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Abstract

Solving combinatorial optimization problems on quantum computers has
attracted many researchers since the emergence of quantum computing. The
max k-cut problem is a challenging combinatorial optimization problem with
multiple well-known optimization formulations. However, its mixed-integer
linear optimization (MILO) formulations and mixed integer semidefinite op-
timization formulation are all time-consuming to be solved. Motivated by
recent progress in classic and quantum solvers, we study a binary quadratic
optimization (BQO) formulation and two quadratic unconstrained binary op-
timization formulations. First, we compare the BQO formulation with the
MILO formulations. Further, we propose an algorithm that converts any fea-
sible fractional solution of the BQO formulation to a feasible binary solution
whose objective value is at least as good as that of the fractional solution.
Finally, we find tight penalty coefficients for the proposed quadratic uncon-
strained binary optimization formulations.

Keywords: quantum computing; max k-cut problem; binary quadratic optimiza-
tion; QUBO formulation;

1 Introduction

Quantum computing was born in the early 1980s with the work of Benioff (1980)
on the quantum mechanical model of computers. Later, Deutsch and Jozsa (1992),
Shor (1994), and Grover (1996) proposed quantum algorithms that show quantum
speed-up over their classical counterparts. The quantum speed-up comes from two
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fundamental principles that do not exist in the classical setting: superposition and
entanglement. While superposition helps to apply an operation on multiple states
at once, entanglement links the states to each other (Preskill, 2018). These fun-
damental principles open up a new class of problems in computational complexity
theory called bounded-error quantum polynomial time (BQP) (e.g., see Nielsen and
Chuang, 2011, Sec. 1.4.5). Quantum computers can solve this class of problems
with a bounded error in polynomial time. The idea of solving NP-hard problems
with a bounded error has attracted many researchers to investigate the potential of
quantum computing further.

The max k-cut problem is among the challenging NP-hard problems (Frieze and
Jerrum, 1997; Papadimitriou and Yannakakis, 1991). Given a graph G = (V, E)
and a positive integer number k£ > 2, the aim in the max k-cut problem is to
find at most k partitions such that the number of edges with endpoints in dif-
ferent partitions is maximized. This problem and its variants have a wide range
of applications in wireless communication (Aardal et al., 2007; Eisenblétter, 2002;
Fairbrother et al., 2018), VLSI layout design (Ruen-Wu Chen et al., 1983; Pin-
ter, 1984), micro-aggregation of statistical data (Domingo-Ferrer and Mateo-Sanz,
2002), sports team scheduling (Mitchell, 2003; Elf et al., 2003), ship loading and
unloading at ports (Aslidis, 1990; Avriel and Penn, 1993; Avriel et al., 1998), TV
commercial scheduling (Bollapragada and Garbiras, 2004), and statistical physics
(Liers et al., 2004; Barahona et al., 1988; De Simone et al., 1995). Figure 1 shows
optimal solutions of the max k-cut problem with k € {2,3,4} on a complete graph
with four vertices. Note that the optimal objective value of the problem is non-
decreasing in k.

Figure 1: Optimal solutions of the max k-cut problem on a complete graph: k = 2
(left); k = 3 (middle); k = 4 (right). Here dotted edges represent cut edges.

Inspired by the importance of solving combinatorial optimization problems on
quantum computers and real-world applications of the max k-cut problem, we study
multiple formulations of the problem and compare them analytically and computa-
tionally on classic and quantum solvers. One of the basic optimization formulations
of the max k-cut problem is an assignment-based mixed integer linear optimization
(A-MILO) model with a small number of variables and constraints. Let n := |V|
and m = | E| be the number of vertices and edges of graph G = (V, E), respectively.
Furthermore, we define P := {1,...,k} as the index set of partitions. For every
vertex v € V' and partition j € P, binary variable z,; is one if vertex v is assigned
to partition j. For every edge {u,v} € F, binary variable y,, is one if endpoints of



edge {u,v} belong to different partitions.

max  f(z,y) = Z Yuv, (1a)
{u,v}eE
s.t. Z Ty; =1, Yv eV, (1b)
JEP
(A-MILO) Tuj — Toj < Yuo, V{u,v} € E, j € P, (1c)
Toj — Tuj < Yuws V{U,U} €L, jePp, (1d)
Tuj + Toj + Yuo < 2, V{u,v} € E, j € P, (le)
x € {0,1}"*% y e {0,1}™. (1f)

Here, objective function (1a) maximizes the number of cut edges. Constraints (1b)
imply that every vertex v € V is assigned to exactly one partition j € P. Con-
straints (1c) and (1d) imply that if endpoints of an edge {u,v} € E belong to
different partitions, then edge {u,v} is a cut edge. Constraints (le) imply that if
the endpoints of an edge {u,v} € E belong to the same partition, then edge {u, v}
cannot be a cut edge. Despite the reasonable size of formulation (1) (O(m + kn)
variables, and O(mk) constraints and non-zeros), it suffers from a weak relaxation
and symmetry issue.

Another classic MILO formulation is a large partition-based MILO (P-MILO)
formulation with O(n?) variables and (’)((kil)) constraints (Chopra and M. R.
Rao, 1993; Chopra and M. Rao, 1995). Although the relaxation of this formulation
provides a relatively tight upper bound in practice, classic solvers struggle to solve
even medium-size instances of the max k-cut problem. For every pair of vertices
{u,v} € (‘2/), we define binary variable z,, as follows: z,, is one if vertices u and v
belong to the same partition.

max g(Z) = Z (]— - Zuv)a (2&)

{u,v}eE
st Zuw + 2ow < 1+ 2y,
Zuw + ZUU S 1 + z’U’LUﬂ

(P-MILO) Zow + Zuw < 14 Zuw, V{u,v,w} CV,  (2b)
> s =1, VQ CV with |Q| =k +1, (2¢)

{uv}e(9)
2 e {0,130). (2d)

Here, constraints (2b) imply that for every set {u,v,w} C V, if pairs {u,v} and
{v,w} belong to a partition, then vertices v and w also belong to the same partition.
Constraints (2¢) imply that vertex set ¥V must be partitioned to at most &k partitions.
Because of the large number of constraints (2c), one can add them on the fly.
Figure 2 shows the exponential growth of the number of branch-and-bound
nodes as the number of vertices increases in Erdos-Rényi random graphs with



p =0.9. Note that each black point in the Figure 2 represents the average number
of branch and bound nodes for ten random graphs with density 0.9. We employed
Gurobi 9.1 (Gurobi Optimization, 2021) with default parameters to solve these in-
stances.
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Figure 2: The exponential growth of number of branch and bound nodes with
respect to the number of vertices in Erdos-Rényi random graphs with p = 0.9 in
A-MILO (left) and P-MILO (right) formulations of the max 5-cut problem.

Eisenblétter (2002) proposed a semidefinite reformulation for the P-MILO model
(2). In this mixed integer semidefinite optimization (MISDO) reformulation, for
every pair of vertices {u,v} € (‘2/), decision variable Z,, is either k’% or 1. Here,

1
for every vertex v € V, variable Z,,, is set to one.

-1z 1
max Y % (30)
{u,v}eRE
(MISDO)  st. ZeS", (3b)
Zo = 1, Yo e V. (3c)

Furthermore, Eisenblétter (2002) presented a reformulation of the MISDO model (3)
that employs binary variables.

Our contributions. Motivated by the poor performance of the A-MILO, P-MILO,
and MISDO formulations on classic solvers, we analytically compare the feasible
set of the relaxations of the MILO and BQO formulations with each other in Sec-
tion 3.1. Further, we propose algorithms for converting fractional solutions of the
relaxation of the BQO formulation to feasible binary solutions with better objective
values. Inspired by the fact that quantum solvers employ unconstrained binary op-
timization models, we propose (i) two quadratic unconstrained binary optimization
(QUBO) models in Section 3.2 and (ii) a higher-order unconstrained binary opti-
mization (HUBO) model in Section 3.2. In Section 4, we provide computational
improvements for solving the max k-cut problem.

2 Background

The max k-cut problem generalizes the max cut problem for any integer number
k > 2. There is rich literature on exact methods for solving the max k-cut prob-



lem. Chopra and M. Rao (1995) conducted a polyhedral study on the problem
and proposed several facet-defining inequalities in the P-MILO context. They also
studied A-MILO and P-MILO formulations for the min k-cut problem and proposed
multiple facet-defining inequalities in both formulations (Chopra and M. R. Rao,
1993).

In the MISDO context, Eisenblétter (2002) developed a semidefinite formulation
for the max k-cut problem. Due to the fact that solving the MISDO formulation is
time-consuming, many researchers proposed new valid inequalities and algorithms
to handle the MISDO formulation more efficiently (G. Wang and Hijazi, 2020; Lu
and Deng, 2021; Ghaddar et al., 2011; Sotirov, 2014; Dam and Sotirov, 2016; Sousa
et al., 2018).

In the BQO context, Carlson and Nemhauser (1966) proposed a BQO formula-
tion for the max k-cut problem. They proved that their binary assignment variables
can be relaxed for finding an optimal solution. Because of the non-convexity of the
BQO’s objective function, one can employ branch-and-bound methods to solve the
quadratic optimization models (Sherali and Tuncbilek, 1995; Liberti and Pantelides,
2006; Belotti et al., 2009; J. Chen and Burer, 2012; C. Chen et al., 2017; Beck and
Pan, 2017; Bonami et al., 2018; Bonami et al., 2019).

We can reformulate a BQO formulation as a QUBO formulation by adding a
penalty term associated with each of the constraints to the objective function and re-
laxing those constraints. Padberg (1989) conducted a polyhedral study on a QUBO
formulation with n variables. Butenko (2003) proposed a QUBO formulation for
the maximum independent set problem. Based on a QUBO reformulation of the
maximum independent set problem, Pajouh et al. (2013) developed an efficient local
search for the problem. Dunning et al. (2018) conducted an extensive set of exper-
iments to evaluate the performance of different heuristic algorithms for solving the
max cut with QUBO formulation. Seker et al. (2020) provided computational com-
parisons for the QUBO formulations of the following problems on different solvers:
(i) quadratic assignment, (ii) quadratic cycle partition, and (iii) selective graph
coloring. Finally, Quintero et al. (2021) proposed a QUBO formulation for the
maximum k-colorable subgraph problem.

Quantum algorithms can solve many NP-hard combinatorial problems (including
the max k-cut problem) with a bounded error in polynomial time. Farhi et al. (2014)
proposed a quantum approximate optimization algorithm (QAOA) that is one of the
most promising quantum algorithms for noisy intermediate-scale quantum devices.
The QAOA algorithm has the BQP complexity (Farhi and Harrow, 2016) that makes
it interesting for the NP-hard problems with an unconstrained binary optimization
formulation. Lucas (2014) formulated several combinatorial optimization problems
as QUBO formulations. Several authors applied different variants of the QAOA
algorithm on the max-cut problem (Farhi et al., 2014; Hadfield et al., 2019; Z. Wang
et al., 2020). Further, Fuchs et al. (2021) directly applied the QAOA algorithm on
the max k-cut problem without discussing the unconstrained binary optimization
formulation of the problem.

Apolloni et al. (1989) proposed a quantum stochastic optimization method for
solving a combinatorial optimization problem in which a solution of the problem is



encoded in a ground state of a quantum Hamiltonian. It was called quantum anneal-
ing (Amara et al., 1993; Finnila et al., 1994). Quantum annealing algorithm was, in
fact, a quantum-inspired version of the simulated annealing algorithm with a better
performance (Kadowaki and Nishimori, 1998). Later, Farhi et al. (2000) and Farhi
et al. (2001) proposed the quantum adiabatic algorithm that is an implementation
of quantum annealing on a quantum computer. It is also called adiabatic quantum
optimization (Smelyanskiy et al., 2001; Reichardt, 2004). The adiabatic quantum
computation starts with an initial Hamiltonian that evolves over time. One can
construct the Hamiltonian based on the QUBO formulation of the problem. A
solution to the problem is extracted from the final Hamiltonian. Aharonov et al.
(2007) showed that adiabatic quantum computation is polynomially equivalent to
the circuit-based quantum model.

3 Nonlinear Optimization Formulations

In this section, we study three different nonlinear optimization models: (i) binary
quadratic optimization (BQO), (ii) quadratic unconstrained binary optimization
(QUBO), and (iii) higher-order unconstrained binary optimization (HUBO). In
Section 3.1, we provide an analytical comparison between BQO and MILO formu-
lations. Our polyhedral results also hold for the minimum k-cut problem. Further,
we propose an algorithm for converting a feasible fractional solution of the relax-
ation of the BQO model to a feasible integral solution with a better objective value.
Finally, we propose QUBO and HUBO formulations and prove their correctness in
Section 3.2. Before providing a discussion on the models, we introduce our notations
as follows.

Notations. Recall simple graph G = (V, E) with vertex set V of size n and edge
set E of size m. For every vertex u € V, we define its open neighborhood as
Ng(u) = {v € V | {u,v} € E} with dg(u) = |Ng(u)|. Furthermore for every
vertex u € V, we define the set of incident edges of vertex u as d¢(u) = {{u,v} €
E | v € V}. For every vertex subset S C V, we define G[S] as the subgraph induced
by S. For every n € Z,, we define [n] := {1,...,n}. Finally, for every set S, we
employ (“;) to denote all subsets of S of size 2.



3.1 BQO formulation

A BQO formulation for solving the max k-cut problem is provided below. Note
that y variables are introduced for analysis purposes.

max Z Yuws (4a)

{uv}eE
(BQO) st Y @y =1, Yo €V, (4b)
jeP
Yuo = 1 — Z TyjTyyj, V{u,v} € E, (4c)
jeEP
z € {0,1}F, (4d)

Here, constraints (4b) imply that every vertex v € V must belong to exactly one
partition j € P. Constraints (4c) imply that an edge {u,v} € E is a cut edge if
none of its endpoints belong to the same partition.

The following remark shows that we do not need to impose 0-1 bounds on
variables y.

Remark 1. Constraints y € [0, 1]™ are implied by formulation (4).
Proof. Consider a point (#,3) € Reqo- For every edge {u,v} € E, we have
Juv=1= Guji; 21— dy;=1-1=0.
JjeP JjeP

Here, the first equality holds by constraints (4c¢). The inequality holds because
for every partition j € P, we have z,; < 1. The second equality holds by con-
straints (4b). Furthermore, we have

guv:1*2’i‘uji’vj §1—O:1
JjEP

Here, the first equality holds by constraints (4c). The inequality holds because for
every partition j € P, we have x,; > 0 and z,; > 0. This finishes the proof. O

First, we prove Lemma 1 that is employed in our further analysis.
Lemma 1. Let a € [0,1]". Then, we have
1-— Z a; + Z a;Q; 2 0. (5)
i€[n] {i,j}E([g])

Proof. We prove the claim by induction. First, we show that the inequality holds
for the base case n = 2. So, we have

l—al—a2+a1a2:(l—al)(l—ag)20.



Here, the inequality holds because for every i € {1,2}, we have 1 — a; > 0.
Now, suppose that inequality (5) holds for n = s > 2 (induction assumption).
It suffices to show that it also holds for n = s + 1.

0< (1 S aut+ Y aiaj)(l — as41), (6a)
i€]s] {iiye(5h

=1- Z a; + Z a;Gj; — As41 Z a;ayj, (Gb)

i€[s+1] {i,j}e(“;”) {i,j}e([g])
<1- ) it D aig+0. (6c)
i€[s+1] {i.ire("3Y)

Inequality (6a) holds by induction assumption and because 1 — asy1 > 0. Equal-
ity (6¢) holds because —asy1 Z{i Jye(ls) 2 < 0. This completes the proof. O
) 2

Furthermore, we define the feasible space of the relaxation of the BQO formu-
lation (4) as follows.

RBqo = {(:my) € [0, 1]"F x R™ ’ (z,y) satisfies constraints (4b)—(4c) }
Similarly, we define the polytope of the A-MILO formulation (1) as follows.
RA-MILO = {(w,y) € [0,1]™* x [0,1]™ ‘ (x,y) satisfies constraints (1b)7(1e)}.

Now, we show that the BQO formulation is stronger than the A-MILO formu-
lation.

Proposition 1. Rpgo C Ra-MmiLo-

Proof. Consider point (Z,9) € Rpqo. First, we are to show that (Z,7) € Ra-miLo-
We show that (&, ) satisfies constraints (1c). For every edge {u,v} € E and every
partition j € P, we have

?Juv =1- Z TuiTui, (7&)

i€P
icP icP

=Gyt Y Fui— Eugdey = Y Fuidui, (7c)
i€P\{j} i€ P\{j}

>dujt Y Fui—dei— Y Fuidui, (7d)
i€P\{j} ieP\{j}

=By — i+ Y, Bl = dui), (7e)

i€P\{j}
> ‘%uj - ivj' (7f)



Here, equality (7a) holds by constraints (4c). Equality (7b) follows from con-
straint (4b). Inequality (7d) holds because &,; < 1. Inequality (7f) holds be-
cause Y . p\ ;3 Lui(l — Lv;) > 0. Similarly, one can show that (£, ) satisfies con-
straints (1d).

Finally, we show that (&,¢) satisfies constraints (1e). For every edge {u,v} € E
and every j € P, we have

qu =1- Zﬁuiim’; (8&)

i€P
=1— Gyjly; — Z Tyl (8b)
i€ P\{j}

=2—1— Zyjdy; — Z Zyi Lo, (8¢)
i€P\{j}

=2— (Lt dyjdn;) — Y. Fuidius, (8d)

i€P\{j}

<2 — (Zyj + Toj) — Z Tyilvi, (8e)
i€ P\{j}

<2 — (Buj + o) (8f)

Here, equality (8a) holds by constraints (4c). Inequality (8e) holds by Lemma 1
because we have &, + &,; < 1+ &,;&,;. Furthermore, inequality (8f) follows from
ZieP\{j} i‘ui-im’ > 0.

Now, we are to show that there is a point (Z,§) € Ra.miLo such that (Z,9) &
Reqo. For every v € V, let &,1 = Z,2 = 0.5. For every vertex v € V and
every partition j € {3,4,...,k}, we define &,; = 0. Furthermore, for every edge
{u,v} € E, we define §,, = 1. So, point (&,9) € Ra-mmo \ Reqo. Thus, the proof
is complete. O

Now, we reduce the number of variables of the BQO formulation (4) by n. For
every vertex v € V' and partition k € P, we define

Top =1 — E Ty

JEP\{k}

For analysis purposes, we write the reduced BQO (R-BQO) formulation as follows.



max Z Yuws (9a)

{u,v}eE
st Yy <1, Yo eV, (9b)
JeP\{k}
(R-BQO) Ty = 1 — Z Ty, Yv eV, (9¢)
JeP\{k}
Yuo = 1 — Z TjToj — TukTok, V{u,v} € E, (9d)
JeP\{k}
x e {0,1}x k1) (9e)

It should be noted that for every v € V, we have x,, € {0,1}. We define the feasible
space of the relaxation of the R-BQO formulation (9) as follows.

RRr-BQO = {(x,y) € [0,1]"% x R™ | (x,y) satisfies constraints (9b)—(9d) }

Corollary 1 highlights the relationship between projections of the relaxations of
BQO, R-BQO and A-MILO formulations on the = space. The following corollary
provides a comparison between the projections of our polytopes on the x space.

Corollary 1. proj, Rr-Bqo = proj, Reqo = proj, Ra-MILo-

Proof. The first equality is straightforward. The second equality holds by Propo-
sition 1 and the fact that any x that satisfies constraints (1b)—(1e) of the A-MILO
formulation also satisfies constraints (4b) in the BQO formulation. O

For analysis purposes, we lift the dimensionality of the BQO formulation by
introducing new z variables.

Zuv = Y Tujdey,  V{u,v} € (‘2/) (10)

JEP
We call the lifted feasible set of the Rpqo as Rng-
REQO = {(m,y,z) € [0,1]™* x R™ x R(:) ‘ (z,y) € Reqo and z satisfies (10) }
We also define the polytope of the P-MILO formulation as follows.
Rp-MmILO = {z € [0, 1](;) ’ z satisfies constraints (2b)f(20)}.

We show that a projection of the lifted BQO formulation on the z space is at
least as strong as the P-MILO formulation.

Proposition 2. proj, REQO C Rp.MILO-

10



Proof. Consider a point (Z, 9, 2) € REQO. We are to show that 2 € Rp_vio. Now,
for every {u,v,w} C V', we show that point Z satisfies constraints (2b).

éuv + évw = Z i'uj:ivj + Z i'vjjwja (11&)
jerP jeP
jeEP
S Zi'vj(1+-iuj£wj)7 (110)
JjeEP
=D duj+ Y G (Euibug), (11d)
jeP jeP
JjeEP
S 1 + Z jjujj:wj: (11f)
jEP
=1+ 2uw~ (llg)

Here, equality (11a) holds by the definition of 2. Inequality (11c) holds by Lemma 1.
Equality (1le) holds by constraints (4b). Inequality (11f) holds by the fact that
&,; < 1. Equality (11g) holds by definition (10).

Furthermore, we show that point 2 satisfies constraints (2¢). For every vertex
set @ CV with |Q| =k + 1, we have

Z Zuw = Z Zi‘ujjjvj? (123‘)

{uw}e($) {uwye(5)I€P

:Z( > iujfw)a (12b)

IR fuwie(9)

>3 (Y1), (12c)

JEP weQ

= Y d -k (124)
ueQ jeP

=k+1—-k=1. (12e)

Here, equality (12a) holds by definition (10). Inequality (12¢) holds by Lemma 1.
Further, equality (12e) holds by constraints (4b) and because |Q| = k + 1.
Finally, for every {u,v} € (‘g), we show that 0 < 2,, < 1. Because for every
vertex v € V and every partition j € P we have £,; > 0, it is followed that 2,, > 0.
Now, for every {u,v} € (‘2/), we show that Z,, < 1.

Zyy = E ToyjTyj < E Toyj = 1.

jeEP JjeEP

11



Here, the first equality holds by definition (10). The inequality holds because &,,; <
1 for every vertex v € V and every partition j € P. The last equality holds by
constraints (4b). This completes the proof. O

We show that the relation in Proposition 2 holds strictly for some instances of
the max k-cut problem.

Example 1. Consider the max 2-cut problem on a complete graph with three
vertices. For every edge {u,v} € E, let Z,, = 1/3. Note that 2 is a feasible solution
of the P-MILO formulation. By constraints (4b) of the BQO formulation, we have
Tyz = 1 — @y for every vertex v € V. By definition (10), for every {u,v} € E, we
have

. 1
Zuv = g = Zp1Ty1 + (1 - 171,1)(1 - 'Tul)v

(13)
=1- Tyl — Tyl + 2xv1xu1-
Now we define x11 and x4; with respect to x31.
2/3 — 31

T =Ty = ——— = Q. 14
11 21 = 7 97a1 (14)

So, we substitute x1; and z3; with « in equation (13) as follows.
302 —3a+1=0. (15)

The equation has no real solution because the discriminant of equation (15) is
negative. This means that one cannot find a feasible z based on mapping (10) for
the BQO formulation.

Now we provide a comparison between A-MILO and P-MILO formulations.
First, we define the lifted A-MILO formulation in (z,y, z) space.

R vmo = {(x,y, z) € [0,1]™** % [0,1]™ x [0, 1](2) ) (z,y) € Ra-mino and z satisfies (10)}.

Theorem 1 shows that the A-MILO formulation is at least as strong as the
P-MILO formulation under mapping (10). Our result is different from that of Fair-
brother and Letchford (2017) who studied a projection of the P-MILO formulation
on a subspace of the A-MILO formulation. Further, it is different from the re-
sult of Ales and Knippel (2020) who provided a comparison between two extended
P-MILO formulations with “representative” variables.

Theorem 1. proj, Ri yiro C Rp-MILO-
Proof. The proof follows by Corollary 1 and Proposition 2. O

Further, the point Z explained in Example 1 is also a point that belongs to set
RemiLo \ proj, RK_MILO for the max 2-cut problem.

12



Although a projection of A-MILO formulation on z space is at least as strong
as the P-MILO formulation, an optimal solution (z*,y*) of the relaxation of the
A-MILO formulation with

;= 1k, YueV, VjeP,
Y, = min{2(1 — 1/k),1} =1, Ve € E.

Remark 2 shows that the optimal objective value for the relaxation of the P-MILO
formulation lies between m(1 — 1/k) and m.

Remark 2. Let (z*,y*) and z* be optimal solutions of the relazations of A-MILO
and P-MILO formulations, respectively. Then, for any k > 2, we have

m(l—=1/k) <> (1—z7) <m.

ecE

Now, we recall the BQO formulation (4). In combinatorial optimization prob-
lems, converting a fractional solution of the relaxation of a formulation to a binary
solution is a challenging task (Stozhkov et al., 2020). Carlson and Nemhauser
(1966) studied optimality conditions for the BQO formulation. Specifically, they
proved that one can relax integrality constraints (4d). We propose an algorithm
that generalizes their result. In other words, Algorithm 1 converts any feasible so-
lution of the relaxation of the BQO formulation (4) to a feasible solution of the max
k-cut problem without decreasing the objective value. This algorithm runs in time

O(km).

Algorithm 1 Conversion of a fractional solution to a binary solution of the BQO model
Require: (G, Z,k)

1 T+ &

2: for every vertex v € V do

3: for every j € P do

4: bvj — EuENg(’U) Ty
5: let s be a partition in argmin;¢ p{by;}
6: fix Z,s to one, and set Z,; to zero for every j € P\ {s}

7: return

Theorem 2. Let & be a solution of the relaxation of the BQO formulation (4).
Algorithm 1 converts T to a binary solution T with g(z) > g().

Proof. Solution Z is feasible for the BQO formulation (4) because we assign exactly
one partition to every vertex v € V on line 5 of Algorithm 1.

Let d(v) be the set of incident edges of vertex v € V. For every vertex v € V,
we define g(z) as g(x) = g¥(x) + g3 (x) with

@) =B - > D wymy,  g@)=— D Y wuwe.  (16)

{u,v}eE\S(v) jJEP uwENg(v) jEP
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Let v € V be a vertex with £3; < 1 for every j € P. Then, we have

B@) == > Y dub,

wENg () jEP

== & ) )i‘w (17)

jeEP uENG-(’L_J

== E Ly;b;,

jEP
where byj = >, e N (5) Tuj- Define bIIn = minje p{by;}. Because 2 is a feasible
solution for the relaxation of the BQO formulation (4), Y. p &5; = 1. By (17), we

jEP
have )
95(&) = = &u;bsj,
jep
< =) b, (18)
jEP
= —pmin
v
By construction, we have ¢¥(Z) = ¢?(%) and ¢&(z) = —b™®. By (18), we have

9(2) = g7 (&) + g3(2) < 67 (2) — by"™ = g7 () + g5(2) = 9(2).
This completes the proof. O

Corollary 2 (cf. Carlson and Nemhauser (1966)). Suppose & is optimal for the
relazation of the BQO formulation. Algorithm 1 returns a binary optimal solution.

Proof. Let x* represent an optimal solution of the max k-cut problem. By The-
orem 2, T represents a feasible solution of the max k-cut problem and we have
g9(Z) > g(Z). Because & is an optimal solution of the relaxation of the BQO for-
mulation (4), we have g(Z) > g(z*). Thus, g(Z) = g(z*) and Z is also an optimal
solution of the BQO formulation (4). O

3.2 The unconstrained binary optimization

To solve the max k-cut problem with quantum computers, one needs to formulate
it as an unconstrained binary optimization formulation. In this section, we propose
the following unconstrained binary optimization formulations: (i) two quadratic
unconstrained binary optimization (QUBO) formulations, and (ii) one higher-order
unconstrained binary optimization (HUBO) formulation.

First, we propose a QUBO formulation inferred from the BQO formulation. In
other words, we move constraints (4b) of the BQO formulation to the objective
function and penalize them by a vector w € RY}.

me{r(?’?i(nXk q(z) = |E| — Z Z LoyjToyj — Z wv(vaj - 1)2. (19)

{uv}eE jEP veV jeEP
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Similarly, we propose a HUBO formulation as follows.

setax  h(@)=Bl= 3 > wgwy =) w [JA-ay). (20

{uv}eE jEP veV jeEP

Note that formulations (19) and (20) do not necessarily provide feasible solutions
for the max k-cut problem. So, we propose Algorithm 2 that converts any binary
solution of the QUBO formulation (19) and HUBO formulation (20) to a feasible
solution of the max k-cut problem. It suffices to show that the resulting solution
satisfies constraints (4b). By lines 4-8 of Algorithm 2, we make sure that every
vertex is assigned to at least one partition. Further, by lines 9-13 of Algorithm 2,
every vertex is assigned to at most one partition. Algorithm 2 takes time O(km).

Algorithm 2 Conversion of a binary infeasible solution of the BQO to a feasible solution
Require: (G, z,k)

1 T4 2

2: Iolz{UEV‘ ZjeP‘fUJ'ZO}

3 I = {’UEV‘ ZjeP'f’Uj>1}

4: for every vertex v € Iy do

5: for every partition j € P do

6: define N (v) == {u € Ng(v) | Z,; = 1}
7: let s be a partition in argminjep{|Né(v)|}
8: fix Z,s to one

9: for every vertex v € I; do

10: define L :={j € P | z,; =1}

11: let 7 be a partition in L
12: for every partition j € L\ {i} do
13: fix Z,; to zero

14: return 7

One can always set a “big” w in formulations (19) and (20) to ensure that
an optimal solution of the unconstrained formulations always represents a feasible
solution for the max k-cut problem. However, large values of the elements of w have
a detrimental effect on the performance of quantum computing algorithms (Quintero
et al., 2021). Theorems 3 and 4 propose smallest values for elements of the penalty
vector w.

Theorem 3. Let w € R} be a penalty vector. Suppose I is a solution of the
QUBO formulation (19). Algorithm 2 returns a feasible solution T of the BQO
formulation (4) with q(Z) > q(&) if for every vertex v € V,

o |20

15



Proof. First, we define ¢(x) = q1(z) + ¢2(x) with

@) =1E - > Y wyy, and gofz) = Zwv(zxv‘j_l)?

{u,v}eE jEP veV jeEP

First, suppose that & represents a binary solution in which there exists a vertex
v with multiple partitions; i.e., ZjeP‘%Uj > 1. By line 11 of Algorithm 2, let i
be a partition in set L, where L := {j € P | &,; = 1}. Now by line 12-13 of the
algorithm, we fix Z,; for every j € L\ {i}. Because this procedure can eliminate
some of the bilinear terms of ¢;(-), we have ¢1(Z) > ¢1(%). Further, ¢2(Z) > qo2(2)
because the procedure increases go(-) by removing the penalty term corresponding
to vertex v. Hence, we have ¢(Z) > ¢(Z).

Now, assume that & is an optimal solution of formulation (19) in which there
exists a vertex v with no partition; i.e., ZjeP Zy; = 0. For ease of notation, we

define set Né(v) as

Ng(v) = {u € Na(v) | Tu; = 1},
and let dé(v) = |Né(v)| for every j € P. Note that we have d(v) > > . p d{;(v)
because there might be a neighbor u € N¢(v) with no assigned partition. By line 7
of the algorithm, let s be a partition with minimum value of d7,(v) among all j € P;

ie., di(v) < de(v) for all j € P. Now, we fix x,s = 1 in solution & and call the
resulting solution Z. Then, the following equalities hold

1(T) = q1(2) —dg(v), and  ¢2(T) = g2(2) + wy.

Because dg(v) > kdZ(v), we have

e %]

Y

Vdi(”)J — d%(0). (21)

Note that ¢(Z) = ¢(&) + w, — d&(v). Because w, — d&(v) > 0 by (21), we have
q(Z) > q(&). Thus, the proof is complete. O

Corollary 3. Suppose & is optimal for the QUBO model (19) with w, > d(kv)J for
allv € V. Algorithm 2 returns a binary optimal solution of the BQO model (4).

Proof. Let z* represent an optimal solution of the max k-cut problem. Let T be a
point returned by Algorithm 2 applied on solution #. Since % is an optimal solution
of the QUBO formulation (19), we have (i) ¢(2) > ¢(Z), and (ii) ¢(&) > q(z*).
By Theorem 3, we have (iii) ¢(Z) > ¢(&). By (i) and (iii), we have ¢(Z) = ¢().
Hence, by (ii) we have ¢(Z) > q(«*). Further, because of feasibility of Z for the
BQO formulation (4), we have ¢(Z) < g(z*). Hence, ¢(Z) = ¢(Z) = ¢(z*) and Z is
also an optimal solution of the BQO formulation (4). O

Similarly, we can prove Theorem 4 and Corollary 4 for the HUBO formula-
tion (20).
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Theorem 4. Let w € R} be a penalty vector. Suppose I is a solution of the
HUBO formulation (20). Algorithm 2 returns a feasible solution T of the BQO
formulation (4) with h(Z) > h(Z) if for every vertex v € V,

ez |20

Corollary 4. Suppose & is optimal for the HUBO model (20) with w, > {@J for
allv € V. Algorithm 2 returns a binary optimal solution of the BQO model (4).

It should be noted that if w, > L%J for every vertex v € V, then an optimal
solution of both the HUBO formulation (20) and the QUBO formulation (19) is
also a feasible solution for the BQO formulation (4). Further, the following example
shows that there exist instances of the max k-cut problem for which if condition

Wy < {%J holds for some vertex v € V, then Algorithm 2 does not provide a

feasible solution that satisfies the statement of Theorems 3 and 4.

Example 2. Consider the max 2-cut problem for a graph illustrated in Figure 3.
The optimal objective value of this problem is 4. Let 2* be an optimal solution of
the max 2-cut problem with z}, = 23, = 2%, = z}; = 1 (See Figure 3).

* *
11220 122:1 T12 =0 To2 =1

* _ * —
r3 =0 zy =1 231 =0 a1
zi, =1 zh, =0 $30 = 0 7
32 42 T3z = T42

Figure 3: Optimal solution z* (left) and infeasible solution Z (right).

1
0

Then, the QUBO formulation (19) of the max 2-cut problem is written as follows.

q(z) =5 — Z (Tu1Zv1 + TuaTy2) — Z Wy (vt + o2 — 1)2 (22)
{uv}eE veV

Further, the HUBO formulation (20) of the max 2-cut problem is written as follows.

h(z) =5 — Z (xulxvl + xungg) — Z W, (1 — xvl) (1 — xvg) (23)

{uv}eE veV

First, let w1 = wy = L%J =1 and wy = w3 = L%J = 1. Then, we have g(z*) =
h(z*) = 4.

Now, we change ws from 1 to 1 — € for some ¢ > 0. Then, & is an optimal
solution for both QUBO and HUBO formulations (22) and (23) such that &1, =
Zog = 41 = 1. Further, Z31 = &30 = 0 (See Figure 3). However, this implies that
Z is an infeasible solution for the max 2-cut problem with ¢(&) = h(Z) = 4+ ¢
and ¢(Z) = h(Z) > q(z*) = h(z*). Hence, an inappropriate choice of w might not
provide a solution with the optimal objective value for the max k-cut problem.
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Similar to the R-BQO, now we propose a reduced QUBO (R-QUBO) model.
First, we define P := P\ {k}. Then, we reformulate the max k-cut problem as the
following R-QUBO formulation with n(k — 1) binary variables.

pepolmax,  a@) =IB| = > (Z it + (1= 2ug) (1= xvj))
’ {u,v}eE jeP jeP jeP (24)
- Z Wy Z TyiLog-
vEV {igde(5) )
It is worth noting that for £ = 2, the penalty term disappears because (};) = o.
We can also rewrite the R-QUBO formulation (24) as follows
o, T@) = > (Z wug (1= y) + (1= wug) D %j)
o {uv}eE jeP jEP jEP
- Z Wy Z Tyilyg-
VeV igre(%)
Algorithm 3 converts any infeasible binary solution of the R-BQO formulation
to a feasible solution. Algorithm 3 has complexity O(kn).

(25)

Algorithm 3 Conversion of a binary infeasible solution of R-BQO to a feasible solution
Require: (G, z,k)
1 T2
2. [ = {U eV | Zjeﬁjvj > 1}
3: for every vertex v € I do
4: select partition ¢ € P where Z,; = 1
5
6
7

for every partition j € P\ {i} do
fix Z,; to zero

: return T

Theorem 5. Let w € R} be a penalty vector. Suppose I is a solution of the
R-QUBO formulation (25). Algorithm 3 returns a feasible solution T of the R-BQO
formulation (9) with q(z) > q(&) if for every vertex v € V,

wy, > d(v).

Proof. Let & represent a binary solution of the R-QUBO formulation with a vertex
v assigned to more than one partition. First, we define P, as follows

pvlz{j€p|§ivj:].}.

Further, we define ¢ := |P,|. Here, we have t > 1. Let partition j € P,. We fix 2,
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to zero and call the resulting solution z. Then, we have

@@ =@+ Y (#u+ (Y dw—1)) + = D,

u€Ng(v) jep

—q@)+ Y. (fug+ Y ) —d(w) + (- D,
u€Ng(v) jep

>q(2)+0—d(v)+ (t — Dw,

> q(2).

Here, the first equality holds by the R-QUBO formulation (25). Further, the last
inequality holds because ¢ > 1 and w, > d(v). Hence, g(Z) > q(&). It implies that
if we iteratively apply lines 4-6 of Algorithm 3, then the objective value g(-) does
not decrease. This completes the proof. O

Corollary 5. Suppose & is optimal for the R-QUBO model (25), where w, > d(v)
for all v € V. Algorithm 3 returns a binary optimal solution of R-BQO model (9).

Proof. The proof is similar to the proof of Corollary 3. O

It should be noted that if w, > d(v) for every vertex v € V, then an optimal
solution of the R-QUBO formulation (25) is also a feasible solution for the R-BQO
formulation (9). Example 3 shows that there are some instances of the max k-cut
problem for which if we have w, < d(v) for some vertex v € V, then the result of
Theorem 5 does not hold.

Example 3. Consider the max 3-cut problem for the graph illustrated in Figure 4.
Let * be an optimal solution to the problem. Note that the optimal objective value
is 3. Here, vertex 3 belongs to partition 2, and other vertices belong to partition 1.

Figure 4: Optimal solution z* (left) and infeasible solution Z (right).

The corresponding R-QUBO formulation is as follows

q(z) = Z ( Z Tuj(1—2;) 4+ (1 Z L) Z xvj)—Zwvxulxug.

{uv}eE je{l1,2} je{1,2} je{1,2} veV

Let ws = d3 = 3 and for every v € {1,2,4}, let w, = d(v) = 1. Here, we have
q(z*) = 3. Now, suppose we change ws to 3 —e for some € > 0. Let & be an optimal
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solution of the modified R-QUBO with #37 = &30 = 1, and &,; = 0 for v € {1,2,4}
and j € {1,2}. Then, we have §(&) = 3 + € for the modified R-QUBO formulation.
Because (&) > g(z*), an optimal solution of the max 3-cut is not optimal for the
modified R-QUBO formulation.

4 Computational improvements

To enhance the performance of our formulations, we discuss (i) preprocessing algo-
rithms and (ii) approaches for strengthening the formulations.

4.1 Preprocessing algorithms

This section provides a short discussion on known reduction and decomposition
techniques for the max k-cut problem. First, we provide a basic definition from the
graph theory context.

Definition 1 (k-core (see e.g. Gross and Yellen, 2003)). The k-core of a graph is
the largest subgraph with all its vertex degrees at least k.

Batagelj and Zaversnik (2003) proposed an algorithm that finds the k-core of a
graph by removing vertices with degrees less than k, iteratively. This algorithm runs
in O(m). One can solve the max k-cut problem only on the k-core of a graph instead
of solving it on the original graph. The vertices that are not in the k-core can be
assigned in a post-process procedure. This procedure acts in the reverse direction of
the k-core algorithm proposed by Batagelj and Zaversnik, 2003. Then, all edges that
are not in the k-core will be cut-edges. Méndez-Diaz and Zabala (2006) employed a
similar procedure for solving the graph coloring problem. Further, one can employ
this idea to solve the max k-cut problem in time O(m) for all grid instances of G.
Wang and Hijazi (2020) with & > 2.

Further, Fairbrother et al. (2018) proposed a procedure that decomposes the
problem based on cut vertices and their corresponding biconnected components.
Definitions of cut vertices and biconnected components are explained as follows.

Definition 2 (cut vertex (see e.g. Gross and Yellen, 2003)). A vertex v € V is a
cut vertex if G[V \ {v}] has at least two components.

Definition 3 (biconnected component (see e.g. Gross and Yellen, 2003)). A bicon-
nected component @ is a maximal biconnected subgraph; i.e., a maximal subgraph
that has no cut vertex.

Now define © = (Q1,Q2,...,Q) as an ordering of biconnected components of
graph G such that each biconnected component has a common cut vertex with the
previous ones. One can find such an ordering by traversing the block tree of graph G.
Algorithm 4 returns an optimal solution of the max k-cut problem on graph G. In
this algorithm, subroutine solve(G, k,v, a,) solves the max k-cut problem on graph
G with a predefined assignment a, for vertex v. It returns an optimal assignment o*
and the optimal number of cut-edges f*. Further, subroutine modify(a*, @) modifies
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the assignment a* based on the assignment of vertices in a and returns the updated
assignment a*.

Algorithm 4 Biconnected component decomposition

Require: (G, k)
: Find an ordering of ©
a* + {0}
select v € @7 and a, € P
(a, f) < solve(G[Q1], k, v, a,)
a* + modify(a*, a)
[T 7f
forie{2,...,¢} do
v QiNQi-1
(d,f) + solve(G[Q;], k, v, ak)
a* + modify(a*, a)
fre s

: return f* and a*

_ = =
M 22

4.2 Strengthening the formulations

The objective function of the BQO formulation (4) is indefinite; i.e., formulation (4)
is a non-convex optimization model. This section discusses the convexification tech-
niques of the objective function (4a). For the ease of notation, we rewrite the BQO
formulation (4) of the max k-cut problem as the BQO formulation (26) of the min
k-partition problem which is equivalent to the max k-cut problem.

min Z XJTAXJ-7
JjEP
s.t. vaj =1, Yv eV, (26)
jepr
z,; € {0,1}, YveV, jeP,
where A is the adjacency matrix of graph G and x; € {0,1}" represents the assign-

ment vector of partition j € P. We can rewrite the objective function of the BQO
formulation (26) as follows

Z XJTAXJ' + Z (x]-Tij - dej), (27)
jep jep
where the diagonal matrix D = diag(d) for a given d € R" (Hammer and Rubin,
1970). To convexify function (27), we seek to find the diagonal matrix D such
that (i) the Hessian matrix H = A + D becomes positive semidefinite and (ii) the

relaxation of the reformulated BQO formulation (26) provides a tight bound. In
other words, we are to solve the following optimization problem.

min {Tr(D) | A+ D = 0}, (28)
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where Tr(D) is the trace of matrix D. We can analytically specify the eigenvalues
of the adjacency matrix for some graph structures such as complete graphs and
bipartite graphs, to name a few. This means that we can easily solve (28) on
such graphs. Here, we define D = —\2. T with A4, as the minimum eigenvalue
of adjacency matrix A and I as the identity matrix. To obtain A4, , we employ
power iteration method (see e.g. Anton and Rorres, 2013, section 10.3). The power
iteration method gives an eigenvalue with the maximum absolute value. Now, we

define F' := ul — A, where
n—1
U = Qm( )

n

is an upper bound for A2 (Wilf, 1967). Then, A2, = u — Al where AL is
the maximum eigenvalue of matrix F' that can be obtained by the power iteration
method.

Similarly, we can determine diagonal matrix D such that the quadratic func-

tion (27) is negative semidefinite, where D = —AA_ I. To do so, we use
/— nl|n+1)
V2 2

as a lower bound for A4, (Hong, 1993). Let us define W := A — ¢I. Then, we can
find A2, = A 4 ¢ by applying the power iteration method on matrix W.

Further, we can reformulate the BQO formulation (26) by substituting its ob-
jective function with function (27). Because objective function (27) is concave and
constraints of the BQO formulation (26) are linear, any optimal solution lies on
the boundary of the feasible set. Hence, optimal solutions of the relaxation of the
reformulated BQO formulation (4) are binary points. It should be noted that the
optimal objective value of the relaxation of the reformulated BQO formulation with
objective function (27) is not necessarily equal to the optimal objective value of the
relaxation of the BQO formulation (26).

5 Conclusion

This paper studied different formulations of the max k-cut problem that can be
solved by classic or quantum solvers. We analytically compared all the classic
linear and quadratic formulations with each other. We also proposed procedures
for converting a feasible fractional solution of the constrained quadratic formulation
to a feasible binary solution. Further, we proposed three unconstrained quadratic
formulations that quantum solvers can handle. Finally, we provided algorithms and
procedures to improve the computational performance of all formulations. In the
future, we will assess the performance of the studied formulations on an extensive
set of instances.
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