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Abstract
In this work1 , we propose a Distributed Accumulated Newton Conjugate gradiEnt
(DANCE) method in which sample size is gradually increasing to quickly obtain a
solution whose empirical loss is under satisfactory statistical accuracy. We give
various iteration complexity results, communication efficiency and stopping criteria
of the method, and perform extensive numerical experiments.
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Introduction

In the field of machine learning, solving the expected risk minimization problem has received lots of
attentions over the last decades, which is in the form of
min L(w) = min Ez [f (w, z)],
(1.1)
w∈Rd

w∈Rd

where z is a d + 1 dimensional random variable containing both feature variables and a response
variable. f (w, z) is a loss function with respect to w and any fixed value of z. One general idea is to
estimate the expectation with a statistical average over a large number of independent and identically
distributed data samples {z1 , z2 , . . . , zN } where N is the total number of samples. The problem in
(1.1) can be rewritten as the Empirical Risk Minimization (ERM) problem
N
1 X
min LN (w) = min
fi (w),
(1.2)
w∈Rd
w∈Rd N
i=1

where fi (w) = f (w, zi ). Many studies have been done on developing optimization algorithms to
find an optimal solution of the above problem under different setting. For example, the studies by
[2, 13, 19, 24] are some of the gradient-based methods which require at least one pass over all data
samples to evaluate the gradient ∇LN (w). As the sample size N becomes larger, these methods
would be less efficient compared to stochastic gradient methods where the gradient is approximated
based on a small number of samples [12, 17, 18, 25, 27, 29]. Second order methods are well known
to share faster convergence rate by utilizing the Hessian information. Recently, several papers by
[3–6, 10, 16, 22, 26, 28] have studied how to apply second orders methods to solve ERM problem.
1
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However, evaluating the Hessian inverse or its approximation is always computationally costly,
leading to a significant difficulty on applying these methods on large-scale problems.
The above difficulty can be addressed by applying the idea of adaptive sample size methods by recent
works of [14, 21, 23], which is based on the following two facts. First, the empirical risk and the
statistical loss have different minimizers, and it is not necessary to go further than the difference
between the mentioned two objectives, which is called statistical accuracy. More importantly, if we
increase the size of the samples in the ERM problem the solutions should not significantly change as
samples are drawn from a fixed but unknown probability distribution.
In this paper, we propose an increasing sample size Table 1: Comparison of computational complexity
second-order method which solves the Newton step between different algorithms for convex functions
in ERM problems more efficiently. Our proposed
Method
Complexity
algorithm, called Distributed Accumulated Newton
Conjugate gradiEnt (DANCE), starts with a small
AdaNewton O(2N d2 + d3 log2 (N ))
number of samples and minimizes their correspond- k-TAN
O(2N d2 + d2 log2 (N ) log k )
ing ERM problem. This subproblem is solved up to
DANCE
Õ((log2 (N ))3 N 1/4 d2 )
a specific accuracy, and the solution of this stage is
used as a warm start for the next stage in which we solve the next empirical risk with a larger number
of samples, which contains all the previous samples. Such procedure is run iteratively until either all
the samples have been included, or we find that it is unnecessary to further increase the sample size.
Our DANCE method combines the idea of increasing sample size and the inexact damped Newton
method discussed in the works of [31] and [20]. Instead of solving the Newton system directly, we
apply preconditioned conjugate gradient (PCG) method as the solver for each Newton step. The
DANCE method is designed to be easily parallelized and shares the strong scaling property, i.e.,
linear speed-up property. We formally characterize the required number of communication rounds to
reach the statistical accuracy of the full dataset. In particular, Table 1 highlights the advantage of
DANCE with respect to other adaptive sample size methods.

2

Problem Formulation

In this paper, we focus on finding the optimal solution w∗ of the problem in (1.1). As described
earlier, due to difficulties in the expected risk minimization, as an alternative, we aim to find a solution
for the empirical loss function LN (w), which is the empirical mean over N samples. Now, consider
the empirical loss Ln (w) associated with n ≤ N samples. In [9] and [7], it has been shown that
the difference between the expected loss and the empirical loss Ln with high probability (w.h.p.) is
upper bounded by the statistical accuracy Vn , i.e., w.h.p. supw∈Rd |L(w) − Ln (w)| ≤ Vn , where
Vn = O(1/nγ ) where γ ∈ [0.5, 1] [1, 8, 30].
For problem (1.2), if we find an approximate solution wn which satisfies the inequality Ln (wn ) −
Ln (ŵn ) ≤ Vn , where ŵn is the true minimizer of Ln , it is not necessary to go further and find a
better solution (a solution with less optimization error). The reason comes from the fact that for a
more accurate solution the summation of estimation and optimization errors does not become smaller
than Vn . Therefore, when we say that wn is a Vn -suboptimal solution for the risk Ln , it means that
Ln (wn ) − Ln (ŵn ) ≤ Vn . In other words, wn solves problem (1.2) within its statistical accuracy.

It is crucial to note that if we add an additional term in the magnitude of Vn to the empirical loss Ln ,
the new solution is also in the similar magnitude as Vn to the expected loss L. Therefore, we can
regularize the non-strongly convex loss function Ln by cVn kwk2 /2 and consider it as follows:
n

min Rn (w) :=

w∈Rd

cVn
1X
fi (w) +
kwk2 .
n i=1
2

(2.1)

In order to prove our results the following conditions are considered in our analysis.
Assumption 1. The loss functions f (w, z) are convex w.r.t w for all values of z. In addition, their
gradients ∇f (w, z) are M −Lipschitz continuous.
Assumption 2. The loss functions f (w, z) are self-concordant w.r.t w for all values of z.
The immediate conclusion of Assumption 1 is that both L(w) and Ln (w) are convex and M -smooth.
Also, we can note that Rn (w) is cVn -strongly convex and (cVn + M )-smooth. Moreover, by
Assumption 2, Rn (w) is also self-concordant.
2
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Distributed Accumulated Newton Conjugate Gradient Method

In order to utilize the important features of ERM, we combine the idea of increasing sample size
and the inexact damped Newton method [31]. In our proposed method, we start with handling a
small number of samples, assume m0 samples. We then solve its corresponding ERM to its statistical
accuracy, i.e. Vm0 , using the inexact damped Newton algorithm. In the next step, we increase the
number of samples geometrically with rate of α > 1, i.e., αm0 samples. The approximated solution
of the previous ERM can be used as a warm start point to find the solution of the new ERM. The
sample size increases until it equals the number of full samples.
Consider the iterate wm within the statistical accuracy of the set with m samples, i.e. Sm for the risk
Rm . In DANCE, we increase the size of the training set to n = αm and use the inexact damped
Newton to find the iterate wn such that Rn (wn ) − Rn (wn∗ ) ≤ Vn after Kn iterations. To do so, we
initialize w̃0 = wm and update the iterates according to the following
w̃k+1 = w̃k −

1
1+δn (w̃k ) vk ,

(3.1)

where vk is an k -Newton direction. The outcome of applying (3.1) for k = Kn iterations is the
approximate solution wn for the risk Rn , i.e., wn := w̃Kn . The favorable descent direction would
be the Newton direction −∇2 Rn (w̃k )−1 ∇Rn (w̃k ); however, the cost of computing this direction is
prohibitive. Therefore, we use vk which is an k -Newton direction satisfying the condition
k∇2 Rn (w̃k )vk − ∇Rn (w̃k )k ≤ k .

(3.2)

As we use the descent direction vk which is an approximation for the Newton step, we also
redefine the Newton decrement δn (w̃k ) based on this modification. To be more specific, we
define δn (w̃k ) := (vkT ∇2 Rn (w̃k )vk )1/2 as the approximation of (exact) Newton decrement
(∇Rn (w̃k )T ∇2 Rn (w̃k )−1 ∇Rn (w̃k ))1/2 , and use it in the update in (3.1). In order to find vk which
is an k -Newton direction, we use Preconditioned CG (PCG).
Note that k has a crucial effect on the speed of the algo- Algorithm 1 DANCE
rithm. When k = 0, then 1: Initialization: Sample size increase constant α, initial sample size n =
√
vk is the exact Newton direcm0 and wn = wm0 with k∇Rn (wn )k < ( 2c)Vn
tion, and the update in (3.1) 2: while n ≤ N do
is the exact damped Newton 3:
Update wm = wn and m = n
step (which recovers the up- 4:
Increase sample size: n = min{αm, N }
date in Ada Newton algorithm 5:
Set w̃0 = wm and set k = 0
repeat
in [21] when the step-length 6:
Calculate vk and δn (w̃k ) by Algorithm 2 PCG
is 1). Furthermore, the num- 7:
Set w̃k+1 = w̃k − 1+δn1(w̃k ) vk
ber of total iterations to reach 8:
9:
k
=k+1
VN -suboptimal solution for
10:
until
satisfy
stop criteria leading to Rn (w̃k ) − Rn (wn∗ ) ≤ Vn
the risk RN is K, i.e. K =
11:
Set
w
=
w̃
n
k
Km0 + Kαm0 + · · · + KN .
Hence, if we start with the it- 12: end while
erate wm0 with corresponding m0 samples, after K iterations, we reach wN with statistical accuracy
of VN for the whole dataset.
Our proposed method is summarized in Algorithm 1. We start with m0 samples, and an initial point
wm0 which is an Vm0 − suboptimal solution for the risk Rm0 . In every iteration of outer loop of
Algorithm 1, we increase the sample size geometrically with rate of α in step 4. In the inner loop of
Algorithm 1, i.e. steps 6-10, in order to calculate the approximate Newton direction and approximate
Newton decrement, we use PCG algorithm which is shown in Algorithm 2, which the entire dataset
PK
is stored across K machines, i.e., each machine stores Ni data samples such that i=1 Ni = N .
This process repeats till we get the point wN with statistical accuracy of VN . We now provide the
theoretical results for DANCE.
Theorem 3.1. By assuming α = 2 and γ ∈ [0.5, 1], the total number of communication
rounds to
√
reach a VN −suboptimal solution of the full training set is w.h.p. T̃ = Õ(γ(log2 N )2 N γ log2 N γ ).
3

Algorithm 2 PCG
Master Node:
Worker Nodes (ii = 1, 2, . . . , K
K):
Input: w̃k ∈ Rd , k , and An
X 2 i
Let H = ∇2 Rn (w̃k ), P = |A1n |
∇ Rn (w̃k ) + µn I
i
i∈An
Broadcast: w̃k
−→
Compute ∇Rn
(w̃k )
i
Reduce: ∇Rn
(w̃k ) to ∇Rn (w̃k )
←−
Set r(0) = ∇Rn (w̃k ), u(0) = s(0) = P −1 r(0)
Set v (0) = 0, t = 0
repeat
i
i
−→
Broadcast: u(t) and v (t)
Compute ∇2 Rn
(w̃k )u(t) and ∇2 Rn
(w̃k )v (t)
i
i
Reduce: ∇2 Rn
(w̃k )u(t) and ∇2 Rn
(w̃k )v (t) to Hu(t) and Hv (t)
←−

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:

hr (t) ,s(t) i
hu(t) ,Hu(t) i
Set v (t+1) = v (t) + γt u(t) , r(t+1) = r(t)
(t+1) (t+1)
i
Compute ζt = hr hr(t) ,s
,s(t) i
(t+1)
(t+1)
(t+1)
(t+1)

11:

Compute γt =

12:
13:

− γt Hu(t)

14:
Set P s
=r
,u
=s
+ ζt u(t)
15:
Set t = t + 1
16: until kr(t+1) k ≤ k
p
17: Output: vk = v (t+1) , δn (w̃k ) = vkT Hv (t) + γt vkT Hu(t)
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Figure 1: Performance of different algorithms on a logistic regression problem with rcv1 dataset. In the left
two figures, the plot DANCE* is the training accuracy based on the entire training set, while the plot DANCE
represents the training accuracy based on the current sample size.
∗
)+
The rounds√of communication for DiSCO in [31]2 is T̃DiSCO = Õ((RN (w0 ) − RN (wN
γ
γ(log2 N )) N γ log2 N ) where γ ∈ [0.5, 1]. Comparing these bounds shows that the communication complexity of DANCE is independent of the choice of initial variable w0 and the suboptimality
∗
RN (w0 ) − RN (wN
), while the overall communication complexity of DiSCO depends on the initial
suboptimality. In addition, implementation of each iteration of DiSCO requires processing all the
samples in the dataset, while DANCE only operates on an increasing subset of samples at each
phase. Therefore, the computation complexity of DANCE is also lower than DiSCO for achieving
the statistical accuracy of the training set.
Theorem 3.2. The total complexity of DANCE Algorithm in order to reach a point with the statistical
accuracy of VN of the full training set is w.h.p. Õ((log2 (N ))3 N 1/4 d2 ).

All in all, the theoretical results highlight that DANCE is more efficient than DiSCO in terms of
communication, and has lower complexity than previous adaptive sample size methods (see Table 1).

4

Numerical Experiments

In this section, we present numerical experiments on several large datasets to show that our DANCE
algorithm can outperform other considered methods on solving both convex and non-convex problems.
For the convex case, we use logistic regression model for binary classification tasks with rcv1 and
gisette [11] datasets.
In Figure 1, we observe consistently that DANCE has a better performance over the other
two methods from the beginning stages. Both training and test accuracy for DANCE converges to optimality after processing a small number of samples. This observation suggests that DANCE finds a good initial solution and updates it over time. Compared with
2

In order to have fair comparison, we put f = RN ,  = VN , and λ = cVN in their analysis, and also the
constants are ignored for the communication complexity.

4

speed-up

DiSCO, our restarting approach helps to reduce computational cost for the first iterations.
Moreover, we demonstrate that our DANCE method shares a
Scaling on Vgg11, Cifar10
16 Strong
Sample size=256
strong scaling property. As shown in Figure 2, whenever we
Sample size=512
Sample size=1024
increase the number of nodes, we obtain acceleration towards
Sample size=2048
Sample size=4096
optimality. We use the starting batchsize from 256 upto 4096, and
the speed-up compared to the serial run (1 node) is reported. It
8
indicates that as we increase the batchsize, the speed-up becomes
4
closer to ideal linear speed-up. The advantage of the setting
2
is to utilize the large batch over multiple nodes efficiently but
1
12 4
8
16
not sacrifice the convergence performance. Regarding first order
nodes
methods like SGD, it is hard to achieve nice linear scaling since
the small batch is often required, which makes the computation Figure 2: Performance of DANCE
time to be comparable with communication cost.
w.r.t. different number of nodes.
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