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1IBM Research Ireland 2Lehigh University

ISE Technical Report 15T-006



1

A Low-Rank Coordinate-Descent Algorithm
for Semidefinite Programming Relaxations

of Optimal Power Flow
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Abstract—A novel rank-constrained re-formulation of
alternating-current optimal power flow problem makes it
possible to derive novel semidefinite programming (SDP)
relaxations. For those, we develop a solver, which is often
as fast as Matpower’s interior point method, within the
same accuracy.

Index Terms—Power system analysis computing, Op-
timization, Numerical Analysis (Mathematical program-
ming)

I. INTRODUCTION

Alternating-current optimal power flow problem
(ACOPF) is one of the best known non-linear optimi-
sation problems [28]. Due to its non-convexity, even
deciding feasibility is NP-Hard [14]. Still, there has
been much recent progress. Lavaei and Low [13] have
shown that a semidefinite programming (SDP) relax-
ation produces exact solutions under some conditions.
Ghaddar et al. [8] have studied an asymptotically con-
vergent hierarchy of SDP relaxations. Unfortunately,
the run-time of the best-known solvers for the SDP
relaxations remains several orders of magnitude higher
than that of commonly used methods without global
convergence guarantees, e.g. [30].

Following a brief overview of our notation, we in-
troduce a novel rank-constrained reformulation of the
ACOPF problem, where all constraints, except for the
rank constraint, are coordinate-wise. Next, we present
a parallel coordinate-descent algorithm, which solves
a sequence of convex relaxations with coordinate-wise
constraints, using a novel closed-form step considering
roots of cubic polynomials. Under certain assumptions,
the algorithm converges to the global optimum. The
proofs of convergence rely on the work of Burer
and Moteiro [5], Grippo et al. [9], and our earlier
work [26, 17]. Finally, we show that our method
reaches precision comparable to the default settings
of Matpower [30], the commonly used interior-point
method without global convergence guarantees, within
comparable times.
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II. THE PROBLEM

As in much recent work [1, 13, 19, 11, 8], we
start with the rectangular power-voltage formulation
of ACOPF over a network of buses N , connected
by branches L ⊆ N × N , modeled as Π-equivalent
circuits. The input comprises:

• G ⊆ N , which are the generators
• P dk + jQdk, which are the active and reactive load

at each bus k ∈ N ,
• y ∈ C|N |×|N |, which is the network admittance

matrix capturing the value of the shunt element
b̄lm and series admittance glm + jblm at branch
(l,m) ∈ L,

• Pmin
k , Pmax

k , Qmin
k and Qmax

k , which are the
limits on active and reactive generation capacity
at bus k, where Pmin

k = Pmax
k = Qmin

k =
Qmax
k = 0 for all k ∈ N \G,

• V min
k and V max

k , which are the limits on the
absolute value of the voltage at a given bus k,

• Smax
lm , which is the limit on the absolute value of

the apparent power of a branch (l,m) ∈ L.

The variables are:

• P gk + jQgk, which is the power generated at bus
k ∈ G,

• Vk = <Vk + j=Vk, which is the voltage at each
bus k ∈ N ,

with the apparent power flow Slm = Plm + jQlm on
the line (l,m) ∈ E and power represented in terms of
voltages:

P gk =P dk + <Vk
n∑
i=1

(<yik<Vi −=yik=Vi)

+ =Vk
n∑
i=1

(=yik<Vi + <yik=Vi), (1)

Qgk =Qdk + <Vk
n∑
i=1

(−=yik<Vi −<yik=Vi)

+ =Vk
n∑
i=1

(<yik<Vi −=yik=Vi). (2)



The power-flow equations are hence:

Plm = blm(<Vl=Vm −<Vm=Vl) (3)

+ glm(<Vl2 + =Vm2 −=Vl,=Vm −<Vl<Vm),

Qlm = blm(<Vl=Vm −=Vl=Vm −<Vl2 −=Vl2)

+ glm(<Vl=Vm −<Vm=Vl −<Vm=Vl)

− b̄lm
2

(<Vl2 + =Vl2). (4)

Further, let ek be the kth standard basis vector in R|N |.
To model constraints (1)-(4), the following matrices
are defined:

yk = eke
T
k y,

ylm = (j
b̄lm
2

+ glm + jblm)ele
T
l − (glm + jblm)ele

T
m,

Yk =
1

2

[
<(yk + yTk ) =(yTk − yk)
=(yk − yTk )) <(yk + yTk )

]
,

Ȳk = −1

2

[
=(yk + yTk ) <(yk − yTk )
<(yTk − yk) =(yk + yTk )

]
,

Mk =

[
eke

T
k 0

0 eke
T
k

]
,

Ylm =
1

2

[
<(ylm + yTlm) =(yTlm − ylm)
=(ylm − yTlm) <(ylm + yTlm)

]
,

Ȳlm =
−1

2

[
<{Ylm + Y Tlm} ={Ylm − Y Tlm}
={Y Tlm − Ylm} <{Ylm + Y Tlm}

]
.

in line with much recent work [13, 8]. Using those,
we can rewrite ACOPF:

min
∑
k∈G

(
c2k(P gk )2 + c1kP

g
k + c0k

)
[ACOPF]

s.t. Pmin
k ≤ P gk ≤ P

max
k ∀k ∈ N

Qmin
k ≤ Qgk ≤ Q

max
k ∀k ∈ N

(V min
k )2 ≤ <Vk2 + =Vk2 ≤ (V max

k )2 ∀k ∈ N
P 2
lm +Q2

lm ≤ Smax
lm ∀(l,m) ∈ L

(1)− (4)

as a real-valued polynomial optimization problem of
degree 4:

min
∑
k∈G

fk(x) [PP4]

s.t. Pmin
k ≤ tr(YkxxT ) + P dk ≤ Pmax

k (5)

Qmin
k ≤ tr(ȲkxxT ) +Qdk ≤ Qmax

k (6)

(V min
k )2 ≤ tr(Mkxx

T ) ≤ (V max
k )2 (7)

(tr(YlmxxT ))2 + (tr(ȲlmxxT ))2 ≤ (Smax
lm )2, (8)

where variable x ∈ R2|N | comprises <Vk ∈ R|N |

and =Vk ∈ R|N | stacked and fk(W ) is(
c2k(P dk + tr(YkxxT ))2 + c1k(P dk + tr(YkxxT )) + c0k

)
.

Henceforth, we use n to denote 2|N |, i.e., the dimen-
sion of the real-valued problem [PP4].

Further, the problem can be lifted to obtain a rank-
constrained problem in W = xxT ∈ Rn×n:

min
∑
k∈G

fk(W ) [R1]

s.t. Pmin
k ≤ tr(YkW ) + P dk ≤ Pmax

k (9)

Qmin
k ≤ tr(ȲkW ) +Qdk ≤ Qmax

k (10)

(V min
k )2 ≤ tr(MkW ) ≤ (V max

k )2 (11)

(tr(YlmW ))2 + (tr(ȲlmW ))2 ≤ (Smax
lm )2 (12)

W � 0, rank(W ) = 1, (13)

which is still NP-Hard, but where can one drop the
rank constraint to obtain a strong and efficiently solv-
able SDP relaxation:

min
∑
k∈G

fk(W ) [LL]

s.t. (9− 12), W � 0,

as suggested by [1]. Lavaei and Low [13] studied
the relaxation as Optimization 3. It was shown to be
equivalent to a first-level [OP4 − H1] of a certain
hierarchy of relaxations by Ghaddar et al. [8]. We note
that for traditional solvers [19, 13, 8], Optimization 4
of [13] is much easier to solve than [LL].

III. THE REFORMULATION

The first contribution of this paper is a generalisation
and reformulation of [R1]:

min F (W ) :=
∑
k∈G

fk(W ) [RrBC]

s.t. tk = tr(YkW ) (14)

Pmin
k − P dk ≤tk ≤ Pmax

k − P dk (15)
gk = tr(ȲkW ) (16)

Qmin
k − gk ≤gk ≤ Qmax

k − gk (17)
hk = tr(MkW ) (18)

(V min
k )2 ≤hk ≤ (V max

k )2 (19)
ulm = tr(YlmW ) (20)
vlm = tr(ȲlmW ) (21)

zlm = (ulm)2 + (vlm)2 (22)

zlm ≤ (Smax
lm )2 (23)

W � 0, rank(W ) ≤ r. (24)

There, we still have:

Proposition 1. [R1BC] is equivalent to [PP4].

Even in the special case of r = 1, however, we have
lifted the problem to a higher dimension by adding t, g,
and h variables, which are box-constrained functions
of W .

Subsequently, we make four observations to moti-
vate our approach to solving the [RrBC]:
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O1: constraints (14–21) and (23) are box constraints,
O2: using elementary liner algebra:

{W ∈ Sn s.t. W � 0, rank(W ) ≤ r}
= {RRT s.t. R ∈ Rn×r},

where Sn is the set of symmetric n×n matrices.
O3: if rank(W ∗) > 1 for the optimum W ∗ of [LL],

there are no known methods for extracting the
global optimum of [R1] from W , except for [8].

O4: zero duality gap at any SDP relaxation in the
hierarchy of [8] does not guarantee the solution
of the SDP relaxation is exact for [PP4], c.f. [10].

Note that Lavaei and Low [13] restate the condition
in Observation O3 in terms of ranks using a related
relaxation (Optimization 3), where the rank has to be
strictly larger than 2.

IV. THE ALGORITHM

Broadly speaking, we use the well-established Aug-
mented Lagrangian approach [25], with a low-rank
twist [5], and a parallel coordinate descent with a
closed-form step. Considering Observation O2, we
replace variable W ∈ Rn×n by RRT ∈ Rn×n

for R ∈ Rn×r to obtain the following augmented
Lagrangian function:

L(R, t, h, g, u, v, z, λt, λg, λh, λu, λv, λz) :=∑
k∈G

fk(RRT )

−
∑
k

λtk(tk − tr(YkRRT )) + µ
2

∑
k

(tk − tr(YkRRT ))2

−
∑
k

λgk(gk − tr(ȲkRRT )) + µ
2

∑
k

(gk − tr(ȲkRRT ))2

−
∑
k

λhk(hk − tr(MkRR
T )) + µ

2

∑
k

(hk − tr(MkRR
T ))2

−
∑
(l,m)

λu(l,m)(u(l,m) − tr(Y(l,m)RR
T ))

+ µ
2

∑
(l,m)

(u(l,m) − tr(Y(l,m)RR
T ))2

−
∑
(l,m)

λv(l,m)(v(l,m) − tr(Ȳ(l,m)RR
T ))

+ µ
2

∑
(l,m)

(v(l,m) − tr(Ȳ(l,m)RR
T ))2

−
∑
(l,m)

λz(l,m)(z(l,m) − u2
(l,m) − v2(l,m))

+ µ
2

∑
(l,m)

(z(l,m) − u2
(l,m) − v2(l,m))

2 + νR.

Note that constants µ, ν > 0 pre-multiply regularisers,
where R can often be 0 in practice, although not in
our analysis, where we require R = det(RTR), which
promotes low-rank solutions.

As suggested in Algorithm Schema 1, we increase
the rank r = 1, 2, . . . allowed in W in an outer loop
of the algorithm. In an inner loop, we use coordinate
descent method to find an approximate minimizer of

Algorithm Schema 1: A Low-Rank Coordinate
Descent Algorithm

1: for r = 1, 2, . . . do
2: choose R ∈ Rm×r

3: compute corresponding values of t, h, g, u, v, z
4: project t, h, g, u, v, z onto the box constraints
5: for k = 0, 1, 2, . . . do
6: in parallel, minimize L in t, g, h, u, v, z,

coordinate-wise,
7: in parallel, minimize L in R,

coordinate-wise
8: update Lagrange multipliers

λt, λg, λh, λu, λv, λz

9: update µ
10: terminate, if criteria are met
11: end for
12: end for

L(R, t, h, g, u, v, z, λt, λg, λh, λu, λv, λz), and denote
the k-th iterate R(k). Note that variables t, h, g, z have
simple box constraints, which have to be considered
outside of L.

In particular:
a) The Outer Loop: The outer loop (Lines 1-12)

is known as the “low-rank method” [5]. As suggested
by Observation O3, in the case of [LL], one may
want to perform only two iterations r = 1, 2. In the
second iteration of the outer loop, one should like
to test, whether the numerical rank of the iterate Rk
in the inner iteration k has numerical rank 1. If this
is the case, one can conclude the solution obtained
for r = 1 is exact. This test, sometimes known as
“flat extension”, has been studied both in terms of
numerical implementations and applicability by Burer
and Choi [4].

b) The Inner Loop: The main compu-
tational expense of the proposed algorithm
is to find an approximate minimum of
L(R, t, h, g, u, v, z, λt, λg, λh, λu, λv, λz) with
respect to R, t, h, g, u, v, z within the inner loop
(Lines 6–7). Note that L as a function of R is –
in general – non-convex. The inner loop employs a
simple iterative optimization strategy, known as the
coordinate descent. There, two subsequent iterates
differ only in a single block of coordinates. In the very
common special case, used here, we consider single
coordinates, in a cyclical fashion. This algorithm
has been used widely at least since 1950s. Recent
theoretical guarantees of random coordinate descent
algorithm are due to Nesterov [23] and the present
authors [26, 17]. See the survey of Wright [29] for
more details.

c) The Closed-Form Step: An important ingredi-
ent in the coordinate descent is a novel closed-form
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step. Nevertheless, if we update only one scalar of R
at a time, and fix all other scalars, the minimisation
problem turns out to be the minimisation of an 4-
order polynomial. In order to find the minimum of a
polynomial ax4+bx3+cx2+dx+0, we need to find a
real root of the polynomial 4ax3+3bx2+2cx+d = 0.
This polynomial has at most 3 real roots and can be
found using closed form formulae due to Cardano.
Whenever you fix the values across all coordinates
except one, finding the best possible update for the one
given coordinate requires either the minimisation of a
quadratic convex function with respect to simple box
constraints (for variables t, g, h, z) or minimisation of
a polynomial function of degree 4 with no constraints
(for variables R, u, v), either of which can be done
by checking the objective value at each out of 2
(for variables t, g, h, z) or 3 (for variables R, u, v)
stationary points and choosing the best one.

d) The Parallelisation: For instances large
enough, one can easily exploit parallelism. Notice that
minimization of coordinates of t, g, h, u, v, z can be
carried out in parallel without any locks, as there are
no dependences. One can also update coordinates of
R in parallel, although some degradation of the speed-
up thus obtainable is likely, as there can be some
dependence in the updates. The degradation is hard
to bound. Most analyses, c.f. [29], hence focus on the
uniformly random choice of (blocks of) coordinates,
although there are [17] exceptions.

e) Sufficient Conditions for Termination of the
Inner Loop: For both our analysis and in our compu-
tational testing, we use a “target infeasibility” stopping
criterion for the inner loop, considering squared error:

Tk =
∑
k

(tk − tr(YkR(k)(R(k))T ))2+ (25)∑
k

(gk − tr(ȲkR(k)(R(k))T ))2+∑
k

(hk − tr(MkR
(k)(R(k))T ))2+∑

(l,m)

(u(l,m) − tr(Y(l,m)R
(k)(R(k))T ))2+

∑
(l,m)

(v(l,m) − Ȳ(l,m)R
(k)(R(k))T ))2+

∑
(l,m)

(z(l,m) − u2(l,m) − v
2
(l,m))

2.

We choose the threshold to match the accuracy in
terms of squared error obtained by Matpower using
default settings on the same instance. Tk ≤ 0.00001
is often sufficient.

f) The Initialisation: In our analysis, we assume
that the instance is feasible. This is difficult to circum-
vent, considering Lehmann et al. [14] have shown it
is NP-Hard to test whether an instance of ACOPF is

feasible. In our numerical experiments, however, we
choose R such that each elements is independently
identically distributed, uniformly over [0, 1], which
need not be feasible for the instance of ACOPF.
Subsequently, we compute t, h, g, u, v, z to match the
R, projecting the values onto the intervals given by
the box-constraints. Although one may improve upon
this simplistic choice by a variety of heuristics, it still
performs well in practice.

g) The Choice of µk, νk: The choice of µk, νk
may affect the performance of the algorithm. In order
to prove convergence, one requires limk→∞ νk → 0,
but computationally, we consider R = 0, which
obliterates the need for varying νk and computation
of the gradient,

∇ det(RTR) = R cofactor(RTR),

as suggested by [5]. In order to prove convergence, any
choice of µk > 0 is sufficient. Computationally, we
use µk = 0.0001 throughout the reported experiments,
although we have alos experimented with decreasing
µk geometrically, i.e. µk = c · µk−1, The fact one
does not have to painstakingly tune the parameters is
certainly a relief.

V. AN ANALYSIS

The analysis needs to distinguish between optima of
the semidefinite programming problem [LL], which is
convex, and stationary points, local optima, and global
optima of [RrBC], the non-convex rank-constrained
problem. Let us illustrate this difference with an ex-
ample:

Example 2. Consider the following simple rank-
constrained problem:

max
W∈S2

+,rank(W )=1
tr(diag(3, 1)W ), (26)

subject to tr(IW ) = 1 and

W ∗ :=

(
1 0
0 0

)
= (1, 0)(1, 0)T ,

W̃ :=

(
0 0
0 1

)
= (0, 1)(0, 1)T =: R̃R̃T .

W ∗ is the unique optimal solution of (26), as
well as the optimal solution of the SDP relaxation,
where the rank constraint is dropped. There exists
a Lagrange multiplier such that W̃ is a stationary
point, though. Let us define a Lagrange function
L(R, λ) = tr(diag(3, 1)RRT ) + λ(tr(IRRT ) − 1).
Then ∇RL(RRT , λ) = 2 diag(3, 1)R + 2λR. If we
plug in R̃ and λ̃ = −1 we obtain ∇RL(R̃R̃T , λ̃) =
2 diag(3, 1)(0, 1)T + 2λ̃(0, 1)T = (0, 0)T . Hence
(R̃, λ̃) is a stationary point of a Lagrange function.
However, one can follow the proof of Proposition 5
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to show that [R̃, 0] is not a local optimum solution of
SDP relaxation.

Indeed, in generic non-convex quadratic program-
ming, the test whether a stationary point solution is
a local optimum [22] is NP-Hard. For ACOPF, there
are a number of sufficient conditions known, e.g.
[20]. Under very strong assumptions, motivated by
Observation O3, we provide necessary and sufficient
conditions, based on [9]. We use ⊗ for Kronecker
product and Ir for the identity matrix in Rr×r.

Proposition 3. Consider the SDP relaxation obtained
from [RrBC] by dropping the rank constraint and write
it down as: min tr(QW ) such that tr(AiW ) = bi for
constraints i = 1, . . . ,m in variable W � 0,W ∈ Sn.
If there exists an optimum W ∗ with rank r for the
SDP relaxation, for any point R ∈ Rn×r, RRT is a
global minimiser of [RrBC] if and only if there exists
a λ∗ ∈ Rm such that:[(

Q+

m∑
i=1

λ∗iAi

)
⊗ Ir

]
R = 0 (27)

Q+

m∑
i=1

λ∗iAi � 0

RT (Ai ⊗ Ir)R = bi ∀i = 1, . . . ,m.

Proof. The proof is based on Proposition 3 of Grippo
et al. [9], which requires the existence of rank r
optimum and strong duality of the SDP relaxation.
The existence of an optimum of [LL] with rank r is
assumed. One can use Theorem 1 [10] and Theorem
1 of [8] to show that a ball constraint is sufficient for
strong duality in the SDP relaxation, c.f. Observation
O4.

Next, let us consider the convergence:

Proposition 4. There exists an instance-specific con-
stant r′, such that for every r ≥ r′, whenever Algo-
rithm 1 with R = det(RTR) and limk→∞ νk → 0
produces solution with limk→∞ Tk → 0 and a local
optimum R(k) is generated within the inner loop
(5–11), R(k)(R(k))T is an optimal solution to [LL].
Moreover, r′ depends on the number of constraints m
in the optimisation problem and is O(

√
m).

Proof. The proof follows from Theorem 3.3 of Burer
and Monteiro [5]. One can rephrase Theorem 3.3 to
show that if {R(k)} ∈ Rn×r is a bounded sequence
such that:
C1: limk→∞ Tk = 0
C2: limk→∞∇L(R(k)) = 0
C3: lim infk→∞∇2L(R(k))(Hk, Hk) ≥ 0 for all

bounded sequences {Hk}, Hk ∈ Rn×r

C4: rank(R(k)) < r for all k
every accumulation point of R(k)(R(k))T is an op-
timal solution of [LL]. Let us show that these four

conditions are satisfied, in turn. Condition C1, which
effectively says that W = R(k)(R(k))T should be
feasible with respect to constraints (9–12), is affected
by the termination criteria of the inner loop, albeit
only approximately for a finite k and finite machine
precision. Conditions C2 and C3 follow from our as-
sumption that R(k) is a local optimum. The satisfaction
of Condition C4 can be shown in two steps: First, there
exists an r′, such that for every feasible semidefinite
programming problem with m constraints, there exists
an optimal solution with a rank bounded from above by
r′. This r′ is O(

√
m). This follows from Theorem 1.2

of Barvinok [2], as explained by Pataki [24]. Second,
the R = det(RTR) regularisation forces the lower-
rank optimum to be chosen, should there be multiple
optima with different ranks. This can be seen easily by
contradiction. Finally, one can remove the requirement
on the sequence to be bounded by the arguments of
Burer and Monteiro [5], as per Theorem 5.4.

Further,

Proposition 5. Consider an instance of ACOPF such
that there exists an optimum solution W ∗ of [LL]
with rank 1 and ∀k : c2k ≥ 0. Let R(k) be a iterate
produced by the Algorithm 1 when run with r = 1 and
moreover it is such that Tk = 0. Then if RRT (where
R = [R(k),0]) is a local optimum of [R2BC], then
R(k)(R(k))T is a global optimum solution of [R1BC]
and [PP4].

Proof. We will prove this proposition by contradiction.
For the sake of contradiction, we assume that R is
a local optimum and R(k) is not a global optimum.
Therefore, we know that objective function of [R1BC]
for W1 = W ∗ is smaller than for W2 = R(k)(R(k))T

and both W1 and W2 are feasible. By the assumption
on optimum solution W ∗ of [LL], we know that W ∗

can be written as W ∗ = wwT . Now, it is easy to
observe that if we define R̃λ = [(1−

√
λ)R(k),

√
λw∗]

then for any λ ∈ [0, 1] this vector is feasible for
[R2BC]. Moreover, for λ = 0 we have R̃0 = R.
Because the objective function F of [RrBC] is convex
in W with c2k ≥ 0, we have that

F (R̃λ(R̃λ)T ) ≤ (1− λ)F (W2) + λF (W1) < F (W2)

and hence for all λ ∈ (0, 1] we have that
F (R̃λ(R̃λ)T ) < F (W2), which is a contradiction with
the assumption that R is a local optimum.

Overall,

Remark 6. The first iteration of the outer loop of
Algorithm 1 may produce a global optimum to [R1]
and [RrBC] and [PP4], as suggested in Propositions
1–5. The second and subsequent iterations of the outer
loop of Algorithm 1 may find the optimum of [LL],
the semidefinite programming problem, as suggested
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in Proposition 4, but for R = 0, they are guaranteed
not to find the global optimum of [R1] nor [RrBC]
nor [PP4].

One should also like contrast the ability to extract
low-rank solutions with other methods:

Remark 7. Whenever there are two or more optima
of [LL] with two or more distinct ranks, the max-
imum rank solutions are in the relative interior (of
the optimum face of) the feasible set, as per Lemma
1.4 in [12]. Primal-dual interior-point algorithms for
semidefinite programming, such as SeDuMi [27], in
such a case return a solution with maximum rank.

VI. NUMERICAL EXPERIMENTS

We implemented Algorithm Schema 1 in C with
GSL and OpenMP and tested it on a collection [30] of
well-known instances. In Table I, we compare the run-
time of our method with the run-time of Matpower and
two leading solvers, which use elaborate tree-width
decompositions. In order to obtain the numbers, we
ran Matpower first using default settings, record the
accuracy with respect to squared error Tk (25), ran
our solver up to the same accuracy, and record the
time and the objective function. For sdp_pf, which
is developed by Mohlzahn et al. [19] and shipped
with Matpower 5 [30], we used default settings and
SeDuMi [27]. For OPF_Solver, which is developed
by Lavaei et al. [16], we used per-instance settings of
epB, epL, and line_prob, as suggested by the authors,
and SDPT3. Our implementation of Algorithm Schema
1, using default settings, including R = 0, seems to
perform well in this comparison.

VII. CONCLUSIONS

Our approach seems to bring the use of SDP relax-
ations of ACOPF closer to the engineering practice.
Although a number of authors [3, 18, 21, 11] have
recently explored elaborately constructed linear pro-
gramming and second-order cone programming relax-
ations, Algorithm Schema 1 suggests that there are
simple first-order algorithms, which can solve SDP
relaxations of ACOPF within comparable times.

Further major advantage of first-order over second-
order methods is their parallelisability. This paper
presents a parallel version, but a distributed variant,
which would allow for C agents to perform the it-
erations, is easy to envision [17]. The C agents may
represent companies, each of whom owns some of the
generators and does not want to expose the details,
such as cost functions. If C agents are C computers, a
considerable further speed-up can be obtained.

One can also try to combine first- and second-order
methods. We have developed an extension, which al-
lows for tap-changing and phase-shifting transformers,

paralllel lines, and multiple generators at one bus,
among others, which converges across all of Polish
instances. There, we are currently using Smale’s α−β
theory [6] to stop the computation at the point z0,
where we know, based on the analysis of the La-
grangian and its derivatives, that a Newton method or a
similar algorithm with quadratic speed of convergence
will generate sequence zi to the correct optimum z∗,
i.e.

|zi − z∗| ≤ (1/2)2
i−i(z0 − z∗). (28)

This should be seen as convergence-preserving means
of auto-tuning of the switch to a second-order method
for convex functions. It improves the performance
considerably, but introduces much complexity, which
is beyond the scope of this paper.

Further extensions include the following regularisa-
tion: In [R1], one could drop the rank-one constraint
and modify the objective function to penalise the solu-
tions with large ranks, e.g., by adding the term λ‖W‖∗
to the objective function, where ‖ · ‖∗ is a nuclear
norm [7] and λ > 0 is a parameter. Alternatively,
one can replace the rank constraint by the requirement
that the nuclear norm of the matrix should be small,
i.e. ‖W‖∗ ≤ λ. However, both approaches require a
search for a suitable parameter λ such that the optimal
solution has indeed rank 1, moreover, the penalised
alternative may not produce an optimal solution of
[PP4].

Finally, the question as to whether the method could
generalise to the higher-order relaxations of Ghaddar et
al. [8] remains open. First steps [15] have been taken,
but much work remains to be done.
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