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1 Introduction

In this work we are interested in solving the strongly convex, composite, opti-
mization problem,

min {F(z) = f(z) + h(z)}. (1)

xeR™

We use z* to denote the optimal solution of (1), and F* := F(z*) to denote
the associated optimal function value. It is assumed that h is a convex and
possibly nonsmooth function.

Assumption 1 The function f(-) is p-strongly convex and L-smooth, i.e., for
all x,y € R™, it holds that

@) > fly) + (Vfy),z —y) + Sz —yl?, (2)
@) < f) + (V). z—y) + Sz —yl*. (3)

In words, Assumption 1 explains that f is assumed to be continuously dif-
ferentiable on R™ with L > p > 0. It is straightforward to show that strong
convexity of f implies strong convexity of F.

For problems of the form (1), which satisfy Assumption 1, it is well known
that Nesterov’s methods [21, 23, 25] converge linearly, with the accelerated
variants converging at the optimal rate of (1 — /u/L).

Nesterov’s acceleration approach, and the idea of adding momentum, has
led to the extensive analysis of accelerated first order methods in a variety
of settings. This includes a recent surge of interest in investigating stochastic
gradient methods [11,13,29,30] and their accelerated variants [6, 14, 26, 31].
Coordinate descent methods [10, 19, 28, 33] are another class of algorithms
that have proved extremely popular, largely because they can take advantage
of modern parallel computing architecture [12,18], and this has also inspired
much research into studying their accelerated versions [1,9,17]. However, while
the theoretical and practical performance of Nesterov’s methods is well estab-
lished, a satisfactory geometric interpretation of these approaches has been
elusive.

Recently the authors of [3,8] proposed algorithms for smooth functions (i.e.,
h =0 1in (1)) that enjoy the same optimal rate of convergence as Nesterov’s
accelerated method, but also have a novel geometric intuition. Specifically, the
geometric descent algorithm [3] achieves the optimal linear convergence rate,
and shares a geometric intuition similar to that of ellipsoidal methods. The
authors illustrate that the optimal rate is obtained by appropriately shrinking
two balls that contain z* (the minimizer of f(x)) at each iteration.

Motivated by [3], the paper [8] proposed the Optimal Quadratic Averaging
(OQA) algorithm. Indeed, [8] show that their OQA algorithm generates the
same iterate sequence as that generated by the algorithm in [3], although
the two schemes are slightly different. The OQA algorithm also maintains a
sequence of quadratic lower bounds on the objective function, and at each
iteration the new quadratic lower bound is formed as the optimal average of
the current lower bound and the lower bound from the previous iteration. The
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gap between the function value f(z) and the minimum value of lower bound,
say ¢y, converges to zero at the optimal rate. Importantly, the lower bound also
acts a natural stopping criterion for the algorithm, and when f(zy) — ¢} <,
where € > 0 is some stopping tolerance, then the user has a certificate of e-
optimality, i.e., it is guaranteed that f(zx) — f* < e. In practice, the OQA
algorithm can be equipped with historical information to achieve further speed
up. However, the OQA algorithm and its history based variant need at least
two calls of a line search process at every iteration, which can pose a heavy
computational burden in terms of function evaluations. The authors in [8] also
briefly describe how their unaccelerated OQA algorithm can be extended to
composite functions, and left as an open problem the possibility of deriving
accelerated proximal variants.

More recently, the authors of [5] successfully addressed the open problem
in [8] and presented an accelerated algorithm for composite problems of the
form (1), that achieves the optimal linear rate of convergence. Their algorithm,
called the geometric proximal gradient (GeoPG) method also has a satisfying
geometrical interpretation similar to that in [3]. Unfortunately, a major draw-
back of GeoPG in [5] is that the algorithm is rather complicated, and requires
a couple of inner loops to determine necessary algorithm parameters. For ex-
ample, for GeoPG one must find the root of a specific function and one is
also required to compute a minimum enclosing ball via some iterative process;
both of these steps must be carried out at every iteration, which is expensive.

Another relevant work is that in [11] where the authors propose an accel-
erated stochastic approximation algorithm. That algorithm is based upon a
modification of Nesterov’s optimal smooth method [20] to fit a convex compos-
ite setting where only a noisy gradient is available. Section 5 of [11] describes
how certain stochastic lower bound can be incorporated into their method,
although some additional computational effort is required to compute these.
Furthermore, in [7] the authors provide a general scheme for the analysis of
first-order methods by construction of a ‘duality gap’ involving an approxi-
mation of the objective function. In the continuous-time setting, the authors
in [7] show that the approximate duality gap decreases. They also characterize
the discretization errors incurred by different discretization methods (please
see [7] for more details).

In this paper we propose several new algorithms to solve problem (1) that
are motivated by, and extend, the previously mentioned works. In particular,
we present four algorithms: a proximal Gradient Descent (GD) type algorithm
for composite problems, an accelerated proximal GD type algorithm for com-
posite problems, a GD type algorithm for smooth problems, and an accelerated
GD type algorithm for smooth problems. Our algorithms all converge linearly,
and the accelerated variants converge at the optimal linear rate. These al-
gorithms blend the positive features of Nesterov’s methods [21, 23, 25] and
the OQA algorithm [8], and thus enjoy the advantages of both approaches.
First, similarly to Nesterov’s methods, no line search is needed by any of our
algorithms as long as we make the standard assumption that the Lipschitz
constant L is known or is easily computable. Hence, there are no ‘inner-loops’
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in any of our algorithm variants, which ensures that the computational cost
is low and is fixed at every iteration. Secondly, our algorithms incorporate
quadratic lower bounds so they have natural stopping conditions; a feature
that is similar to OQA. Each iteration of the OQA method in [8] requires two
‘optimal steps’: an optimal line-search in a given direction and the optimal
choice of the averaging of successive quadratics. In this work, we show that
instead of making such optimal choices, one can use carefully coupled convex
combinations in the two steps, and this approach is computationally cheaper.
The resulting scheme maintains the optimal linear rate of convergence and
naturally extends to the proximal setting.

Furthermore, in this work we propose the definition of an UnderEstimate
Sequence (UES), which was motivated by Nesterov’s Estimate Sequence [20].
Perhaps surprisingly, early work on estimate sequences appeared to be largely
overlooked, but since Nesterov’s work on smoothing techniques in the early
2000s [22], they have seen a revival in popularity. For example, the work of
Baes in [2], the development of a randomized estimate sequence in [16] and an
approximate estimate sequence in [15]. The definition we introduce is different
from previous works because an underestimate sequence involves lower bounds
on the objective function. To the best of our knowledge, this is the first work
which proposes estimate sequences that form lower bounds on the objective
function. The UES definition is the powerhouse of our convergence analysis;
we prove that each of our proposed algorithms generates a UES, and conse-
quently the algorithms converge (linearly) to the optimal solution of problem
(1). While we describe 4 new algorithms in this work, we stress that the UES
definition is general, and it allows a plethora of algorithms to be developed.
Moreover, any developed algorithm whose iterates generate a UES is guaran-
teed to converge to the optimal value F* (under a mild assumption on one of
the algorithm parameters).

The algorithms presented in this work can be used to solve problem (1).
However, they are also more widely applicable as a subproblem solver in ex-
isting optimization algorithms. In particular, the Inexact Coordinate Descent
algorithm [32], and the Universal Catalyst algorithm [15], are guaranteed to
converge if at every iteration, the inexact solution to a certain subproblem is
e-optimal. In both cases, the algorithms solve optimization problems where
the objective function is convex (but not necessarily strongly convex) but the
arising subproblems are strongly convex. Neither paper explains how to verify
the subproblem stopping conditions. This work builds the link, bridging theory
and practice, by providing algorithms that can be used to solve subproblems
and which return solutions that are easily verified to be e-optimal.

1.1 Contributions

The main contributions of this paper are stated now (listed in no particular
order).
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— Underestimate Sequence. We introduce the concept of an UnderEs-
timate Sequence (UES).The UES consists of three sequences {xj}72,,
{pr(2)}72, and {ax}2,, where for all k, ¢r(z) is a global lower bound
on the objective function F'(x). While there have been several extensions
and variants of Nesterov’s work on estimate sequences [20], the definition
of a UES involves lower bounds or underestimates of F'(x), which is new.
The UES framework is general, conceptually simple, and it allows the con-
struction of a wide variety of algorithms to solve (1).

— New algorithms. Four new algorithms are presented that are compu-
tationally efficient and whose iterates generate a UES. Crucially, two of
our algorithms solve the composite problem (1). The algorithms are: (i)
CUESA, a proximal GD type algorithm for composite problems; (ii) ACUESA,
an accelerated proximal GD type algorithm for composite problems; (iii)
SUESA, a GD type algorithm for smooth problems; and (iv) ASUESA, an
accelerated GD type algorithm for smooth problems.

— Algorithms with optimal convergence rate. Each of the four algo-
rithms generate iterates that form a UES, and all are guaranteed to con-
verge to the optimal solution of (1). Moreover, all algorithms converge lin-
early, and the accelerated algorithms (ACUESA and ASUESA) converge
at the optimal rate.

— Algorithms with convergence certificates. The underestimate sequence
builds a global lower bound of F'(z) at each iteration, and the gap between
the (minimum of the) lower bound and F(zy) tends to zero. Thus, this
difference acts as a kind of surrogate “duality gap”, and once this gap
falls below some (user defined) stopping tolerance ¢, it is guaranteed that
the point returned by the algorithm is e-optimal. The algorithms can be
used as subproblem solvers within existing algorithms, to ensure that the
solutions to the subproblems are e-accurate.

— No line search. The algorithms developed in this work are computation-
ally efficient and do not involve any ‘inner loops’. In contrast, the methods
in [3,5,8] all involve an exact linesearch or a root finding process to de-
termine necessary algorithmic parameters, which comes with an additional
computational cost.

1.2 Paper Outline

The paper is organized as follows. In the next section the definition of an
Underestimate Sequence (UES) is presented, along with a proposition which
shows that if one has a UES, then, under a mild assumption, it is guaranteed
that F(zr) — F* — 0 linearly. Section 3 discusses lower bounds for function F
(in both the smooth and composite cases), and these lower bounds are a critical
part of the underestimate sequences framework. In Section 4 we propose two
algorithms for solving (1) in the composite case (h # 0) and in Section 5
we present two algorithms for solving (1) in the smooth case (h = 0). The
algorithms are supported by convergence theory, which shows that they are
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all guaranteed to converge linearly, and the accelerated algorithms achieve the
optimal rate. In Section 6 an adaptive Lipschitz constant updating scheme
is presented that can be used as an inner loop within the four previously
mentioned algorithms, so that the true Lipschitz constant is not explicitly
needed. Section 7 presents numerical experiments to demonstrate the practical
advantages of our proposed algorithms, and concluding remarks are given in
Section 8.

2 Underestimate Sequence

In this section, the definition of an Underestimate Sequence (UES) is pre-
sented, as well as a proposition showing that if one has a UES then F(x) —
F*—0.

Definition 1 A series of sequences {x}7°, {¢r(x)}72, and {ax}72, where
ag € (0,1) for all k£ > 0, is called an Underestimate Sequence (UES) of the
function F(z) if, for all z € R™ and for all k£ > 0 we have,

dr(z) < F(2), (4)
F(zps1) = dpgn < (1 — ap)(F(zk) — 1), (5)

where ¢} := min, ¢ (z).
Proposition 1 If {z;}32,, {¢r(z)}7, and {ar}32, is a UES of F(x), then
F(ak) — ¢ < Ae(F(20) — ¢5), (6)

where Ao = 1 and Agy1 = (1 — ag)Ag. Furthermore, since ¢ < ¢p(z*) < F*
for all k >0, if Ay — 0, then (6) implies that {F (zy) — F*}32, converges to
0.

Remark 1 Note that if Y7  ap = 0o then A\, — 0; also see [21, pg.72-73].

Definition 1 is different from Nesterov’s Estimate Sequence (ES) in sev-
eral ways. Although both a UES and an ES contain a sequence of estimators
{1 (2)}32, for F, Definition 1 shows that ¢ must be a lower/under estimator
of F for all k£ > 0, but this necessarily does not hold for an ES. Nesterov’s ES
convergence guarantees rely upon F(zy) < ¢} holding, but this does not hold
in our case. Moreover, the definition of an ES only contains two sequences,
while the UES has an extra sequence of points {zj}72,. This enables us to
show that the gap between the function value at x; and ¢;, decreases in the
kth iteration. The quantities in Definition 1 and Proposition 1 are all com-
putable; they do not require knowledge of z*. (A more detailed comparison
can be found in Appendix A.)

Proposition 1 shows that, if Ay — 0 (where A1 = H?zo(l — ¢;)), then
any sequences that form a UES (i.e., satisfy Definition 1) are guaranteed to
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converge to the optimal solution of problem (1), and F(zy) — ¢ — 0. Ad-
ditionally, if ay € (0,1) is constant for all k¥ > 0, then a linear rate of con-
vergence holds. Thus, the UES construction provides a general framework for
determining whether an optimization algorithm for problem (1) will converge
(linearly). In particular, if the iterates generated by an optimization algorithm
satisfy Definition 1 and A; — 0, then that algorithm converges.

The UES framework is not only interesting from a theoretical perspective,
but it also has an important practical advantage. In particular, F'(x))— ¢} pro-
vides a natural stopping criterion when designing algorithms, because F(zy)
and ¢;, are upper and lower bounds for F™*, respectively. This difference is a
kind of surrogate for the duality gap, so algorithms that adhere to the UES
framework are provided with a certificate of optimality, which is a desirable
attribute.

3 Lower Bounds via Quadratic Averaging

The purpose of this section is to introduce (global) lower bounds for the func-
tion F' defined in (1), in both the smooth (h = 0) and nonsmooth cases. Lower
bounds are the cornerstone of the UES set up, as seen in (4) in Definition 1.
The efficient construction of global lower bounds for F' allows the develop-
ment of practical algorithms whose convergence can be analyzed via the UES
framework.

Before stating the lower bounds, several technical results are presented that
will be used throughout this paper.

3.1 Preliminary Technical Results
The proximal map is defined as

prox;, ., () := argmin{h(u) + 3z — u[*}, (7)
and the proximal gradient is

Gy () = (2 = prox,,, (v = 291(@))). (8)

Definitions (7) and (8) will be used with v = L. Given some point z € R”, a
short step and a long step are denoted by
et =2 - 1GL(2), (9)
Tt i=2 - %LGL(x). (10)
In the smooth case (h = 0), the proximal gradient is simply the gradient V f(-),
so the short and long steps ((9) and (10)) simplify as
at =z — 1Vf(z) (11)
Tt =1 — in(x). (12)
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For a function h : R™ — R, the elements s € R™ that satisfy
hMy) = M) + (s,y —x),  VyeR",
are called the subgradients of h at the point x. In words, all elements defining
a linear function that supports h at a point x are subgradients. The set of all

s at a point z is called the subdifferential of h and it is denoted by Oh(x). The
following Lemma characterizes elements of Oh(a™).

Lemma 1 Let G (z) and z* be defined in (8) and (9), respectively. Then,
for allz € R, Gr(x) — Vf(z) € Oh(a™).

Proof For a given point x € R™, combining (7), (8) and (9) gives
zt = argmuin {h(u) + %Hu — (z— %Vf(x))HQ} .

Then

—~
=

0e %ah(x"') 4+t — (x — %Vf(x)) = 8h($+) — %(GL(x) — Vf(z)).

&=

Multiplying through by L, and rearranging, gives the result. ad

3.2 A Lower Bound for Composite Functions

Here, a lower bound is developed for composite function, i.e., it is assumed
that h is not equivalent to the zero function. The following Lemma defines a
lower bound for F(z) in (1). The lower bound is the same as that presented
in [5] and [8], with the roles of x and y reversed here; the proof is included for
completeness.

Lemma 2 (Lemma 3.1 in [5]; Lemma 6.1 in [8]) Given a point y € R™,
let Gr(y) and y™ be defined in (8) and (9), respectively. Then for all x € R™

p(zy) = Fy") +(Grly),z —y) + §llo —yl” + 5L 1GL@)II* < F(=).(13)
Proof By Assumption 1 (u-strongly convex)
@)+ (Vi@ o —y) +5le—yl* < f(z),  VoyeR,  (14)
and (L-smooth)

fwh) < f)+ Vi)t —u) + SllyT — ol

D fly) - LVFW), GLly)) + LIGCLW)I (15)
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Combining (14) and (15) gives

Fly*) < F(x)—(Vf(@y),z—y) = bllz—yll> = £(VF(), GL(y)
+5r 1GLW)? + (h(y™) — h(x))
= F(z)—(Vf(),z—y") = 4llz -yl
+5 IGL@W)? + (R (y+) h(z))
= F(z) = (Vf(y) = Goe(y),x —y") = §llz =yl
5 [GLW)I? + (h(y™) — h(z)) — (GL(y),z —yT)
Lemma 1

< F(z) =4z —yl? + 1G> — (GLly),z —yT)
= F(z) - 4llz -y’ - 1G> — (Gr(y), = — y).

Rearranging gives the result. ad

Before stating the next result, which shows that ¢(x;y) is a quadratic lower
bound, we give the following equivalence,

(10)
Bl =y 1P = Sl —yl* + (& — 9, G () + 5 IGLWI*. (16)
Lemma 3 For all x,y € R", the lower bound (13) has the canonical form
p(zy) = 0" + e —y ™%, (17)

where
o =F) + (3 - %) 16 (18)

Proof Minimizing ¢(x;y) in (13) w.r.t. z, and using the definition in (7), yields
the minimizer
Y = argmin p(z; ). (19)
x
The corresponding minimal value is

++.

¢"i=minp(z;y) = ey T3 Y)

(13)
= Fly") +{Ge@),y™ =y + 8lly™ —ol* + 1G]

L Pt~ HGLy). CLly) + EILGL)I” + & 1G]
= Fly) + (& - &) 16w, (20)

which is equivalent to (19). (Note also that (19) and (18) are the minimizer
and minimum value of (17), respectively.) Furthermore,

(13)
o(w9) D Fy™) +(Grl)x — ) + Sl — yl* + LGy
(16)
F(yt) + (3 = 3 ) IGLWI + 4lle -y,

which, by (20), confirms that (17) is equivalent to (13). O
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Remark 2 Lemma 3 shows that the lower bound (13) (equivalently (17)) is a
quadratic lower bound for F(z).

Now, a sequence of lower bounds {¢(x)}72, can be defined in the following
way. Using (13) and a given initial point x, define the function

po(@) = pla;20) = 05 + £l — voll?, (21)
where
o= Faf) + (% - &) IGL@o)|? and v = af, (22)

Differentiating (21) w.r.t.  shows that the minimum value and minimizer of
wo(x) are given by (22). This motivates the following construction: for a given
To € Rn’

1. wo(z) := @(z;20) = @ + % |z — vOHQ,
2. For k >0, ay, € (0,1), and some point yy, recursively define

er+1(r) = (1 — o) pr () + arp(T; yr). (23)

Lemma 4 For all k > 0, piy1 can be written in the canonical form

Prr1(2) == Pf g1 + Sz — o], (24)

where
Vg1 i= (1 — Otk)’t)k + Ctky;:_'— (25)
Prer = (1= ar)(oh + bllokgr — orl?) (26)

+an (F) + (3 = o) 1GL @I + Slloes — 5 11) -
Proof The proof is by induction and the induction hypothesis is
o(x) = ¢f + Glle — vl (27)

The following holds:

(1= an)llz — ve® + awlle — y |12

)
= (1—ap)|lz —ver1 +ver1 — vgl|? + arlle — vig1 + Vkg1 — y,:rJrH2
= (1—ax) (llz = vksr I + llonsr — vell? + 2(z — Vhg1, vkg1 — vi))

+or (|2 = vk I + ok — o TP + 2(2 — vrgr, vk —wi )
(25)
= ||z — Uk+1||2 + (1 — o) |vrsr — UkHZ + ogllz — Uk+1H2

+2(1 — o) (@ — vpgr, —ok (v — 4 1)) + 20 (@ — vipr, (1 — ax)(vk — ¥ ™))
= ||z = vigr P + (1 — o) kg1 — vill® + ol — v |- (28)
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Now,
Prr1(z) D (1 — ag)pr(r) + are(w; yr)
1 an)eh+ Elle - wl?) + aroles )
COLEY (1 ap)(eh + e — el
o (F) + (3 = ) 1GL )2 + 4lle - 5 *12)
B 1 )@+ Elvrr — ) + Sz — v |2
o (Pi) + (3 = ) 1GL ) I2 + Slle = vesa?)
b+ e — v
The proof is complete. O

Lemma 4 shows that the lower bound is quadratic. This feature is im-
portant because it is easy to find the minimizer and minimum value of a
quadratic. Indeed, Lemma 4 shows that the minimizer of the quadratic lower
bound ¢p41(x) is vg41, which is easily computed/updated using (25). More-
over, the minimum value of the quadratic is ¢}, in (26), which is also readily
available. Both vi11 and ¢}, are used in the algorithms presented later in
this work, and the expressions given in the previous lemma show that they
can be computed cheaply and only depend upon quantities that are computed
at iteration k (no long memory is needed).

The following lemma gives an equivalent expression for ¢y ,, which is
slightly more convenient in terms of ease of computation.

Lemma 5 An equivalent expression for i | in (26) is
Crp1 = (1= aw) (¢f +arblloe — 4 )1%) (29)
o (Fid) + (3 = 3) 1Gc@0l?) -
Proof Using (25) gives the equivalences
ok = orll? = [1(1 = an)or + ayd ™ —onl* = aflow =y TI* (30)
and
[orsr =y 12 = (1 — aw)or + eyt ™ =y
= (1= ap)?[loe — 4 I (31)
Combining (30) and (31) gives
(1 = ap)llvesr — vkl + anllogsn — w1
= aj(1—ag)flox = 4 1% + an(l — ax)?(|vs —
o (1 — o) (ag + (1= ag))llox — g H1?
a1 —a)llve — 5 I (32)
Substituting (32) into (26) gives the result. O

i P
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Lemma 6 Let oy, € (0,1) Vk. Then, for all x € R™, p(z) < F(z) for all
k>0.

Proof The proof follows by a simple induction argument so is omitted for
brevity.

Lemma 6 is fundamentally important for this work, because it shows that the
quadratic bounds presented in the previous lemmas are lower bounds for F(zy,)
for all k > 0. If we can develop an algorithm that satisfies both conditions (4)
and (5) in Definition (1), then the algorithm is guaranteed to converge by
Proposition 1. But the quadratic lower bounds do indeed satisfy (4), so it
remains to develop an algorithm whose iterates satisfy (5).

3.3 A Lower Bound for Smooth Functions

In this section, only smooth functions are considered, so here it is assumed
that h = 0. Note that when A = 0, (7) and (8) show that GL(y) = Vf(y).
Now, for any point y € R™, one can define a lower bound

$(wy) = f(y) = 55 IVFOIP + §llo =y < f(a), (33)

which holds with equality ¢(z;y) = f(z) if and only if z = y. The lower
bound in (33) is a consequence of Assumption 1 (u-strongly convex) and the
equivalence (16) used with Gr(y) = Vf(y).

Remark 8 Notice that ¢(x;y) in (13) does not generalize ¢(z;y) in (33) in the
sense that (13) used with h = 0 does not recover (33). (This will be discussed
further in Section 5.3.)

Now, a sequence of lower bounds {¢x ()}, can be defined in the following
way. Using (33) and a given initial point z, define the function

bo(x) := p(w; w0) = ¢ + 4|z — voll?, (34)
where
03 = F(xo) — &IVF ()2 and vo=af™. (35)

Differentiating the expression in (34) w.r.t. z shows that ¢ and vg in (35) are
the minimum value and minimizer of ¢g(x), respectively. This motivates the
following construction:

L. ¢o(x) := @(x;20) = &5 + 5z — vo|?
2. For k >0, a;, € (0,1), and some point yy, recursively define

r1(z) == (1 — ag)or(z) + ard(z; yi)- (36)
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Lemma 7 For all k > 0, ¢xy1 has the canonical form

P41 (2) = Dy + Sllw — vera|, (37)

where ay, € (0,1), vgt1 s defined in (32) and

Sryr = (1= o) (0k + angllow =y %) + an(f () = 5, IV wr)l?). (38)
The following Lemma shows that ¢y is a global lower bound for f.

Lemma 8 Let oy, € (0,1) Vk. Then, for all z € R™, ¢(x) < F(z) for all
k>0.

3.4 Geometry of the lower bounds

Here we reproduce the example in Section 2 of [8] to show how the lower bounds
are combined to generate new quadratic lower bounds. All parameters used
are identical to those in [8], but using the notation of this paper. The left plot
shows the quadratics ¢x () = 14+0.5(z+2)? and ¢(z; x1,) = 3+0.5(x—4)%, and
the resulting quadratics generated by taking convex combinations as described
previously.

35 35 =
30 o 30 (w3 21)
AR 6011 (0QA)
- S, . S
i 1la=p/L) d)fu(u =Vn/L)
20 . i 20 * di1 OQA
Shale= Vi *diLr(a= /L)
15 15 S la = /p/L)
10 10
’ y :
0 0
4 2 0 2 4 6 4 2 0 2 4 6

Fig. 1 Left: The quadratic lower bounds ¢x(z) = 1 + 0.5(z + 2)? and ¢(x;2) = 3 +
0.5(x — 4)2. The new lower bounds ¢yy1(z) for @ = p/L = 0.2 (corresponding to the
unaccelerated algorithm in this work) and ¢x41(z) for a = \/u/L = /0.2 (corresponding
to the accelerated algorithm in this work). Right: This is the same plot as the left but it
also shows the optimal quadratic average (corresponding to the OQA algorithm) from [8].
Finally, the minimizer of each quadratic model is indicated by the round marker.

4 Algorithms and Convergence Guarantees for Composite
Functions

The purpose of this section is to demonstrate that the UES framework, and
the previously presented lower bounds, are useable definitions that give rise
to efficient implementable algorithms. Throughout this section we consider
composite optimization problems (problems of the form (1) with h # 0) and,
as for all results in this work, we suppose that Assumption 1 holds.
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We present two algorithms whose iterates fit the Underestimate Sequence
framework described in Section 2, and use the lower bounds developed in Sec-
tion 3.2. Both algorithms fit the composite setting very naturally; the first
algorithm is a proximal gradient descent type method, while the second algo-
rithm is an accelerated proximal gradient variant. Both algorithms incorporate
verifiable stopping conditions, and convergence guarantees are established via
the UES framework.

4.1 A Composite Underestimate Sequence Algorithm

We now present an algorithm to solve (1), which is based on the UES frame-
work. A brief description will follow.

Algorithm 1 Composite UES Algorithm (CUESA)

1: Initialization: Set k = 0, ¢ > 0, initial point g € R™ and compute u, L.
2: Set vo and @f as in (22) and let oy, = £.

3: while F(xy) — ¢} > e do

4: Set yi = xk, y;r = x;, and y,‘ﬁur = a::+

5: Set 41 =) — %GL(QZ;C),

6:  Update vi41 and ¢ as in (25) and (26) respectively.

T k=k+1.

8: end while

The Composite (functions) UnderEstimate Sequence Algorithm (CUESA)
presented in Algorithm 1 solves problem (1) when h # 0. The algorithm uses
a fixed step size ap = %, and note that y; is not explicitly used in CUESA
(yr = zy, for all k > 0). Moreover, the lower bound ¢1(z) is not explicitly
constructed; the algorithm simply computes and uses the minimizer of the
lower bound ¢} ;.

Considering Step 5 in isolation shows that each iteration of CUESA is
simply a proximal gradient descent step. However, CUESA is distinct from a
standard proximal gradient method due to the inclusion of additional ingredi-
ents related to the lower bound @i (), which guarantee an e-optimal solution.

In addition to the proximal gradient, the algorithm utilizes two vectors
at every iteration, zj and vg. By (26), no additional vectors are required to
update ¢, but the function value F(z}) = F(zj41) is required. Overall, at
every iteration of CUESA, three vectors must be stored, and one function
value must be computed.

Theorem 1 Let Assumption 1 hold. The sequences {x}7>,, {pr(x)}72, and
{on}32y generated by CUESA (Algorithm 1) form a UES.

Proof Tt must be shown that the iterates generated by Algorithm 1 satisfy
the conditions of Definition 1. Because ay, = /L € (0,1) for all k& > 0, by
Lemma 6, (4) holds. It remains to prove (5). From Step 4 in CUESA, one
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sees that y, = x, for all k, so it also follows that y,j' = xp41 for all k. Using
y = x = x, in the lower bound (13) gives

F(zr1) < Flax) - 1G] (39)

Thus,

F(2r41) = O

= (1 —ap)F(p41) + ax F(T41) — 9hia

B (1 - aw)Flarin) + arF(@rg) — (1 ax) (o + o lor — v *[12)

—ar (F) + (3 - ) 161w )
= (1 — ) F (1) — (1 - ax) (0} + awlloe — 1)
—a (= ) IGLw)I?

)

< (T —ag) (F(xrg1) — 1) — ax (QIL Q,L) IGL ()l
(39)
< (1= o) (Flaw) = gz l|Gren)|” — o) ,ak( - )HGL(wk)HZ
< (1= o) (Flaw) = 6) + (85 - 5 — (1 - 03 ) [ Gulan)]?
< (L= o) (F(zr) — o1),
where the last step follows because oy, = £ so g—;j — i =0. |

Theorem 1 confirms that the iterates generated by Algorithm 1 form a UES.
Recalling Proposition 1, and noting that > -, s = 0o because oy, = pu/L for
all k > 0, CUESA is guaranteed to converge linearly to the solution of (1), as
is stated in the following corollary.

Corollary 1 Let Assumption 1 hold. Then, the sequence of iterates {xy}r>0
generated by Algorithm 1 exhibits a linear rate of convergence

Flax) — o < (1 - 2)* (F(x0) — 7).

4.2 An Accelerated Composite UES Algorithm

CUESA has a linear rate of convergence, but the rate constant is subopti-
mal. Thus, the Accelerated Composite UnderEstimate Sequence Algorithm
(ACUESA) for solving (1) when h # 0 is presented in Algorithm 2, and
ACUESA achieves the best possible rate of convergence.

ACUESA uses a fixed step size o = /u/L and a fixed acceleration pa-
rameter 0 = 1+ . ACUESA explicitly uses a point yi(# z), which is a
convex combination of the points xp and wvg. At each iteration, a proximal
gradient descent step is taken from y;, with the proximal gradient computed
at yi. In addition to the proximal gradient, ACUESA constructs three points
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Algorithm 2 Accelerated Composite UES Algorithm (ACUESA)
: Initialization: Set k = 0, ¢ > 0, initial point zg € R™ and compute pu, L.

: Set vo and ¢ as in (22). Let ag = /%, B = ﬁ
while F(zy) — ¢j > € do
Set yx = Brxk + (1 — Br)vk.
Set 11 = yg — %GL(yk)
Update vi+1 and ¢}, as in (25) and (26) respectively.
k=k+1.
end while

PP W N

at every iteration, xx, vy and y,. Thus, at every iteration of ACUESA, four
n-dimensional vectors must be stored, and one function value must be com-
puted.

Theorem 2 Let Assumption 1 hold. The sequences {x}72,, {pr(x)}72, and
{ar}i2, generated by ACUESA (Algorithm 2) form a UES.

Proof From Step 5 in ACUESA,

)
Tr1 =Yk — +GL(yr) =y (40)
Hence,

F(zri1) = @rp1 = (1= ap)F(xpg1) + anF(zr41) — ©hga
B (1 - ) F(ern) + anF(ais) - (1 - a)gi — aF ()
a1 = ) lloe = 512 = o (5 = o) IGL (I
(1 - an)Plas) — (1 - an)

—an(t = an)bllve — g TI12 + (55 - 5) G () 2

2p
= (1—ap) (Flzre1) — 0k — anllon =y 1%)
+ (55 - 5) IGL @I (41)
Rearranging the update for 1, in Step 4 of Algorithm 2 gives
vk = 125 (e — Brew) = yk + 125 (e — 21), (42)
and because S = %ak’
l=Br=1-h =% =B = =1 (43)
Thus, combining (42) and (10) gives

Al oy, — g P

= B 2 (s — k) + 2G(yn) I
_ arp

ez — wil + 521G
stz lee — uell” + SEIGL(yk)

(43) . o
= 52l =yl + SE1GLw)|1® = (Grlyn), ax — yi)- (44)

|2 — o

17%<GL(yk)amk — Yk)
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Substituting (44) into (41) results in

F(zry1) — ‘Pl:—ﬁ-l
= (1 - az) (F($k+1) —pp— 4L

ka +(Gr(yr), zx — yk>)

—(1— ax) S Gr ()| + (f - ak) 1G ) 1
= (1= ap) (Flow) - vi = 42 well? + (Gr)vi — i)
(1= o) |G ()1

The second equality uses the fact that oy = /p/L. Using a rearrangement of
the lower bound (13), and (40), gives

F(zp41) = €1
< (1= ap) (F(wr) — (Grly), zn — yi) = §llzw — yull® = £ 1GL(yn)” — #})

(1= ar) (=125 lon — well® + (Grlu) o — wo) + 52 1GLw)I?)
(2) = i) + (1 — ) (=l — well® = 4 125 low — el?)
< (1= o) (F(i) = i) = 50— an) iy o — el
(21) = 97).

Thus, the iterates generated by ACUESA form a UES. O

Theorem 2 confirms that the iterates generated by Algorithm 2 form a
UES, and because ay = /u/L, ACUESA is guaranteed to converge linearly
at the optimal rate to the solution of problem (1), as is shown in the following
corollary.

Corollary 2 Let Assumption 1 hold. Then, the sequence of iterates {xy}r>0
generated by Algorithm 2 exhibits the optimal linear rate of convergence

Pl - i < (1= £) (Flao) - ).

The difference in convergence rates between Algorithms 1 and 2 is essen-
tially explained by the quadratic term ||vy — y; %, which is entirely ignored
in the proof of Theorem 1. In the proof of Theorem 2, one is able to incorpo-
rate an additional term containing ||G 1, (yx)||?, which leads to a larger allowable

value of ay, and ultimately, a tighter bound for Algorithm 2.

5 Algorithms and Convergence Guarantees for Smooth Functions

Here smooth optimization problems (problem (1) with A = 0) are considered,
and two gradient descent type algorithms whose iterates form a UES are pre-
sented. The algorithms are similar to those for composite problems, but they
use the lower bounds developed in Section 3.3.
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5.1 UES Algorithms for Smooth Functions

Algorithm 3 Smooth Underestimate Sequence Algorithm (SUESA)
: Initialization: Set k = 0, € > 0, initial point zg € R™ and compute pu, L.
: Set vp and ¢f as in (35), and let oy, = £.
while f(zy) — ¢} > € do
Set yr = xx, yl‘: = z: and y,;H' =z
Set x4 = — %Vf(xk)
Update vg41 and ¢, as in (25) and (38), respectively.
k=k+1.
end while

++
o

PP W

Algorithm 4 Accelerated Smooth Underestimate Sequence Algorithm
(ASUESA)

1: Initialization: Set k = 0, ¢ > 0, initial point g € R™ and compute p, L.

2: Set wo and ¢f as in (35). Let aj = \/% and S8 = ﬁ
3: while f(z) — ¢} > € do

4: Set yr = Brag + (1 — Br)vk-

5: Set xpy1 =yp — %Vf(yk).

6: Update vg41 and ¢5 ; as in (25) and (38), respectively.
7 k=k+1.

8: end while

SUESA (Algorithm 3) is similar to CUESA, and ASUESA (Algorithm 4)
is similar to ACUESA. In the smooth case the proximal gradient is simply the
gradient so that the main update in SUESA (see Step 5) is a gradient descent
step. The minimizer of the lower bound ¢j,, is updated in place of 3, —
this variation means that SUESA is not an instance of CUESA when h = 0,
nor is ASUESA and instance of ACUESA (see Section 5.3 for further details).

Theorem 3 Let Assumption 1 hold. The sequences {xy}32, {or(x)}72, and
{an}32 generated by SUESA (Algorithm 8) form a UES.

Proof By Lemma 8, (4) holds. To prove (5), combining the definition of z441
(Step 5 in Algorithm 3) with (3), and noting that xj = yi, gives

Flawsr) = £y < flye) = oIV Fu)l1> (45)

It is straightforward to establish that f(zry1) — ¢5yq < (1 —ar)(f(2r) — ¢F)
using (38) and (45), and noting that ay, = u/L € (0,1) for all k > 0.

Corollary 3 Let Assumption 1 hold. Then the sequences {x}7,, {dr(x)}7,
and {o}72, generated by SUESA (Algorithm 3) form a UES, so SUESA con-
verges at a linear rate: f(xy) — ¢ < (1 — L) (f(z0) — ¢).
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Theorem 4 Let Assumption 1 hold. The series of sequences {xi}32 ¢, {or(z)}72,
and {ag}72, generated by ASUESA in Algorithm 4 form a UES.

Proof Note that, rearranging the expression for y; in Step 4 of Algorithm 4
gives (42) and because () = %ﬂ‘k’ (43) holds. Thus, by the convexity of f we
have '

(42)

—a(V ) ok —y) = —an({VF () + 725 (ke — 2x) — yi)

< e (f(ay) — fun) 2 Flx) — flwe). (46)

To confirm that f(zri1) — ¢4y < (1 — ar)(f(2r) — ¢F), combine (38) and

(45), complete the square, apply (46) and note that oy, = /%. O

Corollary 4 Let Assumption 1 hold. Then the sequences {x}72 ), {dr(z)}7,
and {ag}72, generated by ASUESA (Algorithm 4) form a UES, so ASUESA
converges at the optimal linear rate: f(zi) — ¢f < (1 — /E)*(f(z0) — &5)-

5.2 A Toy Example

Notice that for SUESA, at iteration k& > 0, the distance between xj and the
minimizer of the lower bound shrinks at a fixed rate. That is, since ap = %,
the following equality holds:

Tht1 — Vi1 = (2 — £V f(z1)) — ((1 — ag)vg + (g — in(xk)))
= (1 — %)(mk — l)k). (47)

Equation (47) illustrates that, after each iteration of Algorithm 3, the line
joining xpyq and w4y is parallel to the line joining xp and vg. Moreover,
the distance between the two points is reduced by precisely (1 — £) at every
iteration. Intuitively, z; and the minimizer v, are becoming ever closer, and
eventually they both converge to z* (recall Theorem 3).

This fact can be visualized via the following toy example. Consider the
(smooth) regularized logistic regression problem, i.e., problem (1) with h =0
and

flx) =) log(L+exp(—yi(z,a;))) + 5|,

i=1

where a; € R™ is the ith feature vector with corresponding (binary) label
yi € R. For this example, 100 two dimensional data points with binary la-
bels {a;,y;} were randomly generated (so m = 100 and n = 2), and these
points and labels are shown in the top left plot in Figure 2. (Each point a; is
plotted on a 2D grid, and the point is colored green or red to highlight its la-
bel y;). Parameter A = 0.01, so the strong convexity constant is p = 0.01.
SUESA and ASUESA were used to solve this problem, starting from the
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point z¢ = (—20,10)T. Both algorithms were stopped after 100 iterations and
the results of this experiment are shown in Figure 2. The optimal solution is
2* = (—0.2610,0.2407)T with corresponding optimal value F'* = f* = 0.6779
(all to 4dp).

20 40

(1) - NEST
o NEST
(%) - ASUESA
o, ASUESA
(1) - SUESA
4, SUESA

.o

°

Fig. 2 SUESA and ASUESA applied to the toy example described in Section 5.2. Top row
from left: the simulated data; the iterates generated by SUESA; the iterates generated by
ASUESA. Middle row from left: the function values f(zy) for SUESA, ASUESA and NEST;
the values ¢; for SUESA, ASUESA and NEST algorithm; both f(zx) and ¢, for SUESA,
ASUESA and NEST. Bottom row from left: the iterates xj generated by SUESA, ASUESA
and NEST; the points vg generated by SUESA, ASUESA and NEST; both xj and vy for
SUESA, ASUESA and NEST.

Consider the iterates generated by SUESA in Figure 2. The blue dots
represent the iterates my, starting from zo = (—20,10)T. The aqua dots are
the long steps z;{ . Notice that the iterates (short steps) zy, ¥} (= zx+1) and
long steps z; T all lie on the same (aqua) line. This is simply because z
and mk++ are the result of starting from xj and then moving in the direction
—V f(z), scaled by 1/L or 1/pu, respectively. So all the aqua lines correspond
to the negative gradient directions. The red dots correspond to the points vy.
Initially vy = xg"" ~ (35,5)T so the first red and aqua point coincide. The
blue lines join x; and vy, and they are all parallel. As SUESA progresses, the
points zj, (blue) and vy, (red) eventually converge to the minimizer (black dot).
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The last plot on the first row in Figure 2 shows the iterates of ASUESA.
Additionally for ASUESA, the green points correspond to the iterates y, and
one notices that these points lie on the line joining zj and v.

The second row of Figure 2 shows (left) the function values f(z), (middle)
the bounds ¢}, and (right) both the function values f(xj) and bounds ¢; for
SUESA, ASUESA and NEST for the toy problem. The middle plot shows that
the bounds ¢}, for SUESA and ASUESA are lower bounds for f(xy), while the
bound ¢; for NEST is an upper bound for f(zj). This is why a verifiable
stopping condition can be used for SUESA and ASUESA (the function val-
ues decrease, the lower bounds increase, and the gap sandwiches the optimal
function value f(z*), squeezing closer to it). On the other hand, for NEST, ¢;
pushes f(zy) down from above, but provides no information about how close
the current value f(zy) is from the optimal value f(z*).

The third row of Figure 2 shows (left) the iterates z, (middle) the points
vk, and (right) both the iterates xj and the points v for SUESA, ASUESA
and NEST for the toy problem. The left and middle plots clearly show that
the iterates x; and points v, are different for each algorithm. ASUESA is not
the same as NEST. The trajectory of the iterates xj (and the points vy) are
distinct for each algorithm. This confirms that the algorithms presented here
are new, and are not simply an existing algorithm with an added lower bound.

5.3 A comparison of the composite and smooth algorithms when A =0

A natural question to ask is, ‘Do the composite algorithms (CUESA and
ACUESA) recover the smooth algorithms (SUESA and ASUESA) when h =
07°. Ultimately, the answer to this question is no, but this is a consequence of
the termination condition (i.e., the lower bounds), rather than the path of the
iterates.

Table 1 compares the vectors generated by ASUESA (Algorithm 4) and
ACUESA (Algorithm 2) in the smooth case for a given initial point o € R™.
Note that the same values «aj and (i are used by both algorithms, and for
h =0, Gr(yr) = Vf(yr). Table 1 confirms that the iterates generated by
ASUESA and ACUESA follow the same path.

Variable ACUESA(h =0) ASUESA
vo zg T (22) zg T (35)
Yk Brxr + (1 — Br)or, | Step4 | Brex + (1 — Br)vr | Step 4
Tpt1 Yk — V[ (k) Step 5 Yo — £ V.f(yk) Step 5
- ++ z +r
Vg1 (1 = ag)vk + ayy (25) (1 — ag)vk + apyy (25)

Table 1 The vectors generated by ACUESA and ASUESA when h = 0.
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However, consider the stopping gap for each algorithm, i.e., compare

N 38 ag
F@inn) = Ohar = flanen) — (1— anarlox — g 1P + S5 1V £ ()12

—(1—ax)oy — o f(yr)- (48)

with

* 29 (e
F@ren) = phpn B ) — (1 a)arlloe — 12 + 1V £ ()
—(1 = ar)pp — anf(yl) — arz IV F ()l (49)

At every iteration, by (45) it holds that —f(yx) < —f(y)) — S£(V.f (k)|
and so we conclude that f(zri1) — @5 < f(@ry1) — @iy, for all k > 0.
This confirms that, in the smooth case with A = 0, ACUESA does not recover
ASUESA. Moreover, it is advantageous to use ASUESA because the algorithm
will terminate sooner than ACUESA for h = 0.

Similar arguments can be used to show that CUESA and SUESA are not
the same algorithm in the smooth case, and that it is advantageous to use
SUESA because SUESA will terminate earlier than CUESA.

6 An algorithm with adaptive L

In all of the algorithms presented so far, the Lipschitz constant L is explicitly
used. However, by studying the convergence proofs for Algorithms 1-4 one
observes that the role of L is to enforce a reduction in the function value
from one iteration to the next. Thus, it is natural to ask the question, ‘Can
an adaptive Lipschitz constant, say Ly, be used in place of the true Lipschitz
constant L, while preserving convergence guarantees?’. This is discussed now.

When the Lipschitz constant L is unknown, or is expensive to compute,
it may be preferable to employ an ‘adaptive’ Lipschitz constant, say Ly, that
approximates L locally. This approach, studied by Nesterov in [23,25], has the
additional advantage that L may be smaller than the true Lipschitz constant
L, which can lead to large step sizes. To maintain convergence properties for
Algorithms 1-4, certain inequalities must hold; the relevant inequalities are as
follows.

Non-smooth case. For composite functions, (39) and (41) must hold for CUESA
and ACUESA, respectively. So, if Lj satisfies

F (g = 2:Gr(u)) < Flu) = 516, o)l (50)

then the algorithms are still guaranteed to converge. If Lj, satisfies (50), then
one obtains the improvement ay, = p/ Ly, (or o = \/ /Ly for the accelerated
case) at every iteration.
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Smooth case. For smooth functions, (45) must hold for SUESA and ASUESA.
This means that at every iteration, if Lj satisfies

I (e = 295 00) < ) = IV F ) 12, (51)

then convergence guarantees for SUESA and ASUESA are maintained. If Ly
satisfies (51) then we have the improvement oy = p/ Ly (or oy, = /p/ Ly, for
the accelerated case) at every iteration.

With these two inequalities in mind, the adaptive Lipschitz process is de-
scribed now. Initialize Algorithms 1-4 with the estimate 0 < u < Ly < L, and
increase and decrease factors u > 1 and d > 1, respectively. At each iteration
k > 1 of Algorithms 1-4, an inner loop (described in Algorithm 5) is employed
to find the approximation Ly. The inner loop (Algorithm 5) replaces Steps 4-5
in Algorithms 1-4. The psuedocode is presented now, and the inner iteration
counter s in used in Algorithm 5 to distinguish it from the outer loop iteration
counter k.

Algorithm 5 Finding Ly in iteration &k of Algorithms 4 and 2.
1: Input: g, v u>1,d>1,0< pu< Lo < Land Li_;.

2: Initialize: LE:) = max{Lo, Lr_1/d}.

3: for s=0,1,2,... do

PN C T S S
k @ P = e

5: Set y)is) = Bis)zk +(1— ,@1(:))'Uk.
R N e
5 X
7:if (51) or (50) holds then
8: Break.
9: se
10: LY = - L.
11: end if
12: end for . , . ) .
13: Output: Ly = Lg’), ap = ozgj), Br = ﬁl(:)7 Y = y;:) and zg41 = z;:ll

Algorithm 5 begins with the estimate L;CO) = max{Lo, Ly_1/d}. This en-
sures that (i) Ly > Lo > p > 0 so that convergence of the outer loop is
maintained (because oy = p/Ly € (0,1)) must hold); and allows that possi-
bility that (ii) L;CO) is % times smaller than Lj_; so that large step sizes might
be used. Next, L,(:) is (possibly repeatedly) multiplied by the increase factor u
until (51) (or (50)) is satisfied at inner iteration S, at which point, Ly = L,(CS)
is passed to the outer loop and iteration k continues with Lj used in place of
L. Following this process, it possibly occurs that at some iteration k, Ly < L.
In this case, the stepsize 1/Ly is used, which is larger than 1/L.

The strategy above holds for Algorithms 2 and 4, but it is straightforward
to adapt it to Algorithms 1 and 3 by modifying the variables as as = u/Lg
and 85 = 1.
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Using the arguments in [25, Section 3], the value Lj can increase only if
Ly < L. Thus, by Assumption 1 (Lipschitz continuity), the following chain of
inequalities holds

0<p<Ly<Lp<u-L. (52)

The following lemma bounds the number of inner iterations.

Lemma 9 (Lemma 4 in [25]) Let Assumption 1 hold, and letu>1,d > 1
and 0 < p < Lo < L. Then the mazimum number of times that Lines 4 to 10
of Algorithm 5 are executed during the first K iterations of Algorithm 2 (or
Algorithm 4), say Ny, is bounded by

NK§(1+M>-(K+1)+imaX{1 u-Inl 0}. (53)

Inu Inu nd-lnLO7

7 Numerical Experiments

In this section, we present numerical results to compare our proposed algo-
rithms with several other methods that have an optimal convergence rate. The
algorithms are as follows, and are summarized in Table 2.

OQA/OQA+. The Optimal Quadratic Averaging algorithm (OQA) [8],
which builds upon the work in [3], maintains a quadratic lower bound on the
objective function value at every iteration. The quadratic lower bound is called
‘optimal’ because it is the ‘best’ lower bound that can be obtained as a convex
combination of the previous 2 quadratic lower bounds. In OQA, x1 is set to
be the minimizer of f(z) on the line joining the points 952' and the minimizer
of the current quadratic lower bound. In [8] the author suggest a variant of
OQA, which we call OQA+ here, that computes Jt:k+ via a line search that does
not use the true Lipschitz constant L.

NEST/NEST+. NEST denotes the algorithm described in Chapter 2 of
[21], which is for smooth functions. Further, NEST+ is a variant of NEST in
which the Lipschitz constant L is adaptively update via the strategy in [23,25].
Both variants are accelerated algorithms.

CNEST/CNEST+. CNEST denotes Algorithm (4.9) in [23], which can be
applied to composite nonsmooth functions. Further, CNEST+ is a variant of
CNEST in which the Lipschitz constant L is adaptively update via the strategy
in [23,25]. Both variants are accelerated algorithms.

GD. We also implement a Gradient Descent (GD) method which uses a
fixed stepsize of % Note that this is similar to Algorithm 3, although GD does
not maintain any kind of lower bound. As the only non-optimal algorithm,
Gradient Descent provides a benchmark that will enable us to observe any
performance advantages of the optimal methods.
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Algorithm Description

0QA Optimal Quadratic Averaging Algorithm

OQA+ Optimal Quadratic Averaging Algorithm with x;r = line-search(xy, ¢} — V f(zy))
SUESA Smooth Underestimate Sequence Algorithm

ASUESA Accelerated Smooth Underestimate Sequence Algorithm

ASUESA+ Accelerated Smooth Underestimate Sequence Algorithm with adaptive Lipschitz constant
NEST Accelerated algorithm described in Chapter 2 of [21]

NEST+ Accelerated algorithm described in Chapter 2 of [21] with adaptive Lipschitz constant
CUESA Composite Underestimate Sequence Algorithm

CUESA+ Composite Underestimate Sequence Algorithm with adaptive Lipschitz constant
ACUESA Accelerated Composite Underestimate Sequence Algorithm

ACUESA+ | Accelerated Composite Underestimate Sequence Algorithm with adaptive Lipschitz constant
CNEST Accelerated Algorithm (4.9) in [23] with fixed Lipschitz constant

CNEST+ Accelerated Algorithm (4.9) in [23] with adaptive Lipschitz constant

Table 2 Description of implemented algorithms

7.1 Empirical Risk Minimization

We consider two Empirical Risk Minimization (ERM) problems, which are
popular in the machine learning literature. In particular, we study ERM with
a squared hinge loss

3

flz) = (max{0,1 - y;al2})® + 3|z, (54)

1
m
i=1

and ERM with a logistic loss (also called logistic regression)

m
Flr) = > log (14 7% 4 3. (55)
i=1

In each case y; € {—1,+1} is the label and a; € R™ represents the training
data for i = 1,2, ..., m. All the datasets in our experiments come from LIBSVM
database [4]. Also note that for all experiments we have p = .

Note that in these experiments, when implementing a line search in direc-
tion v (whenever relevant), the dot products al'v are reused.

Comparison on Decreasing Objective Values

In the first experiment we compare the OQA, ASUESA and NEST algorithms
(both the standard and adaptive Lipschitz variants) and investigate how the
objective function values behave on several test problems. The test problems
considered in this experiment are the ala dataset with a squared hinge loss and
a value A = 1074, the rcvi dataset with a logistic loss and a value A = 1074,
and the covtype dataset with a squared hinge loss and a value A = 1075, In
Figure 3 we plot the gap f(zy) — ¢} vs the number of function evaluations
and the gap f(zx) — ¢, vs the cpu time. The figure shows the advantages of
using an adaptive Lipschitz constant with the adaptive methods performing
better than their original versions in most cases. Figure 3 also shows that
ASUESA+ performs very well, being the best algorithm on the first dataset,
and the second best algorithm on the other two datasets. The numerical exper-
iments highlight that the gap, f(zx) — ¢}, goes to zero monotonically for our
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Fig. 3 Evolution of the gap f(x) — ¢} for each algorithm compared with the number of
function evaluations and cputime.

proposed methods, which matches our theoretical results. It is crucial to note
that this does not necessarily mean that the objective function value decreases
monotonically. Note also that the results confirm that Nesterov’s method is
non-monotone as well (which is also observed in the study [27]).

Theory and Practice for OQA and ASUESA

In this numerical experiment we study ASUESA and OQA and investigate how
their practical performance compares with that predicted by theory. For the
OQA algorithm a line search is needed to determine a necessary algorithmic
variable, and to ensure that theory for OQA holds, the line search should be
exact. In this experiment we will use bisection to compute this variable, but
we will restrict the number of bisection steps allowed to b = 2,5, 20. Figure 4
plots the ratio (f(zx) — ¢5)/(f(zk—1) — ¢}_,) for ASUESA and for three
instances of OQA, where each instance uses a different number of bisection
steps b = 2,5,20. We also plot 1 — \/% (black dots), which is the amount of
decrease in the gap f(z) — ¢} at each iteration predicted by the theory. (In
theory, we should have (f(zx) —¢5)/(f(zk—1)—p5_;) < 1=/ forall k > 0.)

From the plots in Figure 4 we see that ASUESA performs very well, and
as predicted by the theory, with the ratio (f(zr) — ¢})/(f(zr-1) — ¢5_1)
always strictly below the theoretical bound. On the other hand, the quality
of line search affects OQA significantly. The fewer the number of line search
(bisection) iterations, the more likely it is for OQA to violate the theoretical
results. Note that this is not necessarily surprising because the theory for
OQA requires the exact minimizer along a line segment to be found, so 2
or 5 iterations of bisection may be simply too few to find it. Notice that
when b = 2, the green line shows that OQA behaves erratically, with the
ratio (f(zx) — ¢})/(f(xr—1) — ¢}_,) being greater than 1 on many iterations,
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Fig. 4 Comparison of % for ASUESA and for OQA with different numbers of
- k—1

bisection steps (b = 2,5,20). The black dots are 1 — %

indicating that the gap is growing on those iterations. When we use OQA
with b = 5 steps of bisection at each iteration (light blue line), the algorithm
performs better, and often, but not always, the ratio is less than 1. Finally,
the dark blue line shows the behaviour of OQA when b = 20 steps of bisection
at each iteration. The dark blue line is always below the theoretical bound of
1-— \/% , indicating good algorithmic performance (often better than predicted
by theory). However, the line search needed by OQA comes at an additional
computational cost, which can still mean that the overall runtime is longer for
OQA than for ASUESA, as we now show.

Here a similar experiment is performed to compare the theoretical and
practical performance of SUESA and ASUESA. We have already seen that
the theoretical results for ASUESA give a proportional reduction of 1 — /%
in the gap at every iteration. However, for SUESA, the proportional reduction
in the gap is 1 — £. We investigate how these theoretical bounds compare with
the practical performance of each of these algorithms. We use the ala, rcvi
and covtype datasets for this experiment, and for each of the three datasets we

form both a logistic loss, and a squared hinge loss to create 6 problem instances.
i) — P
for SUESA and ASUESA. Also displayed is the theoretical (unaccelerated)
rate 1 — £ (the green line) and the theoretical (accelerated) rate 1 — /% (the
black line). One sees that the practical performance of SUESA is very similar
to that predicted by the theory because the blue line matches the green line
closely. Another observation is that for the accelerated algorithm (ASUESA),
in practice, the reduction in the gap f(zx) — ¢; is often more optimistic than

the theoretical rate.

The results are shown in Figure 5. Figure 5 presents the ratio

7.2 Experiments on composite functions

In this section we perform several numerical experiments on problems with a
composite objective. Specifically, we consider the elastic net problem, which is
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problem (1) with

n

1
Fz) = EZ(a?w—yi)”%II$II2+%H$H1- (56)
i=1

Notice that the first two terms in (56) are smooth, while the ¢;-norm term
makes (56) nonsmooth overall. We compare our Algorithm 1 and 2 (CUESA
and ACUESA) with the one proposed in [23] (CNEST). As stated previously,
each of these algorithms can be implemented with either a fixed L or an
adaptive L, and we will compare each algorithm under both of these two
options.

For these experiments we again use the 3 datasets ala, rcvl and covtype.
For the ala data the regularization parameters were set to A\ = Ay = 1074,
for the rcvi data the regularization parameters were set to A; = 10~% and
A2 = 1075, and for the covtype data the regularization parameters were set to
A1 = 107% and Ay = 1075, The results of this experiment are presented in Fig-
ure 6, and they show the clear practical advantage of the ACUESA algorithm.
The ACUESA algorithm outperforms the CNEST algorithm in all problem in-
stances. Interestingly, on the rcvl dataset, the CUESA+ algorithm (CUESA
with an adaptive Lipschitz constant) performs better than the accelerated
ACUESA algorithm, although the ACUESA+ (accelerated plus adaptive Lip-
schitz constant) algorithm is still the best overall.

In the final numerical experiment presented here, we investigate the the-
oretical vs practical performance of CUESA and ACUESA. We set up three
problems using each of the 3 datasets already described, and the results are
presented in Figure 7.
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Fig. 6 Comparison of how gaps between the objective values and the minimum amount of
the lower bounds decreases for different algorithms. We observe the advantage of ACUESA+
in both number of function evaluations and running time.
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Fer =01 for CUESA and ACUESA and 1 — %(green line) and

1—4/ % (black line). Here we have a similar observation as in Figure 6.

As before, the green line represents the theoretical (unaccelerated) rate
1 — £ and the black line represents the theoretical (accelerated) rate 1 — /%

Note that the practical performance of CUESA closely matches the theoreticgl
rate. We also observe that the practical performance of ACUESA is always at
least as good as the theoretical rate, and can often get better decrease in the
gap per iteration than 1 — %

All the numerical results presented in this section strongly support the
practical success of the SUESA, ASUESA, CUESA and ACUESA algorithms.

8 Conclusion

In this paper we studied efficient algorithms for solving the strongly con-
vex composite problem (1). Four new algorithms were proposed — CUESA,
ACUESA, SUESA and ASUESA — to solve (1) in both the composite and
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smooth cases. Each algorithm maintains a global lower bound on the objec-
tive function value, which can be used as an algorithm stopping condition to
ensure and e—optimal solution. Moreover, the definition of a new underes-
timate sequence that incorporates three sequences, one of which is a global
lower bound on the objective function, and this framework was used to estab-
lish convergence guarantees for the algorithms proposed here. Our algorithms
have a linear rate of convergence, and the two accelerated variants (ACUESA
and ASUESA) converge at the optimal linear rate. We also presented a strat-
egy to adaptively select a local Lipschitz constant for the situation when one
does not wish to, or cannot, compute the true Lipschitz constant. Numerical
experiments show that our algorithms are computationally competitive when
compared with other state-of-the-art methods including Nesterov’s accelerated
gradient methods and optimal quadratic averaging methods.
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A Comparison of a UES and Nesterov’s ES

Here we briefly compare the definition of an underestimate sequence with Nesterov’s def-
inition of an estimate sequence. The original definition of an ES only applied to smooth
functions that satisfy Assumption 1 so we restrict our discussion to this case. Moreover, we
will assume that the same sequence {ay}2, is used when discussing a UES and an ES.
Consider the following definition.

Definition 2 (Definition 2.2.1 in [21]) A pair of sequences {¢ (2)}22 , and {AN}°
/\fCV > 0 is called an estimate sequence of function f(z) if

(i) AN —0; and

(ii) for any z € R™ and all k > 0 we have ¢F (z) < (1 — AN) f(z) + AN o} (2).

The definition is general and does not say anything about convergence. With this in mind,
Nesterov’s ES is coupled with the following lemma.

Lemma 10 (Lemma 2.2.1 in [21]) If for some sequence {x}} we have
Flak) < (91)" = min ¢l (2), (57)

then f(zr) — f* < MY (6f (27) = £*) = 0.

The first observation to make is the clear difference between f and ¢ (z) for a UES
and an ES. In particular, for a UES, at every iteration it holds that ¢y (x) < F(x) (4) so
every ¢ (z) (k > 0) is a global underestimate (global lower bound) of the objective function
for all x € R™. However, for an ES, the function ¢kN (z) is not necessarily a global upper
bound for f and it is necessarily not a global lower bound for f. What must hold is that, at
iteration k, the minimizer of the approximation function ¢kN (z) must be at least as large as
f(zg) (the value of the objective function at the current point).

A second major differences that one observes is as follows. If an algorithm generates a
series of sequences that form a UES (satisfying Definition 1), then (assuming > 77 oy =
00), the algorithm is guaranteed to converge (see Proposition 1). On the other hand, if an
algorithm generates a series of sequences that form an ES (satisfying Definition 2), there is
no such algorithm convergence guarantee. This statement is made concrete by considering
the next lemma and the text that follows it.

Lemma 11 (Lemma 2.2.2 in [21]) Assume that (1) f satisfies Assumption 1, (2) ¢} (z)
is an arbitrary function on R™, (3) {yr}32, is an arbitrary sequence in R™, (4) {ar}p2
with oy, € (0,1) and 332 o ap = 00 and (5) \lY = 1. Then the pair of sequences {¢iv($)}z°:0
and {)\kN}z":O recursively defined by

M = (1 —ar)AY, (58)
dpyq (@) = (1— ap)dp (@) + o (f(yk) +(VIlyr),z —yr) + §llz — yk||2) (59)

s an estimate sequence.
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Combining (36), with (33) and (16) shows that ¢y41(x) in (36) is equivalent to ¢fcv+1(1:)
in (59) and therefore, the construction in this work is an estimate sequence (¢py1(x) =
¢>iv+1 (z)). However, we will now show that the construction does not satisfy (57), and there-
fore, even though the iterates generated by SUESA/ASUESA form an estimate sequence,
Lemma 10 cannot be used to prove convergence of SUESA/ASUESA.

N
Lemma 12 (Lemma 2.2.3 in [21]) Let ¢} (z) = (¢} )*+ 23~ ||z — v} |2. Then the process
described in Lemma 11 preserves the canonical form of functions {(bé\f (@)},

N
Ory1 (@) = (Ph1)" + e llz — o4 112, (60)

where the sequences {7 }32, {vN 152, and {(#Y)*}22, are defined as follows:

Mg = (L= ap)n + arp, (61)
AR W;@ ((1 —ap)yR v+ aguyy — aka(yk)) (62)
k41
ol
(Gr11)" = (L= ar)(@p)" +arfyr) — ﬁl\vf(yk)\\z
ap(l—a N
+ 28R (e — oY |2+ (V Fgr), o — i) (63)
Vk+1

Note that in (60) the numerator in front of the norm term is 'yév, while in (37) it is p.
Substituting 'y,iv = u into (61) gives 7;?;1 = 'y,iv = i so setting 'yév = . ensures 'y,]CV is fixed
for all £k > 0 in Lemma 12. Now, using 'y]]CVJrl = 'y,]CV = p in (62), and recalling the form of a
long step shows that v,i\;l = Vg1 in (25). It remains to observe that (38) (combined with
(16)) is equivalent to (63).

Thus, the difference between the construction in this work and the construction in [21]
comes down to the minimizer and minimal value of ¢} (z). For an ES, it must hold that
f(zo) < (#))*, and the initialization of scheme (2.2.6) in [21], as well as the proof of
Theorem 2.2.1, explicitly mentioned the use of the choice vg = zg for Nesterov’s method.
However, note that other choices of vo can still provide the equality (¢)* = f(zo), which
means that the minimal value of the first element in the ES would be unchanged, i.e.,
f(zo), and the minimizer would be shifted from z( to other points. On the other hand, this
contrasts with SUESA/ASUESA, where it is required that ¢o(z) < f(z) and so they are
initialized with v = :rg"*' and ¢f = f(xo) — ﬁHVf(zo)HQS f(zo); see (35).

Finally, note that Definition 1 also holds for composite functions. While Definition 2
only holds for smooth functions, Nesterov has extended the ES framework to the composite
setting; see Section 4 in [24] and Section 4 in [25]. Moreover, the relationship between the
OQA method and an ES is discussed Appendix A in [8].

B Comparison of a UES and the study [7]

In [7], the authors proposed a general scheme for the analysis of first-order methods. For the
strongly convex cases (both smooth and nonsmooth), there are some similarities between
the methods in [7] and our proposed methods, but we stress that the approaches in this
work are inherently different from those in [7]. To be more specific, Table 3 summarizes
the iterates of ASUESA, and compares them with the iterates (for the smooth and strongly
convex setting) in [7]. The similarities and differences between the corresponding two studies
are described as follows:

1. The Bgs are different for each method, and if the problem is ill-conditioned (large k),

then the Bgs are close to each other (=1 — —).
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2. The ygs have the same update structure, but because the fis are different, this results
in different updates yy (later we will see that the vis and zys are also different as the
algorithms progress).

3. The zp4s are identical in structure. However, again the iterates x4, are different
because the [is, and subsequently ygs, are different for both methods.

4. The vy s are different both in structure and clearly in their values.

5. The xys in our proposed study form part of an underestimate sequence, which guarantees
the natural stopping criteria, i.e., f(zr) — ¢}, goes to zero in a linear rate.

Table 3 Comparison of the iterates

Iterates | ASUESA (current study) | Diakonikolas and Orecchia[2019]
P 1 1 Vi +1-1
F 1+ /1/x 2%
Yk Brxi +1(1 — Br)vk Brxi +1(1 — Br)vk
-V - -V
Tht1 Yk = T I (yk) Yk~ f(ye)

Vg1 (1 — ag)vg + () (yx — ivf(yk)) S ai(—pyi — pAFTUV f(y5))




