LEHIGH

N I ¥ ERK & 1 T Y.

An Interior-Point Trust-Funnel Algorithm for
Nonlinear Optimization

Frank E. Curtis, Nicholas I. M. Gould, Daniel P. Robinson, and
Philippe L. Toint

Lehigh Industrial and Systems Engineering

COR@L Technical Report 13T-010

COR@L

COMPUTATIONAL OPTIMIZATIONY”
RESEARCH AT LEHIGH =




Noname manuscript No.
(will be inserted by the editor)

An Interior-Point Trust-Funnel Algorithm for Nonlinear Optimization

Frank E. Curtis - Nicholas I. M. Gould
- Daniel P. Robinson - Philippe L. Toint

December 20, 2013

Abstract We present an interior-point trust-funnel algorithm for solving large-scale nonlinear optimiza-
tion problems. The method is based on an approach proposed by Gould and Toint (Math. Prog., 122(1):155-
196, 2010) that focused on solving equality constrained problems. Our method is similar in that it achieves
global convergence guarantees by combining a trust-region methodology with a funnel mechanism, but
has the additional capability that it solves problems with both equality and inequality constraints. The
prominent features of our algorithm are that (i) the subproblems that define each search direction may
be solved approximately, (ii) criticality measures for feasibility and optimality aid in determining which
subset of computations will be performed during each iteration, (iii) no merit function or filter is used, (iv)
inexact sequential quadratic optimization steps may be utilized when advantageous, and (v) it may be im-
plemented matrix-free so that derivative matrices need not be formed or factorized so long as matrix-vector
products with them can be performed.

Keywords nonlinear optimization - constrained optimization - large-scale optimization - interior-point
methods - trust-region methods - funnel mechanism - sequential quadratic optimization

Mathematics Subject Classification (2010) 49J52 - 49M37 - 65F22 - 65K05 - 90C26 - 90C30 - 90C55

Frank E. Curtis

Department of Industrial and Systems Engineering, Lehigh University, Bethlehem, PA

E-mail: [frank.e.curtis@gmail.com

This author was supported by U.S. Department of Energy grant DE-SC0010615 and U.S. National Science Foundation
grant DMS-1016291.

Nicholas I. M. Gould

STFC-Rutherford Appleton Laboratory, Numerical Analysis Group, R18, Chilton, OX11 0QX, UK
E-mail: nick.gould@stfc.ac.uk

This author was supported by the EPSRC grant EP/1013067/1.

Daniel P. Robinson

Johns Hopkins University, Department of Applied Mathematics and Statistics, 3400 N. Charles Street, Baltimore, MD
E-mail: |[daniel.p.robinson@gmail.com:

This author was supported by U.S. National Science Foundation grant DMS-1217153.

Philippe L. Toint

Namur Center for Complex Systems (naXys) and Department of Mathematics, FUNDP-University of Namur, 61 rue de
Bruxelles, Belgium

E-mail: philippe.toint@fundp.ac.be


mailto:frank.e.curtis@gmail.com
mailto:nick.gould@stfc.ac.uk
mailto:daniel.p.robinson@gmail
mailto:philippe.toint@fundp.ac.be

2 F. E. Curtis, N. I. M. Gould, D. P. Robinson, Ph. L. Toint

1 Introduction

In this paper, we introduce a method for solving optimization problems of the form

minimize f(z) subject to c(z) <0, (NP)
zERN

where f: RY — R and ¢ : RV — RM are twice continuously differentiable. (Our method can also be
applied when equality constraints are present, but, for simplicity in our discussion, they are suppressed
in our algorithm development and analysis; see §5| for further discussion.) Our algorithm is designed to
solve large-scale instances of (NP). In particular, it is designed to be matrix-free in the sense that an
implementation of it only requires matrix-vector products with the constraint Jacobian, its transpose,
symmetric approximations of the Hessian of the Lagrangian, and corresponding preconditioners. That is,
iterative methods may be used to approximately solve each subproblem arising in the algorithm.

The method we propose utilizes components of both interior-point (IP) and sequential quadratic opti-
mization (commonly known as SQP) methods. Algorithms of this type are often referred to as barrier-SQP
methods. The interior-point aspects of our algorithm allow us to avoid the combinatorial explosion that
may occur within, say, an active-set approach. The efficiency of interior-point methods for solving lin-
ear and convex quadratic optimization problems has been well-established [1}7}/12H14,|18}[25}/29}31}[32].
Extending these methods for solving nonlinear problems has been the subject of research for decades [3|
4]16,/151133137] and numerical evidence illustrates strong performance. We follow an approach similar to
Byrd et. al. [3l|4] and solve a sequence of so-called barrier subproblems for decreasing values of the barrier
parameter. This means that we must solve a sequence of equality constrained subproblems, and these
may be solved efficiently with an SQP-based method. It is well known that traditional SQP methods are
very efficient for solving small- to medium-sized optimization problems [8}/9}/16,/17], while more recently
proposed SQP methods utilize exact second derivatives and are, in theory, capable of solving large prob-
lems [2022,/30]. Preliminary results when solving small- to medium-sized problems is promising, but their
effectiveness on large problems has not yet been confirmed. There have, however, been several proposed
SQP strategies that have proved capable of solving large equality constrained problems [2}24}28].

In this paper, we use the trust-funnel approach originally described in [24], and then corrected in 23], as
the basis for solving a sequence of equality constrained barrier subproblems that arise in an interior-point
framework. We note, however, that a naive implementation of the SQP method described in [23[24] within
an interior-point paradigm may result in a method for which the establishment of convergence guarantees
is elusive. This is a consequence of the fact that interior-point methods—as their name suggests—require
the algorithm iterates to remain in the strict interior of the feasible region associated with the inequality
constraints, while the method in [23}[24] does not innately possess the mechanisms necessary to avoid the
boundary of the feasible region in this context. In this paper, we describe modifications of this trust-funnel
method that are appropriate for our interior-point setting. These modifications include imposing explicit
constraints in the trust-region subproblems to ensure that the iterates remain in the strict interior of the
feasible region, and the incorporation of scaled trust-region constraints and optimality measures. Scalings
of these types have been used previously in interior-point methods; e.g., see [31/6].

The paper is organized as follows. In Section [2] we introduce our trust-funnel algorithm for solving the
barrier subproblem in an interior-point approach. In Section [3] we prove that our trust-funnel algorithm
will terminate finitely with arbitrarily small positive tolerances on the criticality measures. In Section [4]
we consider convergence of the barrier subproblem solutions for a decreasing sequence of the barrier
parameter. Finally, conclusions are provided in Section
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Notation

The gradient and Hessian of f at x are written as g(x) and V..f(x) respectively. The M x N matrix J(z)
represents the Jacobian of the constraint function c evaluated at x, with its jth row being ch(a:)T. The
matrix V,ci(x) is the Hessian of ¢; evaluated at x. We let e denote the vector of all ones and I denote
the identity matrix, both of whose dimensions are determined by the context in which they are used.
Given a vector s € RM| [s]; is the jth element of s and S := diag([s]1, []2,- .., [s]ar). A forcing function
w: [0,00) — [0,00) is defined as any continuous and strictly increasing function that satisfies w(0) = 0.

Preliminaries

We make the following assumption throughout the paper.
Assumption 1.1 The functions f and c are twice continuously differentiable.

Problem (NPJ) is not solved directly by our algorithm. Rather, we introduce a vector of slack variables
s € RM and solve the equivalent optimization problem

inimize subject to ,8) == =0, s>0. NPs
Jninimize, f(x) subj c(z,s) :==c(z) + s s > (NPs)

The following definition gives first-order stationarity conditions for (NPs)) |26L27].

Definition 1.1 (First-order KKT point for problem (NPs|)) The vector triple (z,s,y) is a first-order
KKT point for problem (NPs) if it satisfies

9(@) + J(2)'y =0, c(z,s)=0, Sy=0, and (s,y) > 0.
To solve (NPs), we compute a sequence of (approximate) minimizers of the barrier subproblem

minimize x,s) subject to c(z,s) =0, s>0, 1.1
migimize f(z.5) sub (2.5) (L.1)

where for each fixed value of u > 0 we define the barrier function
M
f(w,8) = (@) —p Y In([s]). (1.2)
i=1

Given a Lagrange multiplier estimate vector y for the constraint c(z,s) = 0, the Lagrangian function
associated with (1.1)) and its gradient with respect to (x,s) are given by

E(x> Svy) = f(CE'7 5) + C(m7 S)Ty and v(;c,s)[’(xa 57?]) = Vf(l', S) + J(x> S)Ty7

where we define J(z, s) := Ve(z,s) = (J(x) I) to represent the Jacobian of c(z, s) with respect to (z,s). A
primal-dual point (z,s,y) is called a first-order KKT point of the barrier problem (L.1)) if it satisfies

V(;C,s)[’(x757y) =0, C(m7 5) =0, and (57y) > 0.
Multiplying the second block of the first equation by S leads to the following equivalent definition.

Definition 1.2 (First-order KKT point for the barrier subproblem (1.1)) The vector triple (z,s,y)
is a first-order KKT-point for the barrier subproblem (1.1)) if it satisfies

g(z) + J(x)Ty =0, Sy=upe, c(z,5)=0, and (s,y)>0.

A comparison of Definitions [I.1] and [[-2] suggests that KKT points of the barrier subproblem become
increasingly accurate solutions to problem (NPs|) for decreasing values of the barrier parameter p.
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2 A Trust-Funnel Algorithm for Solving the Barrier Subproblem

In this section, we present our trust-funnel algorithm for (approximately) solving the barrier subprob-
lem for a fixed value of the barrier parameter p > 0. As p is fixed for a particular instance of 7
the dependence on p of certain quantities in this section is ignored. However, these dependences—in par-
ticular, with respect to criticality tolerances that are employed in the algorithm—will be a central focus
in §4f that addresses the “outer” algorithm for solving problem .

2.1 Algorithm overview

Our method generates a sequence {(zg, sk, yr)} of primal, slack, and dual variables. In addition, defining
the measure of constraint violation

v(z, ) = [le(z, 5)|2, (2.1)
our method maintains a monotonically decreasing sequence of positive scalars {vj;**} such that

max

sk >0, c(zp,si) >0, v i =v(xg,sk) <vp™, and vy < o™ for all k> 0. (2.2)

We require sg > 0, and the restriction that s; > 0 is maintained via explicit constraints imposed on all
search direction calculations. Additionally, we ensure that c(zg, s;) > 0 holds at the beginning of iteration
k by incorporating a slack reset procedure that sets

; if ;>0
O T (2.3
—[e(zg)]i  otherwise.
If we let szri“ denote the value of s, prior to the slack reset in iteration k, then it follows that
v <v(ag, sp™™), s <sp, and  f(wg,sk) < flog, sp). (2.4)

That is, both the barrier function and constraint violation decrease as a result of the (trivial) slack reset
computation . We explicitly enforce vy, < v} with the updating strategy discussed in Section
Finally, the sequence {vj*} is positive and monotonically decreasing by construction and guides the
iterates toward feasibility; the set of points permitted by the gradually narrowing region defined by v(z, s) <
v is called the funnel [23}24]. Overall, the claims in are formally established in Section

Given the current estimate (zy, si) of a solution of , a trial step djy := (d%,dj,) is computed as the
sum of a “normal” step ng := (nf,nj) and a “tangential” step t := (tf,3), i.e.,

d¥ n¥ e
te= () = (F) + () = e

The normal step is computed to (approximately) minimize a Gauss-Newton model of v at (zy, si); thus, it
has the purpose of reducing linearized infeasibility. The tangential step ¢, is intended to reduce the barrier
function and is calculated as an (approximate) minimizer of a quadratic model of the barrier function
within an appropriate subspace that does not undo the improvement in reducing linearized infeasibility
achieved by ny. Once dj = ny + t; is computed, an attempt to decrease the constraint violation and/or
barrier function is made, where the decision of which to consider is based on quantities that reflect the
overall merit of the constituent steps. We discuss these details in turn in the following subsections.
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2.2 The normal step

The normal step is designed to predict a reduction in constraint violation as measured by v defined in (2.1)).
To achieve this goal, we compute the normal step ny := (n{,nf) as an approximate solution of

mir(limim)a my(n) subject to [|Py 'n|l2 < min{dy, kamh}, sk +n° > Kask, (2.5)
n=(n",ns

where k, > 1 and ka. € (0,1) are constants, 6, > 0 is a dynamic algorithm parameter, and we define

I0
mp(n) := |lc(zy, s;) + J(zk, sp)nll2 and Py = (0 Sk> (2.6)

along with the “v-criticality” measures

7wy fvg if v 0,
=7 (ks sk) = || Ped (o s6) T clap, sp)llz and x§ = X" (zg, 55) = {Ok/ r Othzfmse_ (2.7)

The quantities 7} and xj serve as criticality measures at (zy,sy) for minimizing v subject to the slacks
being nonnegative. The scaling matrix Pj is important in the trust region constraint since it assists in
keeping the iterates within the nonnegative orthant; it restricts [nj]; to be relatively small when [sg];
is close to zero. Overall, problem involves the local minimization of the norm of a Gauss-Newton
approximation of v at (zy, si) subject to a trust-region constraint and a fraction-to-the-boundary rule.
It is not necessarily prudent to compute a normal step in every iteration. Indeed, computing a normal
step may be wasteful if the current iterate is nearly feasible and computational efforts may be better spent
on computing a new Lagrange multiplier estimate or tangential step. In our algorithm, we only require a
normal step to be computed when either our v-criticality measure 7}, is sufficiently large relative to our

previous “f-criticality” measure 7r,7: 1 (defined in (2.23) in the next subsection), or when vy, is sufficiently

large relative to vji** (see (2.2)). §peciﬁcally, for some k., € (0,1) and forcing function wy, (and with

7rf1 :=0), we require the computation of a normal step if either

T > wn(ﬂ'{:_l) O Vg > Ky Up . (2.8)

(If does not hold, but 7j > 0, then one may still consider computing a normal step since the fact
that «}, > 0 implies that the computation would be well-defined. However, in such cases, a normal step is
not necessary for our convergence analysis.) When a normal step is not computed, we set ng « 0.

By an approximate solution to , we mean that ny := (nj, nj)—when it is computed—should be
feasible for and yield a decrease in mj, no less than that achieved along a scaled steepest descent
direction for (m};)Q. The scaled steepest descent direction that we employ for this comparison is derived in
the following manner. Performing the change of variables n” := P, 1n so that the trust-region constraint
becomes ||n”||2 < min{}, k.71 }, the transformed problem for minimizing (m})? has the conventional (>-
norm steepest descent direction —PyJ(xy, s) ¢(xy, s;). Returning to the original space gives the scaled
steepest descent direction —P2.J (x4, s) T e(x, si,). For , we define the Cauchy step nj, = (ny”,n},®) as
the minimizer of the objective of in this scaled steepest descent direction, i.e.,

cz
ny, :=nj(ay), where nj(a):= (Z%%Z;) = —aPEJ (zy, s) " 2k, sp) (2.9)

and af is the solution to

minimize mi;(n;(a)) subject to [P ni(a)l2 < min{d, mamii}, si +ni (@) > Krask. (2.10)
aZ
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We show in Lemma that the decrease in mj, obtained by nj, is positive.
Overall, when (12.8]) holds, we require a normal step ny satisfying the constraints of (2.5)), i.e.,

1Py M ngll2 < min{op, wamh}, sk + 71 > Konsk, (2.11)

along with
Amp™ = mi(0) — mf(ng) = m} (0) — mi (). (2.12)

Many steps satisfy (2.11)) and (2.12)) with the simplest choice being ny = nj,.

2.3 Lagrange multipliers and the tangential step

Having dealt with the normal step, we now consider computing estimates of an optimal Lagrange multiplier
vector and/or a tangential step. The multiplier estimates, if computed, are intended to (approximately)
minimize a measure of criticality for the barrier subproblem that takes into account changes in
the problem function values that are predicted by the normal step. The tangential step, if computed, is
designed to reduce the barrier function without having too adverse an effect on the reduction in linearized
infeasibility predicted by the normal step. Since the conditions imposed on the multiplier estimates and
tangential step are intertwined—e.g., the computed multiplier estimates are required to have a well-
defined Cauchy point for the tangential step subproblem—we consider their computations together in this
subsection. Our motivation in this section is to compute quantities related to those in a traditional SQP
approach applied to subproblem .

Given the kth estimate y; of an optimal Lagrange multiplier vector, a traditional SQP trial step
associated with the barrier subproblem is defined as the solution (when it exists) of

%1711(151}153)6 Fxg, sk) + Vf (2, 55) 7 d + %dTV(LS)(%S)ﬁ(mk, sk, yr)d subject to c(zk,sk) + J(zg, sk)d = 0.

It may be verified that a solution d = (d*,d®) of this subproblem (when it exists) satisfies

Vol (@, yp) J(zp)” 0 d* 9(@k)
J(zy) 0 I y | =— | clzr,sk) |, (2.13)
0 Sk usk_l d’ —pe

where y is an estimate of an optimal Lagrange multiplier vector for the constraint c(xg, si)+J(zk, si)d = 0.
The SQP step generated in this fashion is often called a primal step since the dual vector y; does not
appear in other than in the Hessian VL. We can instead compute a primal-dual step by applying
Newton’s Method to the conditions in Definition [T:2] which leads to

vxzﬁ(mkvyk:) J(xk:)T 0 d* g(mk)
J(z) 0 I y | =— | clzg,sk) | - (2.14)
0 S Y& d’ —pe

This system is identical to (2.13]), except that the (3,3)-block now contains dual information. It is also
easily verified that a solution of (2.14)) is a KKT point for

minimize f(wg, si) + Vf (@, sp) d+ 3d" H(wy, s, yr)d - subject to  c(ay, sp) + J(x, 55)d = 0,

where
Vel (Tp, 0
H(xy,s55,yk) = < (gk ur) Yk5_1> .
k
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The previous paragraph, along with the widely accepted view that the primal-dual approach is generally
superior to the primal approach in practice, motivates us to approximate the barrier function (|1.2]) with

mi(d) == f(ek, sx) + VS (zp, 5)Td + $dGrd, (2.15)
where, for all k, we define
L vmxﬁ(xkvy]]?) 0
Gy = < 0 D, (2.16)

with y7 a (bounded) Lagrange multiplier vector satisfying
[yr]: >0 for allic {1,2,...,M} and |ly;|l2 <k, for some scalar x, > 0, (2.17)
and choose Dy = Y;.S, 1 as a positive-definite diagonal matrix satisfying

[|Dill2 < kp for some scalar kp > 0. (2.18)

Overall, our goal is to compute a tangential step ¢, that satisfies mi(nk +tp) < mﬁ(nk) and lies
approximately in the null space of the constraint Jacobian J(zy,si) so as not to undo the predicted gain
in linearized feasibility provided by the normal step. This latter requirement implies that improvement in
the barrier function should be sought within the trust-region {d : |\Pk_1d||2 < 6.}, since it is only within
this region that the linearized constraint model is believed to be trustworthy. In addition, we assume
that the barrier function model m{ may be trusted as a faithful representation within the trust-region

{d: HPk_ld”Q < 6,{} for a given tangential trust-region radius 5,{ > 0. Consequently, we use
|1P; "ngllz < ke min{df, 8]} with s € (0,1) (2.19)

as a necessary condition for computing a tangential step. If is satisfied, then we require the com-

putation of a new Lagrange multiplier estimate and, potentially, a tangential step. Otherwise, we set

Yk < Yk—1 and t; < 0 since the cost of computing new multipliers and a tangential step may be wasteful.
When is satisfied, we seek an approximate solution of the tangential step subproblem

minimize mi (nk +1t)
t=(t",t%) (2.20)
subject to J(zy,s,)t =0, [Py (ng +1)]2 < min{é%,é,{}, s+ ng +t° > kee(sk +nk)

for some kg, € (0,1). Observing the change of variables t* = P L¢, this subproblem is equivalent to

foe . f P
minimize mj (ng + Pit
tP = (tPx tPs) k( k k )
subject to J(xy,s,)Pet” =0, [P ng + 1|2 < min{é,@,é}i}, 7 > (ke — 1) (e + Sy, 'np).
To define an appropriate Cauchy point, we first compute approximate least-squares multipliers corre-
sponding to the scaled subproblem at t* = 0, i.e., we compute y; as an approximate solution of

minimize mj (y), where m{(y) i= 3| Ps(Vimf (nx) + J (@, s) y)II3. (2.21)

yeR

Scaling the resulting (approximate) projected gradient back into the original space, we obtain the (ap-
proximate) oblique projected gradient

e = ri(yr) = PR (Vm (ng,) + J (zx, 5) ) (2.22)
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and the related f-criticality measures

vim (ni) Tre (u)
=l (k) = 1P (VmL (k) + T (@i s0) Ty)llz - and X, i= xl(gg) 1= —Ep——n(2.23)
T (yk)
associated with minimizing the barrier function. In this computation, we require that y; and the resulting
Tk, w,{ , and X£ satisfy at least one of the following three sets of conditions:

7r£ <er and v < ey; (2.24a)
ol < wi(xp); (2.24b)
X£ > IQX’JT]J;. (2.24¢)

Here, {er,ev} > 0 and k, € (0,1) are constants and w; is a forcing function. For technical reasons (in the

proof of Lemma [2.6(vii)), we require that the functions w, and w; (see (2.8) and (2.24b))) satisfy
wi(wn (7)) < Ko7 for all 7 > 0 and for some «., € (0,1). (2.25)

The presence of Py, in forces components of the approximate projected gradient in (2.22)) to be
large when the corresponding components of s, are small. Thus, this scaling matrix helps prevent slack
variables from approaching zero, just as it did in the formulation of the normal step subproblem .
Later, Lemma shows that we can always satisfy one of the three sets of conditions in , and thus
this strategy for computing y; (and the related quantities ry, 7r£, and Xi) is well-posed.

If is satisfied, then (zy, sg, v ) is an approximate first-order KKT point for the barrier subprob-
lem for the tolerances {er,e»} > 0, so we terminate the algorithm for solving . However, if
is not satisfied, but holds, then the f-criticality measure w,{ is insubstantial compared to the v-
criticality measure 7. In this case, the computation of a tangential step is skipped, i.e., we simply set
tp < 0. Otherwise, when ([2.24al) and (2.24b)) do not hold (and necessarily holds), we proceed to
compute a tangential step. In this case, it follows from the definition , the condition and the
fact that 7r,]: > 0 (since otherwise would have held) that r is a direction of strict ascent for mi ()
at ny. This property allows us to compute a tangential step t; satisfying one of two sets of conditions
as outlined in the following two subsections. Our choice of which set of conditions to satisfy depends on
whether a normal step is computed. Specifically, if n; # 0, then we require the computation of what we
call a relaxed SQP tangential step. Otherwise, if ni = 0, then we are still free to attempt to compute a
relaxed SQP tangential step, but we may instead compute what we call a very relaxed SQP tangential
step. In such a case, this latter option may be preferable as it involves a weaker restriction on linearized
infeasibility of the step.

2.8.1 A relaxed SQP tangential step

Given constants ke € (0,1) and ke € (0,1), a relaxed SQP tangential step is defined as follows.

Definition 2.1 (Relaxed SQP tangential step) Define the Cauchy point
Cx xr
ty =t (af), where tf(a):= t’és(a) =—a k) =—ar, (2.26)
ti”(a) Tk
and oS is the minimizer of

L f c
minimize my (ng + g (o

a0 d k() (2.27)
subject to || Py ! (ng +t5 ()2 < min{é}é,é,{}, sk +ng 4+ t5°(a) > Ko (sk +nf).
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Then, t;, is a relaxed SQP tangential step if

Amlt = mf (ng) = mf (ng, + t) > mi (n) = m] (ng, + %), (2.28a)
s+ ng +tL > k(s + 0k, (2.28b)

1Pyt (ng + t1) |2 < min{6y, 6/}, and (2.28¢)

mi (ng + ) < kemp(0) + (1 = &g )my(ng). (2.28d)

Condition ensures that the model of the barrier function is decreased at least as much as by
the Cauchy point tf, is a fraction-to-the-boundary constraint, is a trust-region constraint,
and is a relaxation of the traditional SQP constraint that c(zy, s;) + J(zk, sk) (ng + tx) = 0 that
ensures that linearized constraint infeasibility is sufficiently reduced.

If a relaxed SQP tangential step satisfying is computed, then we must evaluate its usefulness in
the sense that we must ensure that a relatively large tangential step results in a sufficient decrease in the
model m{; of the barrier function. With this in mind, we check whether the conditions

1P M trll2 > mvs||Py tngll2 for some kys > 1 (2.29)

and
Ami’d = Ami’n + Am{’t > naAmi’t for some x; € (0,1) with Amj"™ := mi(O) - mJ,:(nk) (2.30)
are satisfied. The inequality (2.30]) indicates that the predicted decrease in the barrier function obtained

from the tangential step is substantial when compared to the possible increase resulting from the normal
step. If the step ¢, satisfies ([2.29) but violates (2.30]), it does not serve its role so we reset it to zero.

2.8.2 A very relaxed SQP tangential step

Condition may be too restrictive in certain cases. Specifically, if v, = 0, then the algorithm will
set ny = 0, from which it follows that requires t; to be in the null space of J(xg,si). This is an
unreasonable requirement in matrix-free settings; indeed may be unreasonable in any situation
when nj = 0. Thus, to avoid such a requirement, we allow for the computation of an alternative tangential
step. Given the constant rn, € (0,1) employed in (2:28b), a constant , € (1,00), and a constant x,, €
(Kuv, 1) (with ., € (0,1) defined for (2:8)), the salient feature of our alternative is that it involves a relaxed
condition on the linearized infeasibility of the step. We emphasize that we are only allowed to compute a
tangential step of this type when n, = 0, though we incorporate nj into the conditions in the following
definition so that one may more easily compare them to the conditions in Definition

Definition 2.2 (Very relaxed SQP tangential step) Define the Cauchy point
Cx xr
ty =t (a%), where tf(a):= t’és(a) =—a rl; = —ar (2.31)
ti*(a)
and oS is the minimizer of
. f c
minimize m; (ng + g (o
nimize my, (ny, + t5 () (2.32)
subject to || P, ! (ng, +tf (a))]]2 < min{s}, 6]{, KoY, sp g 7% () > kne(sk + 13-
Then, t; is a very relaxed SQP tangential step if
Am£’75 = mi(nk) — mﬁ(nk +ty) > mi(nk) — mﬁ(nk + tg), (2.33a
sk +np 4 th > Kme(sg +nL), (2.33b
1Py " (g + 1) l|l2 < min{of, 6/, koop™}, and (2.33¢
mp(ng +tg) < Kevp. (2.33d

L D
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Conditions ([2.33al)—(2.33c]) resemble and play the same role as conditions ([2.28a)—(2.28¢|). However, we
emphasize that since the Cauchy point defined by (2.31)—(2.32) involves a potentially smaller trust-region

radius than that defined in (2.27)), the bound imposed in (2.33a)) may be different from that imposed in
(2.28a)), and this difference in the trust-region radii is matched in (2.33c) (c.f., (2.28¢c))). The name “very

relaxed SQP tangential step” has been chosen because of condition (2.33d]), which merely requires that
the predicted constraint violation be sufficiently less than a fraction of the upper bound v};}** rather than a

fraction of the current violation (c.f., (2.28d)). In fact, the smaller trust-region radii in (2.32) and ([2.33¢))
(as compared to those in (2.27) and (2.28¢c))) have been chosen to compensate for this relaxation.

2.4 Tteration type, step acceptance, and updating strategy

As in other trust-region methods, once we have computed the trial step dj := nj, + t;, and the trial point
(xz,sﬁ) = (zk, sx) + di,

we are left with the task of accepting or rejecting them. Our proposal for making this choice is based on the
distinction between y-iterations, f-iterations and v-iterations in the spirit of [9H11]. This characterization is
made based on model values computed with the trial step, and the type of iteration influences the updates
performed for various algorithmic quantities.

2.4.1 A y-iteration

A y-iteration is any iteration satisfying the following definition.
Definition 2.3 (y-iteration) The kth iteration is a y-iteration if dj, = 0.

Note that a y-iteration will occur when nj and ¢ are both set to zero, but could (in theory) occur if
ny = —t), and some components are nonzero. (This latter case is ruled out by Lemma [2.6|vi).) During a
y-iteration, we perform the updates

(Thg1: k1) < (@ s0), Ofy < 0, pr « 0f, and oS e vp™. (2.34)

Since a y-iteration is defined by a zero primal step, the only computation of interest is that of a new vector
of Lagrange multiplier estimates. Therefore, the updates in (2.34)) leave the trust-region radii and bound
on the maximum allowed infeasibility unchanged for the subsequent iteration.

2.4.2 An f-iteration

The primary goal of an f-iteration is to reduce the barrier function.
Definition 2.4 (f-iteration) The kth iteration is an f-iteration if ¢; # 0, holds, and

oz, sf) <o, (2.35)
Condition (2.35)) ensures that, at the trial point (xZ',sZ'), the constraint violation remains within the
upper bound imposed by vj**. Combining this with the fact that holds, it follows that the main

achievement of interest is a predicted decrease in the value of the barrier function (1.2)).
Our updating strategy for f-iterations is based on the quantity

of = fag, k) = flaf,s))

: 7 (2.36)
k Am{’d
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that measures the ratio of actual-to-predicted decrease in the barrier function. Specifically, if p£ >n, we
set

(Tht1, Skt1) < (xz, s;) (2.37)
[Sp+1)i < [sk1)i if [e(zkt1, 8841)]i = 0, (2.38)
o —[e(zgy1)]i  otherwise,
e [of,00) i pf >ma,
6I£+1 k f <f k . (239)
€ [120,,6;] otherwise,
Opt1 2 max{msuu " (Thy1s Sk41), 0} (2.40)

Otherwise (i.e., if p£ < m), we set

(Tkt1, Sk+1) < (Th, Sk), (2.41)
51 € o] v20]), (2.42)
8 o}, (2.43)
In both cases, we set
gy U (2.44)

In 7, the constants should be chosen to satisfy 0 < 1 < nm2 < 1,0 < v < v < 1, and
Ksow € (0,00). Overall, we accept the trial point (z;, s;") if the achieved decrease in the barrier function is
comparable to the predicted decrease (and reject it otherwise), update 61’: 41 using a typical trust-region
updating strategy, possibly increase the normal step trust-region radius, and leave the infeasibility limit
unchanged (since the success or failure of an f-iteration depends only on whether the barrier function was

substantially reduced).

2.4.83 A v-iteration

When the conditions that define a y- and an f-iteration are not satisfied, the iteration type defaults to
that of a v-iteration. As we shall see in the convergence analysis of our algorithm, the main achievement
of interest in such an iteration is a reduction in constraint violation.

Definition 2.5 (v-iteration) The kth iteration is a v-iteration if it is not a y- or an f-iteration, i.e., if
di, # 0 and either ¢;, = 0, (2.30) does not hold, or (2.35) does not hold.

A measure of decrease one might expect in v from the trial step dj, is
AmP® = m}(0) — my(dy). (2.45)
Indeed, our updating strategy in a v-iteration is based on the conditions
ng#0 and  Amp? > kg Am" (2.46)
for some constant keq € (0,1 — ky,] C (0,1) with k., defined in (2:28d), and the quantity
o _ vk v(z)sy))

Pe = g (2.47)
Amz
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that measures the ratio of actual-to-predicted decrease in the constraint violation. Using these conditions
and quantities, if (2.46) holds and pj, > 11, we set

(Tht1, sk41) < (2, 55) (2.48)
; if ;>0
[sp41)i < [sk+1]i 1 [C(xkfhskﬂ)]z =Y (2.49)
—[e(zgy1)]i  otherwise,
o )2 max{rs. T (Tpy1sSk1) 05t if pf > n2,
Ok+1 _ (2.50)
= max{ksvom (Tk11,5k11),04}  otherwise,
vl < max{ravp ™, v(TK41, Spt1) F e (vk —v(zpa, sk+1))}. (2.51)
Otherwise (i.e., if (2.46) does not hold or pf < n1), we set
(‘rk—‘rlask—‘rl) — (ajk‘7sk)7 (252)
k1 € 116k, 720%], (2.53)
VP P, (2.54)
In both cases, we set
5, < o (2.55)

In 7, the constants should be chosen to satisfy {ru,k:2} C (0,1), and we recall that s,.
is defined in (2.40). In this manner, the trial point is accepted if the normal step is nonzero and the
improvement in linearized feasibility is comparable to its predicted value, which is itself comparable to
the improvement yielded by the normal step. Moreover, the radius d;, ; is set by a standard trust-region

max

radius updating strategy, but the radius 6}; 418 left unchanged. Finally, we decrease the upper bound vj;
when the trial step is accepted. It will be shown in our convergence analysis that the amount that this
bound is decreased is nontrivial, but it is modest enough so that the funnel does not contract too quickly.

2.5 The trust-funnel algorithm

We formally state our trust-funnel method as Algorithm [I]on page For convenience in our convergence
analysis, we define several sets that classify each iteration, as well as the types of computations performed
in them. The first group of sets distinguishes between y-, f-, and v-iterations, respectively:

Y:={keN:dy =0}, F:={keN:ty#0and (2.30) and (2.35) hold}, and V:=N\(YUJZF).

As can be seen by the results in Lemma below, these sets are mutually exclusive and exhaustive.
Our next collection of index sets distinguishes iterations for which the normal and/or tangential steps
satisfy various conditions, and whether the tangential step was reset to zero:

N :={k € N : n;, was computed to satisfy and };
T :={k € N: t;, was computed to satisfy either or };
Tp :={k € T : the computed ¢;, satisfied };
To := {k € Tp : the computed t; satisfied and , but not , and was reset to zero}.

Furthermore the set of iterations for which d, satisfies the linearized constraint contraction condition ([2.28d))
plays an important role in our analysis. Thus, in addition to the sets above, we define

D := {k € N : the step dy = ny + t;, satisfies (2.28d)}.
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Algorithm 1 Trust-funnel algorithm for minimizing the barrier problem ([1.1J).

1: Input: (zo, s0,y—1, 1) and (er, €») with (sg,y—1,1) > 0 and (ex, €,) > 0, respectively.

2: Choose {55,68,Hca,ny,li]3,}i5vv} C (0,00), {Kerskvs,kv} C (1,00), 0 <1 <m2 < 1,0 <y <7v2 <1, kn > 1,

{Ktt, Ko, Ktg, Kuws Ky KB, Fvy, Btbn, Kbty Bty K2} C (0,1), and Kea € (0,1 — Kigl.
3: Perform a slack reset to so as given by (2.3).
4: Set v§™®* <— max{Kca, Kerv(T0,50)}, and 7l | + 0.
5: for k=0,1,... do
6: Compute vy, from (2.2)) and 7} and x} from (2.7).
7 if x7 =0 and vy > 0 then
8: Return the infeasible stationary point (zg, sg).
9: if (2.8)) holds, or at least 7y > 0 then

10: Compute ny, satisfying (2.11)) and (2.12).
11: else
12: Set ng < 0.

13: Choose yp satisfying (2.17) and Dy, satisfying (2.18)), and then set G}, by (2.16).
14: if (2.19) holds then

15: Compute yg, 7k, 7r£, and X£ from 7 to satisfy (2.24a)), (2.24b)), or (2.24c]).
16: if holds then

17: Return the (approximate) first-order KKT point (xk, sk, yx) for the barrier problem (1.1)).
18: else if holds then

19: Set ty + 0.

20: else

21: if £ € N then

22: Compute t; so that is satisfied.

23: else

24: Compute t; so that either or is satisfied.

25: if holds then

26: Add iteration k to the set Tp.

27: if (2.29) is satisfied but (2.30) fails then

28: Set ty + 0.

29: else

30: Set yr < yr_1 and tx < 0, and then set 7, 7T]J:, and X£ by 7.

31: if (2.24a) holds then

32: Return the (approximate) first-order KKT point (z, sk, yx) for the barrier problem .
33: if (2.28d)) holds then

34: Add iteration k to the set D.

35: Set the trial step di < ng + tx and trial iterate (a:;l', s;:) — (g, sk) + d.

36: if d = 0 then

37: Perform the y-iteration updates given by .

38: else if t; # 0 and both and hold then

39: Perform the f-iteration updates given by 7.

40: else

41: Perform the v-iteration updates given by 7.

[k e N]

[k eT]
[k eT]
[k € Tp]

[k € To]

[k € D]

k€Y
[k € F]

[k eV

Our last collection of sets distinguishes iterations that produce a change in the primal space. In
particular, if p£ > n1 holds during an f-iteration, or if (2.46) holds and pj > n1 during a v-iteration, then

iteration k is called successful. The following sets capture these types of iterations:

Sp:={keF: p£ >m}; Sv:={keV:(2.46) holds and pp >m}; S:=85US.
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When a tangential step is computed, the size of the step is restricted by a trust-region radius (see
(2-28d) and (2.33d)). For convenience, we capture these radii by defining 6* ; := 1 and, for k£ > 0,

Ot if k¢ T,
8% == ¢ min{dy, 6]} if ke TN7Tp, (2.56)
min{dy, 5]]:, keop™} i ke T\ Tp.

As a guide to the salient properties of the various types of iterations we have defined, we provide the
following lemma regarding basic facts that may be deduced from the design of our algorithm. Unless stated
otherwise, reference to the tangential step t; corresponds to the value used in Step of Algorithm
i.e., the value after the possible reset in Step For the purposes of this lemma, we assume that if the
algorithm does not terminate during iteration k, then all steps of the algorithm during the iteration are
well-defined. We prove this fact formally in the next subsection.

Lemma 2.6 If Algorithm[I] does not terminate during the kth iteration, then the following hold.

(i) If k € N, then x}, > 0, m;, > 0, m},(0) — mp(n};) > 0, m{(0) — mj(ng) >0, and ny # 0.
(ii) Ifng #0, then k € N.

(iii) Ifk € T, then x£ > KLXTI'IJ: >0 and mi(nk) — mﬁ(nk +1t3) > 0.

(iv) If k € T\ To, then t, # 0 and mi(nk) — mi(nk +tr) > 0, while if k € To, then t;, =0 and holds.
(v) Ifty, #0, then k € T\ To.

(vi) k€Y if and only if n, =t = 0.

(vil) Ifk € Y, then k € D and ﬂ_£ < HW7T71 with k., € (0,1) defined as in .

(vili) If k ¢ D, then k € T\ Tp and (2.33) holds.

(ix) If k € D, then the inequality m holds.

(x) Tp CD.

(xi) If ke T\ Tp, thenni =0 and k ¢ N.

Proof To prove part (i), let k € A/, in which case we have that the conditions in Step |§| held true. This
could occur only if 7p > 0, or if in we had 7} > wn(ﬂ,]:fl) > 0 or vy > kywop®™. Thus, to prove
that k € A implies 7}, > 0, all that remains is to investigate the case when vy > k. vE™*. Since vji*™ > 0
by construction, this inequality implies vy > 0. If m}) = 0 (which, since vy > 0, implies x}, = 0), then
the algorithm would have terminated in Step [§] with an infeasible stationary point. Thus, we may again
conclude that 77 > 0, which establishes this strict inequality for all £ € M. In turn, by and the
fact that vy > 0 when #;, > 0, we must have xj > 0 for all £ € M. Now, since 7} > 0, it follows that
—P2J(xy, si) T e(xp, si,) is a direction of strict decrease for m? at n = 0, from which it follows by that
mj(0) —mj(ny) > 0. In turn, implies the remainder of part (i).

Part (ii) follows since if ny # 0, then the conditions in Step |§| must have held (or else the algorithm
would have set ny, < 0), in which case k € N.

Next, we prove part (iii). If k € T, then it follows from Steps ! of the algorithm that after the
computation of y; (and all dependent quantities) both and ([2.24b)) did not hold (implying that
7r£ > 0), but did. Combining and the fact that 7r,]: > 0 yields Vmi(nk)Trk > mx(w,]:)Q >0

(as desired), which implies that 7 is a direction of strict ascent for m{ at ng. Combining this fact

with (2.26)/(2.31) and (2.27)/(2.32) yields m£ (ng) — mi(nk +t7) > 0, as desired.
Building on the proof of part (iii), we next prove part (iv). If we have k € T\ 7o, then we may combine

mi(nk) - mi(nk +t7) > 0 with (2.28a])/(2.334) to conclude that t; # 0 and mi(nk) - mi(nk +1t) >0, as
desired. (Since k ¢ To, this tangential step was not reset to zero, so we have maintained ¢, # 0 in Step )

Finally, if k € Tp, it follows from Steps that (2.19) holds, but that the algorithm reset ¢; < 0.
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To prove part (v), we first note that if ¢; # 0, then a tangential step was computed and thus k € T.
Moreover, since t; # 0, we know that k ¢ 7o, which means k € T \ 7o, as desired.

We now prove part (vi). If np, = ¢, = 0, then dy, = 0 and we have k € Y by the definition of Y; this
proves one direction. For the other direction, in order to derive a contradiction, suppose that k € Y (so
that dj, = ny + ¢, = 0), but that ny # 0 and/or t; # 0. Indeed, since ny + ¢, = 0, we must have nj # 0
and ty, # 0. It then follows from parts (ii) and (v) that k € Y NN N (T \ To). Consequently, from part (i)
we have that m}(0) > mj/(ng). This fact and the equation nj + ¢, = 0 imply that must not be
satisfied. However, according to Stepsof the algorithm, since k¥ € A" we compute t;, to satisfy ,
a contradiction.

To prove part (vii), suppose k € Y. It follows from part (vi) that ng = ¢, = 0 so that holds
(which means k € D, as desired), and then from part (i) that k£ ¢ A. Hence, from Step |§| of the algorithm,
it follows that must be violated. Moreover, since n;, = 0, we also know that holds and thus an
oblique projected gradient r; was computed (as stipulated in Step to satisfy at least one of ,
(2.24b)) and (2.24c)). In fact, under the conditions of this lemma, it follows that must not have held,
so we know that either (2.24b)) or (2.24c) is satisfied as a result of this calculation. Suppose that
holds so that the algorithm would have proceeded to compute a tangential step and k € T. If k& ¢ To, then it
would follow from part (iv) that ¢; # 0, which by part (vi) contradicts the fact that k € Y. Thus, we must
have k € 7o, i.e., we reset t; < 0 because the computed tangential step satisfied (2.29), but not (2.30).
This is a contradiction because (2.30) would have been satisfied trivially since nj; = 0. Thus (2.24c) must
not hold, which implies that (2.24b)) must hold. Since we have shown that holds an does
not hold, we conclude that w,{ <wi(my) < wy (w”(ﬂlffl)) < Hwﬁ;f,l’ where we have used the monotonicity
of wy and .

To establish part (viii), let k ¢ D. It follows from part (vii) that k ¢ Y. Now, suppose that t; = 0.
Combining this with the fact that k¥ ¢ Y implies from part (vi) that nj # 0, which may then be combined
with part (ii) to deduce that k € A. This fact along with part (i) and the fact that ¢, = 0 implies that
mp(ng, + i) < kemp(0) + (1 — ke)mjp(ng) (c.f., (2.28d), and hence k € D, which is a contradiction.
Therefore, we must have ¢, # 0, which from part (v) implies that ¥ € T \ 7o and that the computed
tangential step was not reset to zero. Thus, t; satisfies either (2.28) or (2.33). In fact, since k ¢ D so
that is not satisfied, we conclude that k ¢ 7p and (2.33) must be satisfied.

To prove part (ix), suppose k € D so that (2.28d)) holds. It follows that

Amp? = m}(0) = mj (dy)
mj(0) = reami (0) — (1 = Keg)mi ()
(1 = fieg) (Mg (0) = mii(nk)) = (1 = k) Amy ™, (2.57)

%

which, since k.4 € (0,1 — k], means that the inequality in holds, as desired.

To prove (x), let k € Tp. It follows that a relaxed SQP tangential step t; was computed to satisfy ([2.28)).
Thus, if ¢; is not reset to zero, we know that holds. However, if t;, was reset to zero, then (2.28d
holds trivially when n; = 0 and from parts (i) and (ii) when nj # 0. We have shown in all cases that (2.28d
holds, and therefore k € D.

Finally, to prove part (xi), let k € 7\ Tp. By Steps of the algorithm, it follows that holds
and k ¢ N for all k € T\ Tp. It then follows from part (ii) that ng = 0. O

2.6 Well-posedness

The purpose of this section is to prove that Algorithm [1] is well-posed in the sense that if iteration k is
reached, then in a reasonable implementation of the algorithm, all computations within iteration k will
terminate finitely. Our first result shows important consequences of the slack reset procedure.



16 F. E. Curtis, N. I. M. Gould, D. P. Robinson, Ph. L. Toint

Lemma 2.7 The slack reset (2.38]) and (2.49)) in Steps and yields sy, such that (zy, sx) satisfies s > 0
and c(zg, si) > 0.

Proof The fact that s;, > 0 follows from the choice sg > 0, the fact that the slack reset and ([2.49) only
possibly increases the slack variables (as shown in ), and the fact that the fraction-to-the-boundary
rules in (2.11) and (2.28b))/(2.33b]) hold when normal and tangential steps are computed.

We now prove that c(zy,s;) > 0 holds. Prior to the slack reset performed in Steps and if
[e(zk, sg)]i > 0, then and leave [sg]; unchanged so that [c(zg, sk)]; > O still holds. Otherwise,
if [c(xg, sk)]i < 0, then after the slack reset @ and we have that [c(zy)+sg]; = 0, which completes
the proof. O

Next, we prove that the Cauchy step for the normal step subproblem is well-defined.
Lemma 2.8 Ifk € N, then the Cauchy step nj, defined by (2.9)—(2.10)) is computed and satisfies
mp(0) — my(ng) > k"X, min {7y, 05, 1 — Kmn } >0, (2.58)

where 1
Ry = € (0,1].

(1 17 Cors 58) Pl

Proof Since k € N, we may observe from part (i) of Lemmathat 7, > 0 and xj > 0, and hence vy > 0.
We now show that nj,(«) (recall (2.9)) is feasible for (2.10) during any iteration k € N" when

1 .
0<a< ﬁ mln{(ﬁ};,mnﬂ};, (1- K/fbn)} =: ag. (2.59)

Indeed, consider any « € [0, ag]. It then follows from the definitions of nj,(«) and 7}, that
1Pg g (@)l2 = [P (2r, s) e(wr, si)ll2 = amp < min{6y, mary}.
It also follows from the definitions of ng*(«) and Lemma that
[=ni*(@)]i = alSklfile(zr, s0))i < alsilill Ped (g, s) Te(wn, sp)12
= anp[sk)i < (1 — Kewn)[sg)i fori=1,2,... M,

which implies that s, 4+ nj,*(a) > kwask. Overall, nj(a) is feasible for problem (2.5) for all a € [0, as].
Now, observe that the minimizer ay defined by (2.10)) yields m}(ng) = mj(ng(ax)) < my(ng(a)) for
all @ € [0, ap]. It then follows from [3, Lemma 1] with the quantities

“4 = ag, “ad = 2\|J(mk,sk)PkQJ(xk,sk)Tc(xk,sk)H%, “p = 2(77%)2 >0,
the fact that
“a” < 2| (xk, 51) P31 P (2, s1) " e(n, 5113 = 201 (2, s1) Pll3 (1)

and the definition of 7} that

(i (0))” = (b ())? > 07 min { 2|

1 57 11—k
> 9 v Qmin Yk . fbn
z (i) {HJ(Ik,Sk)PkH? T e T

m

= 27 min { s Oy KTy 1 — lifbn}

1+ ||J(zk, sk) P ll3
T

L+ ||J(zk, s) Pell3’

= 2uLX7 min{ op, 1 — ben} >0, (2.60)
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where we have used the facts that 1 4 ||J(zy,s,)Pkll3 > 1 and k., > 1 to derive the last equality. Hence,
mp(ny) < mi(0), and therefore

Ml (0) — m (n) = (m(0)* = (mi(ng))* (g (0)? = (mi(ng)* _ (mg(0))* — (mi(ng))*

"tk my(0) + my(ng) 2m¥ (0) 20y,
The result follows from this inequality, (2.60), and the fact that 1+ ||.J(z, sx) Px |3 > 1. O

Next we establish the remaining claims made in (2.2)). (We remark that certain bounds established in
the proof of this lemma are specified in more detail in Lemma m)

Lemma 2.9 The slack reset (2.38) and (2.49)) in Steps and yields si, such that the pair (xy, sg) satisfies

v S vp™ and, at the end of iteration k, we have vp'yy < v,

Proof Our proof is by induction. We have vg < vg** by the initialization of vg***. Now suppose that v; < vj***
for i =0,...,k—1for kK > 1, and in particular that vi_; < vj®} at the start of the (k — 1)-st iteration.
The slack reset in Steps [39) and [41f cannot increase the constraint violation (recall ), so vp_1 < Uy
holds following the slack reset. It is also clear from and that for k — 1 € Y U F the inequality
v < vp™ continues to hold at the start of iteration k. Hence, it remains to consider k—1 e V. If pf_; <m
or (with % replaced by k — 1) does not hold, then the step is rejected, so v, < vjp** holds at the start
of iteration k as a consequence of and . Otherwise, it follows from Lemma and
that AmZiil > 0 and thus v, < vg_ from pj_; > n, , and . Since ki € (0,1) in ,
this implies

v < Uk + Ko (Uk—l —vg) < vy < UvpMy (2.61)

and hence from (2.51) we have vp** < v*. Combining (2.51) and (2.61), we have that vi™ > v +

max .,

K2 (vk,l — vg) > vg. Thus, in all cases, we have v, < v3"**; the induction is complete.

To establish that vy} < vp™, note that if k ¢ V, then vp{") < v, so all that remains is to consider
k € V. Observing , we see again that vp'{] < vp™ if either is violated or pj < 1. By contrast,
if holds and pj, > 71, then we must have nj # 0 and from part (ii) of Lemma that k € N.
Moreover, it follows from (2.48)), [2.47), ([2.46), (2.12) and Lemma as above that vy < v. Thus,
if the maximum value in (2.51) is the second term, it follows that v < v, < vp™. Otherwise, if the
maximum value in is the first term, then v} < vp™ trivially follows since iy € (0, 1). O

Next, we show that the computation of the least-squares multipliers y;—along with the accompanying
quantities 7y, w,{ , and Xi—is well-defined. We prove this result under the following reasonable assumption.

Assumption 2.1 If (2.19) holds and the iterative solver employed to solve (2.21) is allowed to run for an
infinite number of iterations, then it produces a bounded sequence {y(l)} with 4% = 0 such that

lim V£ (@) = 0. (2.62)
71— 00

Lemma 2.10 If (2.19) holds and {y(i)} is produced by an iterative solver employed to solve (2.21)) that satisfies
Assumption then for some (finite) index i the vector yj, < y(i) yields Ty, 7r£, and X£ satisfying ([2.24a)),

[@:2410), or [2-24d).

Proof For the purpose of deriving a contradiction, suppose that the iterative solver applied to solve (2.21])
runs for an infinite number of iterations without satisfying (2.24a)), (2.24b)), or (2.24c). Under Assump-
tion the sequence {y(’)} is bounded, so with (2.62)) we have that it has a limit point y*° satisfying

0= VYmi (y™) = J(@x, 56)rk(y™)- (2.63)
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Suppose 7r£ (y>°) = 0. If vy < ey, then this implies that there exists some smallest index 4 such that

with y, < y(i) condition will be satisfied, which is a contradiction. Otherwise, if vi > €,, then
Xy > 0 or else Algorithmwould have terminated in Step Since this implies that 7}, > 0 (recall vy > €y),
it follows from 7r£ (y*°) = 0 that there exists a smallest index i such that with y; < y(i) condition
will be satisfied, which is a contradiction. We have shown that 7r£ (y*°) > 0, which combined with
and

Vmi(nk) = Pk_2rk(yoo) — J(mk,sk)TyOO

shows that

() = T ) ()T (PP (6>) = (o se)Ty™) _ (r07)?
* f (4°) il (y>°) il (y>°)

m(y™).  (2.64)

If Vm£(0) = 0, then we have with (2.64) that y; + y®) = 0 satisfies (2.24c)), which is a contradiction.
By contrast, if Vin£ (0) # 0, then since x, € (0,1) we have from (2.64) and (2.62) that there is a smallest
index i for which y;, < 3 satisfies condition (2.24d), which is another contradiction.

We have arrived at a contradiction in all cases, so the iterative solver must terminate finitely. O

We now give a bound on the decrease in our barrier model provided by the Cauchy step tf;.

Lemma 2.11 If k € T, then the Cauchy step ti, defined by (2.26)-(2.27) or (2.31)-(2.32)) is computed and

satisfies

mi (ng,) — m] (ng, + ) > it wf min {7,{, (1 - kg)oL, (1 — mﬂ,t)mbn} >0,

where
2

= X €(0,1/2).
S0 RGP < OV

ct
RE -

Proof We first consider the case when k € Tp, i.e., when the Cauchy step t§ is computed from (2.26)—(2.27)
with the trust region radius 6!, = min{é”,ég} (see (2.56))). It follows from part (iii) of Lemma [2.6| that
xi > nxw]{ > 0 so that Vmi(nk)Trk > /@X(ﬂ,f)Q > 0. We now show that ¢ (a) (recall ([2.26)) is feasible for

o —

(2.27)) during iteration k € Tp when

0 S [0} S min {(1 — KZB)(SE., (1 — K/fbt)fﬂ]fbn} =:QaB.

3
E R

Indeed, consider any « € [0, ag]. It follows from the definitions of ¢ (a), 7, and ap that
|2 R (@)ll2 = 1P arillz = ol P il = am] < (1— k)3 (2.65)
Using the triangle inequality, (which must hold since k € Tp C T), , and , we then have
1Py " (ng + () ll2 < 1Py M rgllz + 1Py M5 (@) |12 < medh + (1 — ke)ok < 8k = min{d}, 6]}, (2.66)

which shows that ¢ («) satisfies the first constraint in problem (2.27)). To show that ¢}°(«) also satisfies the
second constraint in problem (2.27)), first observe that if [t} (a)]; = [—ari]; > 0, then [sg +nf +t7°(a)]; >
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[sk +njli > Kmel[sk +n3]i >0 smce /-@fbt (0 1). Thus it suffices to consider i such that [rj]; > 0. It follows
from the definitions of ag and wk, , the fact that [r{]; > 0, Lemma | and (2.11) that

o< om < (1 — Klfbt)lﬁfbn (1 - H/fbt)Kffbn
= B >

wf I S b
< (1 — /ffbt)fffbn _ (1 — Hfbt)fifbn[sk]i < (1 — ’ffbt)[sk + nz}l
= [rgli/ Skl [ri)i - [rili

Using the definition of ¢t;*(a) and the previous inequality leads to

(=" (@)]i = alri]i < (1 — k) sk + nili

from which we may conclude overall that [sj +nj +t§q(a)] > kme[sp +nyl; fori =1,2,..., M. This proves
that t7°(a) satisfies the second constraint in problem ([2.27), and completes the proof that ti(a) is feasible
for problem for all a € [0, as].

We now observe that the minimizer o of yields mg(nk +t5) = mi(nk +t5 (af)) < mﬁ(nk +t5 (o))
for all a € [0, as]. We also have from the Cauchy-Schwarz and standard norm inequalities that

T T
Pk G| = ’(Vmi(nk) +J (e se) yk) PRGRPE (Vm (i) + J (ze, 56) ") ’ < (7))’ |IPeGi Pill2-
It then follows from [3| Lemma 1] with the quantities
“ = ap, “a’ = \rgGkrkL 7= Vmi(nk)Trk >0,

(the strict inequality was shown earlier in this proof) that

“b?’ . “b” »
m,(ng) = mf (g +17) > 3 mm{ gt }

Vm£ (nk)TTk min Vm£ (nk)Trk (1- K-/B)(sltg (1 — Keve) Ko
2 (D21 PGPyl m

v

A/ Vi
— M min{ ( M (nk) Tk , (1 — 53)5]2, (1 - Hfbt)ﬁfbn}
T
k

2n] L1+ |1 PG Pgl2)
f f
Xk . Xk t
=Zk s (1= 68)05, (1 = Kot ) Fron
2 mm{(HHPkaPua) (1= o)l (1= o )}
Hiﬂi

i f t
= ’ 1- 4 ) 1- n} )
B 2(1 + HPk:GkPkH2) — {ﬂ-k ( HB) k ( K/fbt)K/fb

where we have used 1+ ||P,GyPyll2 > 1 and Xk > .‘iX’/T]]; with &, € (0, 1) for the last inequality

The proof for the case k € T\ Tp is similar, but uses 6k = min{dy, 5k e instead of ([2.26 -7
instead of (2:27), and (by Lemma Xl)) the fact that ng =0 for k € T\ ’TD

Finally, we turn our attention to the tangential step computation. The following result shows one way
to find a tangential step t;, that satisfies the required conditions described in Section [2-3]

Lemma 2.12 If ([2.19) holds and {yV} is produced by an iterative solver employed to solve (2.21) that satisfies
Assumptz’on then for some (finite) index i the vector yi < y(l) yields ri, such that either

(1) the Cauchy point ty, defined by (2.26)(2.27) satisfies (2.28), or
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(i) the Cauchy point ty, defined by (2.31)—(2.32) satisfies (2.33).

Proof As in the proof of Lemma [2.10} in order to derive contradictions, suppose that the iterative solver
employed to solve runs for an infinite number of iterations without yielding the desired result, in
which case we have under Assumption that the sequence {y(i)} has a limit point y°° satisfying .
That is, as i — 0o, we have ri(y?) — 74 (y>) € Null(J(z, s,)). We introduce the notation {7 (i) := t{
when ¢} is the Cauchy point defined by f with rp = rk(y(i)) associated with the relaxed SQP
tangential subproblem, and t{*(i) := tj, when ¢, is the Cauchy point defined by (2.31)-(2.32) with r, =
re(y?) associated with the very relaxed SQP tangential subproblem. We observe from (2.26) and ,
the constraints of and (2:32), and the fact that rj(y>°) € Null(J(zy, sj)) that there exist vectors
77 (00) and t(oco) such that tg" (i) — t5"(c0) € Null(J(zg, s)) and t77 (i) — ¥ (c0) € Null(J (zg, sk))-

By definition, the Cauchy point t3"(i) satisfies — for all i. Similarly, the Cauchy point
iy (i) satisfies (2.33a)—(2.33c) for all i. Thus, to reach contradictions, we need only show that for sufficiently
large i either ¢ (i) satisfies (2.28d]) or ¢;* satisfies .

Suppose that ny # 0, in which case part (ii) of Lemma implies that k¥ € N. It then follows from
part (i) of Lemma that my(nx) < mj(0), and thus the right-hand side of is strictly greater
than my (ng). Therefore, since t;*(o0) € Null(J(zg, si)), there exists some smallest index ¢ such that t;"(4)
satisfies , which is to say that statement (i) holds, which is a contradiction.

Now suppose that ny = 0, in which case part (i) of Lemma implies that k ¢ A. By virtue of ,
this must mean that vy < k. op®*. It follows from the facts that ny = 0, vy < KwWVp™, ki € (Kuv, 1), and
15 (i) =t (00) € Null(J(zg, s)) that t;¥ (i) satisfies for all sufficiently large i. We have reached
the contradiction that statement (ii) holds. O

3 Convergence of the Trust-Funnel Algorithm for Solving the Barrier Subproblem

Our analysis requires the following assumption that is assumed to hold for the remainder of the paper.
Assumption 3.1 The sequence of iterates {x} is contained in a compact set.

The following is an immediate consequence of Assumptions and

Lemma 3.1 There exists a constant kg > 1 such that we have

max {1, lg(zr)llz, llc(zr)llz, | (zr)ll2, | Veaf (k)25 |nax ||szci($k)“2} < Ku.

We may now prove that important sequences related to our method are uniformly bounded.

Lemma 3.2 There exists a constant Kk, > ku such that we have
T T
r]?gé({ﬂkvﬂsk”% [T (2, 5%) " (@, sp) |12, 7o, || P (21, 51) ||2’XZ7||PkaPkH27I\Pka(lfk,Sk)sz} < Kup.

Proof The result is clearly true if the algorithm terminates finitely. Otherwise, it follows from Lemma [2.9]
that vy, < vp™ < g™ for all k, which proves that {vx} can be bounded as claimed. Combining this with
the reverse triangle inequality yields

Iskllz = lle(@r)ll2 < lle(zr) + skl = lle(zy, sp)ll2 < v5™* for all k.

We may deduce from this bound and Lemma [3.1] that {||s 2} can be bounded as claimed. It then follows
from the triangle inequality that
el
) c(xg, sk)

1 (2, s1) " e(zg, 1) |2 <

)

0 2

(J(Ik)TC(J% Sk))
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which may then be combined with the Cauchy-Schwarz inequality, Lemma and the boundedness
of {vy} to conclude that {||J(zg,sp) c(zk, si)]2} can be bounded as claimed. The boundedness of {n}}
follows from that of {||sy |2} and {||J(zx, si)Te(@k, si)||2}- It then follows from the boundedness of {||sy||2}
and, by Lemma that of {||J(x)|2} that {||PyJ(zy,sk)T |l2} can be bounded as claimed. This, along
with the Cauchy-Schwarz inequality, implies that {x}} can be bounded as claimed. The boundedness of

| PG Py||2 follows from the boundedness of {||sg|l2}, (2.16)), (2.17), Assumptions and [3.1} and (2.18).
Finally, it follows from Lemma and the fact that P, Vf(zg, si) = (9(zx), —pe) that {||PxVf(zk, sk)ll2}

can be bounded as claimed. 0

Using Lemma|[3.2] we may now improve the Cauchy decrease bounds provided in Lemmas[2.8 and
by making the leading constants independent of the iteration number k.

Lemma 3.3 For all k, the following hold:
(i) Ifk € N, then the Cauchy step ny, defined by (2.9)-(2.10) is computed and satisfies
mi(0) —mi(ng) > Keaxj min{my, 6,1 — Kau} > 0

for some constant ke, € (0,1] independent of k.

(ii) Ifk € T, then the Cauchy step ti defined by ([2.26)-(2.27) or (2.31)-(2.32) is computed and satisfies

mi(nk) — mi(nk +1t7) > Hcml{ min{ﬂ'l{7 (1- HB)(SItc, (1 = Kmt)Kmnt >0
for some constant k., € (07 1/2] independent of k.
Proof The results follow from Lemmas and along with Lemma [3.2 O
We require the next lemma that bounds the size of the trial step in different scenarios.

Lemma 3.4 If Algom'thm does not terminate during iteration k, then the following holds:

= ||P; 'ngll2 < min{d}, kum) ifke¢T,
1P tdill2 = 1Py M ngll2 < min{sy, 6f, wamf}  if k € To,
<y, ifkeT\To.

In particular, for all k, we have HPEldng < 87

Proof Let k ¢ T, from which we have that t; < 0 and dy = nj. If ny = 0, then the result holds trivially.

Conversely, if ny # 0, then part (ii) of Lemma implies that k € N and the result follows from (2.11]).
Next, let k € T. First, if k € 7o, then it follows from part (iv) of Lemma that ¢ = 0 and ([2.19)

holds. Combining this with dy = ny + ¢, = ng, (2.11)), and the fact that ks € (0,1) shows that
1Py dyll2 = | Py rgll2 < min{we min{6y, 673, 6, mamp} < min{6p, 87, kump},

as desired. Second, if k € Tp \ 7o, then the result follows from (2.28c]) and the definition (2.56). Third, if
k € T\ Tp, then the result follows from (2.33c)) and the definition ([2.56). O

We now bound the discrepancies between the problem functions and their corresponding models.
Lemma 3.5 The following hold:

(i) There exists a constant ke > 0 independent of k such that

\f(xr, + df, g, + di) — mf (di)| < Kl Py Mdi |3 for all k. (3.1)
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(ii) There exists a constant ke > 0 independent of k such that
o+ df, 55+ i) — mi(de)| < wol P dgll3 for all k. (3:2)
Proof We first prove part (i). By the triangle inequality, we have

\f (g, + dF, sp + di) — m (dy))|
< | fan 4 df) = fan) = V() df — AdETV gl (2, R ) di |

(3.3)
M M
+ | =n > (s + dida) + 1Y In([sgls) + pe” S My — Sdi T Dydi .
i=1 i=1
Under Assumptions and [3.1} and by (2.17)), there exists a constant xg: > 0 such that
T
|f @k +di) = flan) = VF@r) i = 3di" Vaal (@, yR)di] < roulldi]3. (3.4)

Moreover, note that for each ¢ € {1,..., M}, we have by (2.11) and (2.28b)/(2.33b) that [sg]; + [d}]; >
Keskmn[Sk]; > 0 for all k regardless of whether a tangential step ¢, was computed. The Mean Value
Theorem yields ln([sk]i + [di]l) — ln[sk]i = [dZ]l/fl, where &; lies between [sk]i and [Sk]i —+ [dZ]i. Hence

< sup [di)i  [di]i
eellsnlolseli+ldglil | & [skli

- e () < 2 (1)

where in the middle equation we have used the fact that the sup occurs at & = [sg]; + [d}];- Hence, by
(2.18]) and Lemma we have that

In([si]s + [di]s) — In[sp]; — Et

M M
—p > (s + i) + 1Y In([sili) + pe” S i — ST Dy,
i=1

i=1

(3.5)
1

" KebtRibn

AT (S 2)di + S1dy " Dydy| < kel Sy i3

where ra: = p/kmiknn + skopko > 0. The result now follows from (3.3)-(3-5), and Lemma with
Kg = Kg1 T+ Kaa-
We now prove part (ii). By Lemma Taylor’s expansion theorem yields

c(xy, + df, s + di) = c(ak, s1.) + J(@h, s5)dg +wy, where [wy]; = Ldi Vaei (1) dE

for some scalars & € [zg, zx + df]. As a consequence, we obtain with the reverse triangle inequality that
there exists a constant k¢ > 0 so that
[v(zy + di, sk + di.) — mi(di)| = |llc(zx + di, s+ di)ll2 — lle(zg, sk) + I (zg, sx)dk 12

2 —1 2
< llwgllz < selldill2 < rellPy dill2,

where we have used Lemma and the Cauchy-Schwarz inequality. The desired result follows. O

max

We now prove an important fact about v-iterations; namely, if £ € V and the trust region radii or v}
are sufficiently small, then k € D.
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Lemma 3.6 IfkcV and
. . 1 — k)
51) 5f ; maxy - ( tt —. )
min{dy, 0y, kg } < Thom. v (3.6)

then k € D.

Proof For a proof by contradiction, suppose that (3.6) holds while £ € V \ D. We show that all of the
conditions of an f-iteration are satisfied, implying that k € F, contradicting the supposition that k£ € V.
Since k ¢ D, we have from part (viii) of Lemma that k € T\ Tp and holds. Then, since
To C Tp, it follows that k € T \ 7o, so by part (iv) of Lemma we have t;, # 0. Moreover, k € T \ To
implies by Lemma that HP,;ldng < 6!, which along with the fact that k € 7\ 7p and implies

1P gl < min{op, 6, movp™} < mof™. (3.7)
Combining this fact with (3.2)), the reverse triangle inequality, (2.33d)), 7 and (3.6]), we have that
v(z + di, s+ diy) < Keevp™ + IicHPI;ldkH% < RV ™ + Kokl min{é}é,é,{, Kovp ™} <op™

so ([2.35) holds. We have also argued (see the discussion after equation (2.35))) that (2.30)) holds whenever
(2.3 )

3)) is satisfied. Thus, all of the conditions of an f-iteration are satisfied, so the result follows. O

Lemmas and have the following useful consequence.
Lemma 3.7 There exists a constant Knas € (0, 1] such that, if k €V and
min{§}, 6,{} < min{l, Ky, knaamg }, (3.8)
then k € N ND.
Proof We first note that, by Lemma we have x} < ku, for all k. Then, with

. Ry
Knaz = min {1, } >0, (3.9)
Rub
we have with Lemma [2.9] that
KnasT) = KnazXhVUk < FnazkuapU < KoV < KyOp ™. (3.10)

Let k € V and (3.8]) hold. Then, along with (3.10) we have that
min{sp, 57, r,op™} = min{sy, 67} < .

Then, by Lemma we have k € D (as desired), so k € VN D. Now, in order to derive a contradiction to
the claim that k € N, suppose that k € (VN D)\ N. Since k ¢ N, we have from part (ii) of Lemma
that ng = 0 (so that holds). Then, since k € V, we must have ¢, # 0 (since otherwise part (vi) of
Lemmawould imply that k € Y, which is a contradiction). Thus, we have that k € T\ 7. At the same
time, k¥ ¢ N implies that does not hold, so vy < Ko™ < Keevp™. This bound, , the reverse
triangle inequality, , the fact that ny =0, Lemma the fact that k € 7\ 7o, Lemma 7
(3.10) and imply

v(xg + di, sp + di) < ki ™™ + ke (min{dg, 6,{})2 < K V™ + Kok vl min{dy, 5,{},
which, when combined with (3.8) and (3.6)), yields
vz +di, s+ di) < Bavp™ + (1 — ke )vp™™ = o™

so that (2.35) holds. Combining this with the fact that ¢; # 0 and the observation that (2.30]) holds, shows
that k € F, which is a contradiction. Thus, we must conclude that k € N. m]
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We now prove a relationship between the trust-region radii and a guarantee of a successful iteration.

Lemma 3.8 The following hold:
(i) If k € F and

f f
. 1 — Ktoe)Bton T Kskee (1 — k) (1 —n2)7 .
52 < mln{( 1:b';l b 7171;]37 she ( ;3(3( )7 } —. mln{nAn,fiAsz/{} (3.11)
then pl > n2, k € Sy, and 61, > &7
P 272, B € Of, and 0p y 2 Op .
(ii) If k €V and
cdFenX (1l — .
dp < min {/{V, 1 — Ktony KnazTh, %(7]2), } =:min{kac1, KacaTh, Kacs X Is (3.12)
C

then k € NND NSy, p, > n2, and 6 > 6}

Proof For part (i), the proof that p£ > 12, which implies that k € Sy, is the same as for [5 heorem 6.4.2]

and uses , (which holds since k € F), (2.284] 28 33 2.33al), part (ii) of Lemma , ,
the fact that t, # O and Lemma The fact that 5 > hen follows from and -

To prove part (11), we first observe from (3.12) that 7r,C > O and X7 > 0 since 5k > 0 by construction in
the algorithm. Moreover, and Lemma imply that ¥ € N N'D. We now conclude from part (ix) of

Lemma [2.6| that (2.46) holds. Thus, using (3.2), Lemma [3.4] (2.46), (2.12), and Lemma [3.3(i), we have

vk +di, s+ dj) —mi(di) | _ | _re(83)” Ko (6%)?
Amz d - K./cdHCnXZ IIliIl{ﬂ'Z7 5};, 1- /ifbn} ’

lpk — 1] =

In fact, we have from (3.12) and the fact that k.. € (0,1] that 6}, < min{r},d;,1 — kpn} and

/605%

p— 1] < <1-—mno.
lpp — 1] < Foatioxd LT
Thus, p; > n2 > n1, which means that k € Sy and, by (2.50), é;,, > 7, as desired. O

We now provide a uniform lower bound on the tangential trust-region radius when our criticality
measure w,{ is bounded away from zero on f-iterates.

Lemma 3.9 If there exists a constant ey > 0 such that

wl > e forallk € F, (3.13)
then, for some constant ex > 0, we have

5 > ex for all k. (3.14)
Proof The statement follows from part (i) of Lemma [3.8] (2.56)), the fact that 7 C 7 \ 7o, and the fact
that 5k+1e5£ for k ¢ F. O

Lemma 3.10 There exist constants {Kaca, Kacs, kacs} C (0,1) such that
57 > min {/{AC4, KacsTh fiAcﬁxz} for all k. (3.15)
Moreover, if there exists a constant eg > 0 such that
min{vg, X4} > €g for allk €V, (3.16)

then
57 > min {KAC4,I€AC563,I€AC660} =:ec for all k. (3.17)
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Proof With 1 € (0,1) defined for (2.42)), we prove by induction that
0p > 1 min{00, Kact, KsvoThs Kac2Thy KacsXh ) for all k. (3.18)

This inequality holds trivially for k¥ = 0, so supposing that it holds for iteration k, we prove that it holds for
iteration k 4 1. First, suppose that k € Y U (F\ Sy). Since 6}, < 0y and (zp41, Sk41)  (zy, s) for such
iterations, we conclude that holds at iteration k£ + 1. Second, if k € Sy US,, then , 7 and
the fact that v1 € (0,1) ensure that holds at iteration k+ 1. Finally, suppose that k € V\ Sy. In this
case, Lemma ii) implies that 6, > min{xac1, Kac2m}, KacsXy}- This may then be combined with ([2.53

and the fact that (zgy1,s541) ¢ (zk, si) to deduce that 67 ; > y1 min{kac1, ka2, KacsX)} so that (3.18

again holds at iteration k+ 1. We therefore obtain that ([3.15) holds for all k with kacs := v1 min{dy, Kac1 },

Kacs := Y1 MIN{Ksp0, facz} and Kaes := Y1Kacs. The bound (3.17)) then directly follows from ([3.15)), ,
(2.7), and the observation that §; is never decreased for k € Y U F.

We now give our first main result, namely that if there are finitely many successful iterations, then
Algorithm [1] terminates finitely.

Theorem 3.11 If|S| < oo, then Algorithm[I] terminates finitely.

Proof To derive a contradiction, suppose that Algorithm [I]does not terminate finitely. It then follows from
the fact that |S| < oo, (2.34), [2.41), @.44), (2.52), and ([@2.54) that for some z. € RV, s. € RM and
{vs, 03, ¢, x5} C R there exists an integer ks such that

(T, 51) = (Tx,84), vk = v, VB =08, 7p =7y, Xh = Xe, and k ¢ S for all k > ks. (3.19)

Also, the fact that |S| < co and Lemma ensure that s, > 0.

First, we prove that |V| < co. In order to derive a contradiction, suppose that [V| = co. Then, by
(in particular, the fact that k ¢ S for k > ks), it follows that (2.53) sets Opy1 < 20y for all k € V with
k > ks. Combining this with the fact that (2.34) and ([2.43)) set 65, < dp, for all k € YU F with k > ks, it
follows that {67} — 0. We also have from part (ii) of Lemma and the facts that |V| = co and |S| < oo
that we must have 0 = limyecy min{ny, x3} = limgey min{xp vk, xz} = min{xiv«, x4 }. If v« > 0, then this
implies that xi = 0. However, this implies that for k = ks the algorithm would terminate finitely in Step
which contradicts the supposition of the proof. Thus, we must have that v« = 0. Since v« = 0, it follows
from the conditions of Step |§| that ng = 0 for all £k > ks. This implies that will be satisfied for all
k > ks, which in turn implies by Step of the algorithm that y, rg, 7r£7 and X£ will be computed to
satisfy (2.24a)), (2.24b), or (2.24d). If (2.24a]) were to hold, then the algorithm would terminate finitely,
which is a contradiction. Thus, we know that (2.24a)) does not hold for all & > ks, which combined with
the fact that v« = 0 implies that 7r£ > ex > 0 for all k > ks. It follows from this fact, part (i) of Lemma
the fact that {6;} — O, , Lemma and the fact that |S| < oo that we must have |F| < co. Next,
it follows from the facts that v« =0 and {67} — 0, Lemma and that will be satisfied for
all sufficiently large k. We may also deduce from the fact that ny = 0 for all k¥ > ks that holds for
all £ > ks. Since we have shown that |F| < co and that both and hold for sufficiently large k,
we may conclude that t;, = 0 for all sufficiently large k. Therefore, since we have shown that ny =t =0
for all sufficiently large k, we have from part (vi) of Lemma that k € Y for all sufficiently large &,
which combined with part (vii) of Lemma implies that {ﬂ,{} — 0. However, this contradicts our earlier
conclusion that 7r£ > ex > 0 for all £ > ks. Overall, we have contradicted the supposition that |V| = occ.

Next, suppose that |F| < co. Combining this with the fact that |V| < co ensures that k € Y for all
sufficiently large k. It follows from this fact and part (vii) of Lemma that {’iT]]; } — 0, and that y;,
Ths 7r£, and Xf: will be computed to satisfy (2.24a)), (2.24b]), or (2.24c) for all sufficiently large k. During
the computation of these quantities, ([2.24a]) can never be satisfied, since in that case the algorithm would
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terminate finitely, which contradicts the supposition of the proof. Hence, since is never satisfied and
{wk} — 0, we may deduce that v« > €, > 0. It then follows that x¥ > 0 (and from ) that 73 > 0), or else
for k = ks the algorlthm would terminate in Step which is a contradiction. Thus min{xy, ¢, v«} > 0,
which with ( , the fact that {7r£ } — 0, and (2.8) implies that k € N for all sufficiently large k. Thus,
by Lemma |2 1) we have nj # 0, which by Lemma -(v1 ) contradicts our earlier conclusion that k € ).
Overall, we have proven that we cannot have |F| < oo, so we must have |F| =

Since |F| = oo, |V| < o0, and |S| < oo, we know from an ) that {5f} — 0, which when
combined with ([2.56)), the fact that 7 C 7\ 7o, and part (i) of Lemma @phes that {TFk}ke].‘ — 0. Since
(2.244), (2.24b)), or (2.24c) holds for k € F C T \ 7o, and since the algorithm does not terminate finitely,
we know that must not hold for all ¥ € 7. Combining this with the fact that {wf}kef — 0 implies
that vy > €, for all sufficiently large k& € F. Hence, since |F| = oo, it follows from that v« > €, > 0.
We then must conclude that min{v«, x{} > 0, or else for k = ks the algorithm would termmate finitely in
Step |8, which is a contradiction. Also, from x3 > 0 and , it follows that 7y > 0. Since {7rk teer — 0,
it follows that will be satisfied for all sufficiently large k € F, which implies that t;, = 0 and thus
k ¢ F, which once again is a contradiction.

Overall, in all cases, we have reached contradictions of our supposition that Algorithm [I] does not
terminate finitely, so the result is proved. O

We next prove a technical result about the violation decrease following a successful v-iteration.
Lemma 3.12 There exist constants {Kor1, Koz, Kors} C (O7 oo) such that if k € Sy, then

U1 < Uk = XE Iy r1s Byna T, Kuma Xl ), and (3.20a)

max

Vk+1 S ma’X{K/tlU;cnaxa Vg — (]- - KJEQ)X};' min{ﬁ;vﬂ-la ‘%1)#271—%7 K;v‘zrsxz}}a (320b)
while (2.29) does not hold.

Proof Let k € Sy, which by the definition of S, means that holds. In particular, we have n; # 0.
Combining this fact with part (ii) of Lemma means that k € S, NN It follows from this fact, (2.48),
(247, (2-46), (2:12), Lemma [3.3|i), Lemma (specifically (3.15))), and Lemma t there exist
constants {Kyr1, Kur2, Kors} C (0,00) such that (3.20a)) holds, which in turn implies with (2.51) that (3.20b))
holds. Note that and Lemma [2.9) imply that holds.

We now prove that does not hold. To reach a contradiction, suppose that holds, which
immediately implies that ¢y # 0. Part (iv) of Lemma then implies that k € T\ 7o, which combined with
the fact that is assumed to hold shows that holds. Thus all the conditions of an f-iteration
are satisfied so that k € F, which, since VN F = @, contradicts the fact that k € S, C V. O

We now show that if there are infinitely many iterations, then the v-criticality measure xj, converges
to zero, at least along a subsequence of iterates.

Lemma 3.13 If Algorithm[]] does not terminate finitely, then

lim min{v, xj} if |Sv| = oo,

0= { kS (3.21)
liminf min{vg, X7}  if |Sv| < 0.
keSy

Proof Lemma 2.9 shows that {v;**} is monotonically decreasing and bounded below by zero. Therefore,
if |Sy| = oo and the update 1_' sets vp?] < wavp™ infinitely often, then {v7**} — 0, which implies by
Lemmathat {vp} =0, so holds. Otherwise, if |Sy| = co and the update sets vp] > Kuavp™
for all sufficiently large k, then by Lemma“ 3.12| we have vt <wp — (1 — Kuo)XE MIN{AKyn1s Kura ), KonsXp }
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for k € Sy, which implies that {min{x}vg, x}}}kes, = {min{r},x}}}res, — 0. If there is an infinite
subsequence Ko C Sy over which {vy}x, remains bounded away from zero, then this ensures that
holds over Ko. Moreover, (3.21)) clearly holds over each subsequence of S, over which {v;} tends to zero.
Thus, we deduce that lds over the entire subsequence indexed by Sy .

It remains to consider when |Sy| < oo, in which case, by the fact that vi’?) < vy’ only when k € Sy,
there exists a constant vgs™ > 0 such that vp™ = v5g™ for all sufficiently large k. By Theorem
the conditions of this lemma, and the fact that |Sy| < oo, it follows that |S¢| = oco. Now, to derive a

contradiction, suppose that there exists a constant ¢,,;, > 0 such that

min{vg, X4} > ¢min > 0 for all sufficiently large k. (3.22)

Since |Sy| < oo, we know from (2.34) for k € Y, from (2.37) and (2.41) for k£ € F, from (2.52) for

k € V\ Sy, and the fact that the slack reset only possibly decreases the barrier function that {f(zx, sx)}
is monotonically decreasing. Moreover, it follows from Assumptions and and Lemma [3.2] that
{f(zg, sx)} is bounded below, so overall we have that {f(zx,sk)} — fiow fOr some fi,, > —oo. It follows

from this fact, the fact that |S¢| = oo, (2.36), (2.37), (2.30) (which holds for k € F), (2.28a))/(2.33a)), and
part (ii) of Lemma that limges, min{ﬂ”]]:,dltc} = 0. Suppose that for some infinite index set K1 C S¢

and scalar 7. > 0 we have 7r£ > xl

i s for all k € K. It follows that {62};66&1 — 0. However, from part
(ii) of Lemma the fact that |Sy| < 0o, and , it follows that {6} }xey is bounded away from zero.
In fact, since 8y, < d;, for k ¢ V, we conclude that {6y} (defined over all k) is bounded away from zero.
Combining this with the facts that {0} }rex, — 0 and vp™ = v > 0 for all sufficiently large k implies
that {5£}k€;c1 — 0. It then follows from Lemma that there exists an infinite index set Ko C F such
that {W]J:}k,ejcz — 0. Since K2 € F C T \ 7o, we know that (2.24a]), (2.24b)), or (2.24c) is satisfied for
all k € Ko. However, we also know that (2.24a)) cannot be satisfied since Algorithm I is assumed not to
terminate finitely. It does, however, follow from {W]J:}ke)c2 — 0 and that will be satisfied
for all sufficiently large k& € K2 so that ¢, = 0 for all sufficiently large k € Ko C F C T \ 7o, which is a
contradiction. Thus, we conclude that the set K1 cannot exist, so that limkegf 71',{ = 0. It follows from this

fact, , the definition of xj, given in , the fact that ([2.24al), (2.24Db)), or (2.24c) is satisfied for all
k € F C T\ 7o, and since the algorithm does not terminate finitely that (2.24b]) will be satisfied (and hence
tr = 0) for all sufficiently large k € F C T \ To, which again is a contradiction. Thus, our supposition that
held must be incorrect and therefore there is a subsequence K such that limyex min{vg, xi.} = 0.
Moreover, since |Sy| < oo and |Sy| = oo, we conclude that holds. O

To proceed further, we define the active and inactive slack variable sets
A(s):=={ie{l,2,...,.M} :[s]; =0} and Z(s):={1,2,...M}\ A(s) (3.23)
at s € RM, and denote these sets at a point zx by
As := A(sx) and i := Z(sx).

Lemma 3.14 If Algorithm [1] does not terminate finitely and there exists an infinite index set K such that
limgee min{vg, X3} — 0, then for an arbitrary limit point (z«,s+) of {(zk,sk)}kex @ follows that either
v(z+, 8x) = 0 so that (z«, s«) is feasible for problem , or X" (z«,s+) = 0 and z+ is an infeasible point at
which the Jacobian of active constraints J 4, (z+) has linearly dependent rows.

Proof We first partition K into two disjoint index sets, call them K; and K2, such that

li =0 and lim yL =0, 3.24
Jimg v =0 and lim xj (3.24)
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and such that vy, is bounded away from zero on 2. Any limit point (z«,s«) of the sequence {(zg, sk)}kex,
yields v(z«, s«) = 0 so that (z«,s«) is feasible for problem (NPg)), as desired.

Consider now a limit point of the sequence {(zy, sk)}rex,, call it (z«, s«). By our definition of K2 and
slack reset procedure (c.f., ), it follows that (z+«, s«) is infeasible for problem . Moreover, since
vy, is bounded away from zero on Kz, the second limit in implies

v T T T
0= lim y¥ = lim % = lim 1P (zg, )" c(@ks sk)l2 > lim o J(xp) o J(2+) 7
keks keKs Vi keKs lle(@r, si)ll2 keks Sk S,

where oymin(B) denotes the minimum singular value of a matrix B. Thus, we deduce that (J(z«) Sx) must
have a subset of linearly dependent rows. Due to the structure of this matrix, we may assume without loss
of generality that the subset does not contain row i when [s]; > 0; it only contains rows indexed by Ax,
and thus J4, (z«) has linearly dependent rows. O

We now make the following assumption throughout the rest of the paper.

Assumption 3.2 IfAlgom'thm does not terminate finitely and K is an infinite index set such that {7} }reic — O,
then for an arbitrary limit point (z«,sx) of {(zk, sk) ke it follows that Ax = 0 or J 4, (z+) has full row rank
(i.e., J(xx,s+) P with Py := diag(l, Sx) has full row rank), which implies that (z«,s«) is not an infeasible
stationary point for problem .

Our claim in this assumption—i.e., that due to full row rank of the scaled constraint Jacobian, the
property {n}}rex — O implies that the algorithm avoids infeasible stationary points over K—is formally
proved in the following lemma. This lemma represents a strengthening of Lemma [3.14]

Lemma 3.15 If Algom'thm does not terminate finitely and KC is an infinite index set such that {7} }rex — 0,
then for an arbitrary limit point (xx, sx) of {(xk, sk) trex it follows that v(wx, sx) = 0 so that (z«, sx) is feasible

for problem .
Proof Let us define the feasibility problem
minzir?ize %v(m,s)Q subject to s >0
for which we have the first-order KK'T conditions
min{s,c(z,s)} =0 and J(z)%c(x,s) = 0. (3.25)

For an arbitrary limit point (x«, s«) of {(z, sg)}rex, it follows from Lemma and {7} }rexc — O that

52 >0, c(@x,54) >0, Sec(zs,s:) =0, and J(zx)c(zs,s4) = 0. (3.26)

In particular, using the definitions in (3.23)) and (3.26]), we have
[s«]z, >0 and cz, (z+) < ez, (zx,5+) = 0; (3.27a)
[s«]Ja, =0 and cu, (zx) =ca, (zx,54) > 0. (3.27b)

Hence, from ([3.26)) and (3.27)), we have that (x«,s«) satisfies (3.25)). Now, if A, = 0, then by (3.27a) we
have that v(z«,s«) = 0 and c(z«) < 0, as desired. Otherwise, by (3.26)) and (3.27a)), we have

0= J(@x) e(@s, 55) = Ja(a) Teq(@e, 56) = T4 () e alzs).

Under Assumption we have that J4(x«) has full row rank, so the above implies that 0 = c4(z+) =
cA(Tx, 8+). Combining this with (3.27a]) again yields v(zx, s«) = 0 and c(z«) < 0, as desired. O



An Interior-Point Trust-Funnel Algorithm for Nonlinear Optimization 29

We now prove a useful fact about our employed infeasibility measures.
Lemma 3.16 For any infinite index set IC, we have

li i Xkt =0 if and only if lim 7, = 0. 3.28
klelr?C min{vg, xp } if and only if kleI?C Ly ( )

Proof First, suppose that {min{vy, x},}}rex — 0. Then, as in the proof of Lemma we can partition
K into disjoint subsets i and K2 such that holds and vy is bounded away from zero on Ks.
By Lemma it then follows that {7} }rex, — 0, and by we must also have {7} }rex, — 0.
Consequently, {7}, }rex — 0, as desired. Second, suppose that {n} }rcx — 0 and, to obtain a contradiction,
that there exists some e > 0 such that the set K¢ := {k € K : min{vg, x{} > €} is infinite. It then follows
from the definition of x} in that the infinite sequence {7} }xcik, is bounded away from zero, which is
a contradiction. Hence, {min{vg, x}}}kexc — 0, as desired. O

We now prove that if there are an infinite number of successful v-iterations, then, amongst other things,
feasibility is achieved at all limit points of the sequence of iterates computed by the algorithm.

Lemma 3.17 If [Sy| = oo, then {vi**} = 0, {vg} = 0, {7} — 0, and {ni} — 0.

Proof Since |Sy| = oo, it must be true that Algorithm [1| does not terminate finitely. This implies, for one
thing, that the result of Lemma holds true. Moreover, Lemmashows that {v;;**} is monotonically
decreasing and bounded below by zero. Then, as in the proof of Lemma we have that if the update
sets vt < mavg™ infinitely often, then {vg*} — 0 and {vx} — 0, from which it follows by
Lemma that {n}} — 0. It then follows from these facts and that {ng} — 0.

2.51)

All that remains is to consider the case when the update (| sets vp] > wkuvp ™™ for all large
k. From Lemma we have that {min{vg, x}}}res, — 0, which in turn by Lemma implies that
{7 }kes, — 0. Then, by Lemma Assumption and the boundedness of {sj} stated in Lemma E
there exists an infinite index set £ C S, such that {vg}rex — 0. We then have from Lemma @ (in
particular, (3.20D)) that {v}™}rex — 0, which means that {vp™} — 0 and hence {v;} — 0 because of
Lemma Combining this with Assumptions and and Lemma we thus have {r}} — 0. It

follows from this fact, , and Lemma that {n;} — 0. O

We next prove a result illustrating the importance of the sequence {71'}; }. In particular, the result
establishes that 7r£ is a valid criticality measure for (1.1)).

Lemma 3.18 If K is any subsequence and (z«,sx) is any point such that limyeic(xp, sk) = (Tx,5+) with
v(zx, 8x) =0 and limgexc ﬂ'g =0, then limgcic yp = y+ where (T, 5+,y+) 1s a KKT point for problem (1.1).

Proof Since v(z*,s*) = 0, it follows that limgex c(zg, sg) = c(zx,s+) = 0, which, when combined with
Lemma proves that limyex m, = 0. Thus, it follows from (2.11)) and Lemma that

li =0. 3.29
bR (3.29)

Next, observe that

0= lim 7TIJ: = %IEHI% HPk (Vmi(nk) + J(mk,sk)Tyk> H2

kex
B\, T T
ex pe + SpDyng + Skys 5

9(z1) + Vol (mi, yp)ni + J () Typ
= lim [—pe + Sk Dy, + Spykl A, : (3.31)
[—pe + SpDynj + Skyklz. 2
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Using (3.31] - (speciﬁcally the third row of the matrix inside the norm) with limgex(zg, sk) = (zx, s+), the

fact that [ . >0, - Lemman 3.2 and - ) shows that

i — ;1 =: |y«
kler?c[yk]z* (1S5 ez, = [y«]z.

It then follows from (speciﬁcally the first row of the matrix inside the norm) the fact that

limgeic (o, ) = (x*,s* , , , Lemma (3.1] -, the fact that limpexn;, = 0, and hence
the full row rank of J4, (z«) (stated in Assumpt1on -D that

limyela, = = [Ja. (@) T4 (@0)"] 7 Tac @) (9(@e) + Iz (@) o)z ) = el

We have shown that the multiplier sequence converges on IC i.e., that limkE;C Y = y« for some yx € RM.

Combining this with ( , the fact that limyex (zg, sk) = (@, s*), , -, Lemmau 3.1} and ( -

proves that

g(z) + (@) Ty =0 and  Siys = pe. (3.32)
Note that it follows from ({3.32)), Lemma and the fact that p > 0 that (s«,y«) > 0. Combining this
with (3.32) and v(z«, s«) = 0 proves that (z«,yx,s«) is a KKT point for problem (|1.1)). O

Lemmas |3.15| and |3.18| - prove that, under Assumption we may obtain a first- order KKT point for
the barrier subproblem with any subsequence K over Wthh {vp}rex — 0 and {ﬂk}kelc — 0. Now,
to prove that such a sequence will exist, we make the following assumption—which is, at nearly feasible
points, stronger than Assumption @—for the remainder of our analysis. The assumption states that at
any nearly feasible point, the singular values of a scaled constraint Jacobian are bounded away from zero.

Assumption 3.3 There exists a constant k. > 0 independent of k such that if vy < k., then the smallest
singular value of J(xy, sy )Py is greater than k; for some constant ky > 0 independent of k. Observe that this
implies that if v, < ke, then X}, > K.

We also define the following projection operator. Note that this operator is used for theoretical purposes
only, i.e., computing such projections is unnecessary in an implementation of our algorithm.

Definition 3.19 Let Proj,(d) denote the orthogonal projection of d onto the range space of Pj,J(xy, s)"

Lemma 3.20 Ifk € NND and vg < ke, then there exist constants {kr1, kr2} C (0,00) such that

2 . . —
IProj,(Py "di)ll2 < 7. and Am};’d > ky min{kr1, ke ||Proje( Py tdi)|2}- (3.33)

Proof Let k € N'ND and define m;” P( d) := |le(zk, s1) + J (21, 53) Ppd||2 and df = P 'dy. Then, it follows
from the fact that J(mk,sk)PkPrOJk(dk) = J(zk, sk) Ppdl | part (i) of Lemma and (2.28d)) that

mk’P(PTOJk(dkp)) = |le(zk, sk) + I @k, 55) PProju(df )2 = lle(zr, ) + T (zh, 51) Prdy, |12
= ez, s1) + I (@h, s6)di |2 < |e(@r, si)]|2 = m2F(0). (3.34)

We may also note that since v, < k., we have under Assumptlon [3:3] that the smallest eigenvalue of
Vaa(my (0)) PLI(xy, sp) T (21, 51) Py is bounded below by x? > 0. We may now use this fact, -,

and [5, Lemma 6.5.1] applied to (mZ’P)2 to conclude that

U

Tk

2 2
IProj(Py; dx) |2 = IProjy(di. )2 < Vz(m P0))? = =
]
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which proves the first inequality in (3-33). It also follows from Lemma 3.4 and the fact that the orthogonal
projection operator is nonexpansive that

Sk > [|Py Mdll2 > [[Proj(Py dy) 2.

Combining this with the fact that k& € D, Lemma [2.6[ix), the inequality in (2.46), (2.12)), Lemma [3.3[i),
Assumption and the first inequality in (3.33]), we have that there exist constants {kgr., kr2} C (0,00)
such that the second inequality in (3.33]) holds. O

We now bound the size of the normal step along a certain subsequence of unsuccessful v-iterations.

Lemma 3.21 Ifk € (NNVND)\Sy and

v < min {K:c7 KAc1 7 liAcg.7 1- :“ifbr.7 1 — Keom } (3.35)
Rac2Ry Kacz RJ Rac2Ry
then, for some constants {Kea, ksrn} C (0,1), we have
mp(dy) < kaavy  and  |[Proju(Py 'di)ll2 > Keral| Py g l2- (3.36)

Proof Consider kK € (N NV ND)\ Sy such that (3.35) holds. It follows from the fact that k¥ € N N D,
Lemma [2.6(ix), the inequality in (2-46), (2.12)), Lemma [3.3{i), , Assumption [3.3] and (2.7) that

mp(dy) < mp(0) — KeaKen X Min {wz, op,1— mbn} < mp(0) — Keakenky Min {mvk, op,1— mbn} . (3.37)
It also follows from Lemma ii), the fact that k € V \ Sy, Assumption (2.7), and (3.35) that
6p > min {Kaci, KaexTh, KaesXh } = M {Kac1, Kac2kiVk, Kacska} = K ac2kig.

Substituting this into (3.37)) ensures by (3.35)) the existence of kaq € (0,1) independent of k such that

my(d) < mp(0) — KeaKonks MIN {KyVg, KaczksVk, | — Kbn} = Vg — Keakenky MIN {Ky, Kacaky } Uk < KeaVk-
This is the first desired result. Next, defining dkP =P 1d;., we may use the inequality above, the reverse
triangle inequality, and the fact that J(xy, si)Pedl = J(xk, si) PeProji(dY) to have
. P . P
v — | I (2, s) PieProji(di )2 < lle(zg, sk) + J(zk, si) PeProji(dy, )|I2
P
= lle(@k, s) + J(zk, s6) Prdy, |12
= mp(dy) < Kaavy.
Combining the above with the fact that k € N, (2.11)), and standard norm inequalities then implies
- T
1P nllz < iy < | P (2, 5) [l2vk
|1 (k, sk) PuProjy(df) |2

T
< Kol Prd (wk, 58) " |l2

1—Keua
J (2, s) Py ||2]|Proj(de) |2
< reall Py (e 51) T 12 12 )1M1d Kz

It then follows from the definition of df’, Lemma and the fact that ko € (0, 1) that for some xrn € (0, 1)
independent of k, we have

1 — Kaa

IProju (P dp)ls > — L= Fen |
WP il 2 e P

1P ngll2 > Kerall Py g2,

which is the second desired result. O



32 F. E. Curtis, N. I. M. Gould, D. P. Robinson, Ph. L. Toint

For our next pair of results, we define the constants

Gen 1= Kys Max {1, TR 3’“‘;;%“(1 ——— } >1 and (3.38a)
¢ := min {1, - j{B, L _1’?";?3"“" } € (0,1]. (3.38b)
Lemma 3.22 Ifk &),
ml > ex >0, (3.39a)
min{o}, 6/} <<, and (3.39b)
1P M tkll2 > sinll Py g2, (3.39¢)

then ty, # 0 and (2.30) holds.

Proof Let k ¢ Y be such that holds. If k € F, then the results follow by the definition of the index
set F. Thus, for the remainder of the proof, we may assume that k € V.

If np, = 0, then ¢, # 0 (since otherwise & € Y by Lemma vi)) and by (2.28a))/(2.33a)), and
Lemma ii) we have Am{’d = Am{’t > 0, meaning that holds, as desired. Otherwise, if ny # 0,
then since s, > 0 and Pj, = 0 for all k¥ and holds, we have t;, # 0, which implies k € T\ 7p and
holds. It then follows from the reverse triangle inequality, (3.39¢)), and (3.38a)) that

— Kys — 1 _
) 1Pl > () I el (340

-1
-1 —1 -1 1P, “nkll2
1P dillz > 1Py tkllz = 1P Prgllz = | 1 — A=
1P “tell2
We also have that
Amdm = T 1, T, _ TH-1 1/p—1 T -1
— Am" = Vf (2k, s5) ni + 3nGrng = (PoVf (g, s5)) Py ng + 5(Py ny) PoGrpPy(Py "ng).  (3.41)

Using the triangle and Cauchy-Schwarz inequalities, Lemma and the fact that (2.19)), (3.39b)) and
(3.38Db|) imply ||Pk_1nk||2 < min{é,’;ﬁ,{} <1, we then have

|Am ™| < k(1P ngll2 + 311P, ' nil3) < 26| P Mgl (3.42)

Moreover, it follows from the fact that k € 7\ To, Lemma[3:3ii), (3:39a)), ([2:56), (3-39b) and (3.38D) that

Ami;t Z Ket€m min{eﬁ, (1 — 53)5;2, (1 —_ KJfbt)fifbn} = F‘:ctﬁﬂ(l — ’QB)(S]t(y

Combining this with ([3.42), the fact that k € 7'\ 7o, Lemma [3.4] (3.40) and (3.39d) and (3.38a) yields

Amf™ | 2wl P teellz _ 2mall Pt 2unhivs 1P wlle oy,
Amft 7 Raer(l = kn)0p T meer(l—fp)l|P dillz T Reen (L= kp)(kvs = 1) | P72 T
Hence, (2.30]) holds, which completes the proof. O

We next prove that at nearly feasible points, certain v-iterates are guaranteed to be successful.

Lemma 3.23 Ifk e VND,

1P k2 < sunll Py g2, (3.43)
and
. e s 1 —Kpn 1 — Kpn o(1—
v < min { e, RAac1 7 Ra 37 Kb : Kb ’ KRr1 ’ RjRR2KsR: (2 771) ’ (3'44)
KaczKy Kacz — Ky KaczKy  Kraksinbnkub Ko(l + Gn)2Knkub

then k € Sy and 5z+1 >4y
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Proof Consider k£ € V N D such that and ED hold. If ny, = 0, then implies that t;, = 0,
which in turn implies by part (vi) of Lemma @ that k£ € Y. However, this contradicts the supposition
that k € V, so we must have n, # 0. In this case, part (ii) of Lemma ensures that k € N, so that
overall we have k e NNV ND.

To obtain a contradiction, suppose that k ¢ Sy, so that overall we have k € (W NV N D)\ Sy. This and
the bound imply that the results of Lemmas and old, i.e., that and hold.
Moreover, the fact that k € D and Lemma [2.6{(ix) imply that (2.46) holds. Using this and the facts that
ng # 0 and k € V \ Sy, it follows from at pr. < n1. However, since and hold,

d . . — . _
Am{? > ky min{kg,, kol [Proji(Py dy)ll2} > w0 min{kgy, froreral| Py ' ng 2}

In fact, it follows from (2.11]), Lemma and ((3.44]) that

—1 v
Kraksrn || Py Nkll2 < KrokernfinTl < KroKernknkunUk < Kii,

and thus
Am};’d > :‘ﬁ}JI‘CRQIﬁJSRn”P]:lnk||2. (3.45)

Furthermore, by (2.47)), (3.2)), (3.45)), the triangle inequality, (3.43)), (2.11]), the Cauchy-Schwarz inequality,
Lemma and (3.44)), we have that

v(ey + df, s+ di) —mi(dy) | rellPy ldi]3

ok — 1] = < =
AmZ’d KikRr2Ksrn || Py, Yl
1 32 pt 2
< k(14 6n)“|IPy " nill2 < Ko (1 + Gon)“ Knkub oo <1 -1,
RjKR2KsRn RjKRrR2KsRn

and hence py, > m1, which is a contradiction. Thus, we must conclude that k¥ € Sy. The fact that oy, > o
now follows from the fact that k € S, and (2.50]). O

We now prove that our algorithm terminates finitely if there are finitely many successful v-iterations.
Lemma 3.24 If |Sy| < oo, Algorithm terminates finitely.

Proof We prove the result by contradiction, and so suppose that |Sy| < oo, but that Algorithm [I| does
not terminate finitely. It then follows from Theorem that |S| = oo, which when combined with the
fact that |Sy| < oo implies that |Sy| = oo; i.e., it follows that there are an infinite number of successful
iterations, and all belong to Sy for all sufficiently large k. We may also deduce from these facts—and
since the barrier function is decreased for k € Sy and the slack reset only possibly decreases the barrier
function—that the sequence { f(zy, s;)} is monotonically decreasing for sufficiently large k. Moreover, since
v < o™ for all k£ ¢ Sy and [Sy| < oo, we have that there exists a constant v35™ > 0 such that

max max

v = wvag™ > 0 for all sufficiently large k. (3.46)

holds.
.14)) also holds,

BT,

We complete the proof by considering two cases depending on whether, for some e > 0, ‘
Case 1: Suppose that (3.13]) holds for some ey > 0. It then follows from Lemmathat (13
in which case we have from ([2.28a))/(2.33al), the fact that Sy € F C T \ 7o, Lemma ii), (13.13))

[:56), and (346) that

Amiat > Ker€f min{ef, (1 — /‘EB)(SIZ, (]_ — /qut)/gfbn}

max

> kecep min{eg, (1 — wp) min{dy, ex, koo }, (1 — K ) ke b for sufficiently large k € Sy, (3.47)
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We now consider two subcases, deriving contradictions in each, which will prove that the condition of this
case (namely, that there exists e; > 0 such that holds) cannot occur.
Subcase 1.1: Suppose there exists an infinite subsequence Ky C Sy such that {5Z}k€f€f — 0. Since
Opyrq < 0p only if k € V\ Sy and ), | < ) otherwise, it follows that there exists an infinite subsequence
Kv C V\ Sy such that {6} }rex, — 0. Our goal in the remainder of this subcase is to prove that for all
sufficiently large k£ € Ky C V, we have that all of the conditions of an f-iteration are satisfied, which is a
contradiction since VN F = (). This will prove that such a sequence Ky C Sy cannot exist.

Using the fact that {0} }rex, — 0 and Lemma we may conclude that for all sufficiently large
k € Ky we have k € (VN D)\ Sy. In addition, since |Sy| < co and {§} }rex, — 0, we may conclude from
part (ii) of Lemma and Lemma that {7} }rex, — 0, which in turn implies with Lemma that
{vk}rex, — 0. Now, suppose that there exists an infinite subsequence K, C Ky such that Kj,NA = . The
following then hold for all sufficiently large k € KL CKyCV \ Su:

(a) mg =0 by part (ii) of Lemma (and thus (2.30) holds);
(b) tx # 0 by (a), part (vi) of Lemma [2.6] and the fact that k € V; and

() Uk < Rutf™ = Kot by Step B, @), and (340).

It then follows from Assumption Lemma the fact that {0} }rex, — 0, statement (c) above, and
the bound k.., < 1 that v(zy+df, si +d;) < vp™ for all sufficiently large k € K. Overall, this yields (2.35)),
and thus we have that all of the conditions of an f-iteration hold, so & € F. However, this is a contradiction
since k € K, CV and VN F = @. Thus, such an infinite subsequence K, C K, cannot exist, so we may
conclude that for all sufficiently large k& € K, we have k € N. To summarize, at this point in this subcase,
we may assume without loss of generality that there exists an infinite subsequence Ky, € (N NV ND)\ Sy
over which {6} }kexc, = 0, {7} ke, — 0, and {vg}rex, — 0.

It follows from Lemma and the facts that K, € NNV ND)\Sy, and {vg}rex, — 0 that
my,(dg) < kaavy for all sufficiently large k € Ky. Using this fact, , the reverse triangle inequality,

Lemma [3.4] Lemma[2.9] and (3.4€]), we have
vz, 51) < Kaave™ + ke(05)? for all sufficiently large k € KCy.
This relationship then implies that

1 - Pe
v(z,sf) <o =op™ for all sufficiently large k € Ky such that (57)% < wvw

Kc

Thus, since {0} }xex, — 0, we may conclude that (2.35) holds for all sufficiently large k € K.
Next, suppose that for ¢, > 0 defined in (3.38a)), we have

1Py M tll2 < sinl| Py 'ng]l2 for all sufficiently large k € KCy. (3.48)

We may then use the facts that Ky C (N'NVND) and {vy}tker, — 0, (3:48), and Lemma to conclude
that |SyNKy| = oo, which contradicts the fact that |Sy| < co. Therefore, there exists an infinite subsequence
K. C Ky such that if & € KC}) then fails.

We now show that with k € K C K, CV \ Sv, the conditions of Lemma hold. Consider k € K.
First, since k € Kjj CV, we know that k ¢ ). Second, since k € K/, we know from the previous paragraph
does not hold, and therefore that ¢, # 0 and r, was computed to satisfy , , or
(2.24d)). Since we have supposed that the algorithm does not terminate finitely, we may use the fact that
{vk}rex, — 0 along with to conclude that holds for all sufficiently large k € K. Third,
since {0} }rex, — 0, we have that (3.39b)) holds for all sufficiently large k € K. Fourth, we know from the
definition of the set K, that (3.48) fails, which is to say that holds. We may now apply Lemma
to deduce that ¢, # 0 and (2.30) holds for all sufficiently large k € K,. Thus, along with our previous
conclusion that holds for all sufficiently large k € Ky, we may conclude that for all sufficiently large
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k € KC)) we have that all of the conditions of an f-iteration are satisfied. However, as previously mentioned,
this is impossible since K C K, € V and F NV = ). Hence our stated supposition for Subcase 1.1, i.e.,
that there is infinite subsequence Ky C Sy such that {5z}ke)cf — 0, must be impossible.

Subcase 1.2: Suppose that there exists e« > 0 such that §j, > e« for all k € Sy, and recall that |Sy| = co.
We may combine and the bound 6}, > e, for all k € S + to conclude that there exists k' such that

Am,{’t > Ker€p Min {ef, (1 — ke) min{ex, ex, kvvoo ™}, (1 — /-cfbt)/ifbn} >0 for all k> k" with k € Sy. (3.49)

Combining the facts that |Sy| < co and |Sy| = oo, (2.36)), and ([2.30)) (which is required to hold for k € F),

we have that

k—1 k—1
flzp,sp) — fzg, s) = Z [f(zj,85) = f(xj41,8541)] > niks Z Am{’t7 (3.50)
j=k' jESy j=k' jES;

which in view of proves that {f(zy,sr)} — —oo. However, this is a contradiction since the barrier
function is bounded below as a consequence of Lemma [3.2] and Assumptions and

Since we have proved that neither Subcase 1.1 nor 1.2 can occur, the premise of Case 1 cannot be true.
Case 2: Suppose that the condition of Case 1 does not hold, which is to say that there exists K C F with

lim 7/ = 0. 3.51
Rk (31

For all k € K C F C T \ To, we have that ¢, # 0 was computed (and not reset to zero), in which case it
must be true that (2.24b|) does not hold. Combining this fact with (3.51)) yields

0= lim 7T£ > lim we(my) >0, so that lim wy =0.
ke ke ke

It follows from this fact, Assumptions 3.2} and and Lemmas[3.2]and that {vg }rex — 0, which
when combined with (3.51)) shows that (2.24a]) will be satisfied for all sufficiently large k € K. However,

this contradicts our supposition that the algorithm does not terminate finitely. |

The previous result proves that if the algorithm does not terminate finitely, then there are an infinite
number of successful v-iterations. We now establish an important consequence of this fact.

Lemma 3.25 If |Sy| = co and (3.43) holds for all sufficiently large k € V ND, then
37 > ex for some ex > 0 for all k. (3.52)

Proof First, by Lemma [3.17] the fact that |Sy| = co implies that {v;y} — 0. Hence, for sufficiently large
k € VND, we have that (3.43) and hold, which in turn implies by Lemma that &7, > 67.
Second, if k € V\ D, then it follows from Lemmathat 0y > min{dy, 6,’;, KU} > ky. Third, if k € YUF,
then by (2.34)), (2.40) and (2.43)) we have that ¢y, > 6. The result follows by combining these facts. O

We next prove a result about certain v-iterations that are unsuccessful.

Lemma 3.26 Ifk € V\ Sy, (3.35) holds,
} ) (3.53)

2 2
max . 1 — Keua 1— Koo
v < min , JK
a7e) a7e)

50 < (up™)d (3.54)

< ol

and

then k € D and (2.35)) holds.
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Proof Let k € V\ Sy and observe that (3.53) and (3.54) imply that ¢}, < xv. Hence, by Lemma (3.6} we
have that k € D. That is, k € (WND)\ Sy. We now consider two cases depending on whether or not k € V.
Suppose k € N so that k € (WNVYND)\S,. It then follows from (3.2), the reverse triangle inequality,

the fact that (3.35) holds, and Lemmas and that

vz + dis, sp + di) < Kaavk + £ (57)*.
Then, from this inequality, Lemma 2.9} (3.54)), and (3.53), we have that
3 ax ; max
2 = ’U;: (lic]d + Ko «/,U]rﬂndx) S Ve

U(xk + dg/g: sk + di) < KaaVi ™ + ko (U;:ax)

which means that (2.35)) holds, as desired.
Now suppose k ¢ N. It then follows from (3.2)), the reverse triangle inequality, Lemmas and
2.28d) (which holds since k € D), and the fact that vy < k. op®* (which holds by (2.8) since k ¢ N),

3.53), and (3.54)) that

ook +df s+ d7) < mi(dy) + re(0F)? < R e ()T S 0™ (ke + R (JUE) <O

which again means that (2.35)) holds, as desired. O
‘We now come to the conclusion that there are a finite number of successful v-iterations.
Theorem 3.27 The set Sy is finite.

Proof We prove the result by contradiction, and so suppose that |Sy| = co. It then follows from Lemma
that {v7**} = 0, {vp} — 0, {m} = 0, and {ng} — 0. Moreover, from the fact that |Sy| = oo, we have that
must not hold for all sufficiently large k, or else the algorithm would terminate finitely in Step
or which is a contradiction. Thus, since {vg} — 0, we have

w,{ > ex > 0 for all sufficiently large k. (3.55)

It follows from this fact and Lemma that (3.14) holds. Also it follows from the facts that {vy} — 0,
{vp*} — 0, and |Sy| = oo that there exists ko such that (3.35]), (3.44), and hold for all &k > ko.

We now prove a lower bound for ¢; that holds for all sufficiently large k, written as equation
below. We prove the bound by considering two cases, the latter of which is composed of two subcases.
Case 1: Suppose that (3.43) holds for all sufficiently large k > ko such that £ € YND. Then, since |Sy| = oo,
we may apply Lemma [3.25|to deduce that holds for all sufficiently large k.

Case 2: Suppose that the situation in Case 1 does not occur in that there exists an infinite index set

Ki:={k>ko:keVND and ||P; "tx]l2 > sl Py "ngll2 }-

max

Since &, (vjr**) is not decreased (increased) for k € S, UY U F, our goal is to provide a lower bound for §;
over k € K1\ Sy. We do this by considering two subcases depending on whether or not k € N.

Subcase 1: Consider k such that ko < k € K1\ (SyUN). Since k ¢ N, it follows from part (ii) of Lemma [2.6]
that n; = 0. By part (vi) of Lemma this means that ¢, # 0 (since otherwise we would have k € V),
which in turn means by part (v) of Lemma that k € T\ To and that holds (since ng = 0). We
may then conclude from the fact that £ € V\ Sy, the choice of ko being large enough such that and

(3.53) hold for k& > ko, and Lemma that if (3.54) holds, then (2.35) also holds. However, this would
imply that k& € F, which contradicts the definition of K1 since VN F = 0. Thus, (3.54)) must not hold and

50 > (vp*™)7 for all k such that ko < k € K1\ (Sy UN). (3.56)
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Subcase 2: Consider k such that kg < k € (K1 NN)\ Sy. By , we have that (3.39a)) holds. Similarly,
by the definition of K1, we have that (3.39¢c|) holds. Now suppose that and (3.54) both hold. Then,
since k ¢ Y and ([3.39a)), (3.390)), and ([3.39d) all hold, we may apply Lemmato conclude that ¢ # 0
and ([2.30) holds. Also, since k € V\ Sy, we have shown that (3.35) and hold, and we have supposed
that (3.54) holds, we may apply Lemma to conclude that (2.35) holds. Overall, we have shown that
all of the conditions of an f-iteration are satisfied so that k € F. However, this contradicts the fact that
ke K1 CVand VNF = 0. Therefore, we may deduce that at least one of or must not hold,
yielding

5 > min {6, (07™) 7} for all K such that ko <k € (K1 NN)\Su. (3.57)

Combining (3.56) and (3.57) from Subcases 1 and 2 shows that, for Case 2, we have
07 > min {gg, (vp> %} for all k such that ko <k € K1\ S. (3.58)

Moreover, the fact that {vg} — 0 and Lemma implies that for any k with kg <k € (VND)\ K1, we
have k € Sy. Thus, for all k > ko with &k € (W N D)\ Sv, we have k € K1 \ Sv. As a result, the inequality in
holds for all k£ with kg < k € (VN D) \ Sy. This conclusion, along with the deduction that 6; > xy
for all k € V\ D from Lemma yields

5t = min {G, ™) T kv b for all k with ko <k € V\ S,
which, when combined with the fact that 6; (vji**) is not decreased (increased) for k € S, UY U F, yields
3
dp > min {957 (v;‘;’a")zmv} for all k& > ko.
Combining the results of Cases 1 and 2, we have that
57 > min {e*, Ss, (v}é‘a")%,nv} for all sufficiently large k. (3.59)
Using this fact, (3.14), and the fact that {vF**} — 0 yields
min{o}, 8]} > min {6*»% (VF™)3, kv, E]—'} = (up™)? for all sufficiently large k. (3.60)

Under our supposition that the set S, is infinite, at least one of the following two scenarios must occur.
In both, we reach a contradiction to this supposition that Sy is infinite, which proves the theorem.
Scenario 1: Suppose that S; := Sy \ 7 is infinite. For k € S1, we have that either does not hold or
holds. In fact, since holds and {7} — 0, condition (2.24b)) cannot hold infinitely often for
k € 81, implying that for all sufficiently large k € S1 we have that (2.19) does not hold. Then, since t; = 0
for k € S1 C V, we have by Lemma vi) that n; # 0 (or else k € V). We may now use the facts that
vE™ >0, 6, > 0, and 6,’; > 0 for all k, , , Lemmas and , and the fact that {v;} — 0 to

conclude that

P n ST 1
H k kaQ < i Wké < K"K“bgk < Kk, < kg for sufficiently large k € S1.
min{6p, 6, }  (vp)3 (vg)1

However, this means that holds for all sufficiently large k¥ € S1, contradicting our earlier conclusion
that it does not. This contradiction implies that this scenario cannot occur.

Scenario 2: Suppose that So = Sy, NT is infinite. Our goal is to show that for all sufficiently large k € Sa,
we have that all of the conditions of an f-iteration are satisfied, which is impossible since So C V and
VNF = 0. We begin by showing that holds for all sufficiently large k € Sa. Using , the triangle
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and Cauchy-Schwarz inequalities, Lemma (2.11), and the fact that {7} } — 0 (and hence that x,7}; <1
for all sufficiently large k), it follows as in the proof of Lemma (see (3.42)) that

|AmD ™| < kun(I|1Py M nnll2 4 1Py M nnll3) < 26ukamh < 262,k00, for all sufficiently large k € S2. (3.61)

It also follows from the facts that {vy*} — 0 and Sz C V along with Lemma that k € D for all
sufficiently large k € Sa. Moreover, since So C T, it follows that for all £ € Sz a tangential step t; # 0 was
computed to satisfy either (2.28)) or (2.33). However, for all k € S, it follows from (2.46)) that nj # 0, and

then from Lemma [2.6{xi) that k € 7p, Le., that (2:28) holds. This implies by (2:56) that 5}, = min{5}, 5]}
2sa

for sufficiently large k € Sa. It follows from this fact, the fact that k € Tp, (2.28a)), part (ii) of Lemma

(3-59), (3.60), the fact that {vj;**} — 0, and Lemma that
Amf:’t 2 Rect€m min {Eﬂ-, (1 — K}B)(SZ, (1 — K;fbt)ﬁfbn}
= Ket€r MiN {ém (1 — kg) min{dy, 5,{}, (1- /@fbt)/sfbn}
3
I

> Keren (1 — KB)(U};“)% > keer (1 — kp)v, for all sufficiently large k € Sz.

Combining this with (3.61)) and the fact that {v;} — 0 shows that

1
n 2 1
|Amk’ | 25\,b,‘€n’l}k

At = rven(1— rn) <1 - ks for all sufficiently large k € Sa.
k

Hence, holds for sufficiently large k € Sa, as desired. From here, it follows from Step [27| that the
computed tangential step is not reset to zero, i.e., k € Tp \ To for all sufficiently large k € Sz, from which it
follows that t;, # 0 for all sufficiently large k € S2. Moreover, since k € Sy, implies by Lemmathat
holds, we have from the fact that Sa C S, that holds for all k¥ € S3. To summarize, we have shown
that for all sufficiently large k € Sz, all conditions of an f-iteration are satisfied, which is a contradiction.
Thus, this scenario cannot occur.

Overall, we have shown that under our supposition that |Sy| = oo, neither Scenario 1 nor 2 may occur.
However, since one of the two must occur in order to have |Sy| = oo, we have reached a contradiction to
our supposition, meaning that the result is proved. |

We conclude by summarizing our convergence results.

Theorem 3.28 The following hold for Algorithm 1}

(i) If Assumptions and hold, then either Algorithm terminates finitely or there exists an infinite
subsequence K such that limgec min{vg, X7} = limgex 7 = 0. In the latter case, any limit point (T« s)
of {(wk, sk) ke satisfies T (zx,5+) = 0 and is therefore a critical point of &v(z, 5)? subject to s > 0.

(ii) If Assumptions and hold, then either Algorithm |l| terminates finitely or there exists an
infinite subsequence K such that limyex min{vy, xj,} = limgeic 77 = 0. In the latter case, any limit point
(zx,8+) of {(zk, k) trex satisfies v(xx,s+) =0 so that (xx,s«) is feasible for .

(iii) If Assumptions and hold, then either Algom'thm terminates finitely in Step @ with an
infeasible stationary point (zy, sg) with vy > k. or it terminates finitely in Step 07’ with an approzimate
first-order KKT point (xy, Sk, y) for the barrier problem .

Proof Part (i) follows from Lemmas and [3.16) Assumption and the criticality conditions ({3.25))
for minimizing 3v(z,s)? subject to s > 0. Then, part (ii) follows from part (i) and Lemma Finally,

it follows from Theorems and that Algorithm terminates finitely. Thus, part (iii) follows since,
under Assumption [3:3] the algorithm does not converge to an infeasible stationary point with vy < k.. O
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4 A Trust-Funnel Algorithm for Solving the Nonlinear Optimization Problem

The previous section considers the global convergence properties of our new trust-funnel algorithm when
applied to the barrier subproblem . This section describes how a sequence of barrier subproblems
with decreasing values for the barrier parameter may be solved to find an approximate first-order KKT
point for problem (NP) (equivalently, problem (NPs)).

To achieve our stated goal, we require the constants ex and €, in Algorithm[I]to depend on . Moreover,
for practical reasons, it is advisable to make other constants in Algorithm [1| depend on p as well. In the
previous section, for ease of exposition, we did not explicitly state these dependencies since p was fixed.
This does not pose a problem in this section since we use Algorithm [I] to solve a sequence of barrier
problems where for each particular instance the penalty parameter is fixed and therefore our previous
analysis still holds. A summary of the constants that depend on p and precisely where they are used is
given in Table In addition to requiring them to be positive, it is practical to have them satisfy

Jim er () = lim ey (u) = lim snn (i) = lim sae(u) =0 and (4.1)
Y sy (1) = lim i (1) = oo. (4.2)
Moreover, the convergence result that we present in this section additionally assumes that

ex(pj) < Cpy and  eo(py) < Copy (4.3)

for some chosen constants ¢1 € (0,1) and (2 € (0,0), and that a particular choice for the positive-definite
matrix Dy, defined in (2.18) is used. Specifically, for each 1 <4 < m, we define

o Jenleg) i pglse]i > mo (),
[dk]i == [Dglii == {Mj [&:][2 othirwise. ! (4.4)

Other choices are possible, e.g., based on the primal-dual update Dy = Y5, 1 and only require a small
modification in the proof.
With these requirements, we may now state our algorithm for solving problem (NPs).

Table 4.1 Parameters from Algorithm [1| that depend on the barrier parameter.

Parameter Used Parameter Used Parameter Used
ey = iy (1) &1 ko = K (k) B | e—en) (@219

Kot = krwe(p)  (2.28b)/(2.33b) | Kron = Kma(p)  @R5)/R.11) | e =en(p) (2.24

Algorithm 2 Trust-funnel algorithm for solving (NPs|).

1: Input: (2o, s0, Yo, #o) satisfying (so, yo, ko) > 0.
2: Choose a parameter 7, € (0,1) and any two forcing functions ex(-) and €y(-).
3: Set (zff™*, sz, y5*"*) + (o, s0,%0) and j < 0.
4: loop
Call Algorithm |1| with input (x;lt"‘”, s;’-m”, y;‘-t"”t,pj) and (ew(uj), EU(MJ')) to compute (41,541, Yj+1)-
if Algorithm [I] terminated in Step [§] then
Return the infeasible stationary point (xj41,s;41).
Set 1 € (0, vpuhy)-
Use pj, prj41, and (zj41,5541,¥y;+1) to compute the next starting point (xjtjrf, s;lf‘f,y;”jit .
Set j < 5+ 1.

[y
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Theorem 4.1 If Assumptions and hold, and both (4.3)) and (4.4)) hold, then either

(i) Algorithm |2 returns an infeasible stationary point in Step [7), or
(ii) there exists a limit point (x«, s+, yx) of the iterates {(x;41,84+1,Yj+1)} computed by Algom'thm such that
(z+, 8%, y+) 15 a first-order KKT point for problem (NPs).

Proof 1If statement (i) occurs, then there is nothing left to prove. Therefore, suppose that statement (i)
does not occur, in which case we have that Algorithm |1/ never terminates in Step |8, which by (2.24a) and
(4.3) means that for all j > 0 we have

W}C+1(yj+1) <er(pj) <Cip; and vjpr <ew(py) < Copy. (4.5)

In particular, we have that the sequence {(z;11,5;j4+1,¥j+1)} is infinite, and from the second part of (4.5)),
the reverse triangle inequality, and Assumption that {s;j;1} is bounded. Combining this fact with
Assumption implies the existence of an infinite index set 7 and a point (z«, s+) with s« > 0 such that

]l.ien}(‘rj-‘rh sj+1) = (@x, 5%). (4.6)

It follows from this fact, (4.5)), u; — 0, and Assumption that

lim v; 41 = v(zx, ) = 0. 4.7
Jim v (2, 5+) (4.7)

We comment that for the remainder of the proof, the quantities P; 1, nj41, etc. are used to represent the
final values of the relevant quantities computed in Algorithm [I| when it is called in line [5| during iteration
j of Algorithm [2} they are the complementary quantities to (j41,8j4+1,¥j+1)-

It follows from norm inequalities, the definition of P; 1, , , Assumption and that

[nj'—i-l]i
[sj+1li

—1 1 —1 .
<1S;nG41lloe < IS aniallz < 1P njtallz < kamfyn = O(vjp1) = O(py) for j € J.

Since we maintain positive slack vectors throughout Algorithm [I} we may then conclude that
I[nF+1]il = O(pj[sjq1]i) foralll<i<mandjeJ. (4.8)

We now develop a crucial bound by considering two cases motivated by the definition of Dj. First,
suppose that for a given i we have p;[s;11];% < kp(u;), so that from ([4) we have [d;j1]; = p;[sj41]; >
It then follows from this fact and (4.8)) that

[sj+1)ildjr1)ilng1)il = O(u3) forje J.

Second, suppose that for a given i we have p;[s;+1]; > > kp(p;), so that from (&4) we have [dji1]; =
ko (1) < pjlsjr1); %, and thus [s;41]7[dj+1]i < pj. Combining this fact with (48] shows that

([sj+1lildj41li[nS il = O(uslsj11)Fdj4a)i) = O(uF) for j € J. (4.9)

Therefore, we have shown that holds in both cases, i.e., (4.9)) holds for all 1 <7 <m and j € J. We
may now use the same proof as for Lemma combined with (4.7)), , and the first part of to
deduce that limje 7 yj41 = y« for some y. satisfying g(z«) + J(2+) "y« = 0 and Sy« = 0. To prove that
(z+, s%,y+) is a first-order KKT point for problem (NPs), it only remains to prove that y* > 0, which we
now proceed to do.
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From the first part of (4.5]), we know that

Cipy 2

(g(xj_H) + Vaal(Tj1, Y5105 41 + J(xj-l-l)Tyj-&-l)
—pje + Sj+1Dj+1n§+1 + Sj+1yj+1

2
> |[=pje + Sjr1Djranf i1 + Sjrryially 2 | =we + SjtaDjpaniin + Sjvayiaa
> | = pj + [sjpalildjpalinfiali + [sj41lilyj4a]il forall 1 <i<m. (4.10)

We now consider two cases. First, suppose that i is such that [s«]; > 0. In this case it follows from (4.10]),
(4.9), the fact that p; — 0, and (4.6)) that lim;c 7[yj+1]i = [y*]i = 0, as desired. Second, suppose that i is
such that [s«]; = 0. It may be observed from (4.10) that

—Cupg < —pg + [sjlildjp)ilng 1l + [si+1lilyjra)is

and hence that
—Cupj + py — [sj+1)ildjr1ling 1]
[sj+1)i

[yj+1li >

It follows from the previous inequality, the facts that ¢ € (0,1) and p; — 0, (4.9), and the fact that the
slack vectors are maintained to be positive in Algorithm |1} that [y;41]; > 0 for all sufficiently large j € 7.
Combining this with lim;c 7 yj41 = y« shows that [y«]; > 0. This completes the proof. O

5 Conclusion and discussion

In this paper, we have presented a new algorithm for solving constrained nonlinear optimization problems.
The algorithm is of the inexact barrier-SQP variety, i.e., it approximately solves a sequence of barrier
subproblems using an inexact SQP method. In Sections 2| and |3| we proved that each barrier subproblem
could be solved approximately using a new inexact-SQP method based on a trust-funnel mechanism (not
requiring a filter or penalty function). The algorithm is extremely flexible in that, during each iteration, it
automatically determines the types of steps and updates that are expected to be most productive, where
potential productivity is determined by available criticality measures. In each iteration, each subproblem
may be solved approximately using matrix-free iterative methods, which means that the algorithm is viable
for solving large-scale barrier subproblems. We then proved in Section [4] that an approximate solution of
the original nonlinear optimization problem may be obtained by approximately solving a sequence of
barrier subproblems for a decreasing sequence of barrier parameters.

Although we have not considered them explicitly in this paper, we remark that equality constraints,
call them cg(x) = 0, may easily be included in our algorithm. To do this, one may simply redefine

oz, s) = (C(m) +s)

cu(T)

and adjust the barrier problem , violation measure and v-criticality measure in obvious

ways. Clearly, two-sided bounds on inequality constraints may also be incorporated in a similar fashion.
We are currently implementing our new algorithm. Once complete, it will be part of the GALAHAD [19)

thread-safe library of Fortran 90 packages for the numerical solution of optimization problems.
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