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Abstract

The newsvendor problem is one of the most basic and widely applied inventory models. There are

numerous extensions of this problem. One important extension is the multi-item newsvendor problem,

in which the demand of each item may be correlated with that of other items. If the joint probability

distribution of the demand is known, the problem can be solved analytically. However, approximating

the probability distribution is not easy and is prone to error; therefore, the resulting solution to the

newsvendor problem may be not optimal. To address this issue, we propose an algorithm based on

deep learning that optimizes the order quantities for all products based on features of the demand

data. Our algorithm integrates the forecasting and inventory-optimization steps, rather than solving

them separately, as is typically done, and does not require knowledge of the probability distributions

of the demand. Numerical experiments on real-world data suggest that our algorithm outperforms

other approaches, including data-driven and machine learning approaches, especially for demands

with high volatility.

1 Introduction

The newsvendor problem optimizes the inventory of a perishable good. Perishable goods are those that have a limited

selling season; they include fresh produce, newspapers, airline tickets, and fashion goods. The newsvendor problem

assumes that the company purchases the goods at the beginning of a time period and sells them during the period. At

the end of the period, it must dispose of unsold goods, incurring a holding cost. In addition, if it runs out of the goods in

the middle of the period, it incurs a shortage cost, losing potential profit. Therefore, the company wants to choose the

order quantity that minimizes the expected sum of the two costs described above. The problem dates back to Edgeworth

(1888); see Porteus (2008) for a history and Zipkin (2000), Porteus (2002), and Snyder and Shen (2011), among others,

for textbook discussions.

The optimal order quantity for the newsvendor problem can be obtained by solving the following optimization problem:

min
y
C(y) = ED [cp(D − y)+ + ch(y −D)+] , (1)



(a) Estimate-as-solution

(EAS).

(b) Separated estimation and

optimization (SEO).
(c) Empirical quantile (EQ).

(d) Linear machine learning

(LML).

Figure 1: Approaches for solving MFNV problem.

where D is the random demand, y is the order quantity, cp and ch are the per-unit shortage and holding costs

(respectively), and (a)+ := max{0, a}. In the classical version of the problem, the shape of the demand distribution

(e.g., normal) is known, and the distribution parameters are either known or estimated using available (training) data. If

F (·) is the cumulative density function of the demand distribution and F−1(·) is its inverse, then the optimal solution

of (1) can be obtained as

y∗ = F−1
(

cp
cp + ch

)
(2)

(see e.g., Snyder and Shen (2011)).

Extensions of the newsvendor problem are too numerous to cover here (see Choi (2012) for examples); instead, we

mention two extensions that are relevant to our model. First, in real-world problems, companies rarely manage only

a single item, so it is important for the model to consider multiple items, with correlated demands that follow a

multivariate probability distribution. Second, companies often have access to some additional data—called features—

along with the demand information. These might include weather conditions, day of the week, month of the year, store

location, etc. The goal is to choose today’s base-stock level, given the observation of today’s features. We will call this

problem the multi-feature newsvendor (MFNV) problem. An important extension of the newsvendor problem—the

version we consider in this paper—is a combination of these two variants, i.e., a multi-item newsvendor problem with

multi-dimensional features.

The remainder of this paper is structured as follows. A brief summary of the literature relevant to this problem is

presented in Section 2. Section 3 presents the details of the proposed algorithm. Numerical experiments are provided in

Section 4, and the conclusion and a discussion of future research complete the paper in Section 5.

2 Literature Review

2.1 Current State of the Art

Currently, there are four main approaches in the literature for solving the multi-item newsvendor problem with data

features. The first category, which we will call the estimate-as-solution (EAS) approach, involves first forecasting the

demand and then simply treating the point forecast as a deterministic demand value, i.e., setting the newsvendor solution

equal to the forecast. (See Figure 1a.) The forecast may be performed in a number of ways, some of which we review in

the next few paragraphs. This approach ignores the key insight from the newsvendor problem, namely, that we should

not simply order up to the mean demand, but rather choose a level that strikes a balance between underage and overage
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costs using the distribution of the demand. Nevertheless, the approach is common in the literature. For example, Yu

et al. (2013) propose a support vector machine (SVM) model to forecast newspaper demands. They considere the sales

data of newspapers at different types of stores, along with 32 other factors such as education distribution in the area

of the shop, age distribution, average income level, and gender distribution. Wu and Akbarov (2011) use a weighted

support vector regression (SVR) model to forecast warranty claims; their model gives more priority to the most recent

warranty claims. Chi et al. (2007) propose a SVM model to determine the replenishment point in a vendor-managed

replenishment system, and a genetic algorithm is used to solve it. Carbonneau et al. (2008) present a least squares SVM

(LS-SVM) model to forecast a manufacturer’s demand. They compare it with standard forecasting methods such as

average, moving average, trend, and multiple linear regression, as well as neural network and recurrent neural network

algorithms. According to their numerical experiments, the recurrent neural network and the LS-SVM algorithm have

the best results. Ali and Yaman (2013) forecast grocery sales, with datasets containing millions of records, and for each

record there are thousands of features. Since general SVM methods are not able to solve such a large problem, they

proposed an algorithm to reduce the number of rows and columns of the datasets with a small loss of accuracy. Lu and

Chang (2014) propose an iterative algorithm to predict sales. They use independent component analysis (ICA) to obtain

hidden features of their datasets, k-mean clustering to cluster the sales data, and finally SVR to provide the prediction.

Viaene et al. (2000) propose an LS-SVM classifier model with 25 features to predict whether a direct mail offer will

result in a purchase. Since a huge dataset was available, an iterative approach based on the Hestenes–Stiefel conjugate

gradient algorithm was proposed to solve the model.

Classical parametric approaches for forecasting include ARIMA, TRANSFER, and GARCH models (Box et al. 2015,

Shumway and Stoffer 2010); these are also used for demand forecasting (see Cardoso and Gomide (2007), Shukla and

Jharkharia (2011)). Similarly, Taylor (2000) use a normal distribution to forecast demand one or more time steps ahead;

however, their model does not perform well when demands are correlated over time and when the demands are volatile.

These and other limitations have motivated the use of DNN to obtain demand forecasts. For example, Efendigil et al.

(2009) propose a DNN model to forecast demand based on recent sales, promotions, product quality, and so on. Vieira

(2015) propose a deep learning algorithm to predict online activity patterns that result in an online purchase. Taylor

(2000), Kourentzes and Crone, Cannon (2011), Xu et al. (2016) use DNN for quantile regression, with applications to

exchange rate forecasting, for example. For reviews of the use of DNN for forecasting, see Ko et al. (2010), Kourentzes

and Crone, Qiu et al. (2014b), Crone et al. (2011).

The common theme in all of the papers in the last two paragraphs is that they provide only a forecast of the demand,

which must then be treated as the solution to the MFNV or other optimization problem. This is the EAS approach.

The second approach for solving MFNV-type problems, which Rudin and Vahn (2013) refer to as separated estimation

and optimization (SEO), involves first estimating (forecasting) the demand and then plugging the estimate into an

optimization problem such as the classical newsvendor problem. The estimation step is performed similarly as in

the EAS approach except that we estimate more than just the mean. For example, we might estimate both mean

(µk) and standard deviation (σk) for each cluster, which we can then use in the optimization step. (See Figure 1b.)

Or we might use the σ that was assumed for the error term in a regression model. The main disadvantage of this

approach is that it requires us to assume a particular form of the demand distribution (e.g., normal), whereas empirical
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demand distributions are often unknown or do not follow a regular form. A secondary issue is that we compound the

data-estimation error with model-optimality error. Rudin and Vahn (2013) prove that for some realistic settings, the

SEO approach is provably suboptimal. We are not aware of this approach being proposed explicitly in the literature, but

it is a natural idea to use in practice, and Rudin and Vahn (2013) analyze it as a straw-man against which to compare

their SVM approach. A broad list of research that uses this approach is given by Turken et al. (2012).

The third approach was proposed by Bertsimas and Thiele (2005) for the classical newsvendor problem. Their approach

involves sorting the demand observations in ascending order d1 ≤ d2 ≤ · · · ≤ dn and then estimating the αth quantile

of the demand distribution, F−1(α), using the observation that falls 100α% of the way through the sorted list, i.e. it

selects the demand dj such that j = dn cp
cp+ch

e. This quantile is then used as the base-stock level, in light of (2). Since

they approximate the αth quantile, we refer to their method as the empirical quantile (EQ) method. (See Figure 1c.)

Importantly, EQ does not assume a particular form of the demand distribution and does not approximate the probability

distribution, so it avoids those pitfalls. However, an important shortcoming of this approach is that it does not use the

information from features. In principle, one could extend their approach to the MFNV by first clustering the demand

observations and then applying their method to each cluster. However, similar to the classical newsvendor algorithm,

this would only allow it to consider categorical features and not continuous features, which are common in supply

chain demand data, e.g. Ali and Yaman (2013) and Rudin and Vahn (2013). Moreover, even if we use this clustering

approach, the method cannot utilize any knowledge from other data clusters, which contain valuable information that

can be useful for all other clusters. Finally, when there is volatility among the training data, the estimated quantile may

not be sufficiently accurate, and the accuracy of EQ approach tends to be worse.

The approach that is closest to our proposed approach was introduced by Rudin and Vahn (2013); we refer to it as

the linear machine learning (LML) method. They postulate that the optimal base-stock level is related to the demand

features via a linear function; that is, that

y∗ = wTx, (3)

where w is a vector of (unknown) weights.

They estimate these weights by solving the following nonlinear optimization problem, essentially fitting the solution

using the newsvendor cost:

minw
1
n

∑n
i=1

[
cp(di − wTx)+ + ch(w

Tx− di)+
]
+ λ||w||2k

(di − wTx)+ ≥ di − w1 −
p∑

j=2

wix
j
i ; ∀i = 1, . . . , n

(wTx− di)+ ≥ w1 +
p∑

j=2

wix
j
i − di; ∀i = 1, . . . , n

(4)

where n is the number of observations, p is the number of features, and λ||w||2k is a regularization term. The LML

method avoids having to cluster the data, as well as having to specify the form of the demand distribution. However,

this model does not work for a large number of instances, and its learning is limited to the current training data. In

addition, if the training data contains only a small number of observations for each combination of the features, the

model learns poorly. Finally, it makes the strong assumption that x and y∗ have a linear relationship. We drop this

assumption in our model and instead use DNN to quantify the relationship between x and y∗; see Section 3.
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Figure 2: A simple Neural Network

j

k

Input layer

Hidden layers

Output layer

wjk

zk
l+1

zl
j

al
j = gl

j(z
l
j)

2.2 Deep Learning

In this paper, we develop a new approach to solve the multi-product newsvendor problem with data features, based

on deep learning. Deep learning, or deep neural networks (DNN), is a branch of machine learning that aims to build

a model between inputs and outputs. Deep learning has many applications in image processing, speech recognition,

drug and genomics discovery, time series forecasting, weather prediction, and—most relevant to our work—demand

prediction. We provide only a brief overview of deep learning here; for comprehensive reviews of the algorithm and its

applications, see Schmidhuber (2015), LeCun et al. (2015), Deng et al. (2013), Qiu et al. (2014a), Shi et al. (2015), and

Längkvist et al. (2014).

DNN uses a cascade of many layers of linear or nonlinear functions to obtain the output values from inputs. A general

view of a DNN is shown in Figure 2. The goal is to determine the weights of the network such that a given set of inputs

results in a true set of outputs. A loss function is used to measure the closeness of the outputs of the model and the true

values. The most common loss functions are the hinge, logistic regression, softmax, and Euclidean loss functions. The

goal of the network is to provide a small loss value, i.e., to optimize:

min
w

1

n

n∑
i=1

`(θ(xi;w), yi) + λR(w),

where w is the matrix of the weights, xi is the vector of the inputs from the ith instance, and R(w) is a regularization

function with weight λ. The regularization term prevents over-fitting and is typically the `1 or `2 norm of the weights.

In each node j–out of N– of a layer l–out of L–, the input value

zlj =

N∑
i=1

al−1i wi,j

is calculated and the value of the function glj(z
l
j) provides the output value of the node. The value of glj(z

l
j) is called

the activation of the node, and is denoted by alj . Typically, all nodes in the network have similar glj functions. The most

commonly used activation functions are sigmoid and tanh. The activation function value of each node is the input for

the next layer, and finally, the activation function values of the nodes in the last layer determine the output values of the

network.
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In each DNN, the number of layers, the number of nodes in each layer, the activation function inside each node, and

the loss function have to be determined. After selecting those characteristics and building the network, DNN starts

with some random initial solution. In each iteration, the activation values and the loss function are calculated. Then,

the back-propagation algorithm obtains the gradient of the network and, using one of several optimization algorithms

(Rumelhart et al. 1988), the new weights are determined. The most common optimization algorithms are gradient

descent, stochastic gradient descent (SGD), and SGD with momentum. This procedure is performed iteratively until

some stopping condition is reached; typical stopping conditions are (a) reaching a maximum number of iterations and

(b) attaining ||∇w`(θ(xi;w), yi)|| ≤ ε through the back-propagation algorithm.

Since the number of instances, i.e., the number of training records, is typically large, it is common to use a stochastic

approximation of the objective function. That is, in each iteration, a mini batch of the instances is selected and the

objective is calculated only for those instances.

2.3 Our Contribution

To adapt the deep learning algorithm for the newsvendor problem, we propose a revised loss function, which considers

the impact of inventory shortage and holding costs. The revised loss function allows the deep learning algorithm to

obtain the minimizer of the newsvendor cost function directly, rather than first estimating the demand distribution and

then choosing an order quantity.

In the presence of sufficient historical data, this approach can solve problems with known probability distributions

as accurately as (2) solves them. However, the real value of our approach is that it is effective for problems with

small quantities of historical data, problems with unknown/unfitted probability distributions, or problems with volatile

historical data—all cases for which the current approaches fail.

3 Deep Learning Algorithm for Newsvendor with Data Features

In this Section, we present the details of our approach for solving the multi-product newsvendor problem with data

features. Assume there are n historical demand observations for m items. Also, for each demand observation, the

values of p features are known. That is, the data can be represented as{
(x1i , d

1
i ), . . . , (x

m
i , d

m
i )
}n
i=1

,

where xji ∈ Rp and dji ∈ R for i = 1, . . . , n and j = 1, . . . ,m. The problem is formulated mathematically in (5),

resulting in the order quantities y1i , . . . , y
m
i :

E = min
y1
i ,...,y

m
i

1

n

 m∑
j=1

ch(y
j
i − d

j
i )

+ + cp(d
j
i − y

j
i )

+

 , ∀i = 1, . . . , n, (5)

where E is the loss value. As noted above, there are many studies on the application of deep learning for demand

prediction (see Shi et al. (2015)). Most of this research uses the Euclidean loss function (see Qiu et al. (2014b)).

However, the demand forecast is an estimate of the first moment of the demand probability distribution; it is not,

however, the optimal solution of model (5). Therefore, another optimization problem must be solved to translate the
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demand forecasts into a set of order quantities. This is the separated estimation and optimization (SEO) approach

described in Section 2.1, which may result in a non-optimal order quantity (Rudin and Vahn (2013)). To address this

issue, we propose two loss functions, the newsvendor cost function and a revised Euclidean loss function, so that instead

of simply predicting the demand, the DNN minimizes the newsvendor cost function. Thus, running the corresponding

deep learning algorithm gives the order quantity directly.

We found that the loss function given by (5) does not always lead to the best solution when compared with squared cost

function, so we also test the folowing revised Euclidean loss function:

E = min
y1,··· ,yn

1

n

[
n∑

i=1

[
cp(di − yi)+ + ch(yi − di)+

]2]
, (6)

which penalizes the order quantities that are far from di much more than those that are close. (For ease of notation, we

exclude the index j from (6) and hereafter.) Since at least one of the two terms in this function must be zero, we have

E =
1

n

n∑
i

Ei ,

Ei =


1
2 ||cp(di − yi)||

2
2 , if yi < di,

1
2 ||ch(yi − di)||

2
2 , if di ≤ yi.

(7)

Similarly, for cost function (5) the loss function can be written as:

E =
1

n

n∑
i

Ei

Ei =

|cp(di − yi)| , if yi < di,

|ch(yi − di)| , if di ≤ yi.

(8)

The two propositions that follow provide the gradients of the loss functions with respect to the weights of the network.

In both propositions, i is one of the samples, wjk represents a weight in the network between two arbitrary nodes j

and k, and aj = gj(zj) =
∂(zk)
∂wjk

is the activation function value of node j. Proofs of both propositions are provided in

Appendix C.

Proposition 1.The gradient with respect to the weights of the network for loss function (7) is:

∂Ei

∂wjk
=

{
cp(di − yi)ajg′k(zk) yi < di

ch(yi − di)ajg′k(zk) di ≤ yi.
(9)

Proposition 2. The gradient with respect to the weights of the network for loss function (8) is:

∂Ei

∂wjk
=

cpajg′k(zk) yi < di,

chajg
′
k(zk) di ≤ yi.

(10)

Under the proposed loss functions (7) and (8), our deep learning algorithm uses gradient (9) and sub-gradient (10)

respectively to iteratively update the weights of the networks. In order to obtain the new weights, an SGD algorithm
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with momentum is called, with a fixed momentum of 0.9. This gives us two different DNN models, using the linear loss

function (7) and the quadratic loss function (8), which we call DNN-`2 and DNN-`1, respectively.

In order to obtain a good structure for the DNN network, we generate 80 fully connected networks with random

structures. In each, the number of hidden layers is randomly selected between two and three (with equal probability ).

Let nnk denote the number of nodes in layer k; then nn1 is equal to the number of features. The number of nodes in

the hidden layers are selected randomly based on the number of nodes in the previous layer. For networks with two

hidden layers, we choose nn2 ∈ [0.5 ∗ nn1, 3 ∗ nn1], nn3 ∈ [0.5 ∗ nn2, nn2], and nn4 = 1. Similarly, for networks

with three hidden layers, nn2 ∈ [0.5 ∗nn1, 3 ∗nn1], nn3 ∈ [0.5 ∗nn2, 2 ∗nn2], nn4 ∈ [0.5 ∗nn3, nn3], and nn5 = 1.

For each network, the learning rate and regularization parameters are drawn uniformly from [10−2, 10−5]. In order to

select the best network among these, an algorithm based on the HyperBand algorithm (Li et al. 2016) is run, in which

each of the 80 networks are trained for one epoch (which is a full pass over the training dataset), the results on the test

set are obtained, and then the worst 10% of the networks are removed. We then run another epoch on the remaining

networks and remove the worst 10%. This procedure iteratively repeats to obtain the final network.

4 Numerical Experiments

In this Section, we discuss the results of our numerical experiments. In addition to implementing our deep learning

models (DNN-`1 and DNN-`2), we implemented the EQ model by Bertsimas and Thiele (2005), modifying it so that

first the demand observations are clustered according to the features and then EQ is applied to each cluster. Also, the

LML model by Rudin and Vahn (2013), and the SEO approach by calculating the classical solution from (2) with

parameters µ and σ set to the mean and standard deviation of the training data in each data cluster. Since SEO always

provides a better solution compared to EAS, its result is not provided. In order to compare their results, the order

quantities were obtained with each algorithm and the corresponding cost function

cost =
n∑

i=1

m∑
j=1

[
cp(d

j
i − y

j
i )

+ + ch(y
j
i − d

j
i )

+
]

was calculated. We implemented the loss function for the deep learning algorithm in TensorFlow 0.9.0 (Abadi et al.

(2015)) using Python. All of the deep learning experiments were done with TensorFlow. Note that the deep learning and

LML algorithms are scale dependent, meaning that the tuned parameters of the problem for a given set of cost coefficients

do not necessarily work for other values of the coefficients. Thus, the cost coefficients were scaled.In addition, we

translated the categorical data features to their corresponding binary representations. These two implementation details

improve the accuracy of the learning algorithms. All computations were done on a 1.8 GHz machine with 32 GB of

memory.

In what follows, we demonstrate the results of the four algorithms in three separate experiments. First, in Section 4.1,

we conduct experiments on a very small data set in order to illustrate the differences among the methods. Second, the

results of the four algorithms on a real-world dataset are presented in Section 4.2. Finally, in Section 4.3, to determine

the conditions under which deep learning outperforms the other algorithms on larger instances, we present the results of

the four approaches on several randomly generated datasets.
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Table 1: Demand of one item through three weeks.

Mon Tue Wed Thu Fri Sat Sun

Week 1 1 2 3 4 3 2 1

Week 2 6 10 12 14 12 10 10

Week 3 3 6 8 9 8 6 5

4.1 Small Data Set

Consider the small, single-item instance whose demands are contained in Table 1. In order to obtain the results of each

algorithm, the first two weeks are used for training data and the third week is used for testing. To train the corresponding

deep network, a fully connected network with one hidden layer is used. The network has eight binary input nodes for

the day of week and item number. The hidden layer contains one sigmoid node, and in the output layer there is one

inner product function. Thus, the network has nine variables.

Table 2 shows the results of the four algorithms. The first column gives the cost coefficients. Note that we assume

cp ≥ ch since this is nearly always true for real applications. The table first lists the actual demand for each day,

repeated from Table 4.1 for convenience. For each instance (i.e., set of cost coefficients), the table lists the order quantity

generated by each algorithm for each day. The last column lists the total cost of the solution returned by each algorithm,

and the minimum costs for each instance are given in bold.

First consider the results of the EQ algorithm. The EQ algorithm uses ch and cp and returns the historical data value

that is closest to the αth fractile, where α = cp/(ch + cp). In this data set, there are only two observed historical data

points for each day of the week. In particular, for cp/ch ≤ 1, the EQ algorithm chose the smaller of the two demand

values as the order quantity, and for cp/ch > 1, it chose the larger value. Since the testing data vector is nearly equal to

the average of the two training data vectors, the difference between EQ’s output and the real demand values is quite

large, and consequently so is the cost. This is an example of how the EQ algorithm can fail when the historical data are

volatile.

Now consider the results of the SEO algorithm. For the case in which ch = cp (which is not particularly realistic),

SEO’s output is approximately equal to the mean demand, which happens to be close to the week-3 demand values.

This gives SEO a cost of 2.5, which ties DNN-`2 for first place. For all other instances, however, the increased value of

cp/ch results in an inflated order quantity and hence a larger cost.

Finally, both DNN-`1 and DNN-`2 outperform the LML algorithm by Rudin and Vahn (2013), because LML uses a

linear kernel, while DNN uses both a linear and non-linear kernel. Also, there are only two featuresin this data set, so

LML has some difficulty to learn the relationship between the inputs and output. Finally, the small quantity of historical

data negatively affects the performance of LML.

This small example shows some conditions under which DNN outperforms the other three algorithms. In the next

section we show that similar results hold even for a real-world dataset.
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Table 2: Order quantity proposed by each algorithm for each day and the corresponding cost. The bold costs indicate

the best newsvendor cost for each instance.

Day & Demand

(cp, ch) Algorithm Mon Tue Wed Thu Fri Sat Sun Cost

True demand 3 6 8 9 8 6 5

(1,1)

DNN-`2 3.5 6.0 7.5 9.0 7.5 6.5 5.5 2.5

DNN-`1 4.6 6.0 8.5 9.0 8.6 5.6 5.6 2.9

EQ 1.0 2.0 3.0 4.0 3.0 2.0 1.0 29.0

LML 1.3 2.2 3.1 4.0 4.9 5.8 6.7 20.3

SEO 3.5 6.0 7.5 9.0 7.5 6.5 5.5 2.5

(2,1)

DNN-`2 5.8 7.3 8.9 9.7 8.9 8.1 7.0 10.7

DNN-`1 6.0 6.0 7.9 9.3 9.3 6.4 6.1 5.9

EQ 6.0 10.0 12.0 14.0 12.0 11.0 10.0 30.0

LML 6.0 7.0 8.0 9.0 10.0 11.0 12.0 18.0

SEO 5.0 8.4 10.2 12.0 10.2 9.2 8.2 18.5

(10,1)

DNN-`2 5.6 9.3 11.2 13.1 11.2 10.2 9.2 24.6

DNN-`1 6.9 10.2 10.2 10.2 10.2 10.2 10.2 22.8

EQ 6.0 10.0 12.0 14.0 12.0 11.0 10.0 30.0

LML 8.0 10.0 12.0 14.0 16.0 18.0 20.0 53.0

SEO 8.2 13.6 16.0 18.4 16.0 15.0 14.0 56.2

(20,1)

DNN-`2 5.8 9.6 11.6 13.5 11.6 10.6 9.6 27.2

DNN-`1 6.1 11.3 11.3 11.3 11.3 11.3 11.3 28.6

EQ 6.0 10.0 12.0 14.0 12.0 11.0 10.0 30.0

LML 8.0 10.0 12.0 14.0 16.0 18.0 20.0 38.0

SEO 9.4 15.4 18.1 20.8 18.1 17.1 16.1 70.1

4.2 Real-World Dataset

We tested the four algorithms on a real-world dataset consisting of basket data from a retailer in 1997 and 1998 from

Pentaho (2008). There are 13170 records for the demand of 24 different departments in each day and month, of

which we use 75% for training and the remainder for testing. The categorical data were transformed into their binary

equivalents, resulting in 43 input features.

The results of each algorithm for 100 values of cp and ch are shown in Figure 3 and also is provided in Appendix

B. In the figure, the vertical axis shows the normalized costs, i.e., the cost value of each algorithm divided by the

corresponding DNN-`1 cost. The horizontal axis shows the ratio cp/ch for each instance. As before, most instances use

cp ≥ ch to reflect real-world settings, though a handful of instances use cp < ch to test this situation as well.

As shown in Figure 3, for this data set, the DNN-`1 and DNN-`2 algorithms both outperform the other three algorithms

for every value of cp/ch. Among the three remaining algorithms, the results of the SEO algorithm are the closest to

those of DNN. On average, its corresponding cost ratio is 1.23, whereas the ratios for EQ and LML are 1.26 and 1.53,
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Figure 3: Ratio of each algorithm’s cost to DNN-`1 cost on a real-world dataset.

respectively. The average cost ratio of DNN-`2 is 1.13. However, none of the other approaches are stable; their cost

ratios increase with the ratio cp/ch.

Moreover, we note that DNN-`2 requires more tuning than DNN-`1, but the DNN-`2 curve in Figure 3 does not reflect

this additional tuning. In order to see how much the results of DNN-`2 could be improved by better tuning, we applied

more computation power there and tuned its parameters using a grid search. We selected some of the integer values of

cp/ch and fixed the network as [43, 350, 100, 1]. Then, the network was tested with 702 different parameters and the

best test result among them was selected. The grid search procedure is explained in Appendix C. The corresponding

result is labeled as DNN-`2-T in Figure 3. As the figure shows, this approach has better results than the initial result;

however, DNN-`1 is still better.

The DNN algorithms execute more slowly than some of the other algorithms. For the basket dataset, the SEO and

EQ algorithms each execute in about 10 seconds. The DNN algorithms require about 600 seconds for training, while

the LML algorithm requires about 1200 seconds for training. On the other hand, Both the DNN and LML algorithms

execute in less than one second, i.e., once the network is trained, the methods generate order quantities for new instances

very quickly.

4.3 Randomly Generated Data

In order to further explore the performance of DNN versus the other methods, we generated 10,000 records and divided

them into training (75%) and testing (25%) sets. The data were categorized into clusters, each representing a given

combination of features. Like the real-world dataset, we considered three features: the day of the week, month of the

year, and department. We varied the number of clusters (i.e., the number of possible combinations of the values of the

features) from 1 to 200 while keeping the total number of records fixed at 10,000. In each cluster i, data are drawn from
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Figure 4: Ratio of each algorithm’s cost to DNN-`1 cost on randomly generated data.
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Figure 5: Ratio of each algorithm’s cost to DNN-`1 cost on randomly generated data.

a N (50i, 25i2) distribution. Each problem was solved for three values of cp and ch using all four algorithms (including

both loss functions for DNN).

Figure 4 shows the results. As shown in the figure, if there is only a single cluster, all four algorithms produce nearly

the same results. This case is essentially a classical newsvendor problem with 10,000 data observations, for which

all algorithms do a good job of providing the order quantity. As the number of clusters increases, i.e., the number

of samples in each cluster decreases, the performance of LML deteriorates somewhat. This is because there is not

enough data for LML to learn the distribution well. In order to demonstrate the performance of the DNN-`1, DNN-`2,

EQ, and SEO algorithms, a magnified version of Figure 4 is shown in Figure 5 (LML is omitted.). Also, for further

clarification, the details of the costs is provided in Appendix D. As the number of clusters increases, the performance of

SEO improves compared to that of DNN. This is because DNN does not have not enough data to learn the distribution

well. Moreover, depending on the value of cp/ch, DNN-`2 sometimes has a smaller cost than DNN-`1.

Although SEO (and sometimes EQ) outperforms DNN when the number of clusters is large in Figure 5, we note that this

experiment is somewhat biased in favor of those methods. In particular, the SEO algorithm assumes the demands are

distributed from a known distribution and without any noise, and these data are in fact normally distributed, thus giving

SEO an advantage since it only needs around 12 samples to get a good estimate of the mean and standard deviation.

Moreover, as Bertsimas and Thiele (2005) mention, EQ works well with normally distributed data and is almost as

good as SEO. In sum, when the data come from a known distribution, DNN, SEO, and EQ work well. However, when

the distribution is unknown, DNN should be used, especially if there are sufficient training data available.
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5 Conclusion

In this paper, we consider the multi-item newsvendor problem with data features. If the probability distribution of the

demands is known, there is an exact solution for this problem. However, approximating a probability distribution is not

easy and produces errors; therefore, the solution of the newsvendor problem also may be not optimal. Moreover, other

approaches from the literature do not work well when the historical data are scant and/or volatile.

To address this issue, we propose an algorithm based on deep learning to solve the multi-item, multi-feature newsvendor

problem. The algorithm does not require knowledge of the demand probability distribution and uses only historical

data. Furthermore, it integrates parameter estimation and inventory optimization, rather than solving them separately.

Extensive numerical experiments on real-world and random data demonstrate the conditions under which our algorithm

works well compared to the algorithms in the literature. The results suggest that when the volatility of the demand

is high, which is common in real-world datasets, deep learning works very well. Moreover, when the data can be

represented by a well-defined probability distribution, in the presence of enough training data, deep learning works as

well as other approaches.

Motivated by the results of deep learning on the real world data-set, we suggest that this idea can be extended to other

supply chain problems. For example, since general multi-echelon inventory optimization problems are very difficult,

deep learning may be a good candidate for solving these problems. Another direction for future work could be applying

other machine learning algorithms to exploit the available data in the newsvendor problem.
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A The proof of Proposition 1 and Proposition 2

The proof of Proposition 1 and Proposition 2 are provided in this section.

Proposition 1. The gradient of the loss function 7 is:

∂Ei

∂wjk
=

{
cp(yi − di)ajg′k(zk) yi < di

ch(yi − di)ajg′k(zk) di ≤ yi.

Proof: Consider the proposed revised Euclidean loss function defined in (7). The gradient of the loss function in cases

of excess inventory and shortage are shown in (11) and (12) respectively.

∂Ei

∂wjk
= ch(yi − di)

∂(yi − di)
∂wjk

= ch(yi − di)
∂(yi)

∂wjk

= ch(yi − di)
∂(gk(zk))

∂wjk
= ch(yi − di)

∂(zk)

∂wjk
g′k(zk)

= ch(yi − di)ajg′k(zk),

(11)

where i is one of the samples, wjk represents one of the weights in the network, and ∂(zk)
∂wjk

= gj(zj) = aj . For the

shortage case also we have:

∂Ei

∂wjk
= −cp(di − yi)

∂(di − yi)
∂wjk

= cp(di − yi)
∂(yi)

∂wjk

= cp(di − yi)
∂(yi)

∂wjk
= cp(di − yi)

∂(gk(zk))

∂wjk

= cp(di − yi)
∂(zk)

∂wjk
g′k(zk) = cp(di − yi)ajg′k(zk).

(12)

Therefore, the gradient is:

∂Ei

∂wjk
=

{
cp(di − yi)ajg′k(zk) yi < di

ch(yi − di)ajg′k(zk) di ≤ yi.

Proposition 2. The gradient of the loss function (8) is:

∂Ei

∂wjk
=

cpajg′k(zk) yi < di,

chajg
′
k(zk) di ≤ yi.

Proof: Consider the loss function (8). To determine the gradient with respect to the weights of the network, we first

note that in the case of excess inventory (di ≤ yi),

∂Ei

∂wjk
= ch

∂(yi − di)
∂wjk

= ch
∂(ŷi)

∂wjk

= ch
∂(gk(zk))

∂wjk
= ch

∂(zk)

∂wjk
g′k(zk)

= chajg
′
k(zk),

(13)
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where i is one of the samples, wjk represents one of the weights in the network, and ∂(zk)
∂wjk

= gj(zj) = aj . For the

shortage case also we have:

∂Ei

∂wjk
= −cp

∂(di − yi)
∂wjk

= cp
∂(yi)

∂wjk

= cp
∂(yi)

∂wjk
= cp

∂(gk(zk))

∂wjk

= cp
∂(zk)

∂wjk
g′k(zk) = cpajg

′
k(zk).

(14)

Summing up (13) and (14), the gradient is:

∂Ei

∂wjk
=

cpajg′k(zk) yi < di,

chajg
′
k(zk) di ≤ yi.

B Experiments on Real Dataset

To support Figure 3, Table 3 shows the details of each algorithm’s results. For each combination of cost coefficients ch
and cp, the newsvendor cost is reported. Figure 3 shows the normalized values of this table.

C Grid Search for Basket Dataset

In order to obtain a good solution for the DNN-`2 model, a large network, i.e. two layers with 350 and 100 nodes in the

first and second layer respectively, is used. In order to find the best set of parameters for this model a grid search is used.

Three parameters of lr, λ, and γ were considered, which γ is the parameter for decaying the learning rate through the

following formula:

lrt = lr × (1 + γ × t)−0.75

For each of the parameters, the set of

γ ∈ {0.001, 0.0008, 0.0009}

λ ∈ {0.01, 0.005, 0.001, 0.0005}

lr ∈ {0.001, 0.0007, 0.0005, 0.0001}

were considered and the testing result of the 48 problems were obtained. According to the test results, the new set of

parameters

γ ∈ {0.001, 0.005, 0.0005, 0.0001, 0.00005, 0.000005}

λ ∈ {0.01, 0.009, 0.007, 0.005, 0.001, 0.0005, 0.0003}

lr ∈ {0.0001, 0.0005, 0.00008, 0.00005, 0.00003, 0.00001, 0.000005}

used and the cost for each set of parameters obtained. According to the cost of these 294 problems, the new set of

parameters

γ ∈ {0.01, 0.005, 0.001, 0.0001, 0.0005, 0.00005}
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Table 3: The results of the real-world data set with different cost coefficients.
cp ch DNN-`1 DNN-`2 SEO EQ LML cp ch DNN-`1 DNN-`2 SEO EQ LML

1 2 124146 133859 143913 148472 164751 6 7 629404 691547 727046 750679 888441

1 3 137417 152912 160295 163914 173471 6 8 663730 733754 760879 778486 916171

1 4 144273 165672 172092 174405 177780 6 9 688757 766955 790750 816813 939529

1 5 151241 177108 182149 184263 180561 7 1 239553 247996 318109 321695 426128

1 6 153691 185181 191051 193865 182366 7 2 371641 391432 458719 472465 619832

1 7 157386 192714 197776 203075 183689 7 3 467580 488345 559830 554484 744296

1 8 160843 199288 203308 212108 184701 7 4 539901 562339 639237 669949 834352

1 9 161094 204443 208071 221168 185472 7 5 601328 618439 703597 699860 900997

2 1 144108 145982 171861 179881 226533 7 6 649676 672279 756843 800671 953750

2 2 385081 203413 229364 236522 284687 7 7 1311995 759641 802775 802775 996389

2 3 229891 241495 263583 272271 313177 7 8 731843 806940 842125 868940 1031198

2 4 250005 267478 287826 296944 329504 7 9 763133 843726 876971 880424 1060148

2 5 261991 292685 305934 316754 339955 8 1 250940 261991 338263 338773 449809

2 6 273589 309279 320590 327828 346939 8 2 391459 414813 489331 502944 662991

2 7 281565 326053 333229 342280 351863 8 3 498587 528026 600479 624198 803337

2 8 288539 340411 344184 348810 355560 8 4 579950 615574 687444 719524 906083

2 9 294467 355492 354420 360488 358751 8 5 644137 664679 760038 799799 984824

3 1 173831 178698 212549 210762 285696 8 6 702048 735959 820322 857057 1046027

3 2 248496 255234 292997 306270 377514 8 7 750172 772090 871999 923991 1096832

3 3 574214 310990 344046 344046 427030 8 8 1498281 875504 917457 931920 1138731

3 4 331546 350744 380439 395896 458086 8 9 832200 917273 957156 987201 1173953

3 5 353635 384183 408737 415168 479402 9 1 254213 283461 357153 356970 470851

3 6 373676 413324 431738 445416 494256 9 2 412264 437719 517578 541569 702305

3 7 387612 434356 450610 461163 505575 9 3 523699 556175 637646 632400 857088

3 8 399138 455627 466753 485499 513812 9 4 613242 643004 732238 764686 971696

3 9 410051 476297 480884 491742 520408 9 5 686564 715839 811460 806376 1061575

4 1 196184 206096 244665 251472 331496 9 6 747900 772044 878991 918810 1132503

4 2 287446 297760 343722 359762 453045 9 7 803321 831357 936420 933363 1190322

4 3 350737 358397 410161 430740 523018 9 8 848323 887806 987020 1047311 1239500

4 4 756157 424856 458728 473044 569373 9 9 1684718 986566 1032139 1032139 1281072

4 5 431824 463805 496377 513928 602144 10 1.01 265791 292800 377026 376916 492851

4 6 460170 501022 527167 544542 626353 10 1.03 270559 292530 381021 380816 498970

4 7 480738 531870 553270 575451 644744 10 1.05 273892 363281 384971 384716 504983

4 8 496894 558302 575651 593888 659014 10 1.07 276335 315897 388891 388616 510991

4 9 511100 590499 595040 613648 670755 10 1.09 280702 370950 392774 392517 516942

5 1 213419 224049 271893 275569 368704 10 1.12 289646 318888 398538 398367 525777

5 2 320732 338830 387037 401954 516360 10 1.16 295382 377104 406148 406167 537354

5 3 395799 411506 466606 462326 606570 10 1.20 301817 316214 413626 413967 548543

5 4 450983 459499 526125 554031 667124 10 1.23 310879 328767 419167 419817 556766

5 5 937452 532351 573411 573411 711716 10 1.26 312809 342656 424649 425414 564971

5 6 533012 576090 611854 632418 745420 10 1.29 320027 329004 430079 431259 572998

5 7 560653 620807 644350 648840 771767 10 1.33 327581 362691 437217 439051 583567

5 8 586391 653398 672516 696223 792866 10 1.36 331131 370627 442491 444895 591313

5 9 606136 672019 697512 704984 809882 10 1.40 338567 355176 449482 452687 601580

6 1 227098 240079 296150 301896 399201 10 1.44 346509 356019 456408 461751 611645

6 2 348202 368487 425097 440686 571392 10 1.49 355572 414991 464886 471317 623947

6 3 434307 455712 515583 539643 679562 10 1.53 361196 386019 471533 478970 633571

6 4 498145 517370 585994 612540 755002 10 1.60 370607 383246 482945 492362 650061

6 5 550280 575834 641589 677351 810650 10 1.68 381369 401133 495701 505532 668414

6 6 1124513 650301 688093 709566 854048 10 1.75 391696 393389 506647 517986 684349
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λ ∈ {0.01, 0.005, 0.001, 0.0005, 0.0001, 0.00005}

lr ∈ {0.001, 0.005, 0.0005, 0.0001, 0.00005, 0.00003, 0.00001, 0.000009, 0.000008, 0.000005}

were considered and the best set of parameters is selected among the 360 sets.

D Experiments on Randomly Generated Data

In order to obtain the results on the simulation data, a similar tuning procedure as mentioned in Appendix B is used.

Table 4 shows the detailed results of the simulated data which we discussed in Section 4.3. As shown, as the number of

training samples in each cluster decreases, the performance of DNN degrades.

Table 4: Detailed costs of the four algorithms on randomly generated data.

# Clusters cp ch DNN-`1 DNN-`2 SEO EQ LML

1 1 0.5 13436 13676 13443 13444 13444

1 1 1 19659 19674 19674 19673 19673

1 1 1.1 20607 20608 20620 20619 20619

10 1 0.5 76274 76693 76369 76467 207304

10 1 1 110818 111080 111074 111153 292354

10 1 1.1 116190 116529 116403 116437 303504

200 1 0.5 703399 710868 696546 704613 2036633

200 1 1 1042052 1035399 1018809 1029408 4457149

200 1 1.1 1078734 1092147 1068727 1079067 4879109
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