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AN INEXACT SEQUENTIAL QUADRATIC OPTIMIZATION
ALGORITHM FOR LARGE-SCALE NONLINEAR OPTIMIZATION

FRANK E. CURTIS*, TRAVIS C. JOHNSONT, DANIEL P. ROBINSON!, AND ANDREAS
WACHTERS

Abstract. We propose a sequential quadratic optimization method for solving nonlinear con-
strained optimization problems. The novel feature of the algorithm is that, during each iteration, the
primal-dual search direction is allowed to be an inexact solution of a given quadratic optimization
subproblem. We present a set of generic, loose conditions that the search direction (i.e., inexact sub-
problem solution) must satisfy so that global convergence of the algorithm for solving the nonlinear
problem is guaranteed. The algorithm can be viewed as a globally convergent inexact Newton-based
method. The results of numerical experiments are provided to illustrate the reliability and efficiency
of the proposed numerical method.
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1. Introduction. We propose, analyze, and provide numerical results for a se-
quential quadratic optimization (SQO, commonly known as SQP) method for solving
the following generic nonlinear constrained optimization problem:

minimize  (min) f(z)
@ x (NLP)
subject to (s.t.) ¢(x) =0, ¢(z) <0,

where f : R" - R, ¢: R® — R™, and ¢ : R” — R™ are continuously differentiable.
Classical SQO methods [26, 4T, [45] are characterized by the property that during each
iteration, a primal search direction and updated dual variable values are obtained by
solving a quadratic optimization subproblem (QP) that locally approximates .
The novel feature of our proposed inexact SQO (iSQO) algorithm is that these sub-
problem solutions can be inexact as long as the search direction and updated dual
values satisfy one of a few sets of conditions. These conditions, which typically allow
a great deal of flexibility for the QP solver, are established so that some amount of
inexactness is always allowed (at suboptimal primal-dual points), the algorithm is
well-posed, and global convergence in solving the nonlinear problem is guaranteed
under mild assumptions.

Any nonlinear optimization problem with equality and inequality constraints can
be formulated as . However, if is (locally) infeasible, then our algorithm
is designed to automatically transition to solving the following feasibility problem,
which aims to minimize the ¢;-norm violation of the constraints of :

min v(z), where v(z):= |lc(z)]1 + [[[e()] "L (FP)

xT

and []* := max{-,0} (with the max operator applied element-wise). A point that
is stationary for (FP|), yet is infeasible with respect to (NLP)), is called an infeasible
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stationary point for . This feature of our algorithm of converging to the set of
first-order optimal solutions of when is (locally) infeasible is important
in any modern optimization algorithm, as it guarantees that useful information is
provided for a problem even when it involves model and/or data inconsistencies.

Our algorithm may be considered an inexact Newton-based method since, during
each iteration, the primal-dual search direction is an inexact solution of a linearized
equation corresponding to a nonlinear first-order optimality equation. See [16] 40] for
the foundations of (inexact) Newton methods for solving nonlinear equations, [28] 30,
35, B9 for examples of inexact Newton methods for solving constrained optimization
problems, and [6] for a Gauss-Newton strategy that employs a similar linearization
technique. We also remark in passing that another class of inexact SQO methods, not
in the scope of this paper, are those in which the QPs are formulated using inexact
derivative information; e.g., see [2| [1I'7, 29, [31], 43} [44].

Our approach employs an ¢1-norm exact penalty function to drive global conver-
gence. Such a technique has been employed in SQO-type methods for decades; e.g.,
see [20], 26] [27], [41] and the more recent methods in [10, 1T}, 23] 24], 25| B8]. Indeed, the
technique has been effectively employed in previous work by some of the authors on
inexact Newton methods for equality constrained optimization [7} 8, [I4] and inexact
interior-point methods for inequality constrained optimization [I3][15]. Our algorithm
also has several additional features in common with the algorithm in [5], such as the
manner in which up to two QPs are solved during each iteration and that in which the
penalty parameter is updated. Note, however, that the method in [5] requires exact
QP solutions (in order to ensure rapid infeasibility detection), whereas the central
feature of our iISQO method is that the QP solutions may be inexact.

We associate with problems and the Fritz John (FJ) function

Flz,y. 5. 1) = pf(z) + @)y + @)y

and the /1-norm exact penalty function

oz, p) i= pf(2) +v(2).

The quantity p > 0 plays the role of both the objective multiplier in the FJ function
and the penalty parameter in the penalty function. Optimality conditions for both
(NLPJ) and can be written in terms of the gradient of the FJ function VF,
constraint functions ¢ and ¢, and bounds on the dual variables, or more specifically
in terms of the primal-dual first-order optimality residual function

pg(x) + J(x)y + J(x)y

)]
p(z,y, g, 1) == | min{[c(z)]",e+y} |,
min{[¢(z)]*, e — 7}
minfle(z)]”, 7}
where g := Vf, J := Ve, J := V¢, []7 := max{—,0}, and e is a vector of ones

whose length is determined by the context. (Here, the min and max operators are
applied element-wise.) If p(z,y,7, 1) = 0, v(z) =0, and (y, 7y, u) # 0, then (z,y, 7, i)
is a FJ point [32] [36] for problem (NLP). In particular, if 4 > 0, then (z,y/u, §/p)
is a Karush-Kuhn-Tucker (KKT) point [33, [34] for (NLP). On the other hand, if
p(z,y,9,0) =0 and v(x) > 0, then (z,y,,0) is a FJ point for problem and z is
an infeasible stationary point for .



The paper is organized as follows. In §2] we motivate our work by presenting an
SQO method in which at most two QPs are solved during each iteration. We then
present our new iSQO method. Our approach is modeled after the presented SQO
method, but allows inexactness in the subproblem solves, a feature that may allow
for significantly reduced computational costs. In we provide global convergence
guarantees for our iISQO method, proving under mild assumptions that the algorithm
will converge to KKT points, infeasible stationary points, or feasible points at which
the Mangasarian-Fromovitz constraint qualification (MFCQ) fails. The results of
numerical experiments illustrating the efficacy of our approach are presented in g4
and concluding remarks are presented in

Notation. We drop function dependencies once they are defined and use subscripts
to denote functions and function values corresponding to iteration numbers; e.g., by
fr we mean f(x). Superscripts, on the other hand, are used to denote the element
index of a vector; e.g., ¢’ is the ith constraint function. Unless otherwise specified,
Il := ||-|]2- We use e and I to denote a vector of ones and identity matrix, respectively,
where in each case the size is determined by the context. As above, vectors of all zeros
are written simply as 0, and similarly vectors of all infinite values are written as oo.
Given N-vectors aj, az, and az, we use the shorthand a; € [ag, as] to indicate that
ai € [a},dl] for all i € {1,..., N}, and similarly for open-ended intervals. Finally,
A > B indicates that A — B is positive semi-definite.

2. Algorithm Descriptions. In this section, we present two algorithms. The
purpose of the first algorithm (an SQO method), in which at most two QPs are
solved exactly during each iteration, is to outline the algorithmic structure on which
the second algorithm (our new iSQO algorithm) is based. By comparing the two
algorithms, we illustrate the algorithmic features of our iSQO method that are needed
to maintain global convergence when the QP solutions are allowed to be inexact.

In both of the algorithms that we present, each iterate has the form

y/ y// y/ gl
T, j , j} , 1k | where f/ € [—e, €], j € [0,¢], and pg € (0,00). (2.1)
Y Y Y

Here, xy, is the primal iterate, (y}, 7)) are constraint multipliers for (NLP)), (y}., 7))
are constraint multipliers for , and pi is a penalty parameter. We maintain
separate multipliers for and in order to measure the optimality error
with respect to each problem more accurately than if only one set of multipliers were
maintained. At a given iterate, we define the following piece-wise linear model of the
penalty function ¢(-, ) (i.e., the constraint violation measure v if © = 0) about xy:

Ii(d, ) = p(fie + gF d) + llew + JEdlly + [|[ek + T d .
Given a vector d, we define the reduction in this model as
Aly(d, 12) 2= (0, 1) = li(dy p1) = =gl d + vy, — llex + JEdlly = [[[e + T d) 1.

Both algorithms require solutions of at most two QPs during each iteration. In par-
ticular, we compute (dj, }, 1, ), 1) as a primal-dual solution of the “penalty QP”

min —Aly(d, j) + 1d"H,d, (PQP)
and potentially compute (df, 3/, %,,1) as a solution of the “feasibility QP”

min —Aly(d, 0) + 1d"H}ld. (FQP)
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Here, Hj, is an approximation of the Hessian of F at (xx, Y}, Uy, ptx) and Hj is a sim-
ilar approximation corresponding to (z, vy, yy,0). Despite the fact that and
are written with nonsmooth objective functions, they each can be reformulated
and solved as the following smooth constrained QP [18] (with (u, H) = (ug, Hy,) and

(u, H) = (0, HY) for (PQP) and (FQP)), respectively):

min pgld— v, +e’ (r+s)+e't+ 3d"Hd

)78,

st.oep+Jld=1r—s, EkJerdgt, (rys,t) > 0.

In the resulting primal-dual solution—i.e., (dy, 7%, 8}, ths Yip1s Trpr) for and
(dys iy syt Uil 1, Ugiy ) for (FQP)—the multipliers are those corresponding to the
(relaxed) linearized equality and linearized inequality constraints. For our purposes,
we ignore the artificial variables in the remainder of the algorithm, though we remark
that in an exact solution of we have

v = len + JLd]Y, s = [en + JLdy] ™, and ), = [ + Ty )],

and similar relationships for the artificial variables for (FQP); e.g., see [5].
Critical in the descriptions of both algorithms are the model reduction Aly, as

well as the following residual corresponding to subproblems (PQP)) and (FQP):

pgr + Hd + Jyy + Jig
min{[c; + JFd]*, e —y}
pr(dyy, 5, i, H) := | min{[ey, + Jj d] ™, e + y}
min{[ex + Jyd|*, e — 7}
min{[¢, + J.d]~, 7}

Observe that if pr(d},, Y31, Ups1 ey Hy,) = 0, then (dy, yj 1, Jpo1) is a first-order op-
timal point for (PQP)), and if or(dy, Yyt Uyr, 0, HY) = 0, then (d}, yl 1, 954q) is @
first-order optimal point for . Moreover, we have pi(0,y, 4, 14, H) = p(zk, y, 7, 1)
for any (y,y, 1, H). It is also prudent to note that for any (d,y,, 1, H), the model
reduction Aly(d, 1) and residual py(d,y,y, u, H) are easily computed with only a few
matrix-vector operations.

The algorithms in this section make use of the following user-defined constants,
which we define upfront for ease of reference:

{6,¢} C (0,00), {k,€,7,0,7,m, A\, (, ¥} C (0,1), and 5 € (0,¢€). (2.2)

2.1. An SQO Algorithm with Exact Subproblem Solutions. We now
present an SQO method that will form the basis for our newly proposed iSQO al-
gorithm. For simplicity, we temporarily assume that Hj, = 261 and H; > 261 for all
k > 0, which in particular means that for the solutions of (PQP) and (FQP]) we have

' HY fi PQP
LTHA > 0)d|? with (d, 1) = % i) Tor (EQP) (2.3)
(dkak) for (FQP).

We do not make this convexity assumption in our iSQO method since, in that algo-
rithm, we include a convexification procedure that will ensure (2.3)). However, for our
immediate purposes, we simply assume that such a procedure is not required.
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In each iteration of our SQO framework, we compute (dj, v 1,J,) satisfying
the following “termination test”. We use the phrase “termination test” for consistency
with the terminology of our iSQO method, in which tests such as this one reveal
conditions under which an iterative solver applied to solve a QP may terminate.

TERMINATION TEST A

The primal-dual vector (dy, y;. 1, Yp41) Satisfies

Pk (s Yio1s iy 10 e, Hy) = 0. (2.4)

Similarly, we potentially compute (d;, v, ,,) satisfying the following test,

though in some cases we may instead set (dy., vy, 1, %, 1) < (0,35, 7)) by default.

TERMINATION TEST B

The primal-dual vector (dy.,y; 1, Upy,) satisfies
pk?( g’yg+1agg+1a07H}lc/) =0. (25)

To compartmentalize this algorithm (and our iSQO method in §2.2)), we state
that in each iteration one of a set of possible “scenarios” occurs. Each scenario is
defined by a set of conditions that must hold and the resulting updates that will be
performed. In particular, in each scenario, the primal search direction will be set as
a convex combination of dj, and df; i.e., for 7 € [0, 1] we set

dy, — md), + (1 — 7)dy. (2.6)

If a subproblem is not solved, then we set the corresponding primal step component
to zero by default, so is always well-defined.

For our SQO framework, we have three scenarios. The first represents the simplest
case when, for the current value of the penalty parameter, the solution of
yields a reduction in the model of the penalty function that is large compared to the
infeasibility measure. This model reduction is deemed to be sufficient, so we maintain
the current value of the penalty parameter and avoid solving (FQP)).

SCENARIO A

Conditions A:  The primal-dual vector (dj,,y; 1, 41) Satisfies Termination
Test[4l and

Alk(d;€7 Mk) > evg. (2.7)

Updates A: Set dp — dy,, T 1, and pre1 < fg- (2.8)

The second scenario is similar to the first, but exploits the fact that with a solution

of , the condition imposed on the reduction of the model of the penalty function

may be relaxed. As in Scenario[A] this model reduction is deemed to be sufficient, so
we maintain the current value of the penalty parameter.

SCENARIO B

Conditions B:  The primal-dual vectors (dy,y;., 1, Y1) and (i, Yy 1, Uiyr)

satisfy Termination Tests[A] and[B, respectively, and
Alk(d;ﬁ ,uk) > EAlk( Z,O). (2.9)

Updates B: Set quantities as in .

The third scenario represents the case when the solution of (PQP)|) does not yield a
sufficiently large model reduction (as determined by ) In such a case, the primal
search direction is set as a convex combination of the penalty and feasibility steps
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in such a way that the resulting reduction in the model of the constraint violation
is sufficiently large compared to that obtained by the feasibility step alone. (This
condition is reminiscent of conditions imposed in methods that employ “steering”
techniques for the penalty parameter; e.g., see [0, [, 1], 12].) Then, the penalty
parameter may be decreased so that the search direction yields a sufficiently large
model reduction for the new value of the penalty parameter.

SCENARIO C

Conditions C:  The primal-dual vectors (dj,y;. 1, Ypi1) and (), Yy 1, i)

satisfy Termination Tests E| and @ respectively.

Updates C: Choose Ty, as the largest value in [0,1] such that
Alk(de;C + (1 — Tk)d;c/70) > EAlk( Z,O), (2.10)
then set dy, by (2.6), and finally set
[k if 7o > 7 and Aly(dy, px) = BAl,(d, 0)
[ — < Ohk if 7o <7 and Aly(dy, prx) = BAl(dk, 0)

. 1—8) Aly (di,0 .
mm{éuk,%} otherwise.

(2.11)

In all of the above scenarios, it can be shown (as in Lemma [3.13)) that any non-
zero search direction yields a positive reduction in the model of the penalty function
for the new value of the penalty parameter, i.e., that Alg(dg, pr+1) > 0, which in
turn implies that dy is a descent direction for ¢(-, ux+1) at zx (as in Lemma .
Based on this fact, it is appropriate to update the primal iterate by performing a
backtracking Armijo line search to obtain the largest ay € {7°,~4%,72,...} such that

(xr + ardr, prr1) < O(@k, 1) — o Alg(dy, pry1)- (2.12)

As for the dual variables in the following iteration, in the present context we claim that
it is appropriate to follow the common SQO strategy of employing those multipliers
obtained via the QP subproblem solutions. We remark, however, that additional
considerations will be made when updating the dual variables in our iSQO algorithm.

A complete description of our SQO framework is presented as Algorithm [A] The
algorithm terminates finitely with a KKT point or infeasible stationary point if and
only if either of the following pairs of conditions are satisfied:

P(Tks Yo i ki) = 0 and vy, = 0; (2.13a)
p(xk7ygagllcl70) =0 and Vg > 0. (213b)

2.2. An iSQO Algorithm with Inexact Subproblem Solutions. Our pro-
posed iSQO method is based on Algorithm [A] However, rather than consider exact
solutions of (PQP) and (FQP) as required in Termination Tests and respectively,
we provide alternative termination tests that allow inexactness in the QP solutions.
Due to the relaxed conditions in these tests, a few alternative scenarios are considered.
Motivation for these alternative scenarios is provided by noting that, in a variety of
situations, a productive step in the primal space (with respect to the ¢; exact penalty
function) may require exact (or near-exact) solutions of (PQP) and/or (FQP). In
order to avoid such restrictive requirements, our iSQO algorithm involves scenarios
that may, e.g., result in a null step in the primal space while an update of the dual
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Algorithm A Sequential Quadratic Optimizer with Exact Subproblem Solves

1: Set k < 0 and choose (k, Yk, Uk, Yk » U » 1) satisfying ([2.1)).
2: Check for finite termination by performing the following.
a: If (2.13a) holds, then terminate and return the KKT point (zx, yi/tk, Ui/ 1tk )-
b: If (2.13bf) holds, then terminate and return the infeasible stationary point .
3: Compute the exact solution of satisfying Termination Test and initialize

1! 1

(dlm Y415 g;cl+1) — (07 y;c/, g;c,) by default.
a: If Conditions [A| hold, then perform Updates [A|and go to step|5l// (Scenario |Al
4: Compute the exact solution of satisfying Termination Test (B]
a: If Conditions [B| hold, then perform Updates [Bland go to step[5l// (Scenario
b: Conditions |C| hold, so perform Updates // (Scenario |C])
5. Compute aj as the largest value in {’yo, 2, .} such that is satisfied.
6: Set xpy1 «— xr + ardr and k — k + 1, then go to step@

values and/or penalty parameter is performed. Note that due to the presence of these
alternative scenarios, our iISQO method does not entirely reduce to Algorithm [A]if ex-
act QP solutions are computed. However, Algorithm [A]still represents the foundation
for our iSQO method, so it has been presented as motivation and for reference.

We remark at the outset that our choice of initial point and updating strategy
for the feasibility multipliers (see (2.34])) will ensure that, for all & > 0, we have

||p(33k,y§€',§g,0)|| < ||p($k,07070)” < ||p($k,0,070)H1 < V. (2'14)

We also refer the reader to Assumptions and in §3.1, under which we illus-
trate that our termination tests are well-posed. That is, we show that at any point,
sufficiently accurate solutions of and /or will yield primal-dual vectors
satisfying an appropriate subset of termination tests.
We consider three termination tests that address the penalty subproblem .
(In each step of our algorithm, we state explicitly which of these three tests is to be
considered.) The first outlines the common case when the primal step produces a
sufficiently large reduction in the model of the penalty function ¢(-, uy) and corre-
sponds to a sufficiently accurate solution of . The condition imposed for
this latter requirement is reminiscent of those commonly employed in inexact Newton
methods for solving nonlinear equations; see [I6] and note that the similar condition
will be imposed for the feasibility subproblem . We remark that with
%, vielding %d;TH 1d). > 0||d,.||>—which will be ensured by our convexification proce-
dure described later on—the condition merely requires that the corresponding
objective value of (PQP) is better than that yielded by the zero vector.

TERMINATION TEST 1

The primal-dual vector (dj, yj. 41, Upy1) Satisfies

10k (s Yy 1 Ty 15 1> Hy) | < wmax{|[ p(@r, v, T i) |5 lo(2ns wie> 73, 0) 1}, (2.15)
Y1 € [—e, €], T €10,€], (2.16)

and Ali(dy ) > 0]y ]1? > 0. (2.17)

The second test is similar to the first, but involves potentially tightened tolerances
for the residual, multipliers, and model reduction. This test is enforced before the
penalty parameter is allowed to be updated. This will allow us to prove that the
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penalty parameter will remain bounded away from zero under common assumptions.
We prove later on (in Lemma that this termination test will be considered only
if ||p(zk, vy, 95, 0)|| > 0, which in turn implies along with that vx > 0. These
facts will be used to show that this test is well-posed. Condition (a) in the test is
motivated by our convergence analysis; observing the contrapositive of the condition,
it requires that if the multipliers are bounded above by A(e — 3) € (0, 1), then the
solution of must be accurate enough so that the reduction in the model of the
constraint violation measure is sufficiently large. Condition (b) is also required by
our convergence theory; it enables us to prove that ur — 0 when vy — 0 only if every
limit point of a primal-dual iterate sequence is a F.J point at which the MFCQ fails;
see Lemmas [3.25] and

TERMINATION TEST 2

The primal-dual vector (dy,, yj, 1, Jpt1) Satisfies (2.16), , and

1ok (s Y1 Thrs s Hi)Il < 6l o, yi's 915 0) |- (2.18)

Furthermore, the following conditions must hold:
(a) If Aly(d},,0) < evg, (2.19)
then [ Whs1s Thr1) || o = Ae = B). (2.20)
) 1f Al i) < BAL(dy,0), (2.21)
then | Whs1 o) || o = Abangic di /v (2.22)

Our third termination test for is necessary as there are situations in which
Termination Tests [I] and [2] cannot be satisfied. For example, if zj, is stationary for
(-, ), but p(zk, Y}, U, k) is nonzero (due to incorrect multiplier estimates), then
this test allows an update of the dual solution and/or penalty parameter without
requiring a productive step in the primal space. In any scenario in which this test is
checked and satisfied, the algorithm will subsequently reset d}, < 0, which is why the
test effectively ignores the value of dj,. We have in this test that if holds, then
by we have v;, > 0. This fact will be used to show that the test is well-posed.
We also note that motivation for the lower bound is similar to that for .

TERMINATION TEST 3
The primal-dual vector (dy,, )1, Jpi1) satisfies (2.16) and

1000, Yre1> G 15 ks Hi) || < Kl p(2hes Y Ts ) |- (2.23)
Futhermore, if — [|p(@n, Yo G i)l < Cllpln vy 7 Ol (2.24)
then H(y;c+17g;c+1)|‘oo > . (2.25)

We now define our termination test for the feasibility subproblem . Here,
we note that will be approximately solved only if (d},, ¥} ,J,1) satisfying
Termination Test [I| has already been obtained, meaning that it is appropriate to refer
to Alg(d), ;) on the left-hand side of (2.28).

8



TERMINATION TEST 4

The primal-dual vector (dy,y;. 1, Uy 4,) satisfies

108 (s Yk g 15 U1 0, HI < 6l o, i, 15 0)l, (2.26)
y;c/Jrl € [_676]7 gg+1 € [an}a (227)
and max{Alg(d},, ux), Al (dy,0)} > 0[|d}||*. (2.28)

We are now prepared to describe the six scenarios that may occur in our iSQO
method. Three of the scenarios, namely Scenarios mimic Scenarios [AHC] respec-
tively, in Algorithm [A] The remaining scenarios are motivated by our goal to provide
global convergence guarantees given that we only require (inexact) QP solutions sat-
isfying (subsets of) the above termination tests.

The first scenario considers the case when the algorithm arrives at a stationary
point for the penalty function—with multipliers such that p(xg, v, 7}, i) = O—that
is infeasible for . We claim that explicit consideration of this scenario, which is
expected to occur only rarely in practice, is not necessary in Algorithm [A] Indeed, at
such a stationary point for the penalty function, there is a first-order optimal solution
of with a null step in the primal space, with which Algorithm [A]would reduce
the penalty parameter, as is done here. However, we consider the scenario explicitly
in order to avoid requiring an exact solution of . In fact, our consideration
of this scenario does not even require an inexact solution of either or (FQP).
Motivation for is that (yj., ;) may actually be better multipliers for (FQP))
than (y;/, gy) for the new (reduced) value of the penalty parameter set in Updates
Indeed, this update is required in our analysis to show that the first-order optimality
residual for the feasibility problem converges to zero.

SCENARIO 1

Conditions 1:  The primal-dual residual satisfies p(xy, yp., Uy, ) = 0 and the
infeasibility measure satisfies vy, > 0.

Updates 1: Set

dk‘*d;é HdgHO, Tk < ]-a Hk+1 ‘iéﬂkv

a’nd (y;c+17g;q+1) — (y;c7g;c)7 then set

(i, yy)  otherwise.

/77/ - , /77I’0 < , I/77//’0
Wl iln) {(yk 9 lolons s O < ooyl O g g

The second scenario represents a more common case when an inexact solution
of is computed that yields a productive step in the primal-dual space. As in
the case of Scenario [A] in Algorithm [A] a benefit of this scenario is that it can be
considered without having to compute an approximate solution of .

SCENARIO 2
Conditions 2:  The primal-dual vector (dj, ;. 1,Upy1) satisfies Termination
Test and (2.7) holds.
Updates 2: Set quantities as in (2.8)).

The third scenario is similar to the second, but exploits an inexact solution of
(FQP) to relax the requirement on the penalty model reduction; recall Scenario

9



SCENARIO 3

11

Conditions 3:  The primal-dual vectors (dj,, v, yk_H and (dy, yk 1, Uri1)
satisfy Termination Testsl cmd i respectively, and holds.
Updates 3: Set quantities as in
The fourth scenario represents a case When a productive direction in the primal
space has been computed, but an update of the penalty parameter may be required
to yield a penalty model reduction that is sufficient; recall Scenario [C] This scenario
requires a primal-dual vector satisfying Termination Test [2] which is more restrictive
than Termination Test [T} the test employed in Scenarios [T] and
SCENARIO 4

11

Conditions 4:  The primal-dual vectors (d, Yy 1, Upr1) ond (A, Yy 1> Uei1)
satisfy Termination Tests @ and respectively.
Updates 4: Choose Ty, as the largest value in [0,1] such that holds,
then set di by and pg4+1 by ED
A few remarks are pertinent with respect to Scenario[d] In particular, the scenario
is only considered when Termination Tests [2[ and [4] hold—in which case Termination
Test (1| also clearly holds—but is not satisfied; i.e., it is only considered when
Scenario (3| does not occur. The satisfaction of and the violation of imply

DO

0 < 0||d}.||? < Alp(d), pur) < Alg(dy,0) with df #0, (2.30)
which along with (2.28)) and (2.10) respectively means that
Alg(dy,0) > 0||d}||* and dy # 0. (2.31)

The fact that and both hold in Scenario 4| are critical in our analysis.
The last two scenarios concern cases when a productive step in the primal space
has not been obtained, yet a productive step in the dual space is available. These sce-
narios may occur whenever xy, is (nearly) stationary for the penalty function @(-, ug).
As evidenced by the absence of conditions such as these in Algorithm [A] we claim
that they do not need to be considered when (PQP) and (FQP) are solved exactly.
However, they are required in order to have a well-posed and globally convergent al-
gorithm when inexact QP solutions are allowed. The scenarios distinguish between
two cases depending on the relationship between the residuals p(xg, vy, 95,0) and
p(zk, Yy, Uy,» fi). Motivation for is that, when fails to hold, we have an
indication that the infeasibility measure v may be vanishing, in which case zeros mul-
tipliers may be better than (y}/, 7)) with respect to the optimality residual for (FQP).
This update is required in our convergence analysis.
SCENARIO 5

Conditions 5:  The primal- dual vector (dj, Y415 Ypy1) satisfies Termination
Test@ but (2.24)) fails to hold.
Updates 5: Set
dk — d?@ — d% — 07 Tk < 17 M1 < Mk, (232)

and then set

0 {(o,m if llp(a1. 0,0,0)[| < [lp(ae, w57, 0)]

, 2.33
(ka Yr+1 (yr,7y) otherwise. ( )
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The final scenario is similar to the previous one, except (2.24) holds. As in
Scenario we perform the update (2.29)) due to the new (reduced) penalty parameter.

SCENARIO 6
Conditions 6:  The primal-dual vector (dj,,y; . ,,,) Satisfies Termination
Test@ and (2.24) holds.
Updates 6: Set quantities as in Updates .

As in Algorithm [A] after the search direction computation, we perform a back-
tracking line search to obtain the largest ax € {7°,v1,~?%, ...} such that holds.
If di, = 0 (which will be true in Scenarios and [6]), then is trivially satisfied
by ai = 1. We also perform a final update of the feasibility multipliers:

" —1 (070) if ||p(xk+1707070)” < |\P($k+1ayg+1aﬂg+1,0)||
(yk+17yk+1) — T .
{(ka, Uyy1) otherwise.
(2.34)
This update and our choice of initial point ensures that holds for all k& > 0.
The framework given in Algorithm [I] is one that may be used to approximately
solve either or until a termination test is satisfied. Importantly, this
algorithm includes a convexification procedure for the given Hessian approximation,
which ensures that at the conclusion of a run we have that holds (though not
necessarily that the Hessian approximation is positive semi-definite). Since the for-
mulations of (PQP|) and (FQP) differ only by the choices of penalty parameter and
Hessian approximation, we specify these as the signifying inputs to the algorithm.
We remark that regardless of the solver used within Algorithm [I} hot-starts should
be used whenever step [3] is called after step [6] so that the solver will make further
progress in solving the given subproblem. On the other hand, when step [3| is called
after step [4 the solver could be reinitialized.

Algorithm 1 Quadratic Optimizer for Solving (PQP) or (FQP)
1 Tnput (s H) — (ur, Hy) for (PQD) or (1, H) — (0, HY) for (EQD).

2: Choose an initial solution estimate (do, Yo, o )-
3: Using (do,¥o, Jo) as an initial estimate, call a QP solver to solve

min —Aly(d, ) + 1d"Hd, (2.35)

obtaining an improved solution estimate (d,y, §) satisfying y € [—e, e] and g € [0, €].
4: If 2d" Hd < 0||d||*, then set H < H + ¢I and go to step

If a termination test (specified by Algorithm [2) holds, then return (d,y, %) and H.
6: Set (do, Yo, Jo) < (d,y,7) and go to step [3]

o

Our complete iSQO algorithm is presented as Algorithm [2] For simplicity, we
state that the Hessian approximations Hj, and Hj/ are initialized during each iteration,
though in practice each matrix need only be initialized if it will be used.

3. Convergence Analysis. In this section, we analyze the convergence prop-
erties of Algorithm [2] when Algorithm [1]is employed as the QP solver framework. We
first prove that each iteration of the algorithm is well-posed, and then prove that the
algorithm is globally convergent to the set of first-order optimal solutions for ,
or at least that of . It is worthwhile to remind the reader that while updated
multiplier estimates for are computed as part of each scenario, these quantities
may also be updated at the end of iteration k£ by . Similarly, while the Hessian
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Algorithm 2 Sequential Quadratic Optimizer with Inexact Subproblem Solves
1: Set k «— 0 and (T, Yr, Tre» Yi» Un » k) satisfying and (2.14).
2: Check for finite termination by performing the following.
a: If (2.13a) holds, then terminate and return the KKT point (zx, yi/tk, Ui/ 1tk )-
b: If (2.13bf) holds, then terminate and return the infeasible stationary point .
3: Initialize the symmetric Hessian approximations Hj, and Hj .
4: Check for a trivial iteration by performing the following.
a: If Conditions [1| hold, then perform Updates |l and go to step // (Scenario
5: Use Algorithm |1l to compute an approximate solution of satisfying Termination
Test [l or [3] and initialize (df, Yii1, Jur1) < (0,v%, T ) by default.
a: If Conditions [2| hold, then perform Updates [2| and go to step // (Scenario
6: If Termination Test [1| holds, then use Algorithm [I| to compute an approximate solution
of satisfying Termination Test |4l In any case, do the following.
a: If Conditions 3| hold, then perform Updates [3[and go to step|8] // (Scenario 3]
b: If Conditions [5| hold, then perform Updates |5 and go to step |8} // (Scenario |5)
7: Use Algorithm [1| to compute an approximate solution of 1| satisfying Termination
Test or If Termination Test 1| holds, then use Algorithm [1{to (re)compute an approx-
imate solution of (FQP) satisfying Termination Test 4} In any case, do the following.
a: If Conditions [3| hold, then perform Updates [3|and go to step|8] // (Scenario [3)
b: If Conditions {4| hold, then perform Updates [4] and go to step (8l // (Scenario [4))
c: If Conditions 5| hold, then perform Updates [5| and go to step|8 // (Scenario |5))
d: Conditions [6] hold, so perform Updates // (Scenario [6)

8: Compute ay as the largest value in {y°,7*,v%,...} such that (2.12) is satisfied.
9: Set Tp41 — Tk + ondi, (Yry1,Tns1) by (2.34), and k — k + 1, then go to step

approximations are initialized at the start of each iteration, these matrices may be up-
dated via the modification strategy in Algorithm[I} Hence, for clarity in our analysis,
we specify the following about our notation: by (y,.,7,.) and (v, 7)) (with subscript
k), we are referring to the multiplier estimates for and , respectively, that
are available at the start of iteration k; unless otherwise specified, by (y +17ﬂ;c +1)
and (Y341, Yxy1) (with subscript k + 1) we are referring to the multiplier estimates
obtained at the end of iteration k; and, by Hj, and Hj/, we are referring to the values
of these matrices obtained at the end of iteration k.

3.1. Well-posedness. We show that either Algorithm [2| will terminate finitely,
or it will produce an infinite sequence of iterates satisfying . This well-posedness
property of Algorithm [2]is proved under the following assumption.

AssuMPTION 3.1. The functions f, ¢, and ¢ are continuously differentiable in an
open convez set ) containing the sequences {x} and {xy + di}.

We also require the following assumptions about the QP solver employed in Al-
gorithm [1f to solve subproblems and . We state these assumptions, and
then discuss their implications vis-a-vis our termination tests in a series of lemmas.

ASSUMPTION 3.2. Suppose that with p € (0,00) and a fized H, Algorithm
repeatedly executes step[3 Then, the following hold.

(a) If xy is stationary for ¢(-, ), then the executions of step [q will eventually

produce y € [—e, €] and § € [0, €] with pi(0,y,y, 1, H) arbitrarily small.

(b) If zy, is not stationary for ¢(-, 1), then the executions of step[q will eventually
produce d, y € [—e,e], and § € [0,¢e] with pr(d,y,y, u, H) arbitrarily small
and Aly,(d, ) > LdTHd.

ASSUMPTION 3.3. Suppose that with 1 = 0 and a fivred H, Algorithm[] repeatedly

erecutes step @ Then, with Al,(d),, pi) > 0, the executions of step @ will eventually
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produce d, y € [—e,e], and § € [0, ¢] with px(d,y,7,0, H) arbitrarily small and either
Alg(d,0) > %dTHd or Al (dy,, pr) > %dTHd.

We remark that Assumptions and only concern situations in which Algo-
rithm [I| repeatedly executes step |3| while H remains fixed. By the construction of the
algorithm, if an execution of ste ever yields d with $d"Hd < 6||d||?, then H will
be modified. Hence, these assumptions do not apply until H remains fixed during
a run of Algorithm [I} which is in fact guaranteed to occur after a finite number of
executions of step [3} see Lemma below. We also remark that the last inequal-
ity in Assumption b) merely requires that d yields an objective value for
(with € (0,00)) that is at least as good as that yielded by the zero vector, which
is a reasonable assumption for many QP solvers. Similarly, the last inequalities in
Assumption require that d yields an objective value for (with p = 0) that
is at least as good as that yielded by the zero vector (which is reasonable when xj
is not stationary for ¢(-,0) = v(-)), or that the inner product $d” Hd is less than
Al (dy,, pe) (which is reasonable when x, is stationary for v since then there exists a
stationary point for with d = 0).

Our first result relates to the strategy for modifying H in step [ of Algorithm

LEMMA 3.4. During a run of Algorithm/[1], the matriz H will be modified in step|])
only a finite number of times. Hence, after a finite number of executions of step [3
all subsequent ezecutions in the run will yield d” Hd > 6||d||*.

Proof. If Algorithm [1] does not terminate prior, then after a finite number of
modifications of H, it will satisfy H = 261, after which point the condition in step []
will never be satisfied and no further modifications will be triggered. O

We now prove the following result for the case when Algorithm [1]is employed to
solve (PQP)) when the current iterate is a stationary point for the penalty function.

LEMMA 3.5. Suppose that xy, is stationary for ¢(-, px), but [|p(xk, Y., Ur, )| > 0.
Then, if Algom'thm is employed to solve @D, Termination Test@ will be satisfied
after a finite number of executions of step [3

Proof. By Lemmal3.4] we have that after a finite number of executions of step[3|, H
will remain fixed. Hence, without loss of generality, we may assume that all executions
of step have (u, H) = (pr, Hi,). Then, under Assumption repeated executions
of step [3| will eventually produce y € [—e,e] and § € [0,e] with px(0,v, g, pw, Hy,)
arbitrarily small. Since ||p(xx,y},, Uy, px)|| > 0, it follows that (y, 1,9 1) = (¥,9)
will satisfy and (2.23)) after a finite number of such executions. Moreover, if
holds, then by we have vx > 0. Hence, px(0,v,7, ux, Hy,) — 0 implies
Iy, §)|loc — 1, from which we conclude that with pi (0, y, g, ux, Hy,) sufficiently small,
(y;c+13 37;@-;-1) = (y, y) will satisfy ' o

Similar results follow when Algorithm [1| is employed to solve when the
current iterate is not stationary for the penalty function. However, before considering
that case, we prove the following lemma related to first-order optimal points of .

LEMMA 3.6. For any iteration k and constant o > 0, there exists & > 0 such that
if lp(d,y, 7, . H)|| < & and Aly(d, p1) > 0||d||?, then

Aly(d, p1) > Ali(d, 0) = [[(y, 9) |loovi + d" Hd — 0.

Proof. First note that the inequality Aly(d,u) > 6]|d||? implies that d is bounded
since Alg(-, ) is globally Lipschitz continuous for any given k& and p > 0. Now
consider an arbitrary o > 0. If for some & > 0 we have ||px(d,y, 7, 1, H)|| < &, then
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by the boundedness of d it follows that for some C' > 0 independent of & we have
—ugid—d"Hd — (Jyy + Jry)Td > —Ca
and (cp + JTd) Ty + (ex + J5d) g > —C6.

We then obtain by the definition of Al and the Cauchy-Schwarz inequality that

Aly(d, ) — d"Hd = Aly(d,0) — pgid — d" Hd
> Al (d,0) + (Jyy + Jr9) " d — Ca
= Ali(d,0) + (cx + JFd) Ty — Ty + (e + T d) g — ey — Co
= Al(d, 0) = [[(y, 9)[lcve — 2C5.

The result follows by choosing & sufficiently small such that 2Ca < ¢. O

We now consider the employment of Algorithm [I| when xj is not stationary for
the penalty function. As will be seen in the proof of Lemma [3.9] Algorithm [I] will
only be employed to find an inexact solution that satisfies Termination Test [2] if the
residual for the feasibility problem is nonzero.

LEMMA 3.7. Suppose that . is not stationary for ¢(-, ui). Then, if Algorithm
is employed to solve (PQP)|), Termination Test will be satisfied after a finite number
of executions of step é Moreover, if ||p(zk, yi, Yy, 0)|| > 0, then Termination Test@
will also be satisfied after a finite number of such executions.

Proof. By Lemma we have that after a finite number of executions of step
H will remain fixed. Hence, without loss of generality, we may assume that all ex-
ecutions of step [3| have (u, H) = (u&,H},), and that all values of d computed in
step [3| satisfy £d” Hd > 6||d||?. Since w;, is not stationary for ¢(-, ux), it follows that
lo(zk, i, Urr i) || > 0 and that d # 0 in any first-order optimal solution (d,y, ) of
@ Hence, under Assumption we have that after a finite number of executions
of step |3, the vector (d}, ¥} 1, ¥py1) = (d,y,7) will satisfy [216), 2:15), and [2.17).

Now suppose that |p(zk, vy, 7y,0)|| > 0. Then, by the same argument as above,
we have that after a ﬁnite number of executions of step the vector (dy,, vy, 41, Upt1) =
(d,y,y) will satisfy (2.16| , (2.17), and ( - Moreover, note that if a first-order
optimal solution (d,y, y) of 1] (with pr(d,y, 9, ux, H,) = 0) has ||(y,9)|lec <
Ae—pB) € (0,1), then it also has Alx(d,0) = vj. Hence, will imply when
ok (s Y15 Ui 1s ks Hy )|l is sufficiently small. Now, since ||p(zx,yy, 9y, 0)|| > 0,
we have from that v, > 0. Moreover, from Lemma we have that for any
constant o > 0, there exists & > 0 such that the inequalities ||px(d, y, 7, ux, H;,)|| < &
and Al (d, ) > 0||d||*> > 0 imply

g d < [|(y, D)lloovr — d" Hpd + 0 < ||(y, 9) || sovr + 0.

Consequently, when ||pp(dy,, ¥y, 15 Upq1, bk, Hy)|| is sufficiently small, (2.22)) will hold
(regardless of whether or not ([2.21)) is satisfied). O

We now prove a similar result for when Algorithm [1}is employed to solve .
As can be seen in Algorithm [2]and the proof of Lemma[3.9] this only occurs when Ter-
mination Test[I]is satisfied (which requires Al (dj,, 1) > 0) and ||p(x, yy. 75, 0)|| > 0.

LEMMA 3.8. Suppose that Al(dy, ux) > 0 and ||p(xk, yy, s, 0)|| > 0. Then, if
Algorz'thm is employed to solve , Termination Test will be satisfied after a
finite number of executions of step [3

Proof. By Lemma[3.4] we have that after a finite number of executions of step[3, H
will remain fixed. Hence, without loss of generality, we may assume that all executions
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of step [3| have (u, H) = (0, H}!), and that all values of d computed in step (3| satisfy
1d"Hd > 6||d||>. Under Assumption repeated executions of step |3| will eventually
produce d, y € [—e, €], and § € [0, €] with px(d,y,7,0, H;) arbitrarily small, meaning
that (d,yy 1 Jn) = (d,y,y) will satisfy (2.27), (2.26), and (2.28) after a finite
number of such executions. O

Now that we have established that Algorithm [I| will terminate finitely in a variety
of situations of interest, we prove the following lemma showing that Algorithm [1] will
always terminate finitely in the context of Algorithm [2}

LEMMA 3.9. Algorithm[d] terminates finitely whenever it is called by Algorithm[3

Proof. Consider the call to Algorithm 1| to solve PQP: in step [5| of Algorithm
If l) holds, or if Conditions |1 hold, then Algorithm i would have terminated in
step [2, or at least would have skipped step |5, Thus, we may assume that and
Conditions (1] do not hold, meaning that ||p(xk, y},, 7). )| > 0. If 2y is stationary
for ¢(-, ux), then by Lemma we have that Algorithm will terminate finitely with
(d}ys Yot 1> Upsr ) satisfying Termination Test (Termination Test ‘ cannot be satisfied
when zy, is stationary for ¢(-, ) due to the strict inequality in (2.17)).) Similarly, if
x 1s not stationary for ¢(-, uy), then by Lemma we have that Algorithm [1| will
terminate finitely with (dy, v} 1,7}, ) satisfying Termination Test |I| and/or

Next, consider the call to Algorithm [1|to approximately solve (FQPJ) in step |§| of
Algorithm [2 which occurs only if Termination Test [I| holds (and so Aly(dj,, pr) > 0).
If vy, = 0, then the satisfaction of implies the satisfaction of . Consequently,
Conditions 2] would have been satisfied in step [5] of Algorithm [2, which would have
caused the algorithm to skip step[6} Thus, we may assume v > 0, which in turn means
lo(zk, yi, i, 0)|| > 0 or else Algorithm [2] would have terminated in step [2| It then
follows from Lemma 3.8 that Algorithm |I|will terminate finitely with (d}, vy, 1, i)
satisfying Termination Test [4}

Finally, consider the calls to Algorithm [I] in step [7] of Algorithm 2] We claim
that we must have ||p(x, v}, 7}, 0)|| > 0 in this step. Indeed, if ||p(zx, vy, 7, 0)| = O,
then we must have vy = 0 or else Algorithm [1| would have terminated in step [2 since
would have been satisfied. Moreover, since v = 0, if Termination Test [I] was
satisfied in step [p] then Conditions[2]would have been satisfied and Algorithm [T]would
have skipped to step [8] Consequently, we may assume that Termination Test [3] but
not Termination Test [I, held in step [}l However, since Termination Test [3] held after
step[5|and || p(zk, ¥}, U, 0)|| = 0, it follows that Conditions |5 would have held in step 6]
meaning that Algorithm [2] would have skipped to step[§] Overall, we have shown that
we must have ||p(zk, v}, 75, 0)|| > 0 in step [7} Consequently, by Lemmas and
we conclude that Algorithm will terminate finitely with (dj, v, ¥},) satisfying
Termination Test [2{ and/or 3] and then if Termination Test [1{ holds, it will terminate
finitely with (d}, vy, |, ¥}, 1) satisfying Termination Test |4, O

Our next lemma shows that one of our proposed scenarios will occur.

LEMMA 3.10. If Algorithm[3 does not terminate in step[d, then Scenario[d] [3 [3,
[4 [3 or[d will occur.

Proof. If Algorithm [2] does not terminate in step [2] and Conditions [I] hold, then
Scenario [I| occurs. Otherwise, without loss of generality, we may assume that Algo-
rithm [2] reaches step [7] in which case it follows from Lemma that a primal-dual
vector satisfying either Termination Test 2] or 3] will be computed. In particular, if
Termination Test [2 holds, then Termination Test [1] also holds, and Algorithm [2] will
proceed to compute a primal-dual vector satisfying Termination Test 4] Consequently,
it follows that in step [7] either Termination Tests and [4 hold, or at least Ter-
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mination Test [3] holds. In the former case when Termination Tests [I} 2} and [] are
satisfied, then at least Conditions |4| hold, in which case Scenario |4] (if not Scenario
would occur. Otherwise, when Termination Test [3] is satisfied, it is clear that either
Conditions [f] or [6] hold, in which case Scenario [f] or [6} respectively, would occur. O

The major consequence of the previous lemma is that if Algorithm [2] does not
terminate in iteration k, then exactly one scenario will occur. For ease of exposition
in the remainder of our analysis, we define

K, := {k | Scenario i occurs in iteration k}.

We now show that the sequence of penalty parameters will be positive.

LEMMA 3.11. For all k, it follows that pgy1 € (0, pug].

Proof. Note that pgq1 «— pi for k € KgU KgU Kg. Moreover, for k € KqU Ky,
we have pg1 < dug. Thus, we need only show that ugy1 € (0, ug] for k € Kg.

Consider k € Kpg. By the definition of Alj, we have

Al (dy, ) > BAL(dy,0) <= pugf die < (1 — B) Al (dy, 0). (3.1)
Consequently, it follows from that pr41 € {Opk, px} > 0 unless we find
pgi di. > (1= B)Aly(dy, 0) > (1 — B)ed|dy[|,
where the latter inequality follows from and . This immediately implies
grdy >0 and ||dg| > 0. (3.2)
In such cases, we set pg1 by where

(1 — B)Al(dy,0) o (1= /3)69||d§c'||2.
gidi +0||de > ~ gldi + 0]|dy|?

The relationships in and the inequalities in respectively imply that the nu-
merator and denominator of the right-hand side of this expression is positive, meaning
that pp41 set by is both positive and less than or equal to py. O

Our next goal is to prove that the backtracking line search in Algorithm [2]is well-
posed. This requires the following result, which states that —Alg(-, ) can be used
as a surrogate for the directional derivative of ¢(-, u) at xy, call it Do(-; g, u); for a
proof, see, e.g., [3, [4]. This fact will be used in the proof of the subsequent lemma to
show that Algorithm [2[ produces a direction of strict descent for ¢(-, pg+1) from zy as
long as Aly(dy, pies1) > 0.

LEMMA 3.12. At any iterate xj and for any p > 0 and d € R"™, it follows that

Do(d; wp, p) < —Alg(d, p).

Thus, if Alg(d, ) > 0, then d is a direction of strict descent for ¢(-,u) from xy,.

We now provide a non-negative lower bound for the model reduction correspond-
ing to the new value of the penalty parameter, and consequently show that the back-
tracking line search in Algorithm [2|is well-posed.

LEMMA 3.13. For all k ¢ Kg we have

Al (dy, ps1) > 0)|di|)?,
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and for all k € Kg we have
Al (dy, 1) > BAL(di, 0) > Bed||di||* > 0.

Consequently, for all k we have oy > 0.

Proof. The first statement in the lemma is trivial if k¥ € KU KgU Kpg since for
all such k we set d < 0. For k € KgU Kg, we have from and the facts that
di < dj, and pg+q «— py that

Ali(dy, prr1) = 0)|di|* > 0.

Finally, consider k € K, where by (2.31)) we have dy # 0. We proceed by considering
the three possibilities in (2.11)). If 7, > 7 and Alg(dg, pr) > BAIlL(dk, 0), then we set

Mr+1 < pg and by (2.10)), (2.30), and (2.31)) have
Al (d, prog1) = Alg(di, i) > BAL(dy, 0) > Bed||dy||* > 0.

Otherwise, if 7, < 7 and Alg(dy, ) > BAl,(dk,0), then since we have urgldy <
(1 — B)Alk(dk,0) (recall (3.1)) and since and imply Aly(dg,0) > 0, we
also have dpggi di < (1 — 3)Alg(dy,0). Thus, after setting pig1 < Sy by , we
have from , (2.30)), and (and recalling ) that

Alyy(di, 1) = BAL(dy, 0) > Beb||dy||* > 0.

Finally, if Alg(dg, pr) < BAlk(dg,0), then after setting px11 < pg by (2.11), we have
from the fact that gi{'dy, > 0 (recall (3.2)) and (2.10), ([2.11), (2.30), and (2.31)) that

Al (di, pr41) = — 193 dis + Al (dy, 0)
(1 —5)Alk(dk,0)> T
> di + Al (dg, 0
= < ngdk+9||dk||2 i Ak k( k )
> BAl(dy,0) > Bed||dy||* > 0.

The final statement in the lemma follows since for k£ € KpU KgU Kg we set
ap «— 1, and for k € KU KgU Kg we have Alg(dg, pir+1) > 0; in the latter case
Lemma implies that step [§] of Algorithm [2] yields oy > 0. O

We now have the following theorem about the well-posedness of Algorithm

THEOREM 3.14. One of the following holds:

(a) Algorithm @ terminates with a KKT point or an infeasible stationary point

satisfying a condition in ;

(b) Algorithm@ generates an infinite sequence of iterates satisfying .

Proof. If, during iteration k, Algorithm [2| does not terminate in step [2 then it
follows from Lemmas [3.9] and that each call to Algorithm [I]and the backtracking
line search will terminate finitely, which in turn implies that all steps in iteration k will
terminate finitely. Moreover, it follows from our updating strategies for the multiplier
estimates and Lemma that will hold at the start of the next iteration.
Indeed, by induction, will hold at the start of all subsequent iterations. O

3.2. Global convergence. Under the assumption that Algorithm [2] does not
terminate finitely—and so, by Theorem produces an infinite sequence of itera-
tions satisfying (2.1))—we prove that appropriate measures of stationarity for problems

(NLP) and (FP) (see (2.13)) converge to zero. Overall, we prove that Algorithm

possesses meaningful global convergence guarantees.
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We make the following assumptions for our analysis in this section.

AssuMPTION 3.15. The functions f, ¢, and ¢ are continuously differentiable in
an open convex set ) containing the sequences {xy} and {xy + di}. Moreover, in Q,
the functions and their first derivatives are bounded and Lipschitz continuous.

ASSUMPTION 3.16. The Hessian matrices H;, and H; —including their initial
values and those returned from Algorithm [I—are bounded in norm.

Assumption [3.15] represents a strengthening of Assumption [3.1] Moreover, we
continue to make Assumptions [3.2 and [3.9] so that all of the results in apply.

Our first lemma in this section shows that the search directions are bounded.

LEMMA 3.17. The sequences {d.}, {d}}, and {dy} are bounded in norm.

Proof. Consider {d }. For k € KgU KgUKg, Algorithm [2sets dj, < 0. Otherwise,
Termination Test |1| or [2| holds, so by we have

Al (dy, pi) > 6|/ dy ||

Since all quantities (other than d},) in the piecewise linear function on the left-hand
side of this inequality are uniformly bounded by Assumption [3.15] and since p €
(0, wo] for all k& by Lemma it follows that dj, is uniformly bounded in norm.

Now consider {d}/}. For k € KpU KpgU KgU Kg, Algorithm [2| sets d} — 0.
Otherwise, Termination Test [4| holds, so by @ we have

max{ Al (dy, i), Al (d,0)} > 0[|di||*.

The fact that dj/ is uniformly bounded in norm follows due to similar reasoning (for
d}.) as in the previous paragraph.

Finally, since for all k& Algorithm [2| sets d by (i.e., as a convex combination
of dj, and d)), it follows from above that dj, is uniformly bounded in norm. O

We now provide a lower bound on the step-sizes that is more precise than that
given by Lemma [3.13

LEMMA 3.18. For all k, the step-size satisfies ay, > wAlg(dg, pp+1) for some
constant w > 0 independent of k.

Proof. The result is trivial for k € KU KgU Kpg since for all such k& Algorithm [2]
sets dj, < 0 and ay, < 1. It remains to consider k € KgU KgU Kg where from ,

(2.17), and (2.31) we have that dj # 0.
Let @& be a step-size for which (2.12)) is not satisfied, i.e.,

Oz + adi, pr+1) — G(Th, 1) > =0l (dy, prr)-
Using Assumption Taylor’s theorem, and the convexity of || - |1, we also have
O(zk + ady, py1) — G(Ths prt1)
pio1 (f (@r + adi) — fi) + v(@k + ady) — v

< aprr gt di, + alller + JEdilly + 116 + T dil Fl) + (1 — @)ox — g, + G2C||d|?
= — aAl(dy, prr1) + @2C||dy||?

A

for some C > 0 independent of k. Combining the last two inequalities, we have

aCl|dg|* > (1 = n) Al (d, te+1),

which implies that the line search yields oy > v(1 — 1) Al (dk, pr+1)/(C|ldk||?). The
result then follows since {dj} is bounded by Lemma O
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Our next goal is to prove that, in the limit, the sequence of reductions in the
model of the penalty function and of the constraint violation measure converge to
zero. For this, it will be convenient to work with the shifted penalty function

where f is the infimum of f over the smallest convex set containing {x} whose ex-
istence follows under Assumption [3.15] The function ¢ satisfies an important mono-
tonicity property proved in the following lemma.

LEmMMA 3.19. For all k,

O(@rg1, prs2) < @(@k, prg1) — NoxAlg (dy, pres1),

implying that {@(xy, pr+1)} decreases monotonically.
Proof. According to the line search condition (2.12)), we have

O(@hy1, 1) < @(@k, prg1) — NoxAlg(dy, prey1)-

This inequality implies

O(Trr1s rr2) < (ks prrg1) — (er1 — prre) (frrr — f) — noa Al (dy, prr1)-

The result follows since Al (dk, prt1) > 0 (by Lemma [3.13), {4} is monotonically
decreasing, and fr > f for all k. O
We now prove that the model reductions and search directions converge to zero.
LEMMA 3.20. The following limits hold:

0= lim Al(d, ) = lim df]] = lim i) = lim i) = lim Aly(di.0).
(3.3)
Proof. By Lemmas and if there exists an infinite subsequence of it-
erations with Alg(dk, pgr1) > C for some constant C' > 0, then we must have
o(xk, pg+1) — —oo. However, that contradicts the fact that ¢ is bounded below

by zero. Hence, we must have that Al (dg, pr+1) — 0.

Now consider {d}}. For k € KU KgU KgU Kg, we have dj/ < 0. Otherwise, for

k € Kg we have from , , and the facts that dy, — d). and py41 < pg that

0l|dy|? if Alg(dy,, pr) > Alg(dy,0)

Al (dp, = Al (dy, i) >
ke (dis forg1) K (dy, i) > {eAlk(dg,O) > €f||d]||* otherwise,

and similarly for k € Kg we have from Lemma [3.13] that
Al (d, pe1) = Bed]|dy ||

Since Aly(dg, pr+1) — 0, it follows from these last two expressions that dj, — 0.
Now consider {d},}. For k € KU KgU Kp, we have dj, < 0. Otherwise, for
k € KpU Kpg, we have from (2.17)) and the facts that dj, < d}, and pg+1 < pp that

Al (d, 1) = 0|\ d |12
Finally, for k € Kg we have from (2.30) that

Al (dy,0) = 0||d |-
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Since Aly(d, tr+1) — 0 and df — 0, it follows that dj, — 0.
The last two limits in follow from and since dj] — 0 and dj, — 0. O
We now present a useful lemma.
LEMMA 3.21. Let {ry}, {ex}, and {7} be infinite sequences of non-negative real
numbers and let IC be an infinite subsequence of iteration numbers such that

KT + ek for ke K

max{rg,7x} fork ¢ K. (3:4)

e, — 0, 7, — 0, and ’I”k_HS{

Then, r, — 0.

Proof. Let C' > 0 be an arbitrary constant. Since e, — 0 and 7, — 0, there exists
k1 > 0 such that for all k > k; we have e, < (1 — k)C/2 and 7, < C. If for k > ky
with k& € KC we have ry > C, then since k € (0,1) the inequality in yields

rii1 < w1+ 1520
— 1—-k
= (k=g + 1 + 55C
< (k=1)C+r, + 5EC

=7 — —1;”0.

Hence, 1, — rg+1 > (1 — k)C/2 for all k > ky with & € K and r, > C. This, along
with the facts that K is infinite, 711 < max{ry, 7} for k ¢ K, and 7, — 0, means
that for some ko > k1 we find ry, < C. If for k = ko we have k ¢ K, then by we
have ri4+1 < max{ry, 7} < C, and otherwise (i.e., when k € K) we similarly have

re < RC + 1550 = =0 < C.

By induction, r < C for all k > k3. The result follows since C' > 0 was arbitrary. O
We now prove that the sequence of residuals for converges to zero. (At this

point, we remind the reader about the manner in which we refer to the multiplier

estimates involved during iteration k; see the discussion at the beginning of )
LEMMA 3.22. The following limit holds:

" =

Proof. We consider two cases depending on the nature of the set of iterations in
which k € KU KgU Kg.

Case 1: Suppose k € KU KU K for all sufficiently large k, in which case we
can assume without loss of generality that & € KU KgU Kpg for all £ > 0. It follows
that 41 < g for all £ > 0, and from Updates and@ (in particular, from
and (2:33)) and (2.34), we have that {||p(zx,y}, 7}, 0)||} decreases monotonically. We
proceed by distinguishing whether or not KgU Kp is finite.

If KmU Kpg is finite, then there exists k1 > 0 such that k € Kp for all k > k.
Since Conditions [5| hold for all k > ki, it follows from Termination Test [3| that
holds for all k > ki, yielding p(zk, ¥}, 9, &) — 0. Consequently, since we also have
that does not hold for all k£ > ki, we have (3.5)).

Now suppose that KpU Kg is infinite. For k € KpU Kg, Algorithm 2] updates
Wi+1 < Opk, so the fact that KgU Kp is infinite implies that puy — 0. In particular,
if K is infinite, then it follows that

1- ! =/ —
kg}(}:up(xkaykayk70) Oa
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which along with (2.29) and the fact that {||p(x, v}, i, 0)||} decreases monotonically

implies that (3.5]) holds.
It remains to consider the case when KpU Kg is infinite, but K is finite, or in

other words the case when Kp is infinite and k € KgU Kpg for all large k. For the
purpose of deriving a contradiction, suppose that (3.5) does not hold, i.e., that

Jmlp(r, yids i, )| =: o1 > 0. (3.6)

(The limit in (3.6) exists due to the Monotone Convergence Theorem.) Define ¢; :=
(+1)/2 € (¢,1) and let K C Kpg be the subset of iterations in which
@

Hp(xlﬁ /yl/ca g;w 6Mk)H > Cl Hp(l‘ka yg, g;cl’ O)H (37)
If K is infinite, then for some C; > 0 we have from (3.7)) and for all k¥ € K that

pr < llp(ar, vl 1 O < & llp(en, Yi T 0wl < 2 llo(aks Yo Gheo 1) | + Crii (3.8)

Therefore, since ur — 0, there exists po > 0 such that for large k¥ € K we have
lp(zk, Yyo Uroy i) || > p2. For such k we further have from (3.8) and the fact that
Conditions [f] require that (2.24)) holds that

" =1

o, Yo T ) | < o, vk, Tl O < (s Yoo T i) |+ Crpaie
Rearranging terms yields that for sufficiently large k € K we have

1 1 C C
<= —-=X ,mf, < f”k
¢ G le(zr, vy, U i) p2

0

Recalling py, — 0, this constitutes a contradiction to the supposition that K is infinite.
Finally, continuing with the supposition that p; exists as in (3.6)), consider the
case when K is finite, i.e., when k € KgU (Kg\K) for all large k. By definition, the

inequality (3.7)) is violated for k € Kg\K. Moreover, for k € Kg\K, Algorithm [2| sets
Pt < Opg and (Y1, Ypi1) < (g, U), S0 we have for some constant Cy > 0 that

||p(‘rk+17y;c+17g;c+l’0)‘| < ||p($kay;s+1?g;c+17/1“k+1)” + Coptg41
" =1

< Gllp(r, yi, ¥, )| + Copig41-
Since ¢; € (0,1) and py — 0, it follows from above, (3.6, and the monotonicity of

1

lo(zk, vy, i, 0)|| that for all large k € Kg\K we have during Scenario |§| that
10(@h+15 Y1 G 1 O | < o1 < [lp(@ht15 Vi1 Tregrs O)|I- (3.9)

Hence, the update (2.29) will set (v, 1,71 1) — Wi Uk) = Wha1, Upyq) for all suf-

ficiently large k € Kg\K, and consequently |[p(zxy1,¥) 415 Jx+1,0)ll = p1 will hold
for all sufficiently large k € Kg\K. (Note here that the update (2.34) can only de-
crease the value of ||p(wx41,¥) 1, %i41,0)||.) Moreover, since {|p(xx, vy, 7,0} is

monotonically decreasing, we have the stronger conclusion that
lo(er, i, 7 0)| = 1 for all large k, (3.10)

and since py — 0, we also have that ||p(zrr1, Y3 1s Yur1 #es1)|| — p1. Now, since
(14+¢1)/2 € (0,1), it follows that for sufficiently large k € Kg\K we have

p1 < %CIHP(%H,Z/ZHa271;/+1>Mk+1)|| = ﬁ%||ﬂ($k+1>y;w§;wﬂk+1)||a
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where the last equality follows since the update (2.29) will set (3,1, ¥541) < V%, U%)
for all sufficiently large k € Kg\K (which followed above due to (3.9)). Since ({3.7)
does not hold for such &, we find that for sufficiently large k € Kg\K we have

_ 2 — 2 =
P < Tk llo(en yi, 51 0 = £k,

which is a contradiction since 2¢;/(1 4+ ¢1) < 1. Hence, the supposition that there

exists p; > 0 satisfying cannot be true, and as a result we have shown (3.5)).
Case 2: Suppose that KgU KgU Kg is infinite. From and Taylor’s theorem,

it follows that for some C5 > 0, at the start of iteration k + 1 with k € Kpg, we have

1p(br w1 1 O) | < ks < v+ Cd. (3.11)

Moreover, if Kp is infinite, then limge g vp = 0. (To see this, note that for k € Ky
we have pgy1 = py and di, = d},, and hence from it follows that Alg(dk, pr+1) =
Aly(dy, pr) > evg. Lemma then yields limye g vr = 0.) Now consider the start
of iteration k + 1 such that k € KgU Kg. It follows from Taylor’s theorem and the
boundedness of (y;/,, %y, ,) due to that for some {Cy, Cs} € (0,00) we have

Tes1Yi1 + jk+1l7g+1

min{[ck41]*, e — Y4
IIp(ka,yZH,?JZH,O)H = || |min{[ext1] 7 e + yk+1}
min{|[c 1]+ Z/k+1}

| min{[Cx1]7, T

TeYier + Tk
min{[cz|t, e — ng}

< || |min{[ce] ", e+ y 1} || + Calldkll
min{[cx| ", e — gy}
|min{lex] ™, Yyt
[ Hjdy — HYdy + TeYite1 + Tkl
min{[c, + JLd) — JEd{ T e —yil
= ||| mindlew + £ = T e+ u}| | + Callai]
mindle + L df ~ T e~ )
min{[e, + Jod) — Todl), Gl
< loe(dys Yisas Uiias O Hi)I 4 Calldi]| + Cs || dil]]. (3.12)

It then follows from Termination Test [4] that for k € KgU Kg we have

U

||Pk( k»y;c/+17g;cl+170 Ilcl)” < ’f||/’($k,yga§g>0)||v (313)
which together with (3.12) yields

lo(@k+1, Y41, k1, O < sllo(n, yil, 7k 0)l| + Calldell + Cs |l di |- (3.14)

(Note that the final multiplier update (2.34)) can only decrease the left-hand side, so
the above inequality holds both before and after this update is applied.) Finally, note

that from (2.29), (2.33), and (2.34), we have at the beginning of iteration k + 1 with
k € Kgu KU K. that

||p(.’L‘k+1, y;c/+17 g;c/+1= O) ” < ||p(l‘k, yl/c/7 g;c/ﬂ 0) || (315)
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Define 7, = ||p(zk, yi, 7y, 0)| for all k& > 0, ex = vy + Cs||dg|| for k € Kp,
ex = Cyl|di|| + Cs||d}l|| for k € KgU Ka, 7, := 0 for all k > 0, and K := KgU KgU Kg.
Since dj, — 0 and d}/ — 0 follow from Lemma and limye g v = 0, it follows from
, , and that Lemma implies (3.5]).

The result follows from the analyses of these two cases. O
A similar result follows for the residual for the penalty problem.
LEMMA 3.23. The following limit holds:

i (lp(@rs v G ) | = 0. (3.16)
—00

Proof. We prove the result by considering two cases.

Case 1: Suppose that k € KgU Kg for all large k. In order to derive a contra-
diction, suppose that there exists an infinite K C KqU Kpg such that for some C; > 0
we have ||p(zk, Yk, Tk, k)| > C1 for all £ € K. Under Conditions (1} it follows that in
fact K N Kg= 0, so under Conditions [f] we have for all k € K that

Cl < ||P($k7y;c7g;m,uk)|| < CHp(xk7y;clag;ql70)H

However, this contradicts Lemma which means that (3.16]) must hold.
Case 2: Suppose KgU KU KgU K is infinite. From the definition of the residual
p, we have for some {Cs5,C5,Cy} C (0,00) that

Hp(karlv y;ﬁ»la g;@«f»l’ ﬂk+1) H

(19541 + Tet 1Y + Te1Th0
min{[ep41]*, e — Y g}
= min{[cx41]7, e + Yjpq )
min{[C41]F, e — Ui}
| min{[G1]7, Gy )
-/~Lk+1gk + Jlpyr + jkg;g+1
min{[cx] ", e —yj 41}

< min{[cx] 7, e+ Y1} + Ca|di|
min{[cg]*, e — 7)1}
i min{[cx]~, Yp1)
fk19x + Hydy, — Hydy + Jiyhy + Jeliy
min{[cy + J'dj — JEd )" e —yi 0}
= min{[cy + S dj, — JLdy |7 e+ 40} + Cadk ||
min{[@ + Jy, dj, — Ty di]* e = Gy}
o T T 1 _
| min{[éx + Jpd), — Jpdi]T, U1}
< 1okl Yo 15 T 15 a1, Hi ) ||+ Calldi]| + Csl|dy ||

< llpw (s Ypeg 1 Uhrs i, Hi) |+ Colldiell + Calldill + Calpr — peyn)llgill - (3.17)

where the first inequality follows from Taylor’s theorem and the boundedness of

(Ygs1> Jieqr) due to (2.1). For k € KygU KgU Kg, Termination Test (1| and/or
holds, so we have from (2.15) and/or (2.18) that

||pk(d;c7y;c+17g;c+1ﬂlu’k7Hl/c)” < ’illp(xkuyl/mg;wﬂk)ll + f€||p(xk,yg,§g,0)||. (318)
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Similarly, for k € Kp, we have from Termination Test [3| (specifically, (2.23]) and the
update dj, < 0) that

”pk(d;cv y/k+1ﬂ gl/c+17 Bk, Hl/c)” < "i”p(xkv yl/c» y;w /J“k)” (319)
Lastly, for k € KU Kg, we have along with (2.24) that

10k (s Y15 Ueas s HD = (@, v G i) 1| < Cllp (s yil w5 O)-

By (3.17), (.18), (.19), the fact that p(xx,yj,¥y,0) — 0 by Lemma [3.22] the facts
that dp — 0 and dj, — 0 by Lemma the fact that (ur — pr+1) — 0 by the
monotonicity and nonnegativity of {u}, and the fact that {gx} is bounded under As-
sumption 315} we find that with 7y, := [|p(z, Yk, p, ) |l; ex = wllp(zr, i, G, 0)[| +
Colld | + G|+ (i — pacs) el T = Cllp (il 5, O+ Calldyll + Clld | +
Calpr — pot1) |9k ||, and K := KgU KgU KgU K, Lemma [3.21] yields (3.16).

The result follows from the analyses of these two cases. O

The next lemmas describe situations when the penalty parameter vanishes. A
result similar to the first was also proved in [5].

LEMMA 3.24. If pp — 0, then either all limit points of {xy} are feasible for
or all are infeasible for .

Proof. In order to derive a contradiction, suppose that there exist infinite subse-
quences K, and Ky such that {zj}rex, — ®+ with v(z,) = 0 and {xk}rex, — Tx
with v(zx) = C; for some C; > 0. Since pr — 0, we have by the boundedness of
{f(zx)} under Assumption that there exists k., > 0 such that for all k¥ € K,
with k& > k. we have pupi1(f(zr) — f) < C1/4 and v(zg) < C1/4, meaning that
o(wg, pgy1) < C1/2. (Recall that f is the infimum of f over the smallest convex
set containing {z}.) On the other hand, we also have pg1(f(xx) — f) > 0 for all
k > 0 and that there exists ky > 0 such that for all k € K, with k > k, we have
v(z) > C1/2, meaning that o(zk, prr1) > C1/2. This is a contradiction since by
Lemma we have that {¢(zg, ur+1)} is monotonically decreasing. Thus, the set
of limit points of {z} cannot include points that are feasible for and points
that are infeasible. O

LEMMA 3.25. If i, — 0 and all limit points of {x} are feasible for (NLP)), then,
with K, == {k | pry1 < px}, all limit points of {xy}rex, are FJ points.

Proof. Let K, C K,, C KpU KgU Kpg be an infinite subsequence such that
{@1}rer, — 2« for some limit point 2, of {xy }rer,. We first show that the sequence
{(Wht1> Y1) b eex. has a limit point (y«,7.) # 0. We consider three cases.

Case 1: Suppose that K, N K is infinite. Since p(xg, Yp, T, i) = 0 and vg, > 0
for k € K. N K, it follows from the definition of p(-) that ||(y;, 11, ¥j41)llec = 1 for all
such k, which in turn means that {(y 1, ¥y 1) tke k. has a limit point (y., §x) # 0.

Case 2: Suppose that K, N Kpgis infinite. Then, we claim that [|(y}_ 1, J;11)lloc >
Ae—pB) € (0,1) for all large k € K, N Kg. Indeed, in order to derive a contradiction,
suppose that there exists an infinite subsequence K C K, N Kgsuch that for k € K we
have [|(4},415 Ukt1)lloo < A(e = ). Then, from and (2.20), we have Aly(d},0) >
evy > €Alg(dy,0), meaning that 7, < 1, d}, < di, and Alg(dg,0) > ev,. We also
claim that Alg(dg, pg) > BAlk(dg,0). (Otherwise, note that from , , and
the inequality [|(y;, 1, ¥Upt1)lloo < Ale — (), we have that

Al (di, i) = Al (di, 0) — gl de > vk — [|(Yhs1s Thg1)lloo vk /A > BAL(d, 0),

which is a contradiction.) Consequently, it follows from (2.11) that pr41 «— pg,
contradicting the fact that k € K,. Hence, ||(y41;Tis1)lloc = AMe—p) for all k € K.
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Since K. N Kpg is infinite and 0 < Ae — 8) < [[(%pq1 Upyr)lloo < 1 for all large
k € K. N Ky, it follows that {(yj 1, Yp41)}kek.nkg has a limit point (y., ¥) # 0.

Case 3: Suppose that for all large k € K, we have k € Kg. Since, for all such &,
Termination Test holds and is satisfied, it follows that 1 > [[(y} 1, Tpp1)lloo =
¥ > 0 for all such k. Hence, {(y} 1, ¥j1 1) kek.nkg has a limit point (y,¥x) # 0.

Overall, we have shown that {(y, ¥}, 1)}rer. has a limit point (y.,7.) # 0.
Then, since p(zk,Yj 41, Jpr1 #x) — 0 by Lemma with pr — 0, it follows by
Assumption that (2., ys, U, 0) is an FJ point. The result follows since the limit
point x, of {xx}rek, was chosen arbitrarily. U

The following definitions are needed for our next lemma.

DEFINITION 3.26. The set of active inequality constraints of at x is

A(z) := {i: é(z) = 0}.

DEFINITION 3.27. A point x that is feasible for (NLP)) satisfies the Mangasarian-
Fromovitz constraint qualification (MFCQ) for (NLP) if J(x) has full column rank
and there exists d € R™ such that

c(x)+ J(x)'d=0 and &)+ J(z)'d <O0.

We now prove that at certain first-order optimal points, the MFCQ fails to hold.

LEMMA 3.28. Suppose that p(., s, §x,0) = 0 where x, is feasible for
and (y«,9<) # 0. Then, the MFCQ fails at x..

Proof. Suppose that z, is feasible for . Under the conditions of the lemma,
it follows that 2 = 0 for all i ¢ A, := A(x.), which implies that

0= Juys + JuTu = Joyu + Jf*gj* ., (3.20)

where J, := J(z.) and J, := J(z.), and jf* and - denote the columns of .J, and
entries of g, respectively, corresponding to A.. In order to derive a contradiction to
the result of the lemma, suppose that the MFCQ holds at z, so that there exists d

such that d”.J, = 0 and def* < 0. Tt then follows from (3.20) that
0=d" Joy, +dL T gr = dv T g, (3.21)

and since def* < 0 and 72 > 0, we may conclude that y2+ = 0. Thus, from
and the fact that under the MFCQ the columns of J, are linearly independent,
we have y, = 0. Overall, we have shown that (y.,7.) = 0, but that contradicts the
condition of the lemma that (y.,7.) # 0. Hence, the MFCQ must fail at x,. O
We now state our main theorem of this section.
THEOREM 3.29. One of the following holds:
(a) ux = p for some p >0 for all large k and either every limit point . of {xy}
corresponds to a KKT point or is an infeasible stationary point;
(b) pr — 0 and every limit point x. of {xx} is an infeasible stationary point; or
(¢) px — 0, all limit points of {x} are feasible for , and, with K,, :={k:
Pyt < pr}, every limit point x. of {xi}rek, corresponds to an F.J point at
which the MFCQ fails.
Proof. Since if prp+1 < pr, then pri1 < dug, it follows that either pp — 0 or
i = p for some p > 0 for all large k. If pup, = p > 0 for all large k, then the fact that
either every limit point of {zx} corresponds to a KKT point or every limit point is an
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infeasible stationary point follows from Lemmas [3.22] and [3:23] On the other hand, if
ur — 0, then (b) or (c) occurs due to Lemmas [3.22] [3.23] [3.24] [3.25] and [3.28] O

We close our analysis with the following corollary of Theorem [3.29]

COROLLARY 3.30. If {z} is bounded and every limit point of this sequence is a
feasible point at which the MFCQ holds, then uy = p for some u > 0 for all large k
and every limit point of {x} corresponds to a KKT point. N

Proof. Since every limit point of {x} is feasible, only situation (a) or (c¢) in
Theorem [3.29| could occur. Suppose that situation (c) holds. Then p — 0, i.e., K, is
infinite, and since {x} is bounded, this implies that {zy } ke, must have limit points.
By the conditions of situation (c) in Theorem this leads to a contradiction of the
supposition that the MFCQ holds at all (feasible) limit points. Thus, only situation
(a) can occur, and the result follows. O

4. Numerical Experiments. In this section we present an implementation of
Algorithms [I]and [2] and show, on a set of standard test problems, that the use of inex-
act subproblem solutions does not substantially degrade the reliability or performance
of the algorithm. This illustrates that with the reduced per-iteration computational
costs due to inexactness in the subproblem solutions, there can be an overall reduction
in computational cost in solving large-scale problems of the form .

4.1. Implementation and Experimental Setup. An implementation, called
iSQO, was created in MATLAB. To solve the quadratic subproblems in Algorithm
we use bgpd [19], a primal active-set QP solver capable of handling indefinite Hessian
matrices. At the beginning of the optimization routine, the objective and constraint
functions of the problem statement are scaled by the strategy described in [42), §3.8].
This avoids numerical difficulties due to badly scaled problem formulations. We also
note that the bisection routine outlined in [5] determines the convex combination
value 7y, satisfying equation @ . Our implemented algorithm terminates when any
of the following counterparts of ED hold for given €1, €, > 0:

Hp(‘rkvy;mg;m//’k)H < €tol and Uk < €tol; (413“)
lp(zks vy, Ur,0)[ =0  and v > 0; (4.1b)
Hp(xkayg7g;q/a O)H S €tol and Vi > €tol and Mk S 6”' (41C)

Equation (4.1a) (resp. (4.1b)) or (4.1c)) correspond to an “Optimal solution found”

(resp. “Infeasible stationary point found”) exit status. The additional restriction
on ju in allows the algorithm to continue even if the current iterate is very
close to an infeasible stationary point but the penalty parameter is not small. In our
experience, omitting this restriction significantly increases the number of instances
for which the algorithm terminates at an infeasible stationary point, while adding the
restriction results in many more instances that continue to find a stationary point for
(NLP)), which is clearly more desirable.

Table specifies the values of all user-defined constants as defined in , as
well as the tolerances above for finite termination (e, €,) and the maximum number
of iterations, K. Note that in the subsequently described experiments we consider
the stated various values of k.

In order to simulate inexactness in the subproblem solutions for both
and , we take the following approach: For a given set of termination tests,
we perturb an exact subproblem solution (d*,y*,*), using uniform random vectors
up € U(=1,1)* where ¢ € {n,m,m}, by finding the first element in the sequence
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Constant | Value Constant | Value || Constant ‘ Value
k| 0.01, 0.1, 0.5 ¢ |10 A, e | 0.1
6|02 71073 G| 0.01
¢ | cf. Alg. IC [42] v 1 0.5 n,0,¢, | 1078
€01 | 1076 K | 1000
TABLE 4.1

Parameter values used in our iSQO algorithm implementation.

7=0,1,2,... such that

d:=d" +0.5u,, Y=y 4+ 0.5 u,, and =7 +0.5us (4.2)

satisfies at least one of the tests. Using (d*,y*, §*) without such a perturbation yields
a variant of Algorithm [2]with exact subproblem solutions, results for which we present
as a means of comparison with our iSQO routine.

The test suite comprises all 307 CUTEr [22] problems with at least one free vari-
able, with at least one general (non-bound) constraint, and for which the number of
variables and constraints sum to 200 or lesaﬂ We used AMPL [21] formulations of
these problems [I] and disabled the AMPL presolve feature to maintain the idiosyn-
crasies of each formulation.

4.2. Numerical Results. Table [I.2] compares exit status counts from iSQO
when using exact and inexact subproblem solutions. Here, it is evident that the use of
inexact subproblem solutions does not have a significant impact on the (approximately
90%) success rate, i.e., the percentage of problems that yield an “Optimal solution
found” or “Infeasible stationary point found” exit status.

Exact Inexact
k=001 k=01 k=05
Optimal solution found 271 269 272 275
Infeasible stationary point found 4 3 2 2
Iteration limit reached 12 10 11 9
Subproblem solver failure 18 23 20 19
TABLE 4.2

iSQO ezit status counts when using exact and inexact subproblem solutions.

We next assess the level of inaccuracy of the subproblem solutions computed in
iSQO, in order to illustrate that relatively inexact solutions are indeed employed
in the algorithm. Given an iterate satisfying and a given subproblem solution
(d,y,7), we calculate the residual ratio as

- lok(d, y, §, s Hy)| L lpr(d,y, 5,0, Hy)|
lp(2hs Ype Yo i) | ok, il gy, 0)l

for the penalty or feasibility subproblems, respectively. A small x; value indicates a
very accurate solve. (Here, we remark that the exact solutions returned from bgpd

(4.3)

IThe only exception is the problem dallass, which was excluded as AMPL function evaluation
errors were encountered.
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Q
min K KT,mean D AN N N N SE\e
_ Joor sBe03[0 2 10 7 253 0 0 0 0
;? 01 2.8e-02|0 0 2 10 30 232 0 0 0
05 8.8e=02 |0 0 2 4 23 69 179 0 0
mean K RI,mean
_ Joor 7.3e03[0 0 0 0 254 18 0 0 0
2 |01 69e-02{0 0 0 0 0 261 13 0 0
05 3.5e-01|0 0 0 0 0 1 264 12 0

TABLE 4.3
Comparison of number of successfully solved NLPs with k1(j) or Rr(j) in the specified range.

typically yield k7 values on the order of 10716.) We may loosely interpret sy as the
smallest value of the algorithmic constant x for which a termination test would hold.

Given the j*® instance in our test set, we denote by 7(j) the minimum of all 7
values observed for a subproblem solution during the execution of Algorithm [2| Note
that each iteration includes as many as two k; values: one for the penalty subproblem
and one for the feasibility subproblem. We also use %;(j) to denote the geometric
average of these values for the ;' instance. Table lists the number of NLPs for
which k7(j) and R;(j) fall into different intervals. We also include the geometric
averages £J mean aNd K1 mean Of K7(j) and & (j), respectively, to express a cumulative
measure of these values when one considers the entire test set.

It is evident from Table that the termination tests permit non-trivial levels
of inexactness in the subproblem solutions. In particular, the distribution of xr(j)
shows that for a majority of the problems, k() was within two orders of magnitude
of k. The average behavior is even more encouraging, as it shows that typical kr
values are within one order of magnitude of k in all but one case. We also observe
that %7(j) > & for a minority of the problems, indicating the acceptance of inexact
subproblem solutions that yield relatively large residuals. Together, these observations
indicate that the accepted inexact subproblem solutions are significantly different from
the exact subproblem solutions.

We now demonstrate that the use of inexact subproblem solutions does not lead
to an excessive number of additional iterations in Algorithm Following [37], we
compare the iteration counts of two solvers A and B on problem j with the logarithmic
outperforming factor

g = — logy(iter’, /iter’y ). (4.4)

For example, the value ri‘ 5 = 3 means that solver A required only 2% of the iterations
needed by solver B. Figure shows ri‘ p with A (resp. B) representing the inexact,
k = 0.01 case (resp. exact case) for all instances successfully solved by both solvers
with more than three iterations. It is not surprising that exact subproblem solutions
generally lead to fewer iterations, but it is encouraging to note that for all but ten
problems, the number of iterations are within a factor of two or even much fewer.

In summary, our numerical experiments demonstrate that our proposed algorithm
exhibits a promising level of reliability (in terms of successful terminations) and per-
formance (in terms of iteration counts), and that these results can be obtained without
accurate subproblem solutions.
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Fi1G. 4.1. Relative performance of iSQO with inexact and exact subproblem solutions measured
by 7{4B' The dashed lines indicate a difference in iteration counts by a factor of 2, and the direction
of the bar indicates whether the algorithm with inezact (up) or exact (down) subproblem solutions

required fewer iterations. The instances are ordered in decreasing values of |7"qu|.

5. Conclusion. In this paper, we have proposed an inexact sequential quadratic
optimization (iISQO) method for solving nonlinear constrained optimization problems.
The novel feature of the algorithm is a set of generic, loose conditions that the primal-
dual search directions must satisfy, which allow for the use of inexact subproblem
solutions obtained via any QP solver that satisfies a mild set of assumptions. We
have proved that the algorithm is well-posed in that some amount of inexactness is
allowed any time that the QP solver is initiated. We have also proved that the algo-
rithm is globally convergent to the set of first-order optimal solutions of the nonlinear
optimization problem , or at least that of the corresponding feasibility prob-
lem . In particular, if the algorithm avoids infeasible stationary points and all
(feasible) limit points satisfy the MFCQ, then we have shown that all limit points
of the algorithm are KKT points for . Our numerical experiments illustrate
that the algorithm is as reliable as an algorithm that computes exact QP solutions
during every iteration, often at the expense of only a modest number of additional
iterations. These results suggest that with the computational benefits that may be
gained by terminating the QP solver early, the algorithm can offer overall reductions
in computational costs compared to an algorithm that employs exact QP solutions.
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