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Abstract

Exploring the opportunities offered by quantum computing to speed up the so-
lution of hard optimization problems is a hot research area. To have a quantum
speed-up for continuous optimization methods, Quantum Linear System Algorithms
(QLSAs) are applied to solve the Newton systems inside the Interior Point Methods
(IPMs). Since QLSAs inherently produce inexact solutions, we can only use Inexact
variants of IPMs. Existing IPMs with inexact Newton direction are infeasible meth-
ods because inexactness leads to infeasibility. In this research, an Inexact-Feasible
IPM (IF-IPM) is proposed for Linear Optimization problems using a novel system
that produces inexact but feasible steps. We show that this method has O(

√
nL)

iteration complexity, analogous to best exact IPMs. After analyzing the total time
complexity of the proposed method with classical solvers such as Conjugate Gradient
method, we also discuss how QLSAs can be used to solve the novel system efficiently
in an Iterative Refinement scheme to find an exact solution without excessive time
of QLSAs.

1 Introduction

Recently, many scholars in different fields of knowledge are hardly working on building ef-
ficient quantum computers and using them to solve crucial real-world problems. Starting
with Deutsch’s method for determining a binary oracle is constant or balanced (Deutsch,
1985), quantum computing shows exponential speed-up compared to conventional com-
puters for some hard mathematical problems such as integer factorization problem (Shor,
1994) and unstructured search problem (Grover, 1996). Since mathematical optimiza-
tion has widespread applications along with computational challenges, many researchers
have attempted to develop quantum optimization methods in different directions from
Quantum Approximation Optimization Algorithm (QAOA) for unconstrained binary op-
timization (Farhi, Goldstone, and Gutmann, 2014) to Quantum Interior Point Method
(QIPM) for linear optimization (LO) problems (Mohammadisiahroudi, Fakhimi, and
Tamás Terlaky, 2021).
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Specifically, QIPMs are the classical Interior Points Methods using Quantum Linear
System Algorithms (QLSAs) to solve the Newton system. Since QLSAs are efficient for
finding inexact solutions, the appropriate versions of IPMs for this purpose are Inexact
IPMs, i.e., IPMs with inexact Newton steps. Since inexactness in the solution of the
Newton system can lead to infeasibility, Inexact Infeasible IPM was applied to use the
QLSAs efficiently (Mohammadisiahroudi, Fakhimi, and Tamás Terlaky, 2021). Moti-
vated by efficient use of QLSA in IPMs, we develop an Inexact Feasible IPM (IF-IPM)
using a novel system. Even the inexact solution of the novel system leads to a Newton
step inside the feasible region. By IF-IPM, we efficiently use QLSA to accelerate solution
of LO problems. To introduce the topic in detail, we can start with the definition of LO
problems.

Definition 1 (Linear Optimization Problem).

(P)

min cTx

s.t. Ax = b,

x ≥ 0,

(D)

max bT y

s.t. AT y+s = c,

s ≥ 0,

where A : m × n matrix with rank(A) = m, vectors y, b ∈ Rm, and x, s, c ∈ Rn. The
problem (P) is called primal problem and (D) called dual problem.

The set of all primal and dual feasible solutions is defined as

PD =
{

(x, y, s) ∈ Rn × Rm × Rn| Ax = b, AT y + s = c, (x, s) ≥ 0
}
.

Then, the set of all feasible interior solutions is

PD0 = {(x, y, s) ∈ PD|(x, s) > 0} .

Due to the Strong Duality theorem, all optimal solutions, if exist, belong to the set PD∗
defined as

PD∗ =
{

(x, y, s) ∈ PD|xT s = 0
}
.

Let ζ ≥ 0, the set of ζ-optimal solutions can be defined as

PDζ =

{
(x, y, s) ∈ PD|x

T s

n
≤ ζ
}
.

Dantzig’s Simplex method was the first efficient algorithm to solve LO problems (Dantzig,
1990). In each iteration of Simplex methods, we use pivoting on matrix A augmented
with vectors b and c to jump from one vertex to another vertex converging to an optimal
solution. Klee and Minty, 1972 showed that Simplex algorithms have an exponential time
complexity despite their practical efficiency. The Ellipsoid method, the first polynomial-
time method for solving LO problems with integer data, was proposed by Khachiyan,
1979. However, the Ellipsoid method was not as efficient as simplex methods. Kar-
markar, 1984 developed a practically efficient Interior Point Method (IPM) for solving
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LO problems with polynomial time complexity. After that, many theoretically and prac-
tically efficient IPMs were developed, see e.g., (Wright, 1997; Roos, Tamás Terlaky, and
Vial, 2005; Tamás Terlaky, 2013).

A feasible IPM reaches an optimal solution by traversing the interior of the feasible
region (Roos, Tamás Terlaky, and Vial, 2005). Generally, all IPMs reach an optimal
solution by starting from an interior point and following the so-called central path (Roos,
Tamás Terlaky, and Vial, 2005). Most of them are primal-dual methods meaning they
strive to satisfy the optimality condition with primal and dual feasibility. To have IF-
IPM, we use the scheme of primal-dual feasible interior point method and define the
central path as

CP = {(x, y, s) ∈ PD|xisi =
xT s

n
for i ∈ {1, . . . , n}}.

Let γ > 0, a neighborhood of the central path can be defined as

N (γ) = {(x, y, s) ∈ PD|xisi ≥ γ
xT s

n
for i ∈ {1, . . . , n}}.

As illustrated in Figure 1, the Newton step is made inside a neighborhood of the central
path to decrease the optimality gap in each iteration of IPMs.

Figure 1: The iterations of IPMs
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IPMs can be categorized into two groups: Feasible IPMs and Infeasible IPMs. A
Feasible IPM (F-IPM) needs an initial feasible interior point, and they are usually applied
on the self-dual embedding formulation of LO problems where all one vector is a feasible
interior solution and appropriate for a starting point (Roos, Tamás Terlaky, and Vial,
2005). Instead, Infeasible Interior Point Methods (I-IPMs) can start with an infeasible
but positive solution. Theoretical analysis shows that the best time complexity of F-
IPMs is O(

√
nL) where L is the binary length of the input data. On the other hand,

the best time complexity of I-IPMs is O(nL). Although theoretical analysis shows that
F-IPMs are faster than I-IPMs, both feasible and infeasible IPMs can solve LO problems
efficiently in practice (Wright, 1997).

The recent studies have noticed the convergence of IPMs with inexact search di-
rections since even classical solvers have error due to Floating-point arithmetic. First,
Mizuno and his colleagues did series of research on convergence of Inexact Infeasible
IPMs (II-IPMs) (Mizuno and Jarre, 1999; Freund, Jarre, and Mizuno, 1999). The con-
vergence of I-IPM of (Kojima, Megiddo, and Mizuno, 1993) with inexact Newton step is
proved by Baryamureeba and Steihaug, 2005. Korzak, 2000 also showed that the time
complexity of this algorithm is polynomial. The usage of Preconditioned Conjugate
Gradient (PCG) method in II-IPM is also studied by (Al-Jeiroudi and Gondzio, 2009;
Monteiro and O’Neal, 2003). Al-Jeiroudi and Gondzio, 2009 used I-IPM of (Wright,
1997) solving Augmented system by PCG method but Monteiro and O’Neal, 2003 had
similar approach for Normal Equation system. Bellavia, 1998 studied the convergence
of II-IPM for general convex Optimization and convergence of II-IPM for semi-definite
optimization (SDO) problems has been proved by Zhou and Toh, 2004. The best bound
for iterations of II-IPMs is O(n2L). By emergence of QIPMs, IPMs with inexact Newton
step got more attention since QLSAs inherently find an inexact solution. Mohamma-
disiahroudi, Fakhimi, and Tamás Terlaky, 2021 and Augustino et al., 2021 used II-IPM
framework to develop quantum IPMs for LO and SDO problems, respectively. In this pa-
per, we introduce a new formulation of Newton system for finding an inexact but feasible
step and develop an IF-IPM using both QLSA and classical solvers such as Conjugate
Gradient method. By theoretical analysis and numerical experiments, the efficiency of
proposed IF-IPM shows remarkable performance in solving LO problems. This paper is
structured as follow:

• Section 2: proposing a novel system to produce inexact but feasible Newton step
along and developing a short-step Inexact Feasible IPM.

• Section 5: adapting IF-IPM to embedding self-dual formulation of LO problems.

• Section 3: analyzing the novel system and its performance in classical IPMs.

• Section 4: using QLSA to solve the novel system and developing an Inexact Feasible
IPM.
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2 Inexact Feasible IPM

To speed up IPMs, we want to use QLSAs to solve the Newton system at each iteration
of IPMs since QLSAs have better dependence on the size of the problem. One approach
to use QLSA efficiently is to develop an Inexact IPM. With this motivation, we utilize a
short-step feasible Interior Point method with the inexact Newton steps. For a feasible
interior solution (xk, yk, sk) ∈ PD0, the Newton system is defined as

A∆xk = 0,

AT∆yk + ∆sk = 0,

Xk∆sk + Sk∆xk = βµke−Xksk,

(1)

where Xk and Sk are diagonal matrices of xk and sk, respectively. Also, β ∈ [0, 1] is

centering parameter and µk = xk
T
sk

n . We can solve the Augmented system or Normal
Equation System instead of solving the full Newton system for calculating the Newton
step. Solving any of three systems inexactly leads to residuals for primal feasibility equa-
tion, dual feasibility equation or both. Since these residuals may lead to infeasibility,
we need to apply Inexact-Infeasible IPM. In essence, feasible IPMs have better complex-
ity than infeasible IPMs. To avoid the extra cost of Infeasible IPMs, we define a new
system resulting a primal-dual feasible step using orthogonal vectors from orthogonal
sub-spaces.

Assumption 1. The matrix A has full row rank m ≤ n.

Let ai be the i’th column of matrix A. Let B ⊂ {1, . . . ,m} be the indices of first m
linearly independent columns of A and AB = [ai]i∈B. Then, matrix AB is non-singular
and A−1

B is the inverse of AB. By pivoting on matrix A = [AB, AN ], we can find matrix

[I, A−1
B AN ]m×n. Let V =

[
A−1
B AN
−I

]

n×(n−m)

, W = AT ,wi be the i’th column of matrix

W (or the i’th row of matrix A), and vj be the j’th column of matrix V .

Lemma 1. The vectors wi are basis for range space of AT (or row space of A) and the
vectors vj are basis for null space of A. Furthermore, for any i ∈ {1, . . . ,m} and any
j ∈ {1, . . . , n−m}, we have wTi vj = 0.

Proof. Based on Assumption 1, A has full row rank and AT has full column rank. Since
the vectors wi are rows of A and columns of AT , the vectors wi are basis for row space
of A and range space of AT . On the other hand, matrix V has full column rank because
the vectors vj are linearly independent. Also, we have

AV =
[
AB AN

] [A−1
B AN
−I

]
= AN −AN = 0.

We can conclude that the vectors vj are basis for null space of A and wTi vj = 0 for any
i ∈ {1, . . . ,m} and any j ∈ {1, . . . , n−m}.
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Using Lemma 1, we can define a linear equation system by these orthogonal vectors
as

∆xk =
n−m∑

j=1

λkj vj

∆sk = −
m∑

i=1

∆yki wi,

Xk∆sk + Sk∆xk = βµke−Xksk,

(2)

Lemma 2. The Systems (2) and (1) are equivalent.

By substitution, we can build a smaller system as

−XkAT∆yk + SkV λk = βµke−Xksk. (3)

We call this new system ”Orthogonal Spaces System” (OSS) which has n equalities,

n−m variables λkj , and m variables ∆yki . Let Mk = [−XkAT , SkV ], zk =

(
∆yk

λk

)
, and

σk = βµke − Xksk.Then, Mkzk = σk represents the OSS (3). To use the OSS in an
IPM, the first requirement is that the system must have a unique solution.

Lemma 3. If (xk, sk, yk) ∈ PD0, then the System (2) has a unique solution.

Proof. It is enough to show that M is non singular and its columns are linearly inde-
pendent. We want to show that if Mα = 0 then α = 0. We now that columns of V are
linearly independent then the columns of M2 = SkV are linearly independent. Similarly

the columns of M1 = −XkAT are linearly independent. Now let [M1,M2]

(
α1

α2

)
= 0 and

mi, then (M1α1)TMα = 0. So we have

(M1α1)TMα = 0

(M1α1)TM1α1 + (M1α1)TM2α2 = 0

(M1α1)TM1α1 = 0

α1 = 0

Since (M2α2)TMα = 0, with similar approach we have α2 = 0. We can conclude that
α = 0 and M is full rank and non singular.

Let (λ̃k, ∆̃yk) be an inexact solution of the system 3. Then, we can easily find ∆̃xk

and ∆̃sk by using the first and the second equations of System 2. For the solution
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(∆̃xk, ∆̃sk, ∆̃yk), we have

∆̃xk =

n−m∑

j=1

λ̃kj vj

∆̃sk = −
m∑

i=1

∆̃yki wi,

Xk∆̃sk + Sk∆̃xk = βµke−Xksk + rk,

(4)

where rk = SkV (λ̃k − λk)−XkAT (∆̃yk −∆yk). Regardless of the error of solution, we

have ∆̃xk ∈ Null(A) and ∆̃sk ∈ Range(AT ). Thus, for any step length α ∈ (0, 1], we
have

A(xk + α∆̃xk) = 0

AT (yk + α∆̃yk) + (sk + α∆̃sk) = 0.
(5)

With Assumption 2 for residual of the solution, we can develop a convergent IF-IPM.

Assumption 2. Let assume in all iterations of II-IPM, we have

‖rk‖2 ≤ ηµk,
where η is an enforcing parameter with 0 ≤ η ≤ 1.

Let εk be the target error of the solution such that

‖(λ̃k − λk, ∆̃yk −∆yk)‖2 ≤ εk.
To satisfy the Assumption 2, we need

εk ≤ η µk

‖Mk‖2
.

Algorithm 1 is a Short-step IF-IPM for solving LO problems using system 3.

Algorithm 1 Short-step IF-IPM

1: Choose ζ > 0, η = 0.1, γ = 0.3 and β = (1− 0.3√
n

).

2: k ← 0
3: Choose initial feasible interior solution (x0, y0, s0) ∈ N (γ)
4: while (xk, yk, sk) /∈ PDζ do

5: µk ← (xk)T sk

n

6: εk ← η µk

‖Mk‖2
7: (λk,∆yk)← solve System (3) with error bound εk

8: ∆xk = V λk and ∆sk = −AT∆yk

9: (xk+1, yk+1, sk+1)← (xk, yk, sk) + (∆xk,∆yk,∆sk)
10: k ← k + 1

11: return (xk, yk, sk)
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We can use other values for 0 < γ < 1 and 0 < η < 1 such that

β ≤ (1− η + 0.01√
n

), (6)

β − η − (β − γ + η)2

4γ
≥ γ. (7)

It is not hard to check that γ = 0.3 and η = 0.1 satisfy these conditions.

2.1 Convergence of Short-step IF-IPM

To prove the convergence of IF-IPM, we show that µk which is a measure for the opti-
mality gap decreases linearly in Lemma 4. Next step is showing that IF-IPM does not
go out of the neighborhood of the central path with full step in each iteration. The
main step is Theorem 1 showing that IF-IPM converges to a ζ-optimal solution after
polynomial number of iterations. Finally, the complexity of IF-IPM to find an exact
solution is calculated using Lemma 6.

Lemma 4. For any k ∈ {0, . . . }, the sequence µk converges to zero linearly.

Proof. First step: based on Lemma 1, we have

(∆xk)T∆sk = −
n−m∑

j=1

m∑

i=1

λkj∆y
k
i v

T
j wi = 0.

Second step: we have

(xk+1)T sk+1 = (xk + ∆xk)T (sk + ∆sk) (8a)

= (xk)T sk + (xk)T∆sk + (sk)T∆xk + (∆xk)T∆sk (8b)

≤ (xk)T sk + nβµk − (xk)T sk + ‖rk‖2 (8c)

≤ nβµk +
√
nηµk (8d)

= (β +
η√
n

)(xk)T sk, (8e)

≤ (1− 0.01√
n

)(xk)T sk. (8f)

Based on Lemma 3, we can use the last equation of System 1 in line (8c). Inequality
(8d) comes from Assumption 2, (8e) from the definition of µk, and (8f) from condition
(6). Since (1− 0.01√

n
) < 1, we have

µk+1 ≤ (1− 0.01√
n

)µk < µk.

Since µk is bounded below by zero and it is monotonically decreasing, it converges
linearly to zero.
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Lemma 5. Let (x0, s0, y0) ∈ N (γ) for a given γ > 0 such that

β − η − (β − γ + η)2

4γ
≥ γ.

Then (xk, sk, yk) ∈ N (γ) for any k ∈ N.

Proof. It is enough to show that if (xk, sk, yk) ∈ N (γ), then we have

Axk+1 =b, (9a)

AT yk+1 + sk+1 =c, (9b)

(xk+1, sk+1) ≥0, (9c)

xk+1
i sk+1

i ≥γ (xk+1)T sk+1

n
for i ∈ {1, . . . , n}. (9d)

We can easily conclude the feasibility conditions (9a) and (9b) from equation (5). To

prove (9d), first we show that |∆xki ∆ski | ≤ (β−γ+η)2

4γ µk as follow

|∆xki ∆ski | = |(xki
−1/2

ski
1/2

∆xki )(x
k
i

1/2
ski
−1/2

∆ski )| (10a)

≤ 2−2(xki
−1/2

ski
1/2

∆xki + ski
1/2
ski
−1/2

∆ski )
2 (10b)

= 2−2(xki
−1/2

ski
−1/2

(ski ∆x
k
i + xki ∆s

k
i ))

2 (10c)

=
(βµk − xki ski + rki )2

4xki s
k
i

(10d)

≤ (βµk − γµk + ηµk)2

4γµk
(10e)

=
(β − γ + η)2

4γ
µk. (10f)

Equation (10b) comes from the inequality of arithmetic and geometric means, (10d) from
equation (4), and (10e) from Assumption 2 and the definition of the neighborhood. The
next part of proving equation (9d) is

xk+1
i sk+1

i = (xki + ∆xki )(s
k
i + ∆ski ) (11a)

= xki s
k
i + xki ∆s

k
i + ski ∆x

k
i + ∆xki ∆s

k
i (11b)

≥ xki ski + βµk − xki ski + rki − |∆xki ∆ski | (11c)

≥ βµk − ηµk − (β − γ + η)2

4γ
µk (11d)

≥ (β − η − (β − γ + η)2

4γ
)µk (11e)

≥ (β − η − (β − γ + η)2

4γ
)µk+1 (11f)

≥ γ (xk+1)T sk+1

n
. (11g)
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Equation (11c) comes from system 4, (11d) form Assumption 2, and (11d) form Lemma 4.
Here, we can also conclude that xk+1

i sk+1
i > 0 for any i ∈ {1, . . . , n} since µk > 0. We

have (xk+1
i , sk+1

i ) > 0 if we show that (xk+1
i , sk+1

i ) < 0 is not possible. Let assume that
(xk+1
i , sk+1

i ) < 0 then we have ∆xki < −xki and ∆ski < −ski . Since (xki , s
k
i ) > 0, we have

(∆xki ,∆s
k
i ) < 0 which leads to

−ski xki − xki ski > xki ∆s
k
i + ski ∆x

k
i

= βµk − xki ski + rki

≥ (β − η)µk − xki ski .

Since β > η, it leads to µk < 0. which is wrong. Thus (xk+1
i , sk+1

i ) ≥ 0

Theorem 1. After O(
√
n log(µ0ζ )) iterations, we have µk ≤ ζ.

Proof. From Lemma 4, we have

µk ≤ (1− 0.01√
n

)µk−1 ≤ (1− 0.01√
n

)kµ0.

Since we need µk ≤ ζ, then we have

(1− 0.01√
n

)k ≤ ζ

µ0
,

k log(1− 0.01√
n

) ≤ log(
ζ

µ0
).

We know that log(1− 0.01√
n

) ≤ (−0.01√
n

), then we need

k(−0.01√
n

) ≤ log(
ζ

µ0
),

k ≥
√
n

0.01
log(

µ0

ζ
).

To find an exact optimal solution (x∗, y∗, s∗) ∈ PD∗, Lemma 6 is needed to find an
appropriate value for ζ.

Lemma 6 ((Wright, 1997)). If L be the binary length of input data defined as

L = mn+m+ n+
∑

i,j

dlog(|aij |+ 1)e+
∑

i

dlog(|ci|+ 1)e+
∑

j

dlog(|bj |+ 1)e.

For any (x∗, y∗, s∗) ∈ PD∗, we have

min
i
{x∗i |x∗i > 0} ≥ 2−L,

min
i
{s∗i |s∗i > 0} ≥ 2−L,

max
i
{x∗i } ≤ 2L,

max
i
{s∗i } ≤ 2L.
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Based on Lemma 6, an exact solution can be calculated by rounding if

(xK)T sk

n
≤ 2−2L.

Thus, the upper bound for iterations of IF-IPM to find an exact optimal solution is
O(
√
nL). In next section, we analyze more the OSS and compare it to other Newton

systems.

3 Analyzing The New System

In this section, fist we find some bounds for condition number and norm of the matrix
of System 3. Then, the new system will be compared to other systems.

3.1 Bounds on the Condition Number and Norm of M

We can decompose the matrix Mk to find a bound for its condition number as

Mk = [−XkAT , SkV ],

= [Xk, Sk]

[
−AT 0

0 V

]
.

If we have degeneracy in optimal solution, there will be a zero row and Mk will be
singular. We assume that we do not have degeneracy then matrix Dk = [Xk, SK ] has
at least one positive value in each row. For any i ∈ {1, ..., n}, let δki = max{xi, si}
δkM = max{δi : i ∈ {1, ..., n}} and δkL = min{δi : i ∈ {1, ..., n}}. Then we have

κMk ≤ δkM
δkL
κT ,

where κT is the condition number of matrix T =

[
−AT 0

0 V

]
. As the upper bound

shows, the general phenomenon in IPMs, where the condition number of Newton goes
to infinity as complementarity goes to zero, does not hold for the new system. To have
a bound for ‖Mk‖, we have

‖Mk‖ ≤ ‖Dk‖‖T‖,
≤ δkM‖T‖.

So, we have ‖Mk‖ = O(δkM‖T‖) and we can easily found µk = O(µ0) and 1
µk

= O(1
ζ ). In

addition, we can derive bounds ‖σk‖ = ‖βµke−Xksk‖ = O(
√
nµ0) and ‖σ

k‖
µk

= O(
√
n).
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3.2 Comparing Different Systems

To find the Newton step, one can solve the full Newton system (FNS). For an inexact
solution, we have

A∆xk = b−Axk + rP ,

AT∆yk + ∆sk = c−AT yk − sk + rD,

Xk∆sk + Sk∆xk = β1µ
ke−Xksk + rC ,

(12)

where (rP , rD, rC) are residuals generated by the inexact solution. As we can see, resid-
uals may lead to infeasiblity. Thus, for the full Newton system we must consider the
primal and dual infeasibilities in system (12). The full Newton system can be simplified
to the Augmented system (AS). The augmented system for an inexact infeasible solution
is

A∆xk = b−Axk + r′P ,

AT∆yk +Xk−1
Sk∆xk = c−AT yk − β1µ

kXk−1
e+ r′D.

(13)

After solving the Augmented system, we can calculate ∆sk by the last line of the System
(12) where rC = 0. We can simplify the system more to get Normal Equation System
(NES) as

AXkSk
−1
AT∆yk = AXkSk

−1
c−AXkSk

−1
AT yk − β1µ

kASk
−1
e+ b−Axk + r′′P . (14)

When we solve the NES instead of the full Newton system, then rC = rD = 0 since we use
the second and third line of the system (12) directly to find ∆sk and ∆xk, respectively.
In the NES, we have only primal infeasible because of r′′P . Most of the implementations of
IPMs use the NES since it has a small positive definite matrix and can be solved efficiently
by Cholesky factorization (Wright, 1997). Although the NES is smaller than the FNS
and the AS, the NES is much denser than the two others. We can use the Sherman-
Morrison-Woodberry formula to solve NES with sparse matrix efficiently (Andersen et
al., 2004). If we solve FNS, AS, or NES inexactly, the potential infeasibility will increase
the complexity of IPM. On the other hand, it is more adaptable with inexact solvers
such as QLSAs and the CG method. In section 2, we discuss how we can use QLSA
efficiently in IF-QIPM and how much the OSS is more adaptable to QLSAs than other
systems. Compared to the NES, the proposed OSS is bigger, and it is not positive
definite. Thus, we cannot use Cholesky factorization but we can use LU factorization or
Gaussian Elimination with O(n3) complexity. Since the Conjugate Gradient method has
better dependence on the size of the system with complexity O(ndκ log(1

ζ )), it is a better
choice among classical solver for the inexact solution of the OSS. Table 1 compares the
charismatics of different systems.
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System Size of system Symmetric Positive Definite d Condition Number

FNS 12 2n+m 7 7 O(n) →∞
AS 13 n+m 3 7 O(n) →∞

NES 14 m 3 3 O(m) →∞
OSS 3 n 7 7 O(n) Bounded

Table 1: Characteristics of Different Newton Systems

IPM System System solver Complexity

Best Theoretical bound NES Partial Cholesky Factorization O(Ln2)
Feasible IPM NES Cholesky Factorization O(Ln3.5)

Infeasible IPM NES Cholesky Factorization O(Ln4)
II-IPM NES Conjugate Gradient O(Ln524Lκ2

A)

IF-IPM OSS Conjugate Gradient O(Ln2.522LκT )
IF-IPM OSS Preconditioned CG O(Ln2.5κ̄)

IF-IPM+Iterative Refinement OSS Conjugate Gradient O(Ln2.5κT )

Table 2: Total time complexity of different IPMs

In Table 2, the best time complexities which can be attained by different IPMs are
mentioned to be compared with the proposed IF-IPM. If we use the CG method the
dependence on n decreases but the cost of inexactness increases the number of iterations
except in IF-IPM. The exponential term 2L comes from the bound of the condition
number. To deal with this issue we can use either a preconditioning technique or an
iterative refinement method. With preconditioning, we can get an appropriate bound
for condition number κ̄. On the other hand, we can fix ζ to a large amount such as 10−2

and improve the precision with iterative refinement in O(L) iterations. As we can see,
IF-IPM with either iterative refinement or precondition CG has much better dependence
on n than other prevailing IPMs and it is near to the theoretical bound. In the next
section, we also discuss the effect of using QLSAs to solve the system.

4 IF-QIPM with QLSAs

To use QLSA inside the IF-IPM efficiently, we apply an approach similar to (Mohamma-
disiahroudi, Fakhimi, and Tamás Terlaky, 2021). The first QLSA was the HHL algorithm
by Harrow, Hassidim, and Lloyd, 2009 solving a quantum linear system with p-by-p Her-
mitian matrix in O(log(p)d

2κ2

ε ) time complexity, where ε is the target error, κ condition
number of the coefficient matrix, and d is the maximum number of nonzero entries in any
row or column. After the HHL method, many QLSAs proposed with better time com-
plexity than the HHL method. Amplitude Amplification can decrease the dependence
on κ, and (Wossnig, Zhao, and Prakash, 2018) proposed a QLSA algorithm indepen-

dent on sparsity with O
(

polylog(p)‖M‖κε
)

complexity. Childs et al. (Childs, Kothari,
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and Somma, 2017) developed a QLSA with exponentially better dependence on error
with O(polylog(pκε )dκ) complexity. The best QLSA w.r.t time complexity uses Block
Encoding with O(polylog(pε )κ) complexity (Chakraborty, Gilyén, and Jeffery, 2018). To
encode the linear system in a quantum setting and solve it by QLSA, we need a proce-
dure proposed by Mohammadisiahroudi, Fakhimi, and Tamás Terlaky, 2021. To solve
the OSS 3, We must build system M ′kz′k = σ′k where

M ′k =
1

‖Mk‖

[
0 Mk

MkT 0

]
, z′k =

(
0
zk

)
, and σ′k =

1

‖Mk‖

(
σk

0

)
. (15)

The new system can be implemented in a quantum setting and solved by QLSA since M ′k

is a Hermitian matrix and ‖M ′k‖ = 1. To the extract classical solution, we use Quantum
Tomography Algorithm (QTA) by Kerenidis and Prakash, 2020. The Theorem 2 shows
how we can adapt QLSA by Chakraborty, Gilyén, and Jeffery, 2018 to solve the OSS
system.

Theorem 2. Given System (3), QLSA and QTA provide the solution (λ̃k, ∆̃yk) with
residual rk, where ‖rk‖ ≤ ηµk. The total time complexity of finding such solution is
O(n2polylog(n) δMδL κT ).

Proof. We can derive the transformed system (15) from the OSS (3). To have ‖rk‖ ≤
ηµk, the error of linear system εLS must be less than ηµk

‖Mk‖ . Since scaling affects the error

of QLSA, we need to find appropriate bound for QLSA and QTA (Mohammadisiahroudi,
Fakhimi, and Tamás Terlaky, 2021). Since the error is linear among QTA and QLSA,
we need

εQLSA =
εLS
2

=
ηµk

2‖σk‖ ,

εQTA =
εLS
2

=
ηµk

2‖σk‖ .

The QLSA by Chakraborty, Gilyén, and Jeffery, 2018 can find such solution with
O(polylog( n

εQLSA
)κM ) = O(polylog(n) δMδL κT ) time complexity. The time complexity

of QTA by Kerenidis and Prakash, 2020 is O( n
ε2QTA

) = O(n2).

There are few studies investigating Quantum Interior Point Methods (QIPMs) for LO
problems. First, Kerenidis and Prakash, 2020 used Block Encoding and QRAM for find-
ing a ζ-optimal solution with O(n

2

ε2
κ̄3 log(1

ζ )) complexity. Casares and Martin-Delgado
(Casares and Martin-Delgado, 2020) used QLSA and developed a Predictor-correcter

QIPM with O(L
√
n(n + m)‖M̄‖ κ̄2

ε−2 ) complexity. Both papers used exact IPMs which
is not valid to QLSAs and ε and κ̄ increases exponentially leading to exponential time
complexities. To address these problem, Mohammadisiahroudi, Fakhimi, and Tamás
Terlaky, 2021 developed an II-QIPM using QLSA efficiently with O(n5L‖A‖4κ2

A) time
complexity. To improve this time complexity, we can use Algorithm 2 which is a Short-
step IF-QIPM for solving LO problems using QLSA and QTA to solve system (3).

14



Algorithm 2 Short-step IF-QIPM using QLSA

1: Choose ζ > 0, η = 0.1, γ = 0.7and β = (1− 0.2√
n

).

2: k ← 0
3: Choose initial feasible interior solution (x0, y0, s0) ∈ N (γ)
4: while (xk, yk, sk) /∈ PDζ do

5: µk ← (xk)T sk

n
6: (Mk, σk)←build the OSS (3)

7: εQLSA ← ηµk

2‖σk‖
8: εQTA ← ηµk

2‖σk‖
9: (λk,∆yk)← solve the OSS (3) using QLSA and QTA

10: ∆xk = V λk and ∆sk = −AT∆yk

11: (xk+1, yk+1, sk+1)← (xk, yk, sk) + (∆xk,∆yk,∆sk)
12: k ← k + 1

13: return (xk, yk, sk)

We can analyze the IF-QIPM (2) as follow:

• With similar convergence theorem in the Section 2.1, afterO(
√
n log(µ

0

ζ )) IF-QIPM
get a ζ-optimal solution.

• The detailed time complexity of IF-QIPM is

O(
√
n log(

µ0

ζ
)(n2 + (polylog(n)

δM
δL
κT )(n2))).

• To get an exact optimal solution, the time complexity contains exponential term
2L. To address this problem, we can fix ζ = 10−2 and improve the precision
by iterative refinement in O(L) iterations (Mohammadisiahroudi, Fakhimi, and
Tamás Terlaky, 2021).

• Using Iterative Refinement, the total time complexity of finding exact optimal
solution with IR-IF-QIPM is

O(n2.5polylog(n)LκT ).

As Table 3 shows, the proposed IR-IF-QIPM has much better time complexity than IR-
II-QIPM for solving LO problems. It seems that two other QIPMs have better depen-
dence on n but these time complexities can not be attained since they contain iteration
complexity of exact IPMs while these QIPMs solve the Newton system inexactly. Both
QIPMs of (Kerenidis and Prakash, 2020) and Casares and Martin-Delgado, 2020 are
not polynomial for finding exact solution and the bound for condition number κ̄ goes to
infinity. The red part of the time complexity of QIPM by Casares and Martin-Delgado,
2020 is the time complexity of QTA which was ignored by the authors of that paper.

15



Algorithm Time Complexity

QIPM of (Kerenidis and Prakash, 2020) O
(
n2Lκ̄324L

)

QIPM of (Casares and Martin-Delgado, 2020) O
(
n2Lκ̄222Ln ‖A‖

2

2−4L

)

IR-II-QIPM of

(Mohammadisiahroudi, Fakhimi, and Tamás Terlaky, 2021) O
(
n5L‖A‖4κ2

A

)

The proposed IR-IF-QIPM O
(
n2.5polylog(n)LκT

)

Table 3: Time complexity of finding exact solution using different QIPMs

Compared to classical solver IR-IF-QIPM has roughly similar complexity IR-IF-IPM
with CG method and both of them are better than other classical and quantum IPMs.
However, they are close to the best Theoretical bound.

5 IF-IPM for Embedding Self-dual Formulation

To start the IF-IPM, an initial feasible interior solution is needed. Since in many practical
problems, such feasible interior solution is not available, embedding self-dual formulation
can be used where all-one vector e is a feasible interior point. Here, we use self-dual
formulation proposed by Ye, Todd, and Mizuno, 1994. For any LO problem defined as
Definition 1, we can derive the self-dual formulation as

min (n+ 1)θ

−cTx +bT y +ōθ ≥ 0,
cτ −AT y −c̄θ ≥ 0,
−bτ +Ax +b̄θ = 0,
−ōτ +c̄Tx −b̄T y = −(n+ 1),

x ≥ 0, τ ≥ 0, y, and θ free,

(16)

where b̄ = b − Ae, c̄ = c − e − AT e, and ō = 1 + cT e − bT e. One can verify that
dual problem of (16) is itself. We can also drive the standard form of problem (16) by
introducing slack variables s and u as

min (n+ 1)θ

−cTx +bT y +ōθ −u = 0,
cτ −AT y −c̄θ −s = 0,
−bτ +Ax +b̄θ = 0,
−ōτ +c̄Tx −b̄T y = −(n+ 1),

x ≥ 0, τ ≥ 0, s ≥ 0, u ≥ 0, y, and θ free.

(17)

Based on Strong Duality Theorem, an optimal solution satisfies xT s+ τu = 0. One can
verify that (x0, τ0, s0, u0, y0, θ0) = (e, 1, e, 1, e, 1) is a feasible interior solution of problem
(17).
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Theorem 3 (Ye, Todd, and Mizuno, 1994). For self-dual formulation (16), the following
statements hold.

1. Problem (16) has a finite optimal solution (x∗, τ∗, s∗, u∗, y∗, θ∗) such that θ∗ = 0,
x∗ + s∗ > 0, and τ∗ + u∗ > 0.

2. If τ∗ > 0, (x
∗
τ∗ ,

y∗
τ∗ ,

s∗
τ∗ ) is the optimal solution of the original LO problem.

3. If τ∗ = 0, cTx∗ < 0, and bT y∗ ≤ 0, then original dual problem is infeasible and the
original primal problem is unbounded.

4. If τ∗ = 0, cTx∗ ≥ 0, and bT y∗ > 0, then original primal problem is infeasible and
the original dual problem is unbounded.

5. If τ∗ = 0, cTx∗ < 0, and bT y∗ > 0, then both original primal and dual problems
are infeasible.

The feasible Newton system for this formulation is

−cT∆xk +bT∆yk +ō∆θk −∆uk = 0,
c∆τk −AT∆yk −c̄∆θk −∆sk = 0,
−b∆τk +A∆xk +b̄∆θk = 0,
−ō∆τk +c̄T∆xk −b̄T∆yk = 0,

Xk∆sk + Sk∆xk = βµke−Xksk,

τk∆uk + uk∆τk = βµk − τkuk.

(18)

To Drive the OSS system for Newton system (18), we define

A =




1 0 0 cT −bT −ō
0 I −c 0 AT c̄
0 0 −b A 0 b̄
0 0 −ō c̄T −b̄T 0


 ,

D =

[
τk 0 uk 0 0 0
0 Xk 0 Sk 0 0

]
,

R =

[
βµk − τkuk
βµke−Xksk

]
,

∆X = (∆uk,∆sk,∆τk,∆xk,∆yk,∆θk)T ,

(19)

where 0 is the all-zero matrix. Then, the Newton system can be simplified as

∆X ∈ Null(A),

D∆X = R. (20)

With similar approach, we can pivot on A(m′,n′) and find matrix V(n′,n′−m′) containing
basis of Null(A) where n′ = 2n+m+3 and m′ = m+n+2. The OSS for this formulation
is

DVλk = R, (21)
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where λk ∈ Rn+1 and the size of system will be n + 1. We can calculate the newton
direction by ∆X = Vλk. If λ̃k is the inexact solution of the system 21, the inexact

solution ∆̃X k is a feasible direction since ∆̃X k ∈ Null(A). To have a convergent IF-
IPM, we again need that ‖rk‖ ≤ ηµk where rk = DVλ̃k − DVλk. So, the error bound

εk = ηµk

‖DV‖ is needed.

Lemma 7. Let (xk, τk, sk, uk, yk, θk) ∈ PD0 then the following statements hold.

1. Systems (21) and (18) are equivalent.

2. System (21) has a unique solution.

3. In the solution of System (21), (∆xk)T∆sk + ∆τk∆uk = 0.

Proof. The first statement holds due to the construction of system (21).
To prove the second statement, we must show that matrix DV is non-singular. Based

on Assumption 1, A has full row rank m. With similar approach of Section 2, we can
Find index set B and find A−1

B . From matrix A, after some steps we can reach to the
upper triangular matrix




1 0 cTB −1 cTN −bT −ō
0 I 0 −e 0 AT c̄

0 0 I −e A−1
B AN 0 A−1

B b̄

0 0 0 1 1
1+n(c̄TBA

−1
B AN − c̄TN ) 1

1+n(b̄T ) 1
1+n(c̄TBA

−1
B b̄)


 ,

which has full row rank m′. In consequence, the dimension of Null(A) is n′ −m′ and V
has full column rank n′ −m′. Since x > 0 and τ > 0, matrix D has full row rank n+ 1.
So, columns of V are linearly independent and it is also true for rows of D. Since matrix
DV is n+ 1 by n+ 1 matrix, it is enough to show that columns of DV. To proof this, we
must show that vector α = 0 if DVα = 0. We have Vα = 0 since D has full row rank.
Since columns of V are linearly independent, α = 0 and DV is a non-singular matrix.

To prove the third statement, let ∆X k be the solution of system (21). Since ∆X k ∈
Null(A), we have

A∆X k = 0,

(∆τk,∆xk,∆yk,∆θk)TA∆X k = 0,

(∆xk)T∆sk + ∆τk∆uk = 0.

Let µk = (xk)T sk+τkuk

n+1 , the neighborhood of the central path is

N (γ) = {(xk, yk, sk, uk, θk, τk) ∈ PD|xki ski ≥ γµk for i ∈ {1, . . . , n},
τkuk ≥ γµk}.
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Now we can update IF-IPM of Algorithm 1 for embedding self-dual model as Algorithm 3
.

Algorithm 3 Short-step IF-IPM for Embedding Self-dual Formulation

1: Choose ζ > 0, η = 0.1, γ = 0.3 and β = (1− 0.3√
n+1

).

2: k ← 0
3: (x0, τ0, s0, u0, y0, θ0) = (e, 1, e, 1, e, 1)
4: while (xk, yk, sk, uk, θk, τk) /∈ PDζ do

5: µk ← (xk)T sk+τkuk

n+1

6: εk ← η µk

‖DkV‖2
7: λk ← solve System (21) with error bound εk

8: ∆X k = Vλk
9: (uk+1, sk+1, τk+1, xk+1, yk+1, θk+1)← (uk, sk, τk, xk, yk, θk) + ∆X k

10: k ← k + 1

11: if τk = 0 then
12: return Problem is infeasible.
13: else
14: return (x

k

τk
, y

k

τk
, s

k

τk
)

Theorem 4. For Algorithm 3, the following statements hold.

1. The sequence {µk}k∈N converges linearly to zero.

2. For any k ∈ N, (uk, sk, τk, xk, yk, θk) ∈ N (γ).

3. After O(
√
n log(1

ζ )) iterations, (uk, sk, τk, xk, yk, θk) ∈ PDζ .

4. Iteration complexity of finding exact optimal solution is O(
√
nL)

Proof. To proof first statement, we have

µk+1 =
(xk+1)T sk+1 + τk+1uk+1

n+ 1
,

=
(xk + ∆xk)T (sk + ∆sk) + (τk + ∆τk)(uk + ∆uk)

n+ 1
,

=
(n+ 1)βµk + n‖rk‖

n+ 1
,

≤ (β +
η

n+ 1
)µk,

≤ ((1− 0.01√
n+ 1

))µk,

< µk.

Since µk ≥ 0, sequence {µk}k∈N converges linearly to zero.
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To prove the second statement, since all solutions are feasible, it just remains to show
that xki s

k
i ≥ γµk for i ∈ {1, . . . , n}, and τkuk ≥ γµk which can be proved with slight

changes to proof of Lemma 5.
To prove the third statement, we have

µk ≤ (1− 0.01√
n+ 1

)µk−1 ≤ (1− 0.01√
n+ 1

)kµ0 = (1− 0.01√
n+ 1

)k.

Since we need µk ≤ ζ, then we have

(1− 0.01√
n

)k ≤ ζ,

k log(1− 0.01√
n

) ≤ log(ζ).

We know that log(1− 0.01√
n

) ≤ (−0.01√
n

), then we need

k(−0.01√
n

) ≤ log(ζ),

k ≥
√
n

0.01
log(

1

ζ
).

Thus, to find a ζ-optimal solution, the iteration complexity is O(
√
n log(1

ζ )). We can

conclude that the iteration complexity of finding an exact optimal solution is O(
√
nL)

using Lemma 6.

To find appropriate bounds on the condition number ofDkV, κk, for any i ∈ {1, ..., n},
let δki = max{xi, si} and δkn+1 = max{τk, uk}. We can define δkM = max{δi : i ∈
{1, ..., n+ 1}} and δkL = min{δi : i ∈ {1, ..., n+ 1}}. Then we have

κk ≤
δkM
δkL
κV ,

where κV is the condition number of matrix V which is a constant number during the
steps of IF-IPM. As the upper bound shows, the general phenomenon in IPMs, where
the condition number of Newton goes to infinity as complementarity goes to zero, does
not hold for the new system. The reason is that, we are assuming that A has full row
rank and with out degeneracy we have δkL > 0. To have a bound for ‖Mk‖, we have

‖DkV‖ ≤ ‖Dk‖‖V‖,
≤ δkM‖V‖.

So, we have ‖DkV‖ = O(δkM‖V‖) and we can easily found µk = O(µ0) = O(1) and
1
µk

= O(1
ζ ). In addition, we can derive bounds ‖σk‖ = O(

√
n) and ‖σ

k‖
µk

= O(
√
n). As

we discussed in detail in previous sections, we can also solve the embedding self-dual
model by IR-IF-IPM using CG method with O(Ln2.5κV) complexity and IR-IF-QIPM
using QLSAs withO(Ln2.5polylog(n)κV) complexity. Since matrix V is bigger and denser
than T , we expect larger time complexity for solving embedding self-dual model than
solving original problem with a initial interior feasible solution.

20



6 Conclusion

Motivated by efficient use of QLSA in IPMs, an Inexact Feasible IPM is developed with√
nL iteration complexity. The improvement in complexity comes from taking feasible

steps using fast but inexact quantum or classical linear solvers. To reach this goal,
a novel system called Orthogonal Spaces System is proposed to produce inexact but
feasible Newton steps. In consequence, an Inexact Feasible Quantum IPM is developed
to solve LO problems almost as fast as the best classical IPMs. We analyzed both IF-
IPM with the CG method and IF-QIPM theoretically and empirically. It is necessary
to use either an iterative refinement scheme or a preconditioning technique to avoid
exponential complexity for finding an exact optimal solution using IF-IPM with both
QLSAs and CG method. Besides of condition number of coefficient matrix and error of
QLSA, the norm of the right-hand side vector is also important for IF-QIPM because of
scaling.

For further research, the IF-IPM can be developed for other optimization prob-
lems such as conic and nonlinear optimization problems. In addition, other optimiza-
tion methods such as Quasi-Newton or Trust-region methods can be adapted for using
QLSA. Since all current QIPMs are hybrid algorithms, there are some barriers avoiding
quantum speed up such as the cost of building systems in classical computers and the
cost of Quantum Tomography algorithms. To overcome these barriers, a pure quantum
optimization method is needed.
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