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Abstract
The acceleration technique introduced by Nesterov for gradient descent is widely used in optimization but its principles are not yet fully understood. Recently, significant progress has been
made to close this understanding gap through a continuous-time dynamical systems perspective
associated with gradient methods for smooth and unconstrained problems. Here we extend this
perspective to nonsmooth and linearly constrained problems by deriving nonsmooth dynamical systems related to variants of the relaxed and accelerated alternating direction method of
multipliers (ADMM). More specifically, we introduce two new ADMM variants, one based on
Nesterov’s acceleration and the other inspired by the heavy ball method, and derive differential
inclusions that model these algorithms in the continuous-time limit. Through a nonsmooth
Lyapunov analysis, we obtain rates of convergence for these dynamical systems in the convex
and strongly convex settings that illustrate an interesting tradeoff between Nesterov and heavy
ball types of acceleration.

1

Introduction

A popular approach to accelerate the convergence of the gradient descent method was proposed
by Nesterov [1]. For convex functions, accelerated gradient descent attains a convergence rate
of O(1/k 2 ) in terms of the error in the objective function value, with k denoting the iteration
number. This rate is known to be optimal in the sense of worst case complexity [2]. Another
accelerated variant of gradient descent was introduced by Polyak [3], called the heavy ball method,
which is known to have a convergence rate of O(1/k) for convex functions and an exponential rate
(also called linear convergence in the optimization literature) for strongly convex functions [4, 5].
Nonetheless, the mechanisms by which optimization algorithms are accelerated is still not very well
understood.
Recently, there has been progress in understanding acceleration by analyzing a differential equation modeling the continuous-time limit of Nesterov’s method [6]. Follow-up work has brought a
larger class of accelerated methods into a Hamiltonian formalism [7] thus giving opportunities for
analysis through the lens of continuous dynamical systems. For example, analyses based on Lyapunov’s theory were explored in continuous and discrete settings [8–11]. However, such connections
have been limited mostly to gradient methods, smooth functions, and unconstrained problems.
∗

guifranca@gmail.com

1.1

Motivating examples

A simple example illustrating the interplay between discrete and continuous approaches is gradient
descent
xk+1 − xk = −∇Φ(xk ),
(1.1)
which can be seen as a discretization of the gradient flow
Ẋ(t) = −∇Φ(X(t)),

(1.2)

where  > 0 is the discretization stepsize, X(t) is a continuous function of time such that xk = X(t)
with t = k, and Ẋ ≡ dX
dt . This connection has been known for a long time [12]. The differential
equation (1.2) has a convergence rate of O(1/t), which matches that of gradient descent. A second
example is the heavy ball method [3]
xk+1 − xk − 1 (xk − xk−1 ) = −2 ∇Φ(xk )

(1.3)

for constants {1 , 2 } ⊂ (0, ∞), which is a discretization of
Ẍ(t) + a1 Ẋ(t) = −a2 ∇Φ(X(t))
for certain constants a1 and a2 , and Ẍ ≡
gradient descent [1]

d2 X
.
dt2

xk+1 − x̂k = −∇Φ(x̂k ),

(1.4)

A third example is given by Nesterov’s accelerated
x̂k+1 − xk =

k
k+3 (xk+1

− xk ).

(1.5a)

Only recently has its continuous limit been obtained as the differential equation [6]
Ẍ(t) + 3t Ẋ(t) = −∇Φ(X(t)).

(1.6)

When Φ is convex, this differential equation has a convergence rate of O(1/t2 ) [6], matching the
optimal O(1/k 2 ) rate of its discrete counterpart (1.5) [1]. We refer the reader to [10] for additional
convergence properties of (1.6) over Hilbert spaces.

1.2

Nonsmooth cases

Recently, a continuous-time perspective for nonsmooth optimization problems has started to emerge.
For instance, convergence of the dynamical system (1.6) with ∇Φ replaced by a regularized monotone operator was considered in [13]. Also, in the context of minimizing f + g, where f is differentiable but g can be nonsmooth, a forward-backward Euler discretization of the differential
inclusion
Ẍ(t) + 3t Ẋ(t) + ∇f (X(t)) ∈ −∂g(X(t)),
(1.7)
where ∂g is the subdifferential of g, leads to the accelerated proximal gradient method, i.e., a
nonsmooth version of (1.5) [11, 14]. Convergence rates of forward-backward proximal algorithms
have also been recently considered [15].
An important algorithm for nonsmooth problems is the alternating direction method of multipliers (ADMM) [16–18]. ADMM is known for its ease of implementation, scalability, and applicability
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in many important areas of machine learning and statistics. In the convex case, ADMM converges
at a rate of O(1/k) [19,20], while in the strongly convex case, it converges exponentially [21]. Many
variants of ADMM exist including one that uses a relaxation strategy that empirically improves
convergence in some cases [22, 23]. However, few theoretical results are known for relaxed ADMM,
with one exception being that it has exponential convergence for strongly convex functions [24–27].
An accelerated version of ADMM was recently proposed in [28] and called fast ADMM (although
herein we call it accelerated ADMM, or A-ADMM for short). For a composite objective f + g, with
f and g both strongly convex and g quadratic, A-ADMM attains a convergence rate of O(1/k 2 ) [28].
While numerical experiments in [28] show that A-ADMM may outperform Nesterov’s method for
some problems, we are not aware of any other rate of convergence results for such a method.
Recently, we obtained a differential equation modeling the continuous limit of A-ADMM [29].
We also showed that the underlying dynamical system has a convergence rate of O(1/t2 ) under
a convexity assumption. The work in the current paper is a significant extension of our previous
paper [29] in many ways that include the following: (i) In [29], all functions were assumed to be
differentiable, whereas here we allow all functions to be nonsmooth; (ii) We propose new algorithm
extensions of ADMM that include relaxation, which were not considered in [29]; (iii) Only the convex
setting was considered in [29], whereas we consider both the convex and strongly convex settings;
and (iv) In [29], Nesterov acceleration was considered, whereas here we analyze both Nesterov and
heavy-ball acceleration in a unified manner.

1.3

Contributions

Consider the optimization problem1
min {Φ(x) ≡ f (x) + g(Ax)}

x∈Rn

(1.8)

where both f : Rn → R and g : Rm → R can be nonsmooth convex functions, and A ∈ Rm×n . Our
main contributions can be summarized as follows.
• We introduce a Relaxed and Accelerated ADMM (R-A-ADMM) approach based on Nesterov’s
acceleration technique, which can be seen as a relaxation of A-ADMM [28]. We also introduce
the Relaxed Heavy Ball ADMM (R-HB-ADMM), which is inspired by the heavy ball method.
• We derive nonsmooth dynamical systems modeling the family of R-ADMM, R-A-ADMM, and
R-HB-ADMM. The limit of R-ADMM (resp., R-A-ADMM and R-HB-ADMM) is a first-order
(resp., second-order) differential inclusion.
• We provide a nonsmooth Lyapunov analysis using techniques from control theory to obtain
several new convergence rates for these nonsmooth dynamical systems. These results are
summarized in Table 1.
One motivation for our analysis is that the derivations of convergence rates for the differential
inclusions are often simpler compared to their discrete-time counterpart. Thus, such an approach
Our results can be extended to minx,z {f (x) + g(z) | Ax + Bz = c} provided B is invertible; since z − B −1 c =
−B Ax, one can redefine A and translate z to obtain a form similar to (1.8).
1
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algorithm
ADMM
A-ADMM†
R-ADMM†
R-A-ADMM‡
R-HB-ADMM‡

rate (convex)
t−1
t−2
t−1
t−2
t−1

rate (strongly convex)

proof

−µt/σ12 (A)

e
t−2r/3
2
e−µt/((2−α)σ1 (A))
t−2r/3 √
√
e− µt/( 2−α σ1 (A))

Theorem 4.2
Theorem 4.3
Theorem 4.4

Table 1: Convergence rates of the dynamical systems related to the ADMM variants proposed in
this paper. Algorithms marked with † are known but do not have known convergence rates; e.g.,
for A-ADMM both rates are unknown while for R-ADMM the O(1/t) rate seems to be unknown.
Those marked with ‡ are new families of algorithms. Here α ∈ (0, 2) is the relaxation parameter,
µ is the strong convexity parameter, and σ1 (A) is the largest singular value of A.
provides valuable insight on the behavior of these algorithms even though they do not formally
establish discrete-time rates. We stress that most of the rates in Table 1 are unknown for the
associated algorithms. Also, one can see that by adding relaxation, an improved constant in the
complexity bound may be attained; e.g., for R-ADMM and R-HB-ADMM in the strongly convex
case. Moreover, the proposed R-HB-ADMM attains exponential convergence in the strongly convex
case, which contrasts R-A-ADMM. This shows an interesting tradeoff between Nesterov and heavy
ball type of acceleration in the convex versus strongly convex settings.
We show that the differential inclusions associated to the accelerated algorithms can be obtained
through an extension of the nonsmooth Hamiltonian formalism introduced by Rockafellar [30–32].
We construct two Hamiltonian representations for the dissipative dynamical systems associated to
R-A-ADMM and R-HB-ADMM: one with an explicit time-dependent Hamiltonian obeying standard Hamilton’s equations, while the other is based on a time-independent Hamiltonian with equations of motion in the form of conformal Hamiltonian systems [33], but which we generalize to
nonsmooth cases. Our approach generalizes the variational perspective put forward by [7] and
opens opportunities beyond the scope of this paper, such as constructing suitable discretizations
to (nonsmooth) Hamiltonian systems.

2
2.1

Preliminaries
Notation

√
For {x, y} ⊂ Rn , let kxk = xT x be the `2 norm of x and hx, yi = xT y the inner product between
x and y. The `1 norm of x is denoted by kxk1 . Given a matrix A ∈ Rm×n , we denote its
largest and smallest singular values by σ1 (A) and σn (A), respectively, and
P its condition number
by κ(A) ≡ σ1 (A)/σn (A). The nuclear norm of A is denoted by kAk∗ = i σi (A).
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2.2

Subdifferentials, convexity, and strong convexity

Consider a function f : Rn → R ∪ {+∞} with effective domain dom f ≡ {x | f (x) < ∞}. Its
subdifferential at the point x ∈ dom f is defined as [34]
∂f (x) = {ξ ∈ Rn | f (y) − f (x) ≥ hξ, y − xi for all y} .

(2.1)

The subdifferential set ∂f (x) is always closed and convex, and if f is convex it is also nonempty.
A strongly convex function [34] is defined as follows.
Definition 2.1 (Strongly convex function). We say that h : Rn → R ∪ {+∞} is strongly convex if
and only if there exists a constant µ > 0 such that
h(y) ≥ h(x) + hξ, y − xi + µ2 ky − xk2

(2.2)

for all x, y ∈ dom h and all ξ ∈ ∂h(x). If f is only convex, (2.2) holds with µ = 0.
The following conditions are assumed throughout the paper.
Assumption 2.2. f and g in problem (1.8) are proper, lower semicontinuous, convex, and satisfy
0 ∈ int(dom g − A dom f ). The matrix A has full column rank.
Lemma 2.3. Under Assumption 2.2 the following hold (see [35, 36]):
(i) ∂Φ is upper semicontinuous on int(dom Φ);
(ii) ∂(f + g ◦ A)(x) = ∂f (x) + AT ∂g(Ax).

2.3

Continuous limits and differential inclusions

Let us mention two basic relationships involving continuous limits. Let X = X(t) ∈ Rn where t ≥ 0
is the time variable. The corresponding state of an algorithm at discrete-times k = 0, 1, . . . will be
denoted by xk ∈ Rn , where xk = X(t), for t = k and for some small enough stepsize  > 0. In the
limit  → 0 it holds that [37–39]
(xk±1 − xk ) / → ±Ẋ(t),

(xk+1 − 2xk + xk−1 ) /2 → Ẍ(t).

(2.3)

Consider a differential inclusion [35]
Ẋ(t) ∈ F (X(t))

with

X(0) = x0 ,

(2.4)

where F : Rn ⇒ Rn is a multi-valued map. By a solution or trajectory of (2.4) we mean a
function ϕ : I → Rn , with I ⊆ R+ , such that ϕ is absolutely continuous and ϕ̇(t) ∈ F (ϕ(t)) for
all t ∈ I. In this paper we consider first- and second-order differential inclusions (higher-order
systems can always be written in the first-order form (2.4)). If F is upper semicontinuous (or lower
semicontinuous), nonempty, closed, and convex, then a unique solution to (2.4) exists [35]. When
F is not closed, or is nonconvex, the existence of solutions may be a delicate matter [40–42]. In this
paper, since F = −∂Φ and Φ satisfies Assumption 2.2 (see Lemma 2.3), the differential inclusion
(2.4) has a unique solution for any x0 ∈ dom Φ and all t ≥ 0 [35, Chapter 3].
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3

Variants of ADMM as Dynamical Systems

We first consider the family of R-ADMM algorithms and introduce a nonsmooth dynamical system
modeling these algorithms in the continuous-time limit. Later we will consider accelerated extensions together with second-order nonsmooth dynamical systems. These algorithms are developed
for problem (1.8) by introducing the variable z = Ax and considering the (scaled) augmented
Lagrangian Lρ (x, z, u) = f (x) + g(z) + ρhu, Ax − zi + ρ2 kAx − zk22 , where u ∈ Rm is the (scaled)
Lagrange multiplier vector and ρ > 0 [18].

3.1

Relaxed ADMM

We start with the R-ADMM framework [18]:

xk+1 ← arg minx f (x) + ρ2 kAx − zk + uk k2 ,

zk+1 ← arg minz g(z) + ρ2 kαAxk+1 + (1 − α)zk − z + uk k2 ,
uk+1 ← uk + αAxk+1 + (1 − α)zk − zk+1 .

(3.1a)
(3.1b)
(3.1c)

The relaxation parameter α ∈ (0, 2) is introduced to speed up convergence [22, 23]. Note that the
standard ADMM is recovered when α = 1.
Theorem 3.1. Consider (3.1) for solving problem (1.8) under Assumption 2.2. Its continuous
limit, with time scale t = ρ−1 k, is given by the differential inclusion
(2 − α)(ATA)Ẋ(t) ∈ −∂Φ(X(t))

(3.2)

with initial condition X(0) = x0 ∈ dom(Φ) (see also Remark 3.2).
Proof. With  = ρ−1 , the optimality conditions for (3.1a) and (3.1b) combine into
0 ∈ ∂f (xk+1 ) + AT ∂g (zk+1 ) + (1 − α)AT (Axk+1 − zk )/ + AT (zk+1 − zk )/.

(3.3)

Let (xk , zk , uk ) = (X(t), Z(t), U (t)) where t = k. From the last update (3.1c), we have
 U (t + ) =
U (t) + αAX(t + ) + (1 − α)Z(t) − Z(t + ), which expanded yields U̇ = α AX − Z +  αAẊ −

Ż + O(2 ), where we denote U = U (t), Z = Z(t) and X = X(t) for simplicity. In the limit  → 0
this implies
Z = AX.
(3.4)
Using this equality in (3.3) we thus have



0 ∈ ∂f X(t + ) + AT ∂g AX(t + ) + (2 − α)AT A X(t + ) − X(t) /.

(3.5)

Making use of (2.3), in the limit  → 0 this becomes

0 ∈ ∂f (X) + AT ∂g(AX) + (2 − α)ATAẊ.

(3.6)

From Lemma 2.3 (ii) this is equal to (3.2). This is a first-order system whose dynamics is specified
by the initial condition X(0) = x0 ∈ dom(Φ).
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If f and g are differentiable (so that ∂Φ(x) = ∇f (x) + AT ∇g(Ax)), A = I and α = 1, then
(3.2) reduces to the gradient flow (1.2). In general, however, even in the smooth case, the presence
of ATA in (3.2) can make its stability properties different.
Remark 3.2 (Initial condition). We point out a sublety regarding the initial condition in Theorem 3.1, which will also apply to the other differential inclusions obtained in this paper. It is
necessary that X(0) = x0 matches the starting point of the algorithm. Since the optimality condition of (3.1b) combined with (3.1c) implies uk+1 ∈ (1/ρ)∂(zk+1 ), in the limit −1 ≡ ρ → ∞
we additionally have U (t) = 0 for all t. Hence, we assume that (3.1) is initialized with u−1 = 0
and some z−1 , and then X(0) = x0 is obtained from the output of the first update (3.1a). This
condition is also assumed in algorithms (3.7) and (3.16) with respect to û−1 = 0 and ẑ−1 .

3.2

Relaxed and Accelerated ADMM

We introduce variables û ∈ Rm and ẑ ∈ Rm to obtain an accelerated version of (3.1), called
R-A-ADMM, given by

xk+1 ← arg minx f (x) + ρ2 kAx − ẑk + ûk k2 ,
(3.7a)

ρ
2
(3.7b)
zk+1 ← arg minz g(z) + 2 kαAxk+1 + (1 − α)ẑk − z + ûk k ,
uk+1 ← ûk + αAxk+1 + (1 − α)ẑk − zk+1 ,

(3.7c)

γk+1 ← k/(k + r),

(3.7d)

ẑk+1 ← zk+1 + γk+1 (zk+1 − zk ) .

(3.7f)

ûk+1 ← uk+1 + γk+1 (uk+1 − uk ) ,

(3.7e)

This algorithm, which is new to the literature, is a relaxation of A-ADMM [28] that is recovered by
setting α = 1 and r = 3. It is worth noting that even for R-ADMM (3.1), the existing theoretical
results are sparse compared to standard ADMM. Regarding the continuous limit of updates (3.7)
we obtain the following.
Theorem 3.3. Consider (3.7) with r ≥ 3 for solving (1.8) under Assumption 2.2. Its continuous
limit, with time scale t = ρ−1/2 k, is given by the differential inclusion

(2 − α)ATA Ẍ(t) + rt Ẋ(t) ∈ −∂Φ(X(t))
(3.8)
with initial conditions X(0) = x0 and Ẋ(0) = 0.

Proof. Choosing  = ρ−1/2 and combining the optimality conditions of the problems in (3.7a) and
(3.7b) yields
0 ∈ ∂f (xk+1 ) + AT ∂g(zk+1 ) + (1 − α)AT (Axk+1 − ẑk )/2 + AT (zk+1 − ẑk )/2 .

(3.9)

Let (xk , zk , uk , ẑk , ûk ) = (X(t), Z(t), U (t), Ẑ(t), Û (t)) at t = k, and we use the shorthand X =
X(t), Z = Z(t), and so on. Let us consider the last two terms of (3.9) separately. From (3.7f) we
have zk+1 − ẑk = zk+1 − (1 + γk )zk + γk zk−1 . Adding zk − zk + zk−1 − zk−1 = 0 and reorganizing
yields
(zk+1 − ẑk )/2 = (zk+1 − 2zk + zk−1 )/2 + (1 − γk )(zk − zk−1 )/2 .
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(3.10)

When  → 0, according to (2.3) the first term yields Z̈ while the second term yields (1 − γk )(zk −
zk−1 )/2 → rt Ż, therefore
(zk+1 − ẑk )/2 → Z̈ + (r/t)Ż.
(3.11)
Let us now focus on the third term of (3.9). Note that
(Axk+1 − ẑk )/2 = (Axk+1 − zk+1 )/2 + (zk+1 − ẑk )/2

(3.12)

and the last term was already computed in (3.11). We now show that
 the first term above vanishes.
t
Considering (3.7e), i.e. Û (t + ) − U (t + ) − t+r
U (t + ) − U (t) = 0, when  → 0 this implies
that Û (t) = U (t) (a similar argument also shows that Ẑ(t) = Z(t)), which combined with (3.7c)
allow us to conclude that AX(t) = Z(t), which in turn implies AẊ(t) = Ż(t) and AẌ(t) = Z̈(t).
Therefore,
(Axk+1 − ẑk )/2 → Z̈ + (r/t)Ż.
(3.13)
From (3.9), (3.11), and (3.13) we thus obtain

(2 − α)ATA Ẍ + rt Ẋ ∈ −∂f (X) − AT ∂g(AX),

(3.14)

which along with Lemma 2.3 (ii) yields (3.8).

For initial conditions, the first is X(0) = x0 for a suitable x0 (see Remark 3.2). Next, using the
Mean Value Theorem, we have Ẋj (t) = Ẋj (0) + tẌj (ξ) for some ξ ∈ [0, t] and for all components
j = 1, . . . , n. Combining this with (3.8) yields
X
j

 −t∂ Φ(X(ξ))

i
(ATA)ij Ẋj (t) − Ẋj (0) + rẊj (ξ) ∈
2−α

(3.15)

where
we use ∂i Φ to denote the ith component of ∂Φ. Letting t ↓ 0, which forces ξ ↓ 0, we have
P
TA) Ẋ (0) = 0 since α 6= 2 and r 6= 0. Since this holds for each i = 1, . . . , n, (ATA)Ẋ(0) = 0
(A
ij j
j
and, since A has full column rank, that Ẋ(0) = 0.
Remark 3.4. Theorem 3.3 still holds without assuming 0 ∈ int(dom g − A dom f ) (see Assumption 2.2), although in this case the equality in Lemma 2.3(ii) becomes an inclusion, which results
in ∂f + AT ∂g ◦ A replacing the right-hand side of (3.8).
The differential inclusion (3.8) reduces to the differential equation (1.6) when A = I, α = 1,
r = 3, and both f and g are smooth. Thus, the results for (3.8) hold for (1.6) as a special case.
We show in Section 4 that the relaxation parameter α and the matrix A in (3.8) allow for refined
convergence results.

3.3

Relaxed Heavy Ball ADMM

Another acceleration scheme for gradient descent is the heavy ball method [3]. Motivated by this
we introduce another accelerated variant of (3.1), called R-HB-ADMM. The updates are essentially

8

√
the same as those in (3.7), but {γk } is now constant, namely γ = 1 − r/ ρ with r > 0 and thus

(3.16a)
xk+1 ← arg minx f (x) + ρ2 kAx − ẑk + ûk k2 ,

zk+1 ← arg minz g(z) + ρ2 kαAxk+1 + (1 − α)ẑk − z + ûk k2 ,
(3.16b)
uk+1 ← ûk + αAxk+1 + (1 − α)ẑk − zk+1 ,

ûk+1 ← uk+1 + γ (uk+1 − uk ) ,

(3.16c)

(3.16d)

ẑk+1 ← zk+1 + γ (zk+1 − zk ) .

(3.16e)

Compared to (3.7) this method uses γk = γ as a constant depending on ρ. This choice is inspired
by the continuous limit described below, but is otherwise not obvious.
Theorem 3.5. Consider (3.16) with r > 0 for solving problem (1.8) under Assumption 2.2. Its
continuous limit, with time scale t = ρ−1/2 k, is given by

(2 − α)ATA Ẍ(t) + rẊ(t) ∈ −∂Φ(X(t))
(3.17)
with initial conditions X(0) = x0 and Ẋ(0) = 0.

Proof. Since obtaining the differential equation follows the same steps as in the proof of Theorem 3.3, its proof is omitted; the only changes are initial conditions. The first is X(0) = x0 (see
Remark 3.2). For the velocity, consider the optimality condition for (3.16a), i.e., 0 ∈ ∂f (x0 ) +
ρATAx0 + ρAT (û−1 − ẑ−1 ), where ẑ−1 and û−1 = 0 are inputs. Recall that 2 = 1/ρ and Ẑ → Z
and X → AZ as  → 0, thus ATAẊ(0) = 0, implying Ẋ(0) = 0 since A has full column rank.
The comments in Remark 3.4 also apply to Theorem 3.5. Note that the differential inclusion
(3.17) is closely related to (3.8). The key difference between the dynamical systems (3.8) and
(3.17) is in the damping coefficient, which leads to different stability properties; see Table 1 and
Section 4. Specifically, in (3.8) the damping vanishes asymptotically, thus for large time the system
may exhibit strong oscillations, while in (3.17) the damping is constant, which helps to attenuate
oscillations and improve stability. Although this has been observed empirically, it has also be shown
that (3.17) is asymptotically stable for isolated minimizers while (3.8) is only stable [29].
Note that the dual variables uk and ûk have no continuous counterparts in (3.2), (3.8), and
(3.17). The reason is that these dynamical systems capture only the leading order behaviour of
the discrete algorithm in the limit of large ρ, thus U (t) and Û (t) would potentially appear in
higher-order corrections.

4

Convergence Rates of the Nonsmooth Dynamical Systems

In this section we derive convergence rates for the previous nonsmooth dynamical systems when Φ
is convex or strongly convex; see Table 1 for a summary. These results are established through a
nonsmooth Lyapunov analysis. We first introduce some basic concepts, and refer to [35, 41–43] for
more details.
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The directional derivative of a convex function f at a point x ∈ dom f in the direction v ∈ Rn
is defined as
f (x + v) − f (x)
Df (x)(v) ≡ lim
.
(4.1)
↓0

Consider the differential inclusion (2.4). Recall that with F = −∂Φ and under Assumption 2.2,
a unique solution exists. Our analysis depends on the time derivative of Φ along the trajectory,
which is defined as

Φ(X(t + )) − Φ(X(t))
Φ̇(X(t)) ≡ DΦ(X(t)) Ẋ(t) = lim
↓0


(4.2)

where the second equality can be proved using the convexity of Φ and the definition of the directional
derivative in (4.1). The form of the time derivative is now proved.
Lemma 4.1. Consider the differential inclusions (3.2), (3.8), and (3.17), with given initial conditions. The unique solution X ≡ X(t) of such a differential inclusion obeys, for all t ∈ R+ , the
following relationships:

2
−(2 − α) AẊ


 for (3.2),

2
r
T
for (3.8),
(4.3)
Φ̇(X) = −(2 − α) Ẍ, A AẊ + t AẊ




−(2 − α) Ẍ, ATAẊ + r AẊ 2
for (3.17).
Proof. We start with the differential inclusion (3.2), and let

η ≡ −(2 − α)ATAẊ(t + ) ∈ ∂Φ(X(t + ))

( > 0).

(4.4)

It follows from (2.1) and convexity of Φ that
Φ(X(t)) − Φ(X(t + )) ≥ hη , X(t) − X(t + )i.

(4.5)

Under Assumption 2.2 the differential inclusion has a unique solution and Ẋ(t) exists for all t ≥ 0.
Dividing (4.5) by , and then taking the limit  ↓ 0 and using (4.2) yields
Φ̇(X) ≤ −(2 − α) ATAẊ, Ẋ = −(2 − α)kAẊk2 .

(4.6)

Since Φ is lower semicontinuous, we also know that η0 ≡ lim↓0 η ∈ ∂Φ(X(t)). Combining this
with (2.1) and convexity of Φ yields
Φ(X(t + )) − Φ(X(t)) ≥ hη0 , X(t + ) − X(t)i,

(4.7)

and then using the same argument as above shows that
Φ̇(X) ≥ η0 , Ẋ = −(2 − α)kAẊk2 .

(4.8)

Thus, (4.6) together with (4.8) gives the desired result.
The same arguments can be applied to the second-order inclusion (3.8) with

r
η ≡ −(2 − α)ATA Ẍ(t + ) + t+
Ẋ(t + ) ∈ ∂Φ(X(t + )),

and also to the second-order inclusion (3.17) by replacing
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r
t+

7→ r in (4.9) above.

(4.9)

4.1

Convergence of Relaxed ADMM

We start with the first-order dynamical system (3.2) associated with R-ADMM.
Theorem 4.2. Consider (3.2) and let x? ∈ arg min Φ(x), Φ? ≡ Φ(x? ), and X = X(t) be the unique
trajectory of the system from X(0) = x0 ∈ dom(Φ). If Φ is convex, then for all t ≥ 0 it holds that
Φ(X(t)) − Φ? ≤

(2 − α)kA(x0 − x? )k2
.
2t

(4.10)

If Φ is µ-strongly convex, then for all t ≥ 0, it holds that
kX(t) − x? k2 ≤

kA(x0 − x? )k2 e−ηt
2 (A)
σm

where

η≡

µ
.
(2 − α)σ12 (A)

(4.11)

Proof. For the first part consider
E(X, t) ≡

t
2−α

(Φ(X) − Φ? ) + 21 kA (X − x? )k2

(4.12)

where x? is any minimizer of Φ. Taking its time derivative,
Ė =

t
2−α Φ̇(X)

+

1
2−α

(Φ(X) − Φ? ) + X − x? , AT A Ẋ .

(4.13)

Using (2.2) (with µ = 0), α ∈ (0, 2), and (3.2) one concludes that the second and third terms above
are bounded above by zero. Hence, Lemma 4.1 implies that Ė ≤ −tkAẊk2 ≤ 0. Thus, E|t ≤ E|t=0
and (4.12) yields Φ(X) − Φ? ≤ (2 − α)E|t=0 t−1 . Replacing E|t=0 = 21 kA(x0 − x? )k2 yields (4.10).
For the second part, from (2.2), for all X ∈ dom Φ and every ξ ∈ ∂Φ(X), we have
hX − x? , ξi ≥ µ2 kX − x? k2 + Φ(X) − Φ(x? ) ≥

µ
kA(X
2σ12 (A)

− x? )k2

(4.14)

where now x? is the unique minimizer of Φ. Consider
E(X) ≡ 21 kA(X − x? )k2 .

(4.15)

Taking its total time derivative and using −(2 − α)ATAẊ ∈ ∂Φ(X) together with (4.14) yields
Ė ≤ −(η/2) kA(X − x? ) k2 , with η as in (4.11). From the definition (4.15) we can write this as
d
? 2
? 2
? 2
dt kA(X(t) − x )k ≤ −ηkA(X(t) − X )k . Grönwall’s inequality thus implies kA(X(t) − x )k ≤
?
2
−ηt
2
?
2
kA(x0 − x )k e , and after using norm inequalities we finally get σm (A)kX(t) − x k ≤ kA(x0 −
x? )k2 e−ηt .
Some remarks are appropriate:
• The rate (4.10) matches the O(1/k) rate of standard (non-relaxed) ADMM in the convex
case [19, 20]. We believe the analogous result for relaxed ADMM (4.10) is new in the sense
that this rate is unknown in the discrete case.
• The exponential rate in (4.11) is consistent with the known rate for relaxed ADMM when Φ
is strongly convex [27].
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• Results (4.10) and (4.11) suggest better performance with α ∈ (1, 2). This is prominent in
the strongly convex case since α is under an exponential.
• It may seem desirable to choose α ≈ 2. However, one must avoid divergence in the Lyapunov
functions used to establish Theorem 4.2 (e.g., see (4.12)). In the extreme case, α = 2, there is
simply no dynamics in (3.2). These observations are consistent with the empirical guideline
α ∈ (1.5, 1.8) suggested by [22, 23]. The choice α ≥ 2 should be avoided because (3.2) would
follow the (sub)gradient ascent direction, which is consistent with the results of [27].

4.2

Convergence of Relaxed and Accelerated ADMM

The proof strategy for the dynamical system (3.8) is similar to Theorem 4.2, but more involved.
Theorem 4.3. Consider (3.8) with r ≥ 3. Let x? ∈ arg min Φ(x), Φ? ≡ Φ(x? ), and X = X(t) be
the unique trajectory of the system from X(0) = x0 ∈ dom Φ and Ẋ(0) = 0. If Φ is convex, then
for all t ≥ 0 we have
(2 − α)(r − 1)2 kA(x0 − x? )k2
Φ(X(t)) − Φ? ≤
.
(4.16)
2t2
p
If Φ is µ-strongly convex, then for all t ≥ t0 ≡ 23 σ1 (A) r(r − 3)(2 − α)µ−1 we have
kX(t)) − x? k2 ≤ 4(2 − α) cµ−1 t−2r/3 ,
(4.17)


2
tλ
2
where c ≡ 20 2−α
(Φ0 −Φ? )+ λt2 kA(X0 −x? )k2 +kAẊ0 k2 with λ ≡ 2r/3, X0 ≡ X(t0 ), Ẋ0 ≡ Ẋ(t0 ),
0
and Φ0 ≡ Φ(X0 ).
Proof. For the first part, define
E(X, t) ≡

t2
(r−1)2 (2−α)

(Φ(X) − Φ? ) +

1
2

A X − x? +

t
r−1 Ẋ

where x? is a minimizer of Φ. The total time derivative gives
Ė =

2
2t
(Φ(X) − Φ? ) + (r−1)t2 (2−α) Φ̇(X)
(r−1)2 (2−α)

1
t
+ r−1
X − x? + r−1
Ẋ, ATA rẊ + tẌ .

Using Lemma 4.1 and (3.8) we can simplify this to


?
?
2t
1
1
Ė = (r−1)(2−α)
(Φ(X)
−
Φ
)
−
hX
−
x
,
ξi
r−1
2



2

(4.18)

(4.19)

(4.20)

where ξ ≡ η0 is given by (4.9). From convexity of Φ we have Φ(X) − Φ? ≤ hξ, X − x? i for all X
and any minimizer x? , which combined with (4.20) yields
t(r−3)
?
Ė ≤ − (r−1)
2 (2−α) (Φ(X) − Φ ) ≤ 0

(4.21)

since r ≥ 3. Thus, E|t ≤ E|t=0 or Φ(X) − Φ? ≤ (r − 1)2 (2 − α)E|t=0 t−2 , which gives (4.16) because
E|t=0 = 21 kA(x0 − x? )k2 .
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The proof of the strongly convex case takes several steps. First, define
E(X, t) ≡

tλ
2−α

(Φ(X) − Φ? ) +

tλ−2
2 kA(λ(X

− x? ) + tẊ)k2

(4.22)

where λ ≡ 2r/3 ≥ 2 (since r ≥ 3) and x? is the unique minimizer of Φ (thus 0 ∈ ∂Φ(x? )). The
total time derivative is given by
Ė =

λtλ−1
2−α

(Φ(X) − Φ? ) +

+ tλ−2

tλ
2−α Φ̇(X)
T

+ 21 (λ − 2)tλ−3 A λ(X − x? ) + tẊ

λ(X − x? ) + tẊ, A A (λ + 1)Ẋ + tẌ .



2

(4.23)

Using Lemma 4.1 in the second term and noting that it cancels with part of the last term, after
simplifying the resulting equation one obtains
Ė =

2

λtλ−1
2−α

(Φ(X) − Φ? ) + 21 λ2 (λ − 2)tλ−3 A(X − x? )

λ−1
+ λ λ2 − 1 tλ−2 X − x? , ATAẊ − λt2−α X − x? , ξ

(4.24)

for the same ξ ≡ η0 ∈ ∂Φ(X(t)) as given earlier in this proof. From (2.2) we have
hX − x? , ξi ≥ Φ(X) − Φ? +

µ
kA(X
2σ12 (A)

− x? )k2 .

Using the two previous bounds and simplifying yields


λ−3
µt2
A(X − x? )
Ė ≤ λt 2
λ(λ − 2) − (2−α)σ
2
1 (A)

+ λ λ2 − 1 tλ−2 X − x? , ATAẊ .

(4.25)

2

(4.26)

p
Note that t0 with λ = 2r/3 can be written as t0 = σ1 (A) λ(λ − 2)(2 − α)µ−1 , so that the first
term in (4.26) is nonpositive for all t ≥ t0 , hence

d
Ė ≤ λ2 λ2 − 1 tλ−2 dt
kA(X − x? )k2
(4.27)
for all t ≥ t0 . The strategy is to integrate (4.27) to obtain an upper bound on E|t , which by the
form of (4.22) provides a bound on Φ(X) − Φ? . Thus, integrating (4.27) from t0 to t, and using
integration by parts on the right-hand side gives
E|t − E|t0 +

λ
2

 n λ−2
 2
t0
A X(t0 ) − x?
Z t
 2 o
+ (λ − 2)
sλ−3 A X(s) − x? ds ≤
λ
2

−1

t0

λ
2

λ
2


 2
− 1 tλ−2 A X(t) − x? . (4.28)

By dropping the two positive terms on the left side of (4.28) (recall λ ≥ 2) we get

E|t ≤ E|t0 + λ2 λ2 − 1 tλ−2 kA(X(t) − x? )k2 .

(4.29)

Combining (4.22) (ignore the positive quadratic) with (4.29) we get for t ≥ t0 that
Φ(X) − Φ?
E|t
λ(λ − 2)
≤ λ0 +
kA(X − x? )k2 .
2−α
t
4t20
13

(4.30)

Since Φ is strongly convex and 0 ∈ ∂Φ(x? ), it follows using a similar argument as that used to
obtain (4.25) that
2σ 2 (A)
kA(X − x? )k2 ≤ 1µ (Φ(X) − Φ? ) .
(4.31)
Using this inequality in the last term of (4.30), recalling the definition of t0 , and using λ ≡ 2r/3,
we obtain
(4.32)
Φ(X(t)) − Φ? ≤ 2(2 − α)E|t0 t−λ

for all t ≥ t0 . Strong convexity of Φ implies kX − x? k2 ≤ (2/µ) (Φ(X) − Φ? ), which combined
with (4.32) shows that

kX(t) − x? k2 ≤ (2/µ) Φ(X) − Φ? ≤ 4(2 − α)µ−1 E|t0 t−2r/3 .

(4.33)

Combing this inequality with the observation from (4.22) yields
E|t0 =

tλ
0
2−α

(Φ0 − Φ? ) +

λ2 t0λ−2
kA(X0
2

− x? )k2 +

tλ
2
0
2 kAẊ0 k ,

(4.34)

where X0 ≡ X(t0 ), Φ0 ≡ Φ(X0 ), and Ẋ0 ≡ Ẋ(t0 ) yields (4.17).
Note that α in (4.16) can improve the constant in the O(1/t2 ) bound. Also, it is possible that
the dynamical system (3.8) may not attain linear convergence in the strongly convex case according
to the result (4.17).

4.3

Convergence of Relaxed Heavy Ball ADMM

We now turn to the dynamical system (3.17) associated with the R-HB-ADMM updates (3.16).
The reader should compare the next result with that of Theorem 4.3.
Theorem 4.4. Consider (3.17) with r > 0. Let x? ∈ arg min Φ(x), Φ? ≡ Φ(x? ), and X = X(t)
be the unique trajectory of the system from X(0) = x0 and Ẋ(0) = 0. If Φ is convex, then for all
t ≥ t0 ≡ 1/r, and with the constant c defined by (4.43),
Φ(X(t)) − Φ? ≤

(2 − α)c
.
t

If Φ is µ-strongly convex, then for all t ≥ 0, and with r ≤ r̄ ≡ 23 σ1−1 (A)
kX(t) − x? k2 ≤
Proof. First, consider
E(X, t) ≡

t
2−α

6
µ


Φ(x0 ) − Φ? e−2rt/3 .

(4.35)
p
µ/(2 − α),

(Φ(X) − Φ? ) + 2r kA(X − x? )k2 + 2t kAẊk2 + hX − x? , ATAẊi

(4.36)

(4.37)

where x? is some minimizer of Φ. The total time derivative is
Ė =

1
2−α

(Φ(X) − Φ? ) +

t
2−α Φ̇(X)
?

+ r X − x? , ATAẊ

+ t Ẋ, ATAẌ + X − x , ATAẌ + kAẊk2 .
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(4.38)

Using Lemma 4.1 for the second term and (3.17) we obtain

1
Ė = 2−α
Φ(X) − Φ? − X − x? , ξ + (1 − tr)kAẊk2

(4.39)


where ξ ≡ −(2 − α)ATA Ẍ(t) + rẊ(t) ∈ ∂Φ(X(t)). From convexity of Φ (i.e., the relation (2.2)
with µ = 0), it follows that the first term above is negative. Since the second term is nonpositive
for all t ≥ t0 = 1/r, we conclude that Ė ≤ 0 for all t ≥ t0 . We now proceed to show that E ≥ 0. To
this end, we can write (4.37) in the form
E(X) =

e
E(X)
≡

?
t
e
2−α (Φ(X) − Φ ) + E(X),
? 2
?
T
r
2 kA(X − x )k + X − x , A AẊ

(4.40)
+

2
t
2 kAẊk .

e
E(X)
≥ 2r kA(X − x? )k2 + X − x? , ATAẊ +
√
√
= 12 k(1/ r)AẊ + rA(X − x? )k2 ,

2
1
2r kAẊk

(4.41)

Now, for all t ≥ t0 = 1/r, it follows that
(4.42)

thus E ≥ 0. Since Ė ≤ 0, we know that E|t ≤ E|t0 for all t ≥ t0 . Therefore, after dropping the
nonnegative term Ee in (4.40), we obtain Φ(X(t)) − Φ? ≤ (2 − α)E|t0 t−1 . This gives (4.35) once we
observe from (4.37) that
√
1
(4.43)
(Φ(X0 ) − Φ? ) + 21 k rA(X0 − x? ) + √1r AẊ0 k2
c ≡ Et0 = r(2−α)
where X0 ≡ X(t0 ) and Ẋ0 ≡ Ẋ(t0 ).
Second, let r ∈ (0, r̄] and define
n
?
2
E(X, t) ≡ e2rt/3 Φ(X)−Φ
+ r9 kA(X − x? )k2 + 12 kAẊk2 +
2−α

2r
3 hA(X

o
− x? ), AẊi

(4.44)

where x? is the unique minimizer of Φ. Taking its total time derivative, using (3.17), and Lemma 4.1
one obtains

3 2rt/3
2r
Ė ≤ 3(2−α)
e2rt/3 Φ(X) − Φ? − X − X ? , ξ + 2r
kA(X − X ? )k2 ,
(4.45)
27 e
for the same ξ ∈ ∂Φ(X(t)) defined earlier in this proof. From (2.2) we have the inequality (4.25),
which applied to the first term of (4.45) results in
 2

µ
Ė ≤ e2rt/3 3r 2r9 − (2−α)σ
kA(X − x? )k2 .
(4.46)
2 (A)
1

It follows that Ė ≤ 0. Next, notice that E, as defined in (4.44), can be written as
E=

2rt/3
1
(Φ(X)
2(2−α) e

Ee ≡ e2rt/3

n

e
− Φ∗ ) + E,

Φ(X)−Φ?
r2
2(2−α) + 9 kA(X

− x? )k2 + 12 kAẊk2 + 2r
3

o
A(X − x? ), AẊ .

(4.47)
(4.48)

Note that (4.31) holds under our current assumptions, thus by defining
c1 ≡

µ
4(2−α)σ12 (A)

+

r2
9,

a ≡ kA(X − x? )k,

c2 ≡ 3r ,
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b ≡ kAẊk,

(4.49)


we have Ee ≥ e2rt/3 c1 a2 + 21 b2 − 2c2 ab , i.e.,
√
 
√
Ee ≥ e2rt/3 ( c1 a − c2 / c1 b)2 + 1/2 − c22 /c1 b2 .

(4.50)

We conclude that Ee ≥ 0 since c22 ≤ c1 /2 due to (4.49) and the definition of r̄.

Since Ė ≤ 0 for all t ≥ 0, we have E|t ≤ E|t=0 . Using (4.47) together with Ee ≥ 0,
Φ(X(t)) − Φ? ≤ 2(2 − α)E|t=0 e−2rt/3 .

(4.51)

Strong convexity of Φ implies kX − x? k2 ≤ (2/µ) (Φ(X) − Φ? ). Using (4.51) yields
kX(t) − x? k2 ≤ 4(2 − α)µ−1 E|t0 e−2rt/3 .

(4.52)

Finally, (4.47), (4.48), the initial condition Ẋ(0) = 0, (4.31), and r ≤ r̄ yield
2

(Φ(x0 ) − Φ? ) + r9 kA(x0 − x? )k2


2r2 σ 2 (A)
1
3
≤ 2−α
+ 9µ1
(Φ(x0 ) − Φ? ) ≤ 2(2−α)
(Φ(x0 ) − Φ? ) .

E|t0 =

1
2−α

(4.53)

Combining this inequality with (4.52) gives (4.36).

We mention some noteworthy remarks regarding Theorem 4.3 and Theorem 4.4.
• Over-relaxation (i.e., α ∈ (1, 2)) can improve convergence in some cases more than others.
For instance, in the convex case (4.16) the improvement in the constant is linear in α, while
in the strongly convex case (4.36) α appears inside an exponential. An optimal choice of α
depends on the problem and the values of the other parameters.
• Although R-HB-ADMM attains an exponential convergence rate in (4.36), the damping constant r must be below a certain threshold. In contrast, R-A-ADMM achieves only a sublinear
rate in (4.17), but r is unconstrained. In our experiments we observed that R-HB-ADMM
outperforms R-A-ADMM in most cases for appropriate values of r in the strongly convex
setting.
• Theorem 4.4 applies to the heavy ball method (1.4) as a special case for which an O(1/k)
rate was obtained in a Cesàro average sense [4]. In the strongly convex case, exponential
convergence of heavy ball is known [4, 5] but not in the form (4.36).
• Comparing Theorem 4.3 and Theorem 4.4 we see an interesting tradeoff between the two
types of acceleration—Nesterov versus heavy ball—in convex versus strongly convex settings.
Nesterov’s acceleration achieves the optimal O(1/t2 ) rate in the convex setting, but only
the power law O(t−2r/3 ) in the strongly convex setting. On the other hand, the heavy ball
type of acceleration has O(1/t) for the convex case but can recover exponential convergence
O(e−2rt/3 ) for the strongly convex case. This suggests that in settings of higher curvature of
Φ, heavy ball type of acceleration might be preferable.
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5

Nonsmooth Hamiltonian Formalism

Hamiltonian systems are ubiquitous and have a special mathematical structure. Thus, we cannot
omit the fact that both (3.8) and (3.17) are (nonsmooth) Hamiltonian systems. Actually, these
systems admit two different Hamiltonian formalisms. In the standard Hamiltonian formalism, the
system is described by a Hamiltonian H = H(X, P ; t), where (X, P ) ∈ R2n are the canonical
position and momentum variables, and the equations of motion are
Ẋ = ∇P H,

Ṗ = −∇X H.

(5.1)

A generalization of the Hamiltonian formalism to nonsmooth systems was proposed by Rockafellar
[30–32] (see also [44]), which allows us to replace the equalities in (5.1) by inclusions and gradients
by subdifferentials. Thus, consider the Hamiltonian
H ≡ 21 e−η(t) P, M −1 P + λeη(t) Φ(X),

(5.2)

where M ∈ Rn×n is a “mass matrix” and λ is a “coupling constant” that measures the strength
of the potential Φ. The Hamiltonian (5.2) is a generalization of the one associated to the damped
harmonic oscillator [45, 46]. Therefore, using (5.2) and the nonsmooth version of (5.1) we obtain
Ẋ = e−η M −1 P,

Ṗ ∈ −eη λ∂Φ(X).

(5.3)

This pair is equivalent to the second-order system

λ−1 M Ẍ + η̇ Ẋ ∈ −∂Φ(X).

(5.4)

Note that (3.8) and (3.17) are particular cases of (5.4) with M = ATA, λ = (2 − α)−1 , and
η = r log t for (3.8), while η = rt for (3.17). Physically, the entries in ATA play the role of particle
masses and the relaxation parameter α controls the coupling constant. It is interesting to see
how these parameters have an intuitive interpretation. A large entry in ATA would correspond
to a heavy particle whose inertia would make it difficult to be slowed down close to a minimum
(thus creating oscillations), or difficult to accelerate in a flat region. The relaxation parameter α
affects convergence since it can strengthen or weaken the amount of movement in the direction of
subgradients.
A second Hamiltonian representation can be obtained from a conformal Hamiltonian formalism
[33]. We use a time-independent Hamiltonian and introduce dissipation by directly modifying
Hamilton’s equations (5.1) with the addition of a linear term in the momentum. Taking into
account the nonsmoothness of Φ we thus have
Ẋ = ∇P H,

Ṗ ∈ −∂X H − η̇P.

(5.5)

Consider the Hamiltonian
H≡

1
2

P, M −1 P + λΦ(X)

(5.6)

It follows from (5.5) that
Ẋ = M −1 P,

Ṗ ∈ −λ∂Φ(X) − η̇P.

(5.7)

This pair can be equivalently written as the second-order system (5.4), which means that it is also
equivalent to (3.8) and (3.17). Above, we allowed the damping term in (5.7) to depend on time.
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The conformal case, however, requires η̇ to be constant [33]. Thus, the heavy ball case, η = rt,
is of particular interest.2 Conformal Hamiltonian systems are interesting since they have a welldefined symplectic structure and discretizations can preserve the phase portrait of the flow map;
see our recent paper [48] for more details. An interesting problem that we leave for future work
is to consider discretizations of the equations of motion (5.3) or (5.7). Since these equations are
nonsmooth, one can impose discontinuous forces on the system.

6

Numerical Experiments

We consider two numerical experiments to verify the behavior of the variants of ADMM previously
introduced. We also want to compare the performance of R-HB-ADMM, which in the continuous
limit has a constant damping, versus R-A-ADMM whose continuous limit has an asymptotically
vanishing damping. Note that A-ADMM (with α = 1) was already proposed in [28]. However,
R-HB-ADMM is a completely new method in the literature.

6.1

Trend filtering with `1 -regularization

One can estimate piecewise linear trends in time series data by solving [49]
min 12 ky − xk2 + λkzk1
x,z

subject to z = Dx

(6.1)

where y ∈ Rn is a given signal, D ∈ R(n−2)×n is a Toeplitz matrix with first row (1, −2, 1, 0, . . . , 0),
and λ > 0 is the regularization parameter. (For this type of problem λ has to be quite large [49]).
The problem is well-suited to the previous ADMM variants, where the proximal operators of f (x)
and g(z) are well-known [18].
Let us consider the same example as in [49], namely
yi = xi + ξi ,

xi+1 = xi + vi ,

x0 = 0,

(6.2)

for i = 1, . . . , n, where xi is the true underlying trend that is superimposed with noise ξi ∼ N (0, σ 2 ),
and the slopes are generated by a Markov process where vi+1 = vi with probability p, and vi ∼
U(−b, b) with probability (1 − p) for some b. The goal is to recover x given the observed signal y.
We consider one sample of this model with n = 1000, p = 0.99, σ = 20, and b = 0.5. The trends
recovered by variants of ADMM are shown in Fig. 1a, and their respective convergence rates are
shown in Fig. 1b. Note that both accelerated variants R-A-ADMM and R-HB-ADMM are faster
than R-ADMM. Since (6.1) is a convex problem, based only on Theorem 4.3 and Theorem 4.4,
one would expect R-A-ADMM to be faster than R-HB-ADMM. However, in practice, they perform
similarly. From Fig. 1b we also see that the effect of α on the convergence rate is consistent with
the theoretical predictions.
2

Recently, conformal Hamiltonian formulations were studied in smooth optimization [47, 48].
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Figure 1: (a) Piecewise linear trends in a time series (6.2) by solving (6.1) with variants of ADMM.
We choose λ = 2500, ρ = 5 × 102 and α = 1.35. For R-A-ADMM we use the standard r = 3,
and for HB-ADMM r = 1.5. We run each method for 200 iterations. Note how the accelerated
variants provide more accurate recovery. (b) We show the relative error kx̂k − xk/kxk where x̂k is
the estimate of the true trend x at iteration k. R-ADMM achieved 0.039, and both R-A-ADMM
and R-HB-ADMM achieved 0.034. As a comparison, CVXPY with its default setup (using an
interior point method) achieved 0.038 in 250 iterations. The solid lines corresponds to α = 1 and
the shaded areas correspond to a choice of α ∈ [0.65, 1.35] (α > 1 is faster).

6.2

Robust principal component analysis

Suppose we are given a matrix M = X ? + Z ? ∈ Rn×m where X ? has low rank and Z ? is sparse.
Under certain rank and sparsity conditions, it is possible to exactly recover both components X ?
and Z ? from observation of M alone. This is achieved by solving the convex problem [50]
min kXk∗ + λkZk1 s.t. X + Z = M ,
(6.3)
P
where λ = 1/ max{n, m}, and kXk∗ = i σi (X) is the nuclear norm. This problem is known as
Robust Principal Component Analysis (robust PCA) and can be seen as an idealized version of PCA
for highly corrupted data. PCA is arguably one of the most used techniques for dimensionality
reduction. Robust PCA also finds important applications in statistics, signal processing, and
machine learning.
It has been noted [50] that standard ADMM (α = 1) with ρ = 1 is very effective in solving
(6.3), being faster and more accurate than several methods that include nonsmooth extensions of
Nesterov’s method (1.5). We wish to verify whether the accelerated variants of ADMM are able
to improve over standard ADMM. The proximal operators for kXk∗ and kZk1 have well-known
closed form expressions [50]. The results in a setting where exact recovery is possible are shown in
Fig. 2a. A more challenging case that is close to the phase transition boundary where exact recovery
fails is shown in Fig. 2b. Interestingly, our R-HB-ADMM improves over R-ADMM, whereas R-A19
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Figure 2: (a) Robust PCA (6.3) where M ∈ Rn×n is generated with X ? = M1 M2T , where M1,2 ∼
N (0, 1/n) are n × q matrices and Z ? ∈ {−1, 0, 1}n×n has Bernoulli ±1 entries and support of size
s chosen uniformly at random. We report the relative error kXk + Zk − M k/kM k versus k. We
choose q = 0.05 × n and s = 0.1 × n2 for n = 1000 [50]. We fix ρ = 1. For R-A-ADMM, r = 3
which is standard, and for R-HB-ADMM, r = 0.75. Solid lines correspond to α = 1 and the shaded
areas α ∈ [0.7, 1.3]. For R-A-ADMM, different choices of α did not improve convergence. (b) Same
setting and parameters but with q = 0.2 × n and s = 0.1 × n2 for n = 1000. This is close to the
phase transition where exact recovery is impossible [50].
ADMM does not. The improvement of R-ADMM and R-HB-ADMM with α > 1 agree with the
previous theoretical predictions for the continuous systems. In these examples, choosing α > 1 for
R-A-ADMM did not improve over α = 1.
Although (6.3) is a convex optimization problem, the plots in Figs. 2a and 2b show that RADMM exhibits linear convergence for sufficiently large k. Based on Theorem 4.2 this suggests
that there is a region in which the objective function behaves as a strongly convex function. Hence,
R-HB-ADMM also attains linear convergence as predicted in Theorem 4.4. On the other hand,
Theorem 4.3 tells us that R-A-ADMM is unlikely to attain linear convergence, as also reflected in
Fig. 2a. Therefore, these empirical results are consistent with our theoretical predictions.

7

Conclusions

We introduced two new families of relaxed and accelerated ADMM algorithms. The first follows
Nesterov’s type of acceleration and is given by the updates in (3.7). The second is inspired by
Polyak’s heavy ball method and is given by the updates in (3.16). We then derived differential inclusions (nonsmooth dynamical systems) that model the leading order behavior of these algorithms
in the continuous-time limit. This extends prior work by accounting for nonsmooth problems and
allowing for linear constraints (see Theorems 3.1, 3.3 and 3.5). Moreover, we obtained rates of
convergence for the continuous dynamical systems in convex and strongly convex settings through
a nonsmooth Lyapunov analysis; see Theorems 4.2, 4.3 and 4.4. The complexity results obtained
20

in this paper are summarized in Table 1, most of which are new to the best of our knowledge. The
convergence analysis for the nonsmooth dynamical systems considered in this paper can serve as a
useful guide in studying algorithms arising as discretizations.
These results strengthen the connections between optimization and continuous dynamical systems. The proof techniques in continuous-time may shed light in obtaining analogous rates in
discrete-time. The tradeoff between Nesterov and heavy ball acceleration also deserves additional
investigation. In many numerical experiments the latter seems to have benefits. Once provided
with appropriate continuous systems, a natural direction is to consider other discretizations, and
symplectic integrators offer a promising potential alternative.
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