the effec-
tiveness of our adaptive penalty parameter updating strategy within both of our
algorithms. Finally, in §f] we summarize and reflect on our proposed techniques.

Additional background on AL methods can be found in [2,B5I31719]. We
also refer the reader to recent work on stabilized sequential quadratic optimization
(SQO) methods [I6l252728][32], which share similarly attractive local conver-
gence properties with AL methods. In particular, see [20] for a globally convergent
AL method that behaves like a stabilized SQO method near primal solutions.

Notation We often drop function dependencies once they are defined and use sub-
scripts to denote the iteration number of an algorithm during which a quantity is
computed; e.g., we use zj to denote the kth algorithm iterate and use f := f(xy)
to denote the objective value computed at zp. We also often use subscripts for
constants to indicate the algorithmic quantity to which they correspond; e.g., 4
denotes the reduction factor for the penalty parameter p.
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2 A Basic Augmented Lagrangian Algorithm

The algorithms we consider are described in the context of solving the equality
constrained optimization problem

mini%lize f(z) subject to c(z) =0, (2.1)
TERN

where the objective function f : R — R and constraint function c: R™ — R™ are
twice continuously differentiable. Defining the Lagrangian for (2.1]) as

Uz,y) = f(z) — c(x)y,

our algorithms are designed to locate a first-order optimal primal-dual solution of
(2.1)), namely an ordered pair (z,y) satisfying

0= Fors(o0) = (b)) = (400 70", (2:2)

where g(z) := Vf(z) and J(z) := Ve(z)T. However, if (2.1)) is infeasible or con-
straint qualifications fail to hold at solutions of (2.1]), then at least the algorithm
is designed to locate a stationary point for

miniﬁ{lize v(z), where v(z):= %Hc(m)”%, (2.3)
TERN

namely a point z satisfying
0 = Freas(z) := Veu(z) = J(z) T e(a). (2.4)

If holds and v(z) > 0, then = is as an infeasible stationary point for (2.1).

AL methods aim to solve , or at least , by employing unconstrained
optimization techniques to minimize a weighted sum of the Lagrangian ¢ and the
constraint violation measure v. In particular, scaling ¢ by a penalty parameter
u > 0 and adding v, we obtain the augmented Lagrangian

L(z,y, 1) = pb(z,y) +v(z) = p(f(z) — c(x)"y) + Llle(@)]5-

For future reference, the gradient of the augmented Lagrangian with respect to x
evaluated at the point (z,y, ) is given by

Val(z,y, 1) = plg(x) — J (@) ' (z,y, 1)), where m(z,y,p) =y — 2c(z).  (2.5)

A basic AL algorithm proceeds as follows. Given fixed values for the Lagrange
multiplier y and penalty parameter u, the algorithm computes

a(y, p) := argmin L(z,y,p). (2.6)
rER™
(There may be multiple solutions to the optimization problem in , or the
problem may be unbounded below. However, for simplicity in this discussion, we
assume that z(y,u) can be computed as a stationary point for £(-,y,u).) The
first-order optimality condition for the problem in is that x(y, p) satisfies
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Inspection of the quantities in ([2.2) and reveals an important role that may
be played by the function = i. In particular, if c(z(y,pn)) = 0 for p > 0,
then 7(z(y,pn),y, 1) = y and Fopr(x(y,n),y) = 0, i.e., (z(y,pn),y) is a first-order
optimal solution of . For this reason, in a basic AL algorithm, if the constraint
violation at z(y, u) is sufficiently small, then y is set to 7(z,y, ). Otherwise, if the
constraint violation is not sufficiently small, then the penalty parameter is reduced
to place a higher priority on minimizing v in subsequent iterations.

Algorithm [T outlines a complete AL algorithm. The statement of this algorithm
may differ in various ways from previously proposed AL methods, but we claim
that the algorithmic structure is a good representation of a generic AL method.

Algorithm 1 Basic Augmented Lagrangian Algorithm

1: Choose constants {vu,7v:} C (0,1).

2: Choose an initial primal-dual pair (xo, yo) and initialize {p0,t0} C (0, 00).
3: Set K «+ 0 and j « 0.

4: loop

5: if Fopr(zk,yKx) =0, then

6: return the first-order solution (zx,yx)-
7 if ||ck|l2 > 0 and Freas(zk) = 0, then

8: return the infeasible stationary point k.
9: Compute z(yx, px) < argmingcpn L£(2, YK, fK)-
10: if |lc(z(yr, pK))ll2 < tj;, then

11: Set xx4+1 — (YK, pK)-

12: Set yr 41 — T(TR 41, YK, HK)-

13: Set prt1 — UK.

14: Set t]'+1 — ’yttj.

15: Set j — 7+ 1.

16: else

17: Set tg41 — k.

18: Set yrk+1 — YK -

19: Set pr 41— YulbK -

20: Set K — K +1.

The techniques that we propose in the following sections can be motivated
by observing a particular drawback of Algorithm [I} namely the manner in which
the penalty parameter p is updated. In Algorithm [I} n is updated if and only
if the else clause in line [If] is reached. This is deemed appropriate since after
the augmented Lagrangian was minimized in line [J] the constraint violation was
larger than the target value ¢;; thus, the algorithm decreases p to place a higher
emphasis on minimizing v in subsequent iterations. Unfortunately, a side effect of
this process is that no progress is made in the primal space. Indeed, in such cases,
the algorithm sets xx 1 < xx and the only result of the iteration—involving the
minimization of the (nonlinear) augmented Lagrangian—is that p is decreased.

The scenario described in the previous paragraph illustrates that a basic AL al-
gorithm may be very inefficient, especially during early iterations when the penalty
parameter p may be too large or the multiplier y is a poor estimate of the optimal
multiplier vector. The methods that we propose in the following sections are de-
signed to overcome this potential inefficiency by adaptively updating the penalty
parameter during the minimization process for the augmented Lagrangian.
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We close this section by noting that the minimization in line[9of Algorithm [T]is
itself an iterative process, the iterations of which we refer to as “minor” iterations.
This is our motivation for using K as the “major” iteration counter, so as to
distinguish it from the iteration counter k used in our methods, which are similar—
e.g., in terms of computational cost—to the “minor” iterations in Algorithm

3 An Adaptive Augmented Lagrangian Trust Region Algorithm

In this section, we propose and analyze an AL trust region method with an adap-
tive updating scheme for the penalty parameter. The new key idea is to measure
the improvement towards (linearized) constraint satisfaction obtained by a trial
step and compare it to that obtained by a step computed toward minimizing
the constraint violation measure v exclusively. If the former improvement is not
sufficiently large compared to the latter and the current (nonlinear) constraint
violation is not sufficiently small, then the penalty parameter is decreased to place
a higher emphasis on minimizing v in the current iteration.

Our strategy involves a set of easily implementable conditions designed around
the following models of the constraint violation measure v, Lagrangian ¢, and
augmented Lagrangian £ at z, respectively:

qu(s;7) == 3|le(z) + J(x)s]|3 ~ vz + s); (3.1)
a(s;z,y) = La,y) + Vel(z,y) s + 1" Vil(z,y)s =~ Lz +s,y); (3.2)
q(s; @y, 1) == pge(s; z,y) + qu(s; ) ~L(x+sy,p).  (3.3)

We remark that this approximation to the augmented Lagrangian is not standard.
Instead of a second-order Taylor approximation involving second derivatives of the
constraint violation measure v, we use the Gauss-Newton model ¢,,. The motivation
for this choice is that our step computation techniques require that the model of
the augmented Lagrangian is convex in the limit as p — 0; see Lemma |3.2

Each iteration of our algorithm requires the computation of a trial step s
toward minimizing the augmented Lagrangian. This step is defined as an approx-
imate solution of the following quadratic subproblem:

mini]glize q(s; Tk, yg, i) subject to ||s]l2 < O. (3.4)
seR™

Here, ©;, > 0 is a trust-region radius that is set dynamically within the algorithm.
Efficient methods for computing the global minimizer of are well-known [29]
§4.2]. Nonetheless, as we desire matrix-free implementations of our methods, our
algorithm only requires an inexact solution of as long as it satisfies a condition
that promotes convergence; see . To this end, we define the Cauchy step

5k 1= 3(Tk, Yps k> Ok) 1= =Tk, Yks k> Ok ) Vo L(Th, Yoy k) (3.5)
where
a(xg, Yk, i, Ok) 1= arg;%in W=V L(T, Yty 141); Thor Yo k)
oz

subject to [|aVzL(zk, Yk, pix)ll2 < Ok.
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Using standard trust-region theory [10], the predicted reduction in £(-, yg, g ) from
xp, yielded by the step s, i.e.,

Aq(Sk; @r, Yis i) = q(0; 2k, Yy i) — (k3 Ty Yo 1)

is guaranteed to be positive at any z; that is not stationary for L£(-,yx, ur); see
Lemmafor a more precise lower bound for this predicted change. The reduction
Aq(sk; Tk, Yk, 4k ) is defined similarly for the trial step sg.

Critical to determining whether a computed step s yields sufficient progress
toward linearized constraint satisfaction from the current iterate, our algorithm
also computes a steering step r; as an approximate solution of the subproblem

mini]glize qu(r; ) subject to |r|l2 < Oy, (3.6)
reR™

where 0 > 0 is a trust-region radius that is set dynamically within the algorithm.
Similar to that for subproblem (3.4]), the Cauchy step for subproblem (3.6) is

T = 7($k,9k) = —B(xk, ak)chk (3.7)
where

Blay, 0x) 1= argmin q,(—BJ{ cp;zx) subject to [|BJ] cxll2 < 0. (3.8)
B>0

The predicted reduction in the constraint violation from zj, yielded by 74, i.e.,
Ago (T 21) = qu(0;2%) — qo(Trs ),

is guaranteed to be positive at any xj that is not stationary for v; see Lemma [3.2}
The reduction Agy(ry; ) is defined similarly for the steering step ry. We remark
upfront that the computation of r;, requires extra effort beyond that for computing
sk, but the expense is minor as r;, can be computed in parallel with s; and needs
only to satisfy a Cauchy decrease condition for ; see .

We now describe the kth iteration of our algorithm, specified as Algorithm
on page @ Let (zg,yx) be the current primal-dual iterate. We begin by checking
whether (xy,y;) is a first-order optimal point for or if x; is an infeasible
stationary point, and terminate in either case. Otherwise, we enter the while loop
in line [J] to obtain a value for the penalty parameter for which the gradient of
L(, Yy, pr) is nonzero. This is appropriate as the purpose of each iteration is to
compute a step towards a minimizer of the augmented Lagrangian for y = y; and
= py; if the gradient is zero, then no directions of strict descent for L£(-, yx, p)
from zj, exist. (Lemma shows that this while loop terminates finitely.) Next, we
enter another loop in li to obtain an approximate solution s; to problem
and an approximate solution 7 to subproblem that satisfy

Aq(sp; Th, Yoy k) > K149 (5k; Tr, Yry i) > 0, (3.9a)
Aqu(ri; zr) > K2 Ago(T; k), (3.9b)
and Agy(sk;xg) > min{kzAqu(rg; zx), vi — %(mtj)Q}, (3.9¢)

where {s1, k2, r3,kt} C (0,1) and ¢; > 0 is the jth target for the constraint vio-
lation as in Algorithm 1| Here, the strict inequality in (3.9al) follows from (3.16))
since VL(zy,yk, k) # 0 by the design of the while loop in line In general,
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there are many trial and steering steps that satisfy (3.9)), but for the purposes of
our theoretical analysis it suffices to prove that (3.9)) is satisfiable with s, = 5

and r =7, as we do in Theorem [3.4]

The conditions in can be motivated as follows. Conditions and
ensure that the trial step s and steering step 7y, yield nontrivial decreases in
the models of the augmented Lagrangian and the constraint violation, respectively,
compared to their Cauchy points. The former requirement is needed to ensure that
the augmented Lagrangian will be sufficiently reduced if the trust-region radius is
sufficiently small. The motivation for condition is more complex as it involves
a minimum of two values on the right-hand side, but this condition is critical as it
ensures that the reduction in the constraint violation model is sufficiently large for
the trial step. The first quantity on the right-hand side, if it were the minimum of
the two, would require the decrease in the model ¢, yielded by s to be a fraction
of that obtained by the steering step ry; see [7,/8] for similar conditions enforced in
exact penalty methods. The second quantity is the difference between the current
constraint violation and a measure involving a fraction of the target value ¢;. Note
that this second term allows the minimum to be negative. Therefore, this condition
allows for the trial step s; to predict an increase in the constraint violation, but
only if the current constraint violation is sufficiently within the target value t;.
It is worthwhile to note that in general one may consider allowing the penalty
parameter to increase as long as the resulting trial step satisfies conditions (3.9al)—
and the parameter eventually remains fixed at a small enough value to
ensure that constraint violation is minimized. However, as this is only a heuristic
and not interesting from a theoretical point of view, we ignore this possibility and
simply have the parameter decrease monotonically.

With the trial step s; in hand, we proceed to compute the ratio

o L@ yes ) = L@k + Sk Yp 1) (3.10)

Pk
Aq(sg; Tk, Yk M)

of actual-to-predicted decrease in L(-,yx, pxr). Since Aq(sy; Ty, Yk, pr) is positive
by , it follows that if pr > ns, then the augmented Lagrangian has been
sufficiently reduced. In such cases, we accept xj + s; as the next iterate. Moreover,
if we find that pp > nus for nus > 7ns, then our choice of trust region radius may
have been overly cautious so we multiply the upper bound for the trust region
radius (Jg) by I's > 1. If p;, < ns, then the trust region radius may have been too
large, so we counter this by multiplying the upper bound by ~s € (0,1).

With the primal step updated, next we determine whether to update the mul-
tiplier vector. A necessary condition for such an update is that the constraint
violation at zyy; must be sufficiently small compared to t;. If this requirement is
met, then we compute any multiplier estimate 7 that satisfies

T ~ T
lok+1 — Je+1Th+1ll2 < lgk+1 — Jig1¥rll2- (3.11)

Of course, computing ¥j,1 as an approximate least-length least-squares multiplier
estimate—e.g., by an iterative method—is an attractive option, but for flexibility
in the statement of our algorithm we simply enforce (3.11)). The second condition
that we enforce before an update to the multipliers is considered is that the gra-
dient with respect to z of the Lagrangian (with the multiplier estimate gxy1) or
of the augmented Lagrangian must be sufficiently small with respect to a target
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value T; > 0. If this condition is satisfied, then we proceed to choose new target
values ¢ < t; and Tj41 < T}, then set Y; 1 > Y; and

Y1 < (L= o)yp + oy¥is1, (3.12)
where ay as the largest value in [0, 1] such that
(1 — ay)yr + ayPryillz < Y. (3.13)

Note that this updating procedure is well-defined since the choice ay « 0 results
in ygy1 < yk, which at least means that (3.13)) is satisfiable by this ay.
For future reference, we define the subset of iterations where line [29]is reached:

. T ~
Y i= {kj : llew,ll2 < tg,minllg, = JE G, 2, VL@, v ) l2} STy b (3:14)

3.1 Well-posedness

We prove that iteration k of Algorithm [2] is well-posed—i.e., either the algo-
rithm will terminate finitely or produce an infinite sequence {(xx,yx, i)} k>0 of
iterates—under the following assumption.

Assumption 3.1 At zy, the objective function f and constraint function ¢ are both
twice-continuously differentiable.

Well-posedness in our context requires that the while loops in lines [J] and [T5] of
Algorithm [2| terminate finitely. Our first lemma addresses the first of these loops.

Lemma 3.1 Suppose Assumption[3_1] holds and that line[q is reached in Algorithm[g
Then, VL(zk, yx, 1) # 0 for all sufficiently small p > 0.

Proof Suppose that line [J] is reached and, to reach a contradiction, suppose also
that there exists an infinite positive sequence {£;};>¢ such that & — 0 and

Ve L (i, v &) = &g — Jiyw) + Jicx =0 for all 1 > 0. (3.15)
It follows from ({3.15)) and the fact that & — 0 that
0= ll_if&fz(gk — JEyk) + Jier = Jick.

If ¢; # 0, then Algorithm [2] would have terminated in line [8} hence, since line [J]
is reached, we must have ¢;, = 0. We then may conclude from and the fact
that {¢;} is a positive sequence that g — ngk = 0. Combining this with the fact
that ¢, = 0, it follows that (xy,y) is a first-order optimal point for . However,
under these conditions, Algorithm [2| would have terminated in line @ Overall, we
have a contradiction to the existence of the sequence {¢;}, proving the lemma. 0O

Our goal now is to prove that the while loop in line [T terminates finitely. To
prove this, we require the following well-known result; e.g., see [10, Theorem 6.3.1].
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Algorithm 2 Adaptive Augmented Lagrangian Trust Region Algorithm

1: Choose constants {’ym'yt,'YT7'y§,liF,fi1,f€2,li3,fit,ns,nvs} C (0,1), {6,6R,€,Y} C (0,00),
and I's > 1 such that nys > ns.
: Choose an initial primal-dual pair (zo,yo) and initialize {uo, to, To, do, Y1} C (0, 00) such
that Y7 > Y and ||y0H2 <Yi:.
: Set k«— 0, ko — 0, and j «— 1.
loop
if Fopr(zk,yr) =0, then
return the first-order solution (zg, yx).
if ||ck|l2 > 0 and Freas(zg) = 0, then
return the infeasible stationary point xj.
9: while Vmﬁ(xk,yk, Hk) = 07 do
10: Set pr — Yultk-
11: Set 0 <« min{dy, 6||Jfck|l2} and O — min{dy, §|| Ve L(Tk, Yr, i) ll2}-
12: Compute the Cauchy points 53 and 7y, for (3.4) and , respectively.
13: Compute an approximate solution sj to (3.4)) satisfying (3.9a]).
14: Compute an approximate solution 7 to (3.6)) satisfying (3.9b)).
15: while V. L(zy, Yk, px) = 0 or is not satisfied, do

[\

16: Set g «— Yupr and O «— min{dy, §||Va L(Tk, Y&, pr)ll2}-
17: Compute the Cauchy point s for (3.4)).
18: Compute an approximate solution sy to (3.4) satisfying (3.9a)).

19: Compute py in (3.10).
20: if pr > Nus, then

21: Set xpy1 < @ + s and Opy1 <« max{dr, ['sdx}.
22: else if pp > 75, then

23: Set k41 «— k + sk and S 1 — max{dR, ok }.
24: else

25: Set 41 «— x and dx41 — V50k-

26: if |lck41ll2 < t;, then

27: Compute any g1 satisfying .

28: if min{||gr+1 — J,€T+1§k+1||27 Ve L(@kt-1, Yk, o) 2} < T, then
29: Set kj < k+1 and Yj41 < max{Y, ¢, }.

30: Set tjy1 «— min{'ntj, t;+6} and Tj11 < vyrTj.
31: Set yr4+1 from where oy yields .
32: Set j «— j+ 1.

33: else

34: Set Yr+1 — Yk-

35: else

36: Set Yr+1 — Yk

37: Set pp4+1 — pk-
38: Set k «— k+ 1.

Lemma 3.2 Suppose Assumption[3.1] holds and that §2 is any value such that
T T
2 > max{ || Varl(r, yi) + i Jill2 175 Jill2}-

Then, the Cauchy step for subproblem (3.4) yields

Ve £ (2, Yo 1) 12 @k} (3.16)

_ . 1 .
Aq(Grs 2, i, ) > 5| Ve L(@k, yges x| 2 mm{ 7, ,

and the Cauchy step for subproblem (3.6) yields

_ . JFe
Aqu(Tr; k) > §|JkTCk||2mln{|1k_'_]}}|279k}- (3.17)
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We also require the following result illustrating critical relationships between
the quadratic models g, and g as u — 0. The proof of this result reveals our moti-
vation for using the Gauss-Newton model ¢, for the constraint violation measure.

Lemma 3.3 Suppose Assumption[3.1] holds and let
O (k) = min{d, 8[|V L(zk, Yk, 1) |2}

Then, the following hold true:

lim { max 3Ty Yks b) — Qu(s; @ =0, 3.18a
L, (H nax a5 2k, Yo 1) = 6o k)\) (3.18a)
hm Vz (xk,yk, ) = Jk Ck, (31813)

hm S(Q%,yk,/h Or(n) = (3.18¢)

and lim Aqv(3($k>ykaﬂ79k(ﬂ)) xy) = Aqu(Tg; zg)- (3.18d)

Proof Since xj, and y; are fixed, for the purposes of this proof we drop them from
all function dependencies. From the definitions of ¢ and ¢, it follows that for some
M > 0 independent of u we have

max [q(s;p) — | =p max [g(s)] < pM.
lIsll2<d%k ( 2(%) llsll2 <8 (s)

Hence, (3.18al) follows. Similarly, we have
L(p) = Ji; ek = gk — i i),

from which it is clear that (3.18bf) holds.
We now prove that (3.18¢) and (3.18d)) hold by considering two cases.

Case 1: Suppose Jchk = 0. This implies 0, = min{ék,JHchng} =0,s07, =0 and
Agy(71,) = 0. Moreover, from we have O (u) — 0 as u — 0, which
means that s(u, Or(u)) — 0 = 7, and Agu(5(p, Or(r))) — 0 = Agu(Ty) as
u— 0. Thus, and th hold.

Case 2: Suppose chk # 0. We prove ([3.18c|), after which (3.18d)) follows immediately.
For a proof by contradiction, suppose (3.18¢c|) does not hold. By , we
have O (u) — 0 as p — 0, meaning that there exists an infinite positive
sequence {{};>0 with & — 0 and a vector s, such that

lliglo?(ﬁz,@k(fz)) = s« 7T and |[[s«[l2 < 0. (3.19)
Combining this with (3.18b|) yields

Sx = llif{.log(ﬁh Or(&)) = llggo ~(&1, 04(&)) Ve L(&) = —axJf c, (3.20)

where oy := ||s«||2/[|JE cxll2 > 0. The optimality of 7, for the convex model gy
within {r : ||r||2 < 6} and along the non-zero strict descent direction —JF ¢},
may be combined with (3.19)) and (3.20]) to conclude that

qv(s+) > qv(Tk)- (3.21)
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On the other hand, it follows from the definition of the Cauchy point 5(¢;, 04 (&;))
and (3.18b|) that there exists a positive function « : R — R such that

Jim (&) = [I7el2/117 exll2. (3.22a)
la(&)Val(&)l2 < O(&) for all [ > 0, (3.22b)

and q(5(&, Ok (&) &) < a(—a(&)Vel(§);&)  forall1>0. (3.22¢)
Taking the limit of (3.22¢]) as I — oo and using (3.18a]), (3.20)), (3.18b), and
(3.22a), we have

qu(s+) = lim ¢(5(&,01(8)); &) < lim q(—a(&)VaLl(&); &)
ITkll2 ;7 _
=q |77 Jike | = QU(Tk )
( 1T exll2 ™" )
which contradicts (3.21]). Thus, (3.18¢) and (3.18d) follow.
We have proved that (3.18) holds in all cases. O

In the following theorem, we combine the lemmas above to prove that Algo-
rithm [2] is well-posed.

Theorem 3.4 Suppose Assumption[3_1 holds. Then, the kth iteration of Algorithm[g s
well-posed. That is, either the algorithm will terminate in line[f or[8, or it will compute
g > 0 such that VoL(zy,yg, tr) # 0 and for the steps s, = 3 and r, = Ty the
conditions in will be satisfied, in which case (Tgy1,Yk+1,bkt+1) will be computed.

Proof If in the kth iteration Algorithm [2] terminates in line [] or [§] then there is
nothing to prove. Therefore, for the remainder of the proof, we assume that line[J]
is reached. Lemma [3.] then ensures that

VL(zk, yg, p) # 0 for all p > 0 sufficiently small. (3.23)

Consequently, the while loop in line[J] will terminate for a sufficiently small g, > 0.
By construction, conditions (3.9a) and (3.9b|) are satisfied for any pg > 0 by
s, = 8 and ry, = T. Thus, all that remains is to show that for a sufficiently small

gk > 0, (3.9¢) is also satisfied by s, =55, and rp, = 7. From (3.18d]), we have that
&LmO Aqo(sp;x) = i% Aqo(Sp; ) = Aqo (T ) = Ago(Tr; 78). (3.24)

If Agu(rg; i) > 0, then (3.24]) implies that (3.9¢]) will be satisfied for sufficiently
small pp > 0. On the other hand, suppose

Aqu(r; T1) = Aqu(T; 1) = 0, (3.25)

which along with means that J,?ck = 0. If ¢, # 0, then Algorithm [2| would
have terminated in line [8| and, therefore, we must have ¢;, = 0. This and
imply that

min{k3Aqu(rg; Tr), v — %(mtj)Q} = —%(Iitt]‘)2 <0 (3.26)
since t; > 0 by construction and x¢ € (0,1) by choice. Therefore, we can deduce
that (3.9¢) will be satisfied for sufficiently small pj, > 0 by observing , (13.25))
and . Combining this with and the fact that the while loop on l
ensures that py will eventually be as small as required, guarantees that the while
loop will terminate finitely. This completes the proof as all remaining steps in the
kth iteration involve explicit computations. O
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3.2 Global Convergence

We analyze global convergence properties of Algorithm [2] under the assumption
that the algorithm does not terminate finitely. That is, in this section we assume
that neither a first-order optimal solution nor an infeasible stationary point is
found so that the sequence {(zy, yg, 1) }i>0 is infinite.

We provide global convergence guarantees under the following assumption.

Assumption 3.2 The iterates {x}r>0 are contained in a conver compact set over
which the objective function f and constraint function c are both twice-continuously
differentiable.

This assumption and the bound on the multipliers enforced in Algorithm
imply that there exists a positive monotonically increasing sequence {{2;},>¢ such
that for all k; <k < k;j;1 we have

||me£(w,yk,uk)||2 < £2; for all w on the segment [z, x, + 5], (3.27a)
e Vi@ i) + i Jell2 < 925, (3.27b)
and || Jil2 < 92;. (3.27¢)

We begin our analysis in this section by proving the following lemma, which
provides critical bounds on differences in (components of) the augmented La-
grangian summed over sequences of iterations.

Lemma 3.5 Suppose Assumption[3.9 holds. Then, the following hold true.

(i) If u, = w for some w > 0 for all sufficiently large k, then there exist positive
constants My, Mc, and Mg such that for all integers p > 1 we have

p—1
> k(e = frg1) < My, (3.28)
k=0
p—1
> By (Crp1 — cx) < Me, (3.29)
k=0
p—1

and > (L(@h, Yk k) = L(Thp1, Yo 1)) < M. (3.30)
k=0

(i) If up — 0, then the sums

> w(fr = frs1)s (3.31)
k=0
> yi(crsr — cr), (3.32)
k=0

and Z([’(mkvyk‘):uk) _‘C(xk-‘rl?yknu'k)) (333)
k=0

converge and are finite, and

klim llcklle = e for some ¢, > 0. (3.34)
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Proof Under Assumption We may conclude that for some constant My > 0 and
all integers p > 1 we have

p—1
Z(fk — fr41) =fo— fp < Mgy.

k=0

If pp = p for all sufficiently large k, then this implies that clearly holds for
some sufficiently large M. Otherwise, if uj — 0, then it follows from Dirichlet’s
Test [11} §3.4.10] and the fact that {4 }r>0 is a monotonically decreasing sequence
that converges to zero that converges and is finite.

Next, we show that for some constant M. > 0 and all integers p > 1 we have

p—1
> yi(ers1 — ar) < Me. (3.35)
k=0

First, suppose that ) defined in (3.14)) is finite. It follows that there exists k' > 0
and y such that y, =y for all k > k’. Moreover, under Assumptionthere exists
a constant M. > 0 such that for all p > k' + 1 we have

p—1 p—1
> vilensr —er) =y Y (eepr —er) =y (ep — cr) < llyllaliep — ewll2 < Me.
k=Fk' k=k’

It is now clear that (3.35)) holds in this case. Second, suppose that |Y| = co so that
the sequence {k;};>¢ in Algorithm [2|is infinite. By construction we have ¢t; — 0,
so for some j’ > 1 we have

t; =t and Yj4q =t;¢ forall j > ;' (3.36)
From the definition of the sequence {k;};>0, we know that

kjri—1 kjpi—1

T T T
E Y (Ch1 —c) = Yk; E (ckt1 —ck) = ykj(CkHl - ij)
k=k; k=k;

< Nl llzller,,, — cr,ll2 < 2Yj 41ty =2ty for all j > 5’
where the last inequality follows from ([3.36)). Using these relationships, summing

over all j/ < j < j' + ¢ for an arbitrary integer ¢ > 1, and using the fact that
tj+1 < vtj by construction, leads to

J'+q [kjyi—1 . i'+q
Dl DD vkl —ea) | <2t
Jj=J Ji=y’

j=j" \ k=k;

q a1
1 1 — 7, 2t ir_1
<2ty E Y =2t <
1=0

j[—’ﬂ - 1—”ﬂ.

It is now clear that holds in this case as well.

We have shown that always holds. Thus, if pu; = p for all sufficiently
large k, then holds for some sufficiently large M.. Otherwise, if ui — 0, then
it follows from Dirichlet’s Test [11, §3.4.10], and the fact that {uy}i>0 is
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a monotonically decreasing sequence that converges to zero that (3.32)) converges
and is finite.
Finally, observe that

p—1

Z L(xlm Yk Hk) - L($k+1, Yk //Lk)
k=0

p—1 p—1 p—1
=" (e = frr) + D wvic (g — ) + 3 > (lerll3 = llersall?)
k=0 k=0 k=0

p—1 p—1
=" (e = fesr) + D i (cksr — i) + 3 (lcoll3 = llenll3). (3.37)
k=0 k=0

If pp = p for all sufficiently large k, then it follows from Assumption (13.28)),

(13.29), and (3.37) that (3.30]) will hold for some suﬂiciently large M. Otherwise,
consider when pj — 0. Taking the limit of (| as p — oo, we have from As-

sumption E 3.2| and conditions and ( - that

o0

Z(‘C(xlwyknu‘k) - £($k+17ykvﬂk)) <
k=0

Since the terms in this sum are all nonnegative, it follows from the Monotone
Convergence Theorem that (| - converges and is finite. Moreover, we may again

take the limit of (| as p — oo and use -7 -, and - to conclude
that - holds.

In the following subsections, we consider different situations depending on the
number of times that the Lagrange multiplier vector is updated.

3.2.1 Finite number of multiplier updates

In this section, we consider cases when Y in (3.14) is finite. In such cases, the
counter j in Algorithm [2| which tracks the number of times that the dual vector
is updated, satisfies

j€{1,2,...5} for some finite j. (3.38)
For the purposes of our analysis in this section, we define
t:=t;>0 and T:=1T;>0. (3.39)

We consider two subcases depending on whether the penalty parameter stays
bounded away from zero, or if it converges to zero. The following lemma concerns
cases when the penalty parameter stays bounded away from zero. This is possible,
for example, if the algorithm converges to an infeasible stationary point that is
also stationary for the augmented Lagrangian.

Lemma 3.6 Suppose Assumption holds. Then, if |Y| < oo and ui = p for some
w > 0 for all sufficiently large k, then with t defined in (3.39) there exist a vector y
and a scalar k > 0 such that

e =y and ||cpll2 >t for all k> k. (3.40)
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Moreover, we have the limits
lim [|Jicyll2 =0 and lim (g — JLy) = 0. (3.41)
k—oo k—oo

Therefore, every limit point of {xy}r>0 is an infeasible stationary point.

Proof Since |Y| < oo, we know that (3.38) and (3.39) both hold for some j > 0.
Since we also suppose that p; = p > 0 for all sufficiently large k, it follows by
construction in Algorithm [2| that there exists y and a scalar k' > k; such that

pwe =p and y, =y for all k > k. (3.42)

Consequently, it follows with very minor modifications to the statements and
proofs of [10, Theorems 6.4.3, 6.4.5, 6.4.6] that

lim Vil(zg,yk, pr) = lim Viel(zg,y,p) =0, (3.43)
k—oo k—oo
which implies that

lim ||sgll2 < lim 6y = lim min{é,d||VaLl(zk, yi, ur)|l2} = 0. (3.44)
k—oo k—oo k—o0
From ([3.43)), it follows that there exists k > &k’ such that ||c||2 > ¢ for all k > k, or
else for some k > k the algorithm would set j « j + 1, violating (3.38]). Thus, we

have shown that (3.40) holds.
We now turn to the limits in (3.41). From (3.44)) and Assumption we have

kh_}n;o Aqo(sp;z) = 0. (3.45)
We then have from the definition of v and that
v — S(ketg)® > 3% — L(ret)® = L(1 — w7)t* > 0 for all k> k. (3.46)
We now prove that Jchk — 0. To see this, first note that
Ve l(zg,y, 1n) # 0 for all k > k,

or else the algorithm would set pg4 1 < p in line violating . We may then
use [I0, Theorem 6.4.2] to deduce that there must be infinitely many successful
iterations, which we denote by S, for k > k. If J,?ck — 0, then for some ¢ > 0 there
exists an infinite subsequence

Se={keS:k>k and ||J] icpiallz > ¢}
We may then observe the updating strategies for 6, and §; to conclude that

O 1 = min{Sy 4 1,0]| T 1k ll2}
> min{max{ég,d;},5¢} > min{ér,d¢} > 0 for all ke S¢. (3.47)

Using (3.9b), (3.17), (3.27¢)), (3.38), and (3.47)), we then find for k € S¢ that

Aqu(Trg1;Tp41) > k2 Aqu(Trg1; Thg1) > éNQCmin{lfﬁa(sRaéC} =:¢ >0.
J
(3.48)
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We may now combine ([3.48]), (3.46)), and (3.45)) to state that (3.9¢]) must be violated
for sufficiently large (k —1) € S; and, consequently, the penalty parameter will be

decreased. However, this is a contradiction to (3.42)), so we conclude that Jchk — 0.
The fact that every limit point of {z}}>¢ is an infeasible stationary point follows

since ||cg|l2 >t for all & > & in (3-40) and Jf¢;, — 0 in (3-410).
The latter limit in (3.41]) follows from the former limit in (3.41) and (3.42). O

Our second lemma considers cases when p converges to zero.

Lemma 3.7 Suppose Assumption holds. Then, if |Y| < co and pj, — 0, then there
ezist a vector y and scalar k > 0 such that

yp =y for all k> k. (3.49)
Moreover, for some constant c;, > 0, we have the limits

lim [cglla=c. >0 and lim || Jicy|l2 =0. (3.50)
k—oo k—o0

Therefore, every limit point of {xy}r>0 is an infeasible stationary point.

Proof Since |Y| < oo, we know that and (3.39) both hold for some j > 0
and, as in the proof of Lemma it follows that (3.49)) holds for some &k > k;.

From (3.34)), it follows that [[ck|l2 — c. for some ¢, > 0. If ¢, = 0, then by
Assumpti the definition of VL, , and the fact that up — 0 it follows
that Jch;€ — Ve L(zk,y, ux) — 0. As in the proof of Lemma this would imply
that for some k > k the algorithm would set j « j + 1, violating . Thus, we
conclude that c; > 0, which proves the first part of (3.50).

Next, we prove that

11?213& [T exllz = 0. (3.51)

If does not hold, then there exists ¢ > 0 and k&’ > k such that
| JLerll2 > 2¢ for all k> K. (3.52)
Hence, by and the fact that puz — 0, there exists k" > k&’ such that
Ve £ (g, v, )|l > ¢ for all k> k" (3.53)

We now show that the trust region radius @, is bounded away from zero for k& > k.
In order to see this, suppose that for some k > k" we have

: ¢ (1 —nus)r1¢
< = Othres .
0<8k_m1n{1+9j, F20; Sitresh (3.54)

where (2; appears in (3.27)). It then follows from (3.94), (3.16), (3-27D), (3.53),
and ([3.54]) that

Aq(s; T, Y, ) > K1 Aq(Sk; ok, y, i) > $K1¢min {1_5917(%} > $k1(O.
J
(3.55)
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Using the definition of ¢, Taylor’s Theorem, (3.27al), (3.27b]), and the trust-region

constraint, we may conclude that for some wy, on the segment [z, z), + 55| we have

|q(5k7 Tk Y, Mk)) - E(mk + Sky Y, /J/k:)l
st (e Vaul(@y, yr) + Ji Ji)sr — sk Ve L(wk, v, 10k) Sk
Q2151113 < ;65 (3.56)

The definition of py, (3.56)), , and (3.54)) then yield

Q(sk; Tk, Y, ,uk) — £($k + sk, Y, /.Lk)
Aq(s; kY, i)

202;67 200

< J 7k = ik < 1- Nus-
HlC@k Filc

This implies that a very successful iteration will occur and along with (3.53|) we
may conclude that the trust region radius will not be decreased any further. Con-
sequently, we have shown that the trust region radius updating strategy in Algo-
rithm [2| guarantees that for some uuin € (0, Senresn) We have

IN

lox — 1] =

Ok > Omin for all k> k" (3.57)

Now, since ©;, is bounded below, there must exist an infinite subsequence, call it
S, of successful iterates. If we define 8" := {k € S : k > k”'}, then we may conclude

from the fact that zy; = z; when k ¢ S, (3.49), (3.10), (3.55), and (3.57) that

o
Z E(xknya /’Lk)) - E(xk)+17y7.ulk)

k=K
= z ;c(l’k,y,,uk) —£($k+1,y,uk)
kes//
> > s Aq(ski T ys k) =Y, 305K1C0min = 00, (3.58)
kesS” keS

contradicting . Therefore, we conclude that holds.

Now we prove the second part of . By contradiction, suppose Jch;€ - 0.
This supposition and imply that the subsequence of successful iterates S is
infinite and there exist a constant e > 0 and sequences {k;};>¢ and {k;};>o defined
in the following manner: k is the first iterate in S such that ||le;%0 |2 > 4e > 0;

k; for i > 0 is the first iterate strictly greater than k; such that
175 e, ll2 < 2¢; (3.59)
k, for i > 1 is the first iterate in S strictly greater than k;_; such that
Tk e, ll2 > 4 > 0. (3.60)
We may now define

K::{k68:5i§k<ﬁi for some i > 0}.
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Since uy — 0, we may use (3.49) to conclude that there exists k"’ such that

"

Ve Lz, y, nx)|l2 > € for all k € K such that k> k. (3.61)
It follows from the definition of K, (3.9a)), (3.16)), (3.49), (3.27b)), and (3.61) that

£(xlwyl’{:nu/k) - L(-’L’k.‘_l,yk,ﬂk)

> s Aq(sk; The, Yk, M)
. Ve L(xg,y,
> Insk1 || Ve L(wg, y, ) ||l2 min { [V gi?)juk)lfz’@k}
> inskie min L,@k for all k€ K such that k> k'". (3.62)
1+ 925

It also follows from (3.33) and since L(xgy1, Yk, pr) < L(Tg, Y, pr) for all &k >0
that

oo
00 > Y Lz, Yk k) — L(Tpeie1, Yior 1)

k=0
= Z L('Tlm Yk ,Ltk) - [/(xk—i-h Yk Mk)
keS
>3 L Yo k) — L(@rt1, Yoo i)- (3.63)
ke
Summing (3.62)) for k € K and using (3.63) yields
lim ©, = 0,
kek

so we may use (3.62)) and (3.49) to obtain

L(z,y, pr) — L(@pa1, Y, pr) > %nsms@k > 0 for all sufficiently large k € K.

(3.64)
By the triangle-inequality and (3.64]), there exists some 7 > 1 such that
ki—1 ki—1 ki—1
ok, — g, ll2 < 2 —zjpallz= D lsjlla < > 6,
i=k, i=k i=k,
9 ki—1
< L(zi,y,pmi) — L(xipq,y,p;) for i > 4.
= fakie :Zk (5,9, 15) (Tj41, 9, 15) =

I=E;

Summing over all i > i and using (3.33), we find

o5} 9 [e%s) Ei—l
D llww, —ag ll2 < > | D0 L,y m5) = L1,y 5)
— Nski€ — \ !
i=1 i=1 \J=k;
2
< ‘C Tky,Y, 7‘6 X ' 9
< ’is’flfkgc (@ Y k) = L g1, Y 1)
2 oo
< L(x y Y, — L(x Y, < 09,
< ”S"“%Z:o (ks Y 1) — L(Tpy1, Y5 k)
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which implies that
lim Hﬂckl — xEHQ =0.
1—00 v

It follows from ({3.60]) and Assumptionthat for i sufficiently large || J% ez ll2 > 2e,

contradicting (3.59). We may conclude that the second part of (3.50) holds.
The fact that every limit point of {zj}1>0 is an infeasible stationary point

follows from ([3.50)). |

This completes the analysis for the case that the set Y is finite. The next
section considers the complementary situation when the Lagrange multiplier vector
is updated an infinite number of times.

3.2.2 Infinite number of multiplier updates

We now consider cases when |Y| = co. In such cases, it follows by construction in
Algorithm [2] that
j—oo

j—00

As in the previous subsection, we consider two subcases depending on whether
the penalty parameter remains bounded away from zero, or if it converges to zero.
Our next lemma shows that when the penalty parameter does remain bounded
away, then a subsequence of iterates corresponding to ) in converges to a
first-order optimal point. In general, this is the ideal case for a feasible problem.

Lemma 3.8 Suppose Assumptwn holds. Then, if |Y| = 0o and pp, = u for some
w > 0 for all sufficiently large k, then

li =0 3.66

4 e (3:66)
. T A~

and ilerrjl} (gk+1 - JkJrlyk_,_l) =0. (3.67)

Thus, any limit point (xx,y«) of {(Tkt1,Yk+1)tkey s first-order optimal for (2.1)).

Proof The limit (3.66|) follows from the definition of Y, (3.65]), and lines and
of Algorithm [2] To prove (3.67), we first define

V' =k €Y lgrrr — TiyaTrsallz < [VeLlenrr yno )2}
It follows from (3.65)) and line [28| of Algorithm [2| that

lim N T =0 and lim Vel(Zpo1, Y, px) = 0. 3.68
JHim (gk41 = JiaTk41) pn Vo L(@hirs Ui k) (3.68)

Under Assumption this latter equation may be combined with ([3.66]) and the
fact that u, = p for some p > 0 to deduce that

lim — J =0. 3.69
key\y,(ngrl k+1Yk) ( )
We may now combine (3.69) with (3.11)) to state that
lim — S aTke1) = 0. 3.70
key\y’(gk+1 k+1Jk+1) ( )

The desired result (3.67) now follows from (3.68) and (3.70)). O
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The following corollary considers the effect of using asymptotically exact least-
length least-squares Lagrange multiplier estimates for yi,; in line of Algo-
rithm [2] This is an important special case as such multipliers can be computed
using matrix-free iterative methods.

Corollary 3.9 Suppose Assumption holds, |Y| = oo, ur = p for some pu > 0 for
all sufficiently large k, and

lim ||Gkr1 — i =0, 3.71
hey k41 yk+1H2 ( )
where
. . . T 2
yi'r1 = argmin ||y|l2 subject to y € argmin ||gp11 — Ji1yl2 (3.72)
yeR’nL yER‘Vﬂ
denotes the least-length least-squares multiplier estimates at xy1. Then, for any limit
point T« of {Tk41} rey, there exists a subsequence Y C Y such that
lim (g1, = (zx,
key’( k1> Yk+1) = (@5, Yx)
where (z«,y«) s a first-order optimal point for problem (2.1)).

Proof Let xz« be any limit point of {z1}rey. Then, there exists an infinite sub-
sequence Y’ C Y such that
li = Tx. 3.73
i, g = 2 (3.73)

We know from (3.65) that ¢; — 0, which implies from line [29| of Algorithm [2| that
lim Yy = lim ;5 = oo. (3.74)
j—o0 j—o00

It now follows from (3.71)), (3.72)), (3.73)), and (3.74)) that

|Tks1llz < Yji1 for sufficiently large k€ V.
Moreover, the update for 41 given by (3.12) and (3.13) uses ay = 1 and yields
Yky1 = Ury1 for sufficiently large k € )’ (3.75)
We now may use (3.75), (3.73), and (3.71) to conclude that

ey Ye+1 key Ye+1 = Y=

where yx is the least-length least-squares multiplier at z«. Finally, we may combine
the previous equation with (3.73)) and Lemma to conclude that (x«,y«) is a
first-order optimal point for problem ([2.1)). O

Finally, we consider the case when the penalty parameter converges to zero.

Lemma 3.10 Suppose Assumption holds, |Y| = oo, and py, — 0. Then,

klim e =0. (3.76)
Proof 1t follows from (3.34) that
klim leklle = en > 0. (3.77)

However, it also follows from (3.65]) and line [26] of Algorithm [2] that

J]—00 J—00

The limit (3.76)) now follows from (3.77)) and (3.78)). O
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3.2.8 A global convergence theorem
We combine the lemmas in the previous sections to obtain the following result.

Theorem 3.11 Suppose Assumption[3.9 holds. Then, one of the following must hold:

(i) each limit point x« of {xr} is an infeasible stationary point;
(i) wup = p for some p > 0 for all sufficiently large k and there exists a subsequence IC

such that each limit point (z+,y+) of {(zk, Uk ) }xeic s first-order optimal for (2.1));
(13) pr — 0 and each limit point x+« of {xy} is feasible.

Proof Lemmas and involve the four possible outcomes of Algo-
rithm [2] Hence, under Assumption the result follows from these lemmas.

We end this section with a discussion of Theorem As for all penalty
methods for solving nonconvex optimization problems, Algorithm [2] may converge
to an infeasible stationary point. This potential outcome is unavoidable as we do
not assume, explicitly or implicitly, that problem (2.1)) is feasible. By far, the most
common outcome of our numerical results in Sect is case (ii) of the theorem,
in which the penalty parameter ultimately remains fixed and convergence to a
first-order primal-dual solution of is observed. In fact, these numerical tests
show that our adaptive algorithm is far more efficient and at least as robust as
methods related to Algorithm The outcome in case (iii) of the theorem is that the
penalty parameter and the constraint violation both converge to zero. In fact, this
possible outcome should not be a surprise. Global convergence guarantees for other
algorithms avoid this possibility by assuming some sort of constraint qualification,
such as LICQ and MCFQ, but we make no such assumption here and so obtain
a weaker result. Nonetheless, we remain content with our theoretical guarantees
since the numerical tests in Section [B] show that Algorithm [2] is far superior to
a more basic strategy, and over a large set of feasible test problems the penalty
parameter consistently remains bounded away from zero.

In the end, any shortcomings of Theorem [3.11] can be ignored if one simply
employs our adaptive strategy as a mechanism for obtaining an improved ini-
tial penalty parameter and Lagrange multiplier estimate. That is, given arbitrary
initial values for these quantities, Algorithm [2] can be employed until sufficient
progress in minimizing constraint violation has been observed, at which point
the algorithm can transition to a traditional augmented Lagrangian method. This
easily implementable approach both benefits from our adaptive penalty parameter
updating strategy and inherits the well-documented global and local convergence
guarantees of traditional augmented Lagrangian methods.

4 An Adaptive Augmented Lagrangian Line Search Algorithm

In this section, we present an AL line search method with an adaptive penalty
parameter update. This algorithm is very similar to the trust region method devel-
oped in so for the sake of brevity we simply highlight the differences between
the two approaches. Overall, we argue that our line search method has similar
global convergence guarantees as our trust region method.
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Our line search algorithm is stated as Algorithm [3] on page The first dif-
ference between Algorithms [2| and [3| is the quadratic model employed for the
augmented Lagrangian. In our line search method, we replace (3.4)) with

miniﬂlglize q(s; g, Yk, i) subject to ||s]l2 < O, (4.1)
SE n

where ¢ is the “convexified” model

d(s;z,y, 1) = L(z,y, 1) + Val(z,y,pn)" s + max{is’ (uVis(z,y) + J(z)" J(2))s, 0}
~ L(x+ sy, p1).

The Cauchy point (see (3.5)) corresponding to this convexified model is

5k := 8(Tk, Yk k> Ok) = =Tk, Yk, 1k, O ) Ve L(Tk, Yk k) (4.2)
where
a(xk, Yk, bk, Ok) = arggéin q(—aVa L(zy, yi, pr))
aZ

subject to [|aVeL(zk, Yk, ux)ll2 < O
We then replace condition (3.9a]) with

AG(sk; ks Yk ) > 61 AG(Sk; Tk, Yis 1E) > 0, (4.3)

where the predicted reduction in L(-,y,u) from z yielded by s is defined as

Aq(s;z,y, 1) = q(0s 2, y, 1) — q(s; 2,9, ).

(In fact, in our implementation described in the search direction s; in Algo-
rithm [3|is computed from subproblem , not from . This is allowed as long
as one ensures that sy satisfies , which is easily done; see §5])

The purpose of using the convexified model in condition is that it ensures
that s is a descent direction for £(-,yg, 1) at zx; see Lemma Note that in
a sufficiently small neighborhood of a strict local minimizer of the augmented La-
grangian at which the second-order sufficient conditions are satisfied, the Hessian
of ¢ is positive definite, in which case conditions @ and are equivalent.

The second difference between Algorithms [2| and [3]is the manner in which the
primal iterate is updated. In line[I9]of Algorithm [3] we perform a backtracking line
search along the nonzero descent direction s;. To be precise, for a given v € (0, 1),
we compute the smallest integer [ > 0 such that

Lz 4 vk Yk k) < L(Ths Uhs 1) — 15V AT(Sk5 Thy Yo k) (4.4)

then set ay, «— fyé and update x4 — x + oS-

The final difference between our trust region and line search algorithms is in the
manner in which the trust region radii are set; compare line [[1] of Algorithm [2]and
line [11] of Algorithm [3] With these trust region radii in the line search algorithm,
the Cauchy decreases in Lemma [3.2] are now given—under Assumption [3.2}—by

e . 1
AGG; Tk, Yks i) = 31IVeL(@h, Yo, px) |5 min § ——— 6 (4.5)
1+ 02;
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Algorithm 3 Adaptive Augmented Lagrangian Line Search Algorithm

1: Choose constants {v.,vt, YT, Ya, KF, K1, K2, K3, Kt,Ms} C (0,1) and {d,€, Y} C (0, 00).

2: Choose an initial primal-dual pair (zo, yo) and initialize {uo, to, To, Y1} C (0, 00) such that
Y1 > Y and |lyoll2 < Yi.

3: Set k«+— 0 and j « 1.

4: loop

5 if Fopr(zk,yr) =0, then

6: return the first-order solution (x, yk).

7 if [|ck|l2 > 0 and Jlcg =0, then

8: return the infeasible stationary point xj.

9: while V, L(zy, Yk, px) = 0, do

10: Set pr — Y-

11: Set O «— 3|l T ckll2 and O — 8|V L(w, yr, i)l 2-

12: Compute the Cauchy points 53 and 7y, for (4.1) and , respectively.

13: Compute an approximate solution s to (4.1) satisfying (4.3).

14: Compute an approximate solution 7 to (3.6) satisfying (3.9b)).

15: while || Vo L(zk, Yk, px)||2 = 0 or is not satisfied, do

16: Set pi — Yy and O «— 6||Vu L(zy, Yi, 1k )|2-
17: Compute the Cauchy point 53, for (4.1)).
18: Compute an approximate solution s to (4.1)) satisfying (4.3).

19: Set ay « 7L, where [ > 0 is the smallest integer satisfying (&.4).
20: Set py1 «— T + A Sk.

21: if HC}C+1”2 S tj, then

22: Compute any ¥4 that satisfies (3.11).

23: if min {Hgk+1 — I Tkl ||Vzﬁ($k+17yk,ﬂk)||2} < Tj, then
24: Set kj < k+1 and Yj41 < max{Y, ¢, }.

25: Set tj41 «— min{yst;, t;Jre} and Tjy1 «— vrTj.
26: Set yr41 from (3.12) where oy yields (3.13).
27: Set j «— j + 1.

28: else

29: Set Yr+1 — Yk

30: else

31: Set Yr+1 — Yk

32: Set pp+1 — pk-
33: Set k «— k+ 1.

and

Aq(Fr; k) > S8 exll3 min{ (4.6)

1l ,5} .
1+ .Qj
Importantly, this implies that the Cauchy decreases for both models converge to
zero if and only if the gradients of their respective models converge to zero.

Since a complete global convergence analysis of Algorithm [3] would be very
similar to the analysis of Algorithm [2] provided in §3] we do not provide a detailed
analysis of Algorithm [3] Rather, we prove two critical lemmas and claim that they
can be used in the context of Algorithm [3]to provide the same global convergence
guarantees as we have provided for Algorithm

We begin by proving our earlier claim that s is a descent direction for the
augmented Lagrangian.

Lemma 4.1 Suppose Assumption holds. Then, sy, satisfying (4.3) is a descent
direction for L(-,yx, i) at xg. In particular,
)T

Ve L(Tr, Yi, 1) Sk < —AG(Sks Ty Yk 1) < —K1AG(Sk; Tho, Yoo i) < 0. (4.7)
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Proof From the definition of ¢, we find

AG(sk; Tk Yk 1)
= q(0; g, Yk, ) — A(Sks Ths Ykos M)
— Ve Lk Yo 1) 51 — max{ 35k (1, Vawl (@ yi) + i Ji) s, 0}
< = Ve L(zk, yp, i) sk

It follows that s, satisfying (4.3]) yields

T . o
Va L£(Tr, Yk, 1) 5k < —AG(Sks Ty Yoo 1i1) < —K1AG(Sk; Tho, Ypoy i) < 0,
as desired. 0

Our second lemma states that the step-size a; remains bounded away from
zero. Results of this kind are critical in proving global convergence guarantees for
line search methods.

Lemma 4.2 Suppose that Assumption holds. Then, the step-size o, computed in
line[I9 of Algorithm[3 satisfies
(672 2 C

for some constant C > 0 independent of k.

Proof By Taylor’s Theorem and Lemma [1.1] it follows under Assumption [3.2) that
there exists 7 > 0 such that for all sufficiently small « > 0 we have

L(xg, + asp, Yr, i) — L(@p, Y, k) < —aAG(sk5 Tk, Ypor i) + 707 |52 (4.8)
On the other hand, during the line search a step-size « is rejected if
L(wg + asg, Yr, i) — LTk, Yrs ) > —NsAG(Sk; Tk, Yoy ) - (4.9)

Combining (4.8) and (4.9)), we have that a rejected step-size o satisfies

(L= 1s) AG(sks Ths yrs i) o (L= 1) Aqsk; Tk, Yks 1)

o > =
skl 02

From this bound, the fact that if the line search rejects a step-size « it multiplies

it by va € (0,1), (4.3), ([@F)), and (3:27H), it follows that

S Ya (1 = ns) AG(sk; T, s k)
- T@i

Qg

N k1%a (1 = 0s) Ve L(zg, Y, 1) ||3 min {ﬁ 5}
= 2782 (| Ve L (g, yio, bt ) |13

_ k1va(l—ns) .
T 270 mm{

1+Qj,5}::0>0,

as desired. 0
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We now briefly summarize the analyses in §3.1] and and mention the few
minor differences required to prove similar results for Algorithml First recall that
we have already discussed the necessary changes to Lemma : see (4.5)) and (|4.6] .
As for Lemma it remains true without any changes, but Lemma remains
true only after minor alterations to the trust region radii. These alternations have
no significant effect since the proof of Lemma only uses the fact that ©(u) — 6
as 4 — 0, and this remains true. Theorem [3.4] then follows in an identical fashion,
so we have argued that Algorithm [3]is well-posed.

Now consider the global convergence analysis in §3.2} Lemma [3.5] remains true
since the updating strategy for the Lagrange multiplier vector has not changed.
Similarly, Lemma remains true, but only after modifications to the proof in two
places. First, condition is still true, but it now follows from standard analysis
of line search methods as a result of Lemmasand the Cauchy decrease ,
and the fact that £ is bounded below under Assumption[3.2] Second, the argument
that lead to is now trivial using (4£.6)).

Next, consider Lemma The proof of (| and the first part of -
is the same, and the proof of the second part of can be s1mphﬁed In
particular, if ||J,C ckll2 - 0, then there exists a subsequence along which {||Jk ckll2}
and {||VL(zk, Yk, pr)||2} are uniformly bounded away from zero. This follows since
pur — 0 by assumption. Combining this observation with .7 the manner in
which o is computed, Lemmas [4.]1] u and 4.2f and . leads to a contradiction
with ( - Thus, the second part of 1_} remains true.

Finally, Lemma[3.8] Corollary [3.9] Lemma[3.10] and Theorem [3.11]remain true
without any significant changes required in the proofs of these results.

5 Numerical Experiments

In this section we describe the details of implementations of our trust region and
line search methods. We also discuss the results of numerical experiments.

5.1 Implementation details

Algorithms [2] and [3] were implemented in Matlab. Hereinafter, we refer to the
former as AAL-TR and the latter as AAL-LS. There were many similar components
of the two implementations, so for the most part our discussion of details applies
to both algorithms. For comparison purposes, we also implemented two variants
of Algorithm [I} one with a trust region method employed in line [9] and one with
a line search method employed. We refer to these methods as BAL-TR and BAL-LS,
respectively. The components of these implementations were also very similar to
those for AAL-TR and AAL-LS. For example, the implemented update for the trust
region radii in BAL-TR and the line search in BAL-LS were exactly the same as those
implemented for AAL-TR and AAL-LS, respectively.

A critical component of all the implementations was the approximate solu-
tion of the trust region subproblem and, in the cases of AAL-TR and AAL-LS,
subproblem . For these subproblems we implemented a conjugate gradient
(CG) algorithm with Steihaug-Toint stopping criteria [I0)12]. (In this manner,
the Cauchy points for each subproblem were obtained in the first iteration of CG.)
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For each subproblem for which it was employed, the CG iteration was run until
either the trust region boundary was reached (perhaps due to a negative curvature
direction being obtained) or the gradient of the subproblem objective was below a
predefined constant k., > 0. Note that truncating CG in this manner did not auto-
matically guarantee that condition held. Therefore, in BAL-LS and AAL-LS, we
stored and ultimately returned the last CG iterate that satisfied , knowing at
least that this condition was satisfied by the Cauchy point. In the cases of BAL-TR
and BAL-LS, the solution obtained from CG was used in a minor iteration—see
step |§| of Algorithm whereas in the cases of AAL-TR and AAL-LS, the solutions
obtained from CG were used as explicitly stated in Algorithms [2] and

A second component of AAL-TR and AAL-LS that requires specification was the
strategy employed for computing the trial multipliers {gx,1}. For this computa-
tion, the first-order multipliers defined by = in were used as long as they
satisfied ; otherwise, Ji41 was set to y, so that held true.

Each algorithm terminated with a declaration of optimality if
Ve L(@, Y, i) lloo < Fope and [|eglloo < Freas, (5.1)
and terminated with a declaration that an infeasible stationary point was found if
||chk‘|m < Kopts ek lloo > Fieas, and pg < fimin. (5.2)

Note that in the latter case our implementations differ slightly from Algorithms
and [3] as we did not declare that an infeasible stationary point was found until
the penalty parameter was below a prescribed tolerance. The motivation for this
was to avoid premature termination at (perhaps only slightly) infeasible points
at which the gradient of the infeasibility measure ||J{ ¢;|lc was relatively small
compared to ||cg||eo. Also, each algorithm terminated with a declaration of failure
if neither nor was satisfied within an iteration limit k... The problem
functions were pre-scaled so that the /o-norms of the gradients of each at the
initial point would be less than or equal to a prescribed constant G > 0. This
helped to improve performance when solving poorly-scaled problems.

Table[5.1] below summarizes the input parameter values that were chosen. Note
that our choice for Y means that we did not impose explicit bounds on the norms
of the multipliers, meaning that we effectively always chose ay < 1 in .

Table 5.1 Input parameter values used in AAL-TR, AAL-LS, BAL-TR, and BAL-LS.

Par. Val. Par. Val. Par. Val. Par. Val.
Yu 5e-01 K3 1e-04 Y 00 Keg 1e-10
Yt 5e-01 Kt 9e-01 Ty 6e-01 Kopt 1e-06
YT 5e-01 s 1e-02 1o 1e+00 Kfeas 1le-06
Ys 5e-01 Nous 9e-01 to 1e+00 Hmin le-10
KE 9e-01 ) 1e+04 To 1e+00 Knax 1e+03
K1 1e+00 OR 1e-04 0 1e+00 G 1e+02
K2 1e+00 € 5e-01 Y1 0o

In the next two sections we discuss the results of some numerical experiments.
In we discuss in detail a single test problem from the CUTEr [22] test set.
This problem was chosen to illustrate the computational benefits of our adaptive
updating scheme for the penalty parameter u. In §5.3] we provide numerical results
for a larger subset of the CUTEr collection.
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5.2 An illustrative example

To illustrate the benefits of our adaptive updating strategy for the penalty pa-
rameter, we study the CUTEr problem CATENA. We have chosen a relatively small
instance of the problem that consists of 15 variables and 4 equality constraints.
We compare our results with that obtained by Lancelot, a very mature Fortran-
90 implementation whose overall approach is well-represented by Algorithm [} In
fact, the algorithm in Lancelot benefits from a variety of advanced features from
which the implementation of our methods could also benefit. However, since ours
are only preliminary implementations of our methods, we set input parameters as
described in Table to have as fair a comparison as possible. The first two pa-
rameters disallowed a nonmonotone strategy and the possibility of using so-called
“magical steps”. The third and fourth parameters ensured that a f2-norm trust re-
gion constraint was used and allowed the possibility of inexact subproblem solves,
roughly along the lines as we allowed and have described in §5.1] The last input
parameter ensured that the initial value of the penalty parameter was the same
as for our implementation (see Table .

Table 5.2 Input parameter values used in Lancelot.

Parameter Value
HISTORY-LENGTH-FOR-NON-MONOTONE-DESCENT 0.0
MAGICAL-STEPS-ALLOWED NO
USE-TWO-NORM-TRUST-REGION YES
SUBPROBLEM-SOLVED-ACCURATELY NO
INITIAL-PENALTY-PARAMETER 1.0

With the above alterations to its default parameters, we solved CATENA using
Lancelot. A stripped version of the output is given in Figure The columns
represent the iteration number (Iter), cumulative number of gradient evaluations
(#g.ev), objective value (f), projected gradient norm (proj.g), penalty parameter
value (penalty), constraint violation target (target), constraint violation value
(infeas), and a flag for which a value of 1 indicates that a multiplier update oc-
curred. (An empty entry indicates that a value did not change since the previous
iteration.) We make a couple observations. First, Lancelot only attempted to up-
date the penalty parameter and multiplier vector on iterations 11, 16, 21, 26, 31,
35, 38, 41, and 43 when an approximate minimizer of the augmented Lagrangian
was identified. Second, the constraint violation target was only satisfied in itera-
tions 35, 41, and 43. Thus, it is reasonable to view the iterations that only lead to
a decrease in the penalty parameter as wasted iterations. For this example, this
includes iterations 1-31 and 36—38, which accounted for ~79% of the iterations.

Next we solved CATENA using AAL-TR and AAL-LS. The results are provided in
Figuresand The columns represent the iteration number (Iter.), objective
value (Objective), a measure of infeasibility (Infeas.), |lgr — J7 yilloo (Lag.Err.),
the target constraint violation for the current value of the penalty parameter
and Lagrange mutiplier vector (Fea.Tar.), the value of the penalty parameter
(Pen.Par.), Aqy(rg;xk) (Dav(r)), Aqu(sk; zx) (Dgv(s)), and a flag for which a value
of 1 indicates that a multiplier update occurred (y).
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Iter #g.ev f proj.g penalty target infeas y
0 1 -5.89E+03 1.2E+03 1.0E+00
1 1 -5.89E+03 1.2E+03
2 2 -1.38E+04 1.2E+03
3 3 -2.88E+04 1.2E+03
4 4 -5.07E+04 1.6E+03
5 5 -6.79E+04 1.6E+03
6 6 -7.92E+04 1.8E+03
7 7 -T7.94E+04 2.8E+03
8 8 -8.43E+04 5.8E+02
9 9 -8.48E+04 9.1E+01
10 10 -8.49E+04 4.0E+00
11 11 -8.49E+04 8.6E-03 1.0E-01 1.7E+02
12 12 -1.21E+04 3.0E+03 1.0E-01
13 13 -3.79E+04 6.5E+02
14 14 -3.99E+04 7.1E+01
15 15 -3.99E+04 1.3E+00
16 16 -3.99E+04 4.5E-04 1.0E-01 3.6E+01
17 17 -7.08E+03 3.0E+03 1.0E-02
18 18 -1.88E+04 6.4E+02
19 19 -1.96E+04 6.9E+01
20 20 -1.96E+04 1.2E+00
21 21 -1.96E+04 3.7E-04 7.9E-02 7.4E+00
22 22 -6.19E+03 2.9E+03 1.0E-03
23 23 -1.10E+04 6.0E+02
24 24 -1.13E+04 5.7E+01
25 25 -1.13E+04 7.1E-01
26 26 -1.13E+04 1.1E-04 6.3E-02 1.4E+00
27 27 -7.57E+03 2.6E+03 1.0E-04
28 28 -8.79E+03 3.9E+02
29 29 -8.82E+03 1.4E+01
30 30 -8.82E+03 1.7E-02
31 31 -8.82E+03 7.0E-08 5.0E-02 2.1E-01
32 32 -8.36E+03 1.4E+03 1.0E-05
33 33 -8.40E+03 2.8E+01
34 34 -8.40E+03 1.2E-02
35 35 -8.40E+03 1.0E-06 4.0E-02 2.3E-02 1
36 36 -8.30E+03 2.7E+01
37 37 -8.30E+03 1.2E-02
38 38 -8.30E+03 2.8E-09 1.3E-06 2.9E-04
39 39 -8.34E+03 5.0E-02 1.0E-06
40 40 -8.34E+03 3.7E-06
41 41 -8.34E+03 2.1E-10 3.2E-02 3.0E-05 1
42 42 -8.34E+03 6.4E-04
43 43 -8.34E+03 1.4E-09

Fig. 5.1 Output from Lancelot for problem CATENA.

One can see that both of our methods solved the problem efficiently since they
quickly realized that a decrease in the penalty parameter would be beneficial.
Moreover, in both cases the feasibility measure Fea.Err. and optimality measure
Lag.Err. converged quickly. This was due, in part, to the fact that the multiplier
vector was updated during most iterations near the end of the run. In particular,
AAL-TR updated the multiplier vector during 5 of the last 6 iterations and AAL-LS
updated the multiplier vector during 4 of the last 5 iterations.

The most instructive column for witnessing the benefits of our penalty param-
eter updating strategy is Dqv(s) since this column shows the predicted decrease
in the constraint violation yielded by the trial step s;. When this quantity was
positive the trial step predicted progress toward constraint satisfaction, and when
it was negative the trial step predicted an increase in constraint violation. This
quantity was compared with the quantity in column Dqv(r) in the steering con-
dition . It is clear in the output that the penalty parameter was decreased
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Iter. | Objective Infeas. Lag.Err. | Fea.Tar. | Pen.Par. | Dqv (r) Dav(s) |y
0 | -5.89e+03 2.80e-01 1.00e+00 | 2.52e-01 | 1.00e+00 | +1.52e-01 -1.82e-01 |
| | | 5.00e-01 | -1.81e-01 |
| | | 2.50e-01 | -1.77e-01 |
| | | 1.25e-01 | -1.71e-01 |
| | | 6.25e-02 | -1.59e-01 |
| | | 3.12e-02 | -1.35e-01 |
| | | 1.56e-02 | -9.35e-02 |
| I | 7.81e-03 | -2.82e-02 |
| | | 3.91e-03 | +3.98e-02 |
1 | -7.94e+03 4.71e-01 3.91e-03 | 2.52e-01 | 3.91e-03 | +1.91e-01 +7.72e-02 |
2 | -9.42e+03 6.31e-01 3.91e-03 | 2.52e-01 | 3.91e-03 | +2.44e-01 -1.11e-02 |
| | | 1.95e-03 | +2.43e-01 |
3 | -9.42e+03 6.31e-01 1.95e-03 | 2.52e-01 | 1.95e-03 | +2.37e-01 +2.06e-01 |
4 | -9.53e+03 3.01e-01 1.95e-03 | 2.52e-01 | 1.95e-03 | +8.30e-02 +1.48e-02 |
5 | -9.53e+03 3.01e-01 1.95e-03 | 2.52e-01 | 1.95e-03 | +5.09e-02 +1.15e-02 |
6 | -9.68e+03 3.22e-01 1.95e-03 | 2.52e-01 | 1.95e-03 | +6.95e-02 +5.00e-02 |
7 | -9.68e+03 3.22e-01 1.95e-03 | 2.52e-01 | 1.95e-03 | +4.00e-02 +3.22e-02 |
8 | -9.62e+03 2.83e-01 1.95e-03 | 2.52e-01 | 1.95e-03 | +2.70e-02 -1.44e-02 |
| | | 9.77e-04 | +2.98e-02 | 1
9 | -9.40e+03 2.25e-01 9.77e-04 | 1.26e-01 | 9.77e-04 | +3.62e-02 +3.78e-02 |
10 | -9.05e+03 1.64e-01 9.77e-04 | 1.26e-01 | 9.77e-04 | +1.80e-02 -2.77e-03 |
| | | 4.88e-04 | +2.02e-02 | 1
11 | -8.74e+03 9.13e-02 4.88e-04 | 4.47e-02 | 4.88e-04 | +1.06e-02 +8.95e-03 |
12 | -8.74e+03 9.13e-02 4.88e-04 | 4.47e-02 | 4.88e-04 | +7.09e-03 +4.46e-03 |
13 | -8.71e+03 9.13e-02 4.88e-04 | 4.47e-02 | 4.88e-04 | +6.05e-03 -1.11e-03 |
| | | 2.44e-04 | +6.17e-03 | 1
14 | -8.55e+03 4.42e-02 3.94e-05 | 9.46e-03 | 2.44e-04 | +2.03e-03 +2.02e-03 | 1
15 | -8.36e+03 1.75e-03 1.09e-05 | 9.20e-04 | 2.44e-04 | +2.71e-06 +1.76e-06 |
16 | -8.35e+03 9.90e-04 1.07e-05 | 9.20e-04 | 2.44e-04 | +9.36e-07 -9.78e-09 |
| | | 1.22e-04 | +6.94e-07 | 1
17 | -8.35e+03 5.01e-04 1.90e-09 | 2.79e-05 | 1.22e-04 | +2.42e-07 +2.42e-07 | 1
18 | -8.35e+03 4.74e-06 1.01e-09 | 1.47e-07 | 1.22e-04 | +2.80e-11 +2.80e-11 | 1
19 | -8.35e+03 1.42e-07 8.84e-14 | 1.00e-07 | 1.22e-04 | | -

Fig. 5.2 Output from AAL-TR for problem CATENA.

when the steering step predicted an increase in constraint violation, i.e., when
Dqv(s) was negative, though exceptions were made when the constraint violation
was well within Fea.Tar., the constraint violation target.

This particular problem shows that our adaptive strategy has the potential to
be very effective on problems that require the penalty parameter to be reduced
from its initial value. In the next section we test the effectiveness of our new
adaptive strategy on a large subset of the CUTEr test problems.

5.3 The CUTEr test problems

In this section we observe the effects of our penalty parameter updating strategy
on a subset of the CUTEr [22] test problems. We obtained our subset by first delin-
eating all constrained problems with equality constraints only. Next, we eliminated
aug2dc and dtoc3 because they are quadratic problems that were too large for our
Matlab implementation to solve. Next, we eliminated argtrig, artif, bdvalue, bdval-
ues, booth, bratu2d, bratu2dt, brownale, broydn3d, cbratu2d, cbratu3d, chandheu, chnrs-
bne, cluster, coolhans, cubene, drcavtyl, drcavty2, drcavty3, eigenau, eigenb, eigenc,
flosp2th, flosp2tl, flosp2tm, gottfr, hatfldf, hatfldg, heart8, himmelba, himmelbc, him-
melbe, hypcir, integreq, msqrta, msqrtb, powellbs, powellsq, recipe, rsnbrne, sinvalne,
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Iter. | Objective Infeas. Lag.Err.| Fea.Tar. | Pen.Par. | Dqv(r) Dav(s) |y
0 | -5.89e+03 2.80e-01 1.00e+00| 2.52e-01 | 1.00e+00 | +6.48e-02 | -2.75e+03 |
| | | 5.00e-01 | | -6.82e+02 |
| | | 2.50e-01 | | -1.68e+02 |
| | | 1.26e-01 | | -4.08e+01 |
| | | 6.25e-02 | | -9.56e+00 |
| | | 3.12e-02 | | -2.06e+00 |
| | | 1.56e-02 | | -3.41e-01 |
| | | 7.81e-03 | | +9.93e-03 |
1 | -7.57e+03 3.55e-01 7.81e-03| 2.52e-01 | 7.81e-03 | +1.90e-01 | -5.41e-02 |
| | | 3.91e-03 | | +7.39e-02 |
2 | -9.36e+03 6.71e-01 3.91e-03| 2.52e-01 | 3.91e-03 | +2.57e-01 | +1.36e-01 |
3 | -1.00e+04 5.94e-01 3.91e-03| 2.52e-01 | 3.91e-03 | +2.72e-01 | -1.07e-02 |
| | | 1.95e-03 | | +2.58e-01 |
4 | -1.00e+04 5.16e-01 1.95e-03| 2.52e-01 | 1.95e-03 | +2.34e-01 | +1.99e-01 |
5 | -9.89e+03 3.64e-01 1.95e-03| 2.52e-01 | 1.95e-03 | +7.67e-02 | +4.43e-02 |
6 | -9.88e+03 4.12e-01 1.95e-03| 2.52e-01 | 1.95e-03 | +7.07e-02 | +5.54e-02 |
7 | -9.60e+03 2.93e-01 1.95e-03| 2.52e-01 | 1.95e-03 | +4.41e-02 | -3.15e-03 |
| | | 9.77e-04 | | +2.92e-02 | 1
8 | -9.37e+03 2.20e-01 9.77e-04| 1.26e-01 | 9.77e-04 | +4.07e-02 | +3.55e-02 |
9 | -9.09e+03 1.76e-01 9.77e-04| 1.26e-01 | 9.77e-04 | +3.08e-02 | +7.54e-03 |
10 | -9.03e+03 1.62e-01 9.77e-04| 1.26e-01 | 9.77e-04 | +2.58e-02 | -9.48e-03 |
| | | 4.88e-04 | | +1.93e-02 |
11 | -8.98e+03 1.43e-01 4.88e-04| 1.26e-01 | 4.88e-04 | +2.03e-02 | +1.43e-02 | 1
12 | -8.78e+03 9.98e-02 4.88e-04| 4.47e-02 | 4.88e-04 | +1.01e-02 | +5.37e-03 |
13 | -8.77e+03 9.57e-02 4.88e-04| 4.47e-02 | 4.88e-04 | +9.55e-03 | +2.94e-03 |
14 | -8.76e+03 8.88e-02 4.88e-04| 4.47e-02 | 4.88e-04 | +5.38e-03 | +2.20e-03 |
15 | -8.72e+03 8.31e-02 4.88e-04| 4.47e-02 | 4.88e-04 | +3.52e-03 | -1.70e-04 |
| | | 2.44e-04 | | +2.61e-03 |
16 | -8.64e+03 5.20e-02 2.44e-04| 4.47e-02 | 2.44e-04 | +3.84e-03 | +2.56e-03 |
17 | -8.55e+03 4.48e-02 2.44e-04| 4.47e-02 | 2.44e-04 | +2.03e-03 | +4.64e-05 | 1
18 | -8.55e+03 4.32e-02 3.41e-05| 9.46e-03 | 2.44e-04 | +1.99e-03 | +1.99e-03 | 1
19 | -8.36e+03 2.67e-03 6.97e-06| 9.20e-04 | 2.44e-04 | +3.89e-06 | +3.31e-06 | 1
20 | -8.35e+03 7.95e-04 6.93e-08| 2.79e-05 | 2.44e-04 | +5.70e-07 | +5.69e-07 | 1
21 | -8.35e+03 2.00e-05 1.43e-09| 1.47e-07 | 2.44e-04 | +4.11e-10 | +4.10e-10 |
22 | -8.35e+03 5.38e-07 3.86e-09| 1.47e-07 | 2.44e-04 | | | -

Fig. 5.3 Output from AAL-LS for problem CATENA.

spmsqrt, trigger, yatplsq, yatp2sq, yfitne, and zangwil3 because Lancelot recognized
them as not having an objective function, in which case a penalty parameter was
not required. Next, we removed heart6, hydcar20, hydcar6, methanb8, and methanl8
because Lancelot solved them without introducing a penalty parameter (though
we were not sure how this was possible). Finally, we removed arglcle, junkturn,
and woodsne because all of the solvers (including Lancelot) converged to a point
that was recognized as an infeasible stationary point. This left us with a to-
tal of 91 problems composing our subset: bt1, bt10, bt11, bt12, bt2, bt3, bt4, btd,
bto6, bt7, bt8, bt9, byrdsphr, catena, chain, dixching, dtocll, dtoc2, dtoc4, dtoch, dtoc6,
eigena2, eigenaco, eigenb2, eigenbco, eigenc?, eigencco, elec, genhs28, gridnetb, grid-
nete, gridneth, hagerl, hager2, hager3, hs100lnp, hs111lnp, hs26, hs27, hs28, hs39,
hs40, hs42, hs46, hs47, hs48, hs49, hs50, hs51, hs52, hs56, hs6, hs61, hs7, hsT7, hs78,
hs79, hs8, hs9, lch, lukvlel, lukvle10, lukvlell, lukvlel2, lukvlel3, lukvlel, lukvlel,
lukvle16, lukvlel7, lukvlel8, lukvle2, lukvle3, lukvles, lukvle6, lukvle7, lukvle8, lukvle9,
maratos, mssl, mwright, optctrl3, optctrl6, orthrdm2, orthrds2, orthrega, orthregb, or-
threge, orthregd, orthrgdm, orthrgds, and s316-322.

Let us first compare AAL-TR and BAL-TR with Lancelot since all are trust region
methods. As previously mentioned, both Lancelot and BAL-TR are based on Algo-
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rithm [1} though the details of their implementations are quite different. Therefore,
we use this first comparison to illustrate that our implementation of BAL-TR is
roughly on par with Lancelot in terms of performance.

To measure performance, we have chosen to use performance profiles as intro-
duced by Dolan and Moré [14]. They provide a concise mechanism for comparing
algorithms over a collection of problems. Roughly, a performance profile chooses a
relative metric, e.g., the number of iterations, and then plots the fraction of prob-
lems (y-axis) that are solved within a given factor (x-axis) of the best algorithm
according to this metric. Roughly speaking, more robust algorithms are “on top”
towards the right side of the plot, and more efficient algorithms are “on top” near
the left side of the plot. Thus, algorithms that are “on top” throughout the plot
may be considered more efficient and more robust, which is the preferred outcome.

The performance profiles in Figures and compare AAL-TR, BAL-TR, and
Lancelot in terms of iterations and gradient evaluations, respectively. (Note that
in this comparison, we compare the number of “minor” iterations in Lancelot with
the number of iterations in our methods.) These figures show that BAL-TR performs
similarly to Lancelot in terms of iterations (Figure and gradient evaluations
(Figure . Moreover, it is also clear that our adaptive penalty parameter up-
dating scheme in AAL-TR yields better efficiency and robustness when compared to
both BAL-TR and Lancelot on this collection of problems.

04 - g 04 | -
0z AALTR —— | 02 AAL-TR —— |
BAL-TR BAL-TR
o ) ) ) ) Iancglol e 0 ) ) ) ) Iancelpl e
1 2 4 8 16 32 64 1 2 4 8 16 32 64
Fig. 5.4 Performance profile for iter- Fig. 5.5 Performance profile for gradi-
ations comparing AAL-TR, BAL-TR, and ent evaluations comparing AAL-TR, BAL-TR,
Lancelot. and Lancelot.

Next we compare all four of our implemented methods in Figures and
Figure [5.7] indicates that our adaptive trust region and line search methods are
both superior to their traditional counterparts in terms of numbers of required
iterations. Figure tells a similar story in terms of gradient evaluations.

Finally, it is pertinent to compare the final value of the penalty parameter for
Lancelot and our adaptive algorithms. We present these outcomes in Table
The column pisi,. gives ranges for the final value of the penalty parameter, while
the remaining columns give the numbers of problems out of the total 91 whose
final penalty parameter fell within the specified range.

We make two observations about the results provided in Table First, we
observe that our adaptive updating strategy generally does not drive the penalty
parameter smaller than does Lancelot. This is encouraging since the traditional
updating approach used in Lancelot is very conservative, so it appears that our
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Fig. 5.6 Performance profile for itera-
tions comparing AAL-TR, AAL-LS, BAL-TR,
and BAL-LS.
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Fig. 5.7 Performance profile for gradi-
ent evaluations comparing AAL-TR, AAL-LS,
BAL-TR, and BAL-LS.

Table 5.3 Numbers of CUTEr problems for which the final penalty parameter value was in
the given ranges.

Ufinal Lancelot AAL-TR  AAL-LS
1 7 15 18
[10-1,1) 34 7 7
[1072,1071) 16 18 12
[1073,10792) 13 20 19
[107%,10798) 7 10 8
[1073,10794) 5 6 3
[1076,1079%) 2 4 8
[1077,10796) 2 7 7
<1077 5 4 9

adaptive strategy obtains superior performance without driving the penalty pa-
rameter to unnecessarily small values. Second, we observe that our strategy main-
tains the penalty parameter at its initial value (uo < 1) on more problems that
does Lancelot. This phenomenon can be explained by considering the situations
in which Lancelot and our methods update the penalty parameter. Lancelot con-
siders an update once the augmented Lagrangian has been minimized for y = yy
and p = pg. If the constraint violation is too large and/or the Lagrange multipliers
are poor estimates of the optimal multipliers—both of which are likely to be true
at the initial point—then the penalty parameter is decreased if/when such a min-
imizer of the augmented Lagrangian is not sufficiently close to the feasible region.
That is, Lancelot looks globally at the progress towards feasibility obtained from a
given point to the next minimizer of the augmented Lagrangian. Our method, on
the other hand, observes the local reduction in linearized constraint violation. As
long as this local reduction is sufficiently large, then no reduction of the penalty
parameter occurs, no matter the progress towards nonlinear constraint satisfaction
that has occurred so far. Overall, we feel that this behavior illustrated in Table
highlights a strength of our algorithms, which is that they are less sensitive to the
nonlinear constraint violation targets than is Lancelot.
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6 Conclusion

We have proposed, analyzed, and tested two AL algorithms for large-scale equal-
ity constrained optimization. The novel feature of the algorithms is an adaptive
strategy for updating the penalty parameter. We have proved that our algorithms
are well-posed, possess global convergence guarantees, and outperform traditional
AL methods in terms of efficiency on a wide range of test problems. In particular,
we believe that the primary strength of our methods is that they are less sensitive
than traditional AL methods to a poor choice of the initial penalty parameter,
Lagrange multipliers, and nonlinear constraint violation target.

One potential deficiency of our proposed techniques is the lack of a guarantee
that the penalty parameter will remain bounded away from zero when they are
applied to solve problems where constraint qualifications (e.g., MFCQ) are satisfied
at all solution points. We stress that in our numerical experiments, we did not
find that our methods lead to unnecessary decreases in the penalty parameter,
but this is an important matter to consider in general. Fortunately, as previously
mentioned, a simple technique to avoid this issue is to transition from one of our
algorithms to a traditional AL approach once consistent progress towards nonlinear
constraint satisfaction is observed. In this fashion, the convergence guarantees of
traditional AL methods can be relied upon in neighborhoods of solution points.
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