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Abstract

Recent claims on “solving” combinatorial optimization problems via quantum computers
have attracted researchers to work on quantum algorithms. The max k-cut problem is a chal-
lenging combinatorial optimization problem with multiple notorious mixed integer linear opti-
mization formulations. In this paper, we revisit the binary quadratic optimization formulation
of Carlson and Nemhauser (Operations Research, 1966) and provide theoretical and computa-
tional comparisons between di↵erent mixed integer optimization formulations of the max k-cut
problem. While no claim on “quantum advantage” is provided, we introduce quadratic uncon-
strained binary optimization (QUBO) formulations with tight penalty coe�cients. For at least
60% of test instances, the computational experiments show the superiority of the tight models
over näıve ones in terms of the quality of feasible solutions in the quantum context. We also
design quantum circuits to find feasible solutions using a quantum approximate optimization
algorithm (QAOA). A preprocessing procedure is proposed to make instances manageable for
quantum computers. In comparison to the existing fixing procedures, our proposed preprocess-
ing algorithm reduces the number of vertices and edges of some existing benchmark instances
up to 30% and 25%, respectively. Finally, we conduct an extensive set of experiments on
classical and quantum-inspired formulations. Our codes and data are available on GitHub.

Keywords: quantum computing; mixed integer optimization models; the max k-cut problem;
QUBO formulation; QAOA

1 Introduction

In 2019, Google o�cially announced that they achieved “quantum supremacy”; that is, the point
at which quantum computers can solve large-scale instances of a problem that cannot be handled
on classical computers (Preskill, 2011). They claimed that their 54-qubit Sycamore processor could
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conduct a calculation in 200 seconds while it takes 10,000 years for a powerful supercomputer to
calculate it (Arute et al., 2019). In response, IBM shed doubt on their experiments and claimed that
the calculation could be done on a classical machine in 2.5 days (Pednault et al., 2019). Recently,
Richard Borcherds, a Fields Medalist in 1998, also clarified that “comparing quantum computers
with classical ones is useless because it is biased towards quantum computers” in one of his lectures
on the theory of numbers (Borcherds, 2021).

Current quantum computers struggle to handle large instances of combinatorial optimization
problems due to the limited number of qubits and noise (Preskill, 2018). Guerreschi and Matsuura,
2019 declare that achieving quantum advantage may require several hundreds of qubits. They also
show that “solving” small instances of a combinatorial optimization problem (i.e., the max cut
problem) on quantum computers takes the same amount of time as solving larger instances of the
problem on classical ones. Furthermore, most of quantum algorithms (e.g., quantum approximate
optimization algorithm (QAOA) and variational quantum eigensolver (VQE)) provide no optimality
guarantee. Although comparing quantum computers with classical ones may not make sense, it is
still legitimate to compare classical and quantum-inspired formulations on classical and quantum
computers, respectively.

Quantum computing was born in the early 1980s with the work of Benio↵ (1980) on the quantum
mechanical model of computers. Later, Deutsch and Jozsa (1992), Shor (1994), and Grover (1996)
proposed quantum algorithms that show quantum speed-up over their classical counterparts. The
quantum speed-up comes from two fundamental principles that do not exist in the classical setting:
superposition and entanglement. While superposition helps to apply an operation on multiple states
at once, entanglement links the states to each other (Preskill, 2018). These fundamental principles
open up a new class of problems in computational complexity theory called bounded-error quantum
polynomial time (BQP) (e.g., see Nielsen and Chuang, 2011, Section 1.4.5). Quantum computers
can solve this class of problems with a bounded error in polynomial time. However, the relation
between BQP and NP is not known yet (Nielsen and Chuang, 2011). This casts doubts on the
capability of quantum computers in solving NP-hard problems. Given skeptical views on claims
about “quantum advantage” in solving NP-hard problems, it is still worth examining the boundary
of quantum machines’ capabilities in generating feasible solutions for those problems.

The max k-cut problem is among the challenging NP-hard problems (Frieze and Jerrum, 1997;
Papadimitriou and Yannakakis, 1991) with multiple notorious optimization models in the litera-
ture. To the best of our knowledge, Carlson and Nemhauser (1966) introduced a binary quadratic
optimization (BQO) formulation for the max k-cut problem to solve a scheduling problem. They
formulated the min k-partition problem that is combinatorially equivalent to the max k-cut prob-
lem; however, they are di↵erent in terms of approximability (Eisenblätter, 2002). Given a graph
G = (V, E) with edge weights w and a positive integer number k � 2, the max k-cut problem seeks
to find at most k partitions such that the weights of edges with endpoints in di↵erent partitions
are maximized. While one can employ existing optimization models to solve the problem on clas-
sical solvers, they need to convert classical models to quadratic unconstrained binary optimization
(QUBO) for solving them via some quantum algorithms like QAOA.

This paper explores the boundaries of classical and quantum machines for solving the max k-cut
problem. We first provide a brief background on the max k-cut problem and quantum computing
in Section 2. In Section 3, we provide analytical comparisons between the polytopes of existing
classical optimization formulations. In Section 4, we introduce two quadratic unconstrained binary
optimization models with tight penalty coe�cients. In Section 5, we propose preprocessing algo-
rithms to reduce the size of large-scale instances of the max k-cut problem. A set of computational
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results is provided in Section 6.

Disclaimer. We provide no computational comparison between quantum and classical solvers.
In other words, this paper neither supports nor opposes “quantum advantage”. However, we study
and assess the performance of di↵erent classical and quantum-inspired formulations on classical and
quantum machines, respectively.

2 Background

This section provides literature reviews and mathematical backgrounds for (i) solving the max k-cut
problem on classical machines and (ii) the QAOA in the quantum context.

2.1 The max k-cut problem on classical machines

The max k-cut problem is a well-known combinatorial optimization problem with a wide range of
applications, including but not limited to statistical physics (Barahona et al., 1988; De Simone et al.,
1995) and scheduling (Carlson and Nemhauser, 1966). One of the basic optimization formulations of
the max k-cut problem is an assignment-based mixed integer linear optimization (A-MILO) model
with a small number of variables and constraints. Let n := |V | and m := |E| be the number of
vertices and edges of graph G = (V, E), respectively. Furthermore, we define P := {1, . . . , k} as
the set of partitions. For every vertex v 2 V and every partition j 2 P , binary variable xvj is one
if vertex v is assigned to partition j. For every edge {u, v} 2 E, binary variable yuv is one if the
endpoints of edge {u, v} belong to di↵erent partitions.

max f(x, y) :=
X

{u,v}2E

wuvyuv (1a)

s.t.
X

j2P

xvj = 1 8v 2 V (1b)

(A-MILO) xuj � xvj  yuv 8{u, v} 2 E, j 2 P (1c)

xvj � xuj  yuv 8{u, v} 2 E, j 2 P (1d)

xuj + xvj + yuv  2 8{u, v} 2 E, j 2 P (1e)

x 2 {0, 1}
n⇥k, y 2 {0, 1}

m. (1f)

Here, objective function (1a) maximizes the total weight of cut edges. Constraints (1b) imply that
every vertex is assigned to exactly one partition. Constraints (1c) and (1d) imply that if endpoints
of an edge belong to di↵erent partitions, then it is a cut edge. Constraints (1e) imply that if the
endpoints of an edge belong to the same partition, then it cannot be a cut edge. Despite the
reasonable size of formulation (1) (O(m + kn) variables, and O(mk) constraints and non-zeros), it
su↵ers from a weak continuous relaxation and symmetry issue.

Another classical MILO formulation is a large partition-based MILO (P-MILO) formulation
with O(n2) variables and O

��
n

k+1

��
constraints (Chopra and Rao, 1993; Chopra and Rao, 1995).

Although the continuous relaxation of this formulation provides a relatively tight upper bound in
practice, classical solvers struggle to solve even medium-size instances of the max k-cut problem to
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optimality. For every pair of vertices {u, v} 2
�
V

2

�
, we define binary variable zuv as follows: zuv is

one if vertices u and v belong to the same partition.

max p(z) :=
X

{u,v}2E

wuv(1� zuv) (2a)

s.t. zuv + zvw  1 + zuw

zuw + zuv  1 + zvw

(P-MILO) zvw + zuw  1 + zuv 8{u, v, w} ✓ V (2b)
X

{u,v}2(Q2)

zuv � 1 8Q ✓ V with |Q| = k + 1 (2c)

z 2 {0, 1}
(n2). (2d)

Here, objective function (2a) maximizes the total weight of cut edges. Constraints (2b) imply that
for every set {u, v, w} ✓ V , if pairs {u, v} and {v, w} belong to a partition, then vertices u and w
also belong to the same partition. Constraints (2c) imply that vertex set V must be partitioned
into at most k partitions. Because of the large number of constraints (2c), one can add them
on-the-fly. Chopra and Rao (1995) conducted a polyhedral study on the problem and proposed
several facet-defining inequalities in the P-MILO context. They also studied A-MILO and P-MILO
formulations for the min k-cut problem and proposed multiple facet-defining inequalities in both
formulations (Chopra and Rao, 1993).

Furthermore, G. Wang and Hijazi (2020) propose a reduced P-MILO model that is constructed
as follows: (i) graph G is extended to a chordal graph, (ii) all maximal cliques of the chordal
graph are found, (iii) binary variables z are created only for the edge set of the chordal graph,
and (iv) constraints (2b)–(2c) are added only for the maximal cliques. The number of variables
in their formulation is fewer than or equal to that of the P-MILO’s model. They show that their
formulation outperforms the P-MILO formulation when the chordalized graph is sparse.

Carlson and Nemhauser (1966) proposed a BQO formulation for the max k-cut problem as
follows.

max g(x) :=
X

{u,v}2E

wuv

⇣
1�

X

j2P

xujxvj

⌘
(3a)

(BQO) s.t.
X

j2P

xvj = 1 8v 2 V (3b)

x 2 {0, 1}
n⇥k. (3c)

Here, objective function (3a) maximizes the number of cut edges, and constraints (3b) imply that
each vertex must be assigned to exactly one partition. Carlson and Nemhauser (1966) proved that
their binary assignment variables can be relaxed for finding an optimal solution. Since the BQO’s
objective function is non-convex, one can employ convexification techniques to make it convex.
Some commercial solvers (e.g., Gurobi) can handle convex (or even non-convex) binary quadratic
optimization models.

Eisenblätter (2002) developed a semidefinite formulation for the max k-cut problem and showed
that its continuous relaxation is strong. However, they declare that continuous relaxations of the
semidefinite optimization and P-MILO formulations are not comparable. As we focus on mixed
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integer formulations of the max k-cut problem and provide theoretical and computational compar-
isons between them, semidefinite optimization and mixed integer semidefinite optimization models
are not in the scope of this paper. Interested readers are encouraged to refer to Sotirov (2014),
Dam and Sotirov (2016), G. Wang and Hijazi (2020), and Lu and Deng (2021) for more details
on semidefinite optimization and mixed integer semidefinite optimization formulations of the max
k-cut problem.

2.2 The quantum approximate optimization algorithm (QAOA)

Quantum algorithms can be employed in a wide range of applications from human decision-making
in management science (Agrawal and Sharda, 2013) to solving classical optimization problems in
operations research (Dunning et al., 2018). Farhi et al. (2014) proposed a quantum approximate
optimization algorithm (QAOA) that is one of the most promising quantum algorithms for noisy
intermediate-scale quantum devices. The QAOA has the BQP complexity (Farhi and Harrow, 2016)
that makes it interesting for NP-hard problems with an unconstrained binary optimization formula-
tion. Lucas (2014) formulated several combinatorial optimization problems as QUBO formulations.
Di↵erent variants of the QAOA have been applied to the max-cut problem (Farhi et al., 2014; Z.
Wang et al., 2020). Basso et al. (2021) demonstrated the superiority of the QAOA (with 11 levels)
over classical algorithms for solving the max cut problem on large-girth d-regular graphs when d
goes to infinity. Further, Fuchs et al. (2021) directly applied the QAOA algorithm to the max k-cut
problem without discussing the unconstrained binary optimization formulation of the problem.

Apolloni et al. (1989) proposed a quantum stochastic optimization method for solving a combi-
natorial optimization problem in which a solution of the problem is encoded in a ground state of a
quantum Hamiltonian. This method is called quantum annealing (Amara et al., 1993; Finnila et al.,
1994). The quantum annealing algorithm was, in fact, a quantum-inspired version of the simulated
annealing algorithm with a better performance (Kadowaki and Nishimori, 1998). Later, Farhi et al.
(2000) and Farhi et al. (2001) proposed the quantum adiabatic algorithm that is an implementation
of quantum annealing on a quantum computer. It is also called adiabatic quantum optimization
(Reichardt, 2004). The adiabatic quantum computation starts with an initial Hamiltonian that
evolves over time. One can construct a Hamiltonian based on the QUBO formulation of the prob-
lem. A solution can be extracted from the final Hamiltonian. Aharonov et al. (2007) showed that
adiabatic quantum computation is polynomially equivalent to the circuit-based quantum model.

Initially, the QAOA was designed to tackle unconstrained binary optimization problems, partic-
ularly the maximum satisfiability problem. The QAOA starts with a quantum state |si, a superpo-
sition (combination) of all potential solutions (feasible and infeasible). The algorithm has multiple
levels. Each level of the algorithm has two types of unitary operators: (i) phase separation operator
(UP ) and (ii) mixing operator (UM ). While the phase separation operator reflects the objective
function of the problem on the amplitude of quantum states, the mixing operator is designed to
search the feasible space of the problem. Figure 1 illustrates a general scheme of the QAOA with
p levels, denoted by QAOAp (Hadfield, 2018). The last step of the algorithm is measurement: a
realization of the quantum state in a classical form.

One can construct a phase separation operator by converting the classical representation of a
Boolean objective function into its Hamiltonian. Hadfield (2018, Section 6.3) provided a general
framework for the mentioned conversion. Let f and Hf be the objective function of the problem and
its corresponding Hamiltonian, respectively. The phase separation operator is defined as UP (�) :=
e�i�Hf with � 2 [0, 2⇡] and i be the imaginary unit. Let Q be the set of qubits. For every qubit
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⋯UP (�1)
<latexit sha1_base64="JX9Ep8JC+e0o0Yuv4XvMnazWL8o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCBEhLDrRY9BLx4jmAdkl2V2MpsMmZldZ2YDYcl3ePEQEa9+jDf/xsnjoIkFDUVVN91dUcqZNq777Wxsbm3v7Bb2ivsHh0fHpZPTlk4yRWiTJDxRnQhrypmkTcMMp51UUSwiTtvR8H7mt0dUaZbIJzNOaSBwX7KYEWysFDTDRtXvYyFw6F2GpYpbc+dA68Rbkkq97F9NAaARlr78XkIyQaUhHGvd9dzUBDlWhhFOJ0U/0zTFZIj7tGupxILqIJ8fPUEXVumhOFG2pEFz9fdEjoXWYxHZToHNQK96M/E/r5uZ+DbImUwzQyVZLIozjkyCZgmgHlOUGD62BBPF7K2IDLDCxNicijYEb/XlddK6rnluzXu0adzBAgU4hzJUwYMbqMMDNKAJBJ7hBabw5oycV+fd+Vi0bjjLmTP4A+fzB47LksU=</latexit><latexit sha1_base64="mK1vO0o2v7YHpkTARgIUxiXa9vw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJFz0WvXisYNpCG8Jmu2mX7iZxd1MIof9C8OJBEa/+GG/9N24/Dtr6YODx3gwz84KEM6Vte2oVNja3tneKu6W9/YPDo/LxSUvFqSTUJTGPZSfAinIWUVczzWknkRSLgNN2MLqb+e0xlYrF0aPOEuoJPIhYyAjWRvJcv1nrDbAQ2Hcu/HLVrttzoHXiLEm1UeldPk8bWdMvf/f6MUkFjTThWKmuYyfay7HUjHA6KfVSRRNMRnhAu4ZGWFDl5fOjJ+jcKH0UxtJUpNFc/T2RY6FUJgLTKbAeqlVvJv7ndVMd3ng5i5JU04gsFoUpRzpGswRQn0lKNM8MwUQycysiQywx0SankgnBWX15nbSu6o5ddx5MGrewQBHOoAI1cOAaGnAPTXCBwBO8wBu8W2Pr1fqwPhetBWs5cwp/YH39AJg1lEs=</latexit><latexit sha1_base64="mK1vO0o2v7YHpkTARgIUxiXa9vw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJFz0WvXisYNpCG8Jmu2mX7iZxd1MIof9C8OJBEa/+GG/9N24/Dtr6YODx3gwz84KEM6Vte2oVNja3tneKu6W9/YPDo/LxSUvFqSTUJTGPZSfAinIWUVczzWknkRSLgNN2MLqb+e0xlYrF0aPOEuoJPIhYyAjWRvJcv1nrDbAQ2Hcu/HLVrttzoHXiLEm1UeldPk8bWdMvf/f6MUkFjTThWKmuYyfay7HUjHA6KfVSRRNMRnhAu4ZGWFDl5fOjJ+jcKH0UxtJUpNFc/T2RY6FUJgLTKbAeqlVvJv7ndVMd3ng5i5JU04gsFoUpRzpGswRQn0lKNM8MwUQycysiQywx0SankgnBWX15nbSu6o5ddx5MGrewQBHOoAI1cOAaGnAPTXCBwBO8wBu8W2Pr1fqwPhetBWs5cwp/YH39AJg1lEs=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="uammAO+4MoZuOEMtUW6W6Cul1qg=">AAAB6XicbZDNSgMxFIXv1L9aq1a3boJFqJsy40aXghuXFZxWaIfhTpppQ5PMmGQKpfQ53LhQxBdy59uY/iy09UDg45yEe3OSXHBjff/bK21t7+zulfcrB9XDo+PaSbVtskJTFtJMZPopQcMEVyy03Ar2lGuGMhGsk4zu5nlnzLThmXq0k5xFEgeKp5yidVYUxq1Gb4BSYhxcxrW63/QXIpsQrKAOK7Xi2levn9FCMmWpQGO6gZ/baIracirYrNIrDMuRjnDAug4VSmai6WLpGblwTp+kmXZHWbJwf7+YojRmIhN3U6IdmvVsbv6XdQub3kRTrvLCMkWXg9JCEJuReQOkzzWjVkwcINXc7UroEDVS63qquBKC9S9vQvuqGfjN4MGHMpzBOTQggGu4hXtoQQgUnuEF3uDdG3uv3seyrpK36u0U/sj7/AE8Io/h</latexit><latexit sha1_base64="uammAO+4MoZuOEMtUW6W6Cul1qg=">AAAB6XicbZDNSgMxFIXv1L9aq1a3boJFqJsy40aXghuXFZxWaIfhTpppQ5PMmGQKpfQ53LhQxBdy59uY/iy09UDg45yEe3OSXHBjff/bK21t7+zulfcrB9XDo+PaSbVtskJTFtJMZPopQcMEVyy03Ar2lGuGMhGsk4zu5nlnzLThmXq0k5xFEgeKp5yidVYUxq1Gb4BSYhxcxrW63/QXIpsQrKAOK7Xi2levn9FCMmWpQGO6gZ/baIracirYrNIrDMuRjnDAug4VSmai6WLpGblwTp+kmXZHWbJwf7+YojRmIhN3U6IdmvVsbv6XdQub3kRTrvLCMkWXg9JCEJuReQOkzzWjVkwcINXc7UroEDVS63qquBKC9S9vQvuqGfjN4MGHMpzBOTQggGu4hXtoQQgUnuEF3uDdG3uv3seyrpK36u0U/sj7/AE8Io/h</latexit><latexit sha1_base64="1PKCBq1s/o8gpsPn/z2zdm3ASyM=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmKCF9J60SPRi0dMLJBA02yXLWzY3dbdLQlp+B1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtk4yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vpv7nQlVmiXy0UxTGgg8lCxmBBsrBX7YqveHWAgcepdhteY23AXQOvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRW6WeappiM8ZD2LJVYUB3ki6Nn6MIqAxQnypY0aKH+nsix0HoqItspsBnpVW8u/uf1MhPfBDmTaWaoJMtFccaRSdA8ATRgihLDp5Zgopi9FZERVpgYm1PFhuCtvrxO2lcNz214D26teVvEUYYzOIc6eHANTbiHFvhA4Ame4RXenInz4rw7H8vWklPMnMIfOJ8/fEyRPA==</latexit><latexit sha1_base64="1PKCBq1s/o8gpsPn/z2zdm3ASyM=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmKCF9J60SPRi0dMLJBA02yXLWzY3dbdLQlp+B1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtk4yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vpv7nQlVmiXy0UxTGgg8lCxmBBsrBX7YqveHWAgcepdhteY23AXQOvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRW6WeappiM8ZD2LJVYUB3ki6Nn6MIqAxQnypY0aKH+nsix0HoqItspsBnpVW8u/uf1MhPfBDmTaWaoJMtFccaRSdA8ATRgihLDp5Zgopi9FZERVpgYm1PFhuCtvrxO2lcNz214D26teVvEUYYzOIc6eHANTbiHFvhA4Ame4RXenInz4rw7H8vWklPMnMIfOJ8/fEyRPA==</latexit><latexit sha1_base64="mK1vO0o2v7YHpkTARgIUxiXa9vw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJFz0WvXisYNpCG8Jmu2mX7iZxd1MIof9C8OJBEa/+GG/9N24/Dtr6YODx3gwz84KEM6Vte2oVNja3tneKu6W9/YPDo/LxSUvFqSTUJTGPZSfAinIWUVczzWknkRSLgNN2MLqb+e0xlYrF0aPOEuoJPIhYyAjWRvJcv1nrDbAQ2Hcu/HLVrttzoHXiLEm1UeldPk8bWdMvf/f6MUkFjTThWKmuYyfay7HUjHA6KfVSRRNMRnhAu4ZGWFDl5fOjJ+jcKH0UxtJUpNFc/T2RY6FUJgLTKbAeqlVvJv7ndVMd3ng5i5JU04gsFoUpRzpGswRQn0lKNM8MwUQycysiQywx0SankgnBWX15nbSu6o5ddx5MGrewQBHOoAI1cOAaGnAPTXCBwBO8wBu8W2Pr1fqwPhetBWs5cwp/YH39AJg1lEs=</latexit><latexit sha1_base64="mK1vO0o2v7YHpkTARgIUxiXa9vw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJFz0WvXisYNpCG8Jmu2mX7iZxd1MIof9C8OJBEa/+GG/9N24/Dtr6YODx3gwz84KEM6Vte2oVNja3tneKu6W9/YPDo/LxSUvFqSTUJTGPZSfAinIWUVczzWknkRSLgNN2MLqb+e0xlYrF0aPOEuoJPIhYyAjWRvJcv1nrDbAQ2Hcu/HLVrttzoHXiLEm1UeldPk8bWdMvf/f6MUkFjTThWKmuYyfay7HUjHA6KfVSRRNMRnhAu4ZGWFDl5fOjJ+jcKH0UxtJUpNFc/T2RY6FUJgLTKbAeqlVvJv7ndVMd3ng5i5JU04gsFoUpRzpGswRQn0lKNM8MwUQycysiQywx0SankgnBWX15nbSu6o5ddx5MGrewQBHOoAI1cOAaGnAPTXCBwBO8wBu8W2Pr1fqwPhetBWs5cwp/YH39AJg1lEs=</latexit><latexit sha1_base64="mK1vO0o2v7YHpkTARgIUxiXa9vw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJFz0WvXisYNpCG8Jmu2mX7iZxd1MIof9C8OJBEa/+GG/9N24/Dtr6YODx3gwz84KEM6Vte2oVNja3tneKu6W9/YPDo/LxSUvFqSTUJTGPZSfAinIWUVczzWknkRSLgNN2MLqb+e0xlYrF0aPOEuoJPIhYyAjWRvJcv1nrDbAQ2Hcu/HLVrttzoHXiLEm1UeldPk8bWdMvf/f6MUkFjTThWKmuYyfay7HUjHA6KfVSRRNMRnhAu4ZGWFDl5fOjJ+jcKH0UxtJUpNFc/T2RY6FUJgLTKbAeqlVvJv7ndVMd3ng5i5JU04gsFoUpRzpGswRQn0lKNM8MwUQycysiQywx0SankgnBWX15nbSu6o5ddx5MGrewQBHOoAI1cOAaGnAPTXCBwBO8wBu8W2Pr1fqwPhetBWs5cwp/YH39AJg1lEs=</latexit><latexit sha1_base64="mK1vO0o2v7YHpkTARgIUxiXa9vw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJFz0WvXisYNpCG8Jmu2mX7iZxd1MIof9C8OJBEa/+GG/9N24/Dtr6YODx3gwz84KEM6Vte2oVNja3tneKu6W9/YPDo/LxSUvFqSTUJTGPZSfAinIWUVczzWknkRSLgNN2MLqb+e0xlYrF0aPOEuoJPIhYyAjWRvJcv1nrDbAQ2Hcu/HLVrttzoHXiLEm1UeldPk8bWdMvf/f6MUkFjTThWKmuYyfay7HUjHA6KfVSRRNMRnhAu4ZGWFDl5fOjJ+jcKH0UxtJUpNFc/T2RY6FUJgLTKbAeqlVvJv7ndVMd3ng5i5JU04gsFoUpRzpGswRQn0lKNM8MwUQycysiQywx0SankgnBWX15nbSu6o5ddx5MGrewQBHOoAI1cOAaGnAPTXCBwBO8wBu8W2Pr1fqwPhetBWs5cwp/YH39AJg1lEs=</latexit><latexit sha1_base64="1PKCBq1s/o8gpsPn/z2zdm3ASyM=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmKCF9J60SPRi0dMLJBA02yXLWzY3dbdLQlp+B1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtk4yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vpv7nQlVmiXy0UxTGgg8lCxmBBsrBX7YqveHWAgcepdhteY23AXQOvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRW6WeappiM8ZD2LJVYUB3ki6Nn6MIqAxQnypY0aKH+nsix0HoqItspsBnpVW8u/uf1MhPfBDmTaWaoJMtFccaRSdA8ATRgihLDp5Zgopi9FZERVpgYm1PFhuCtvrxO2lcNz214D26teVvEUYYzOIc6eHANTbiHFvhA4Ame4RXenInz4rw7H8vWklPMnMIfOJ8/fEyRPA==</latexit>

UP (�p)
<latexit sha1_base64="/vGbX8msJ5Da1x1bcXdYJNq3O6I=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5stCTaWGLiAQlcLnvLHmzY3Tt390gI4XfYWGiMraW1v8HOH2Lv8lEo+JJJXt6bycy8KOVMG9f9cnIrq2vrG/nNwtb2zu5ecf+grpNMEeqThCeqGWFNOZPUN8xw2kwVxSLitBH1ryd+Y0CVZom8M8OUBgJ3JYsZwcZKgR/Wyu0uFgKH6VlYLLkVdwq0TLw5KVVPvt8/AKAWFj/bnYRkgkpDONa65bmpCUZYGUY4HRfamaYpJn3cpS1LJRZUB6Pp0WN0apUOihNlSxo0VX9PjLDQeigi2ymw6elFbyL+57UyE18GIybTzFBJZovijCOToEkCqMMUJYYPLcFEMXsrIj2sMDE2p4INwVt8eZnUzyueW/FubRpXMEMejuAYyuDBBVThBmrgA4F7eIAneHYGzqPz4rzOWnPOfOYQ/sB5+wGmd5RK</latexit><latexit sha1_base64="rGh0VW9UCoxx/JdJZY4TUVSYGqw=">AAAB9HicbVC7TsNAEFyHV0h4BChpLAJSaCKbBsoIGsog4SRSYlnnyzk55e5s7s6RIivfQUMBQrSU/AB/QMeHQM3lUUDCSCuNZna1uxMmjCrtOJ9WbmV1bX0jv1kobm3v7Jb29hsqTiUmHo5ZLFshUoRRQTxNNSOtRBLEQ0aa4eBq4jeHRCoai1s9SojPUU/QiGKkjeR7Qb3S6SHOUZCcBqWyU3WmsJeJOyfl2vHX2/uw+F0PSh+dboxTToTGDCnVdp1E+xmSmmJGxoVOqkiC8AD1SNtQgThRfjY9emyfGKVrR7E0JbQ9VX9PZIgrNeKh6eRI99WiNxH/89qpji78jIok1UTg2aIoZbaO7UkCdpdKgjUbGYKwpOZWG/eRRFibnAomBHfx5WXSOKu6TtW9MWlcwgx5OIQjqIAL51CDa6iDBxju4B4e4ckaWg/Ws/Uya81Z85kD+APr9QefF5XE</latexit><latexit sha1_base64="rGh0VW9UCoxx/JdJZY4TUVSYGqw=">AAAB9HicbVC7TsNAEFyHV0h4BChpLAJSaCKbBsoIGsog4SRSYlnnyzk55e5s7s6RIivfQUMBQrSU/AB/QMeHQM3lUUDCSCuNZna1uxMmjCrtOJ9WbmV1bX0jv1kobm3v7Jb29hsqTiUmHo5ZLFshUoRRQTxNNSOtRBLEQ0aa4eBq4jeHRCoai1s9SojPUU/QiGKkjeR7Qb3S6SHOUZCcBqWyU3WmsJeJOyfl2vHX2/uw+F0PSh+dboxTToTGDCnVdp1E+xmSmmJGxoVOqkiC8AD1SNtQgThRfjY9emyfGKVrR7E0JbQ9VX9PZIgrNeKh6eRI99WiNxH/89qpji78jIok1UTg2aIoZbaO7UkCdpdKgjUbGYKwpOZWG/eRRFibnAomBHfx5WXSOKu6TtW9MWlcwgx5OIQjqIAL51CDa6iDBxju4B4e4ckaWg/Ws/Uya81Z85kD+APr9QefF5XE</latexit><latexit sha1_base64="eMWCnFb0WsXFofPv958fCxFz0KA=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmKCF9J60SPRi0dMLJBA02yXLWzY3dbdLQlp+B1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtk4yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vpv7nQlVmiXy0UxTGgg8lCxmBBsrBX7YqveHWAgcppdhteY23AXQOvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRW6WeappiM8ZD2LJVYUB3ki6Nn6MIqAxQnypY0aKH+nsix0HoqItspsBnpVW8u/uf1MhPfBDmTaWaoJMtFccaRSdA8ATRgihLDp5Zgopi9FZERVpgYm1PFhuCtvrxO2lcNz214D26teVvEUYYzOIc6eHANTbiHFvhA4Ame4RXenInz4rw7H8vWklPMnMIfOJ8/3AeRew==</latexit>

UM (�p)
<latexit sha1_base64="RbNzO28A/gSQNqUuhiDc4YPvfPE=">AAAB83icbVC7SgNBFL3rM8ZX1NJmMAqxCbs2WgZtbIQI5gHZZZmdzCZDZmeHmVkhLPkNGwtFbG2t/QY7P8TeyaPQxAMXDufcy733RJIzbVz3y1laXlldWy9sFDe3tnd2S3v7TZ1mitAGSXmq2hHWlDNBG4YZTttSUZxEnLaiwdXYb91TpVkq7sxQ0iDBPcFiRrCxkt8Ibyp+RA0O5WlYKrtVdwK0SLwZKdeOv98/AKAelj79bkqyhApDONa647nSBDlWhhFOR0U/01RiMsA92rFU4ITqIJ/cPEInVumiOFW2hEET9fdEjhOth0lkOxNs+nreG4v/eZ3MxBdBzoTMDBVkuijOODIpGgeAukxRYvjQEkwUs7ci0scKE2NjKtoQvPmXF0nzrOq5Ve/WpnEJUxTgEI6gAh6cQw2uoQ4NICDhAZ7g2cmcR+fFeZ22LjmzmQP4A+ftB9xMk9Y=</latexit><latexit sha1_base64="+U4NS2qlIAZA63/dpVPvC4yfT60=">AAAB83icbVC7SgNBFL0bXzHxEbW0GYxCbMKujZZBGxshgpsEsssyO5lNhszOLjOzgRDyGzYWitja+gP+gZ0forWTR6GJBy4czrmXe+8JU86Utu1PK7eyura+kd8sFLe2d3ZLe/sNlWSSUJckPJGtECvKmaCuZprTViopjkNOm2H/auI3B1Qqlog7PUypH+OuYBEjWBvJc4ObihdSjYP0NCiV7ao9BVomzpyUa8dfb++D4nc9KH14nYRkMRWacKxU27FT7Y+w1IxwOi54maIpJn3cpW1DBY6p8kfTm8foxCgdFCXSlNBoqv6eGOFYqWEcms4Y655a9Cbif14709GFP2IizTQVZLYoyjjSCZoEgDpMUqL50BBMJDO3ItLDEhNtYiqYEJzFl5dJ46zq2FXn1qRxCTPk4RCOoAIOnEMNrqEOLhBI4R4e4cnKrAfr2XqZteas+cwB/IH1+gPU7JVQ</latexit><latexit sha1_base64="+U4NS2qlIAZA63/dpVPvC4yfT60=">AAAB83icbVC7SgNBFL0bXzHxEbW0GYxCbMKujZZBGxshgpsEsssyO5lNhszOLjOzgRDyGzYWitja+gP+gZ0forWTR6GJBy4czrmXe+8JU86Utu1PK7eyura+kd8sFLe2d3ZLe/sNlWSSUJckPJGtECvKmaCuZprTViopjkNOm2H/auI3B1Qqlog7PUypH+OuYBEjWBvJc4ObihdSjYP0NCiV7ao9BVomzpyUa8dfb++D4nc9KH14nYRkMRWacKxU27FT7Y+w1IxwOi54maIpJn3cpW1DBY6p8kfTm8foxCgdFCXSlNBoqv6eGOFYqWEcms4Y655a9Cbif14709GFP2IizTQVZLYoyjjSCZoEgDpMUqL50BBMJDO3ItLDEhNtYiqYEJzFl5dJ46zq2FXn1qRxCTPk4RCOoAIOnEMNrqEOLhBI4R4e4cnKrAfr2XqZteas+cwB/IH1+gPU7JVQ</latexit><latexit sha1_base64="bHnZe0O/b2OeW0AUAdWT7S5ktl8=">AAAB83icbVBNS8NAEN34WetX1aOXxSLUS0m86LHoxYtQwbSFJoTNdtIu3WyW3Y1QQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF0vOtHHdb2dtfWNza7uyU93d2z84rB0dd3SWKwo+zXimejHRwJkA3zDDoScVkDTm0I3HtzO/+wRKs0w8momEMCVDwRJGibFS4Ef3jSAGQyJ5EdXqbtOdA68SryR1VKId1b6CQUbzFIShnGjd91xpwoIowyiHaTXINUhCx2QIfUsFSUGHxfzmKT63ygAnmbIlDJ6rvycKkmo9SWPbmRIz0sveTPzP6+cmuQ4LJmRuQNDFoiTn2GR4FgAeMAXU8IklhCpmb8V0RBShxsZUtSF4yy+vks5l03Ob3oNbb92UcVTQKTpDDeShK9RCd6iNfESRRM/oFb05ufPivDsfi9Y1p5w5QX/gfP4AEeuRBw==</latexit>

UM (�1)
<latexit sha1_base64="AKXtjw7maoLh7OgJbwKoyTfYReU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69hBahIpTEix6LXrwIFUxbaELYbDft0s0m7E6EUvo3vHiwiFf/jDf/jduPg7Y+GHi8N8PMvCgTXKPjfFuFjc2t7Z3ibmlv/+DwqHx80tJprijzaCpS1YmIZoJL5iFHwTqZYiSJBGtHw7uZ335mSvNUPuEoY0FC+pLHnBI0ku+FDzU/YkhC9yIsV526M4e9TtwlqTYq/uUUAJph+cvvpTRPmEQqiNZd18kwGBOFnAo2Kfm5ZhmhQ9JnXUMlSZgOxvObJ/a5UXp2nCpTEu25+ntiTBKtR0lkOhOCA73qzcT/vG6O8U0w5jLLkUm6WBTnwsbUngVg97hiFMXIEEIVN7fadEAUoWhiKpkQ3NWX10nrqu46dffRpHELCxThDCpQAxeuoQH30AQPKGTwAm8wtXLr1Xq3PhatBWs5cwp/YH3+AMSgklE=</latexit><latexit sha1_base64="t+Gxpne7U5Ke3dPxvO1b+J9e9bY=">AAAB83icbVBNS8NAEN34WetX1aOXpUWoCCXxoseiFy9CBdMWmhA22027dLMJuxMhhP4L8eJBEa/+GW/9N24/Dtr6YODx3gwz88JUcA22PbHW1jc2t7ZLO+Xdvf2Dw8rRcVsnmaLMpYlIVDckmgkumQscBOumipE4FKwTjm6nfueJKc0T+Qh5yvyYDCSPOCVgJM8N7uteyIAEznlQqdkNewa8SpwFqTWr3sXzpJm3gsq3109oFjMJVBCte46dgl8QBZwKNi57mWYpoSMyYD1DJYmZ9ovZzWN8ZpQ+jhJlSgKeqb8nChJrnceh6YwJDPWyNxX/83oZRNd+wWWaAZN0vijKBIYETwPAfa4YBZEbQqji5lZMh0QRCiamsgnBWX55lbQvG47dcB5MGjdojhI6RVVURw66Qk10h1rIRRSl6AW9oXcrs16tD+tz3rpmLWZO0B9YXz/OCpPX</latexit><latexit sha1_base64="t+Gxpne7U5Ke3dPxvO1b+J9e9bY=">AAAB83icbVBNS8NAEN34WetX1aOXpUWoCCXxoseiFy9CBdMWmhA22027dLMJuxMhhP4L8eJBEa/+GW/9N24/Dtr6YODx3gwz88JUcA22PbHW1jc2t7ZLO+Xdvf2Dw8rRcVsnmaLMpYlIVDckmgkumQscBOumipE4FKwTjm6nfueJKc0T+Qh5yvyYDCSPOCVgJM8N7uteyIAEznlQqdkNewa8SpwFqTWr3sXzpJm3gsq3109oFjMJVBCte46dgl8QBZwKNi57mWYpoSMyYD1DJYmZ9ovZzWN8ZpQ+jhJlSgKeqb8nChJrnceh6YwJDPWyNxX/83oZRNd+wWWaAZN0vijKBIYETwPAfa4YBZEbQqji5lZMh0QRCiamsgnBWX55lbQvG47dcB5MGjdojhI6RVVURw66Qk10h1rIRRSl6AW9oXcrs16tD+tz3rpmLWZO0B9YXz/OCpPX</latexit><latexit sha1_base64="1Js/EP0m6sE6HRmBhUgs3xoj5FE=">AAAB83icbVBNS8NAEJ34WetX1aOXYBHqpSRe9Fj04kWoYNpCE8Jmu2mXbjZhdyKU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmRZngGh3n21pb39jc2q7sVHf39g8Oa0fHHZ3mijKPpiJVvYhoJrhkHnIUrJcpRpJIsG40vp353SemNE/lI04yFiRkKHnMKUEj+V543/AjhiR0L8Ja3Wk6c9irxC1JHUq0w9qXP0hpnjCJVBCt+66TYVAQhZwKNq36uWYZoWMyZH1DJUmYDor5zVP73CgDO06VKYn2XP09UZBE60kSmc6E4EgvezPxP6+fY3wdFFxmOTJJF4viXNiY2rMA7AFXjKKYGEKo4uZWm46IIhRNTFUTgrv88irpXDZdp+k+OPXWTRlHBU7hDBrgwhW04A7a4AGFDJ7hFd6s3Hqx3q2PReuaVc6cwB9Ynz+yIZDI</latexit>

⋮ ⋮

|si1
<latexit sha1_base64="kbU+l1erv8f4VqhxGg3FKSgq5FY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS/2R6mqqh5H2vX625dXcOskq8gtSgQLNf/eoNEpbFXCGT1Bjfc1MMcqpRMMmnlV5meErZmA65b6miMTdBPj95Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP88P8PoOsiFSjPkii0WRZkkmJDZ/2QgNGcoJ5ZQpoW9lbAR1ZShTaliQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACBgk8wyu8Oei8OO/Ox6K15BQzx/AHzucPSLmRPA==</latexit><latexit sha1_base64="kbU+l1erv8f4VqhxGg3FKSgq5FY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS/2R6mqqh5H2vX625dXcOskq8gtSgQLNf/eoNEpbFXCGT1Bjfc1MMcqpRMMmnlV5meErZmA65b6miMTdBPj95Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP88P8PoOsiFSjPkii0WRZkkmJDZ/2QgNGcoJ5ZQpoW9lbAR1ZShTaliQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACBgk8wyu8Oei8OO/Ox6K15BQzx/AHzucPSLmRPA==</latexit><latexit sha1_base64="kbU+l1erv8f4VqhxGg3FKSgq5FY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS/2R6mqqh5H2vX625dXcOskq8gtSgQLNf/eoNEpbFXCGT1Bjfc1MMcqpRMMmnlV5meErZmA65b6miMTdBPj95Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP88P8PoOsiFSjPkii0WRZkkmJDZ/2QgNGcoJ5ZQpoW9lbAR1ZShTaliQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACBgk8wyu8Oei8OO/Ox6K15BQzx/AHzucPSLmRPA==</latexit><latexit sha1_base64="kbU+l1erv8f4VqhxGg3FKSgq5FY=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS/2R6mqqh5H2vX625dXcOskq8gtSgQLNf/eoNEpbFXCGT1Bjfc1MMcqpRMMmnlV5meErZmA65b6miMTdBPj95Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP88P8PoOsiFSjPkii0WRZkkmJDZ/2QgNGcoJ5ZQpoW9lbAR1ZShTaliQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACBgk8wyu8Oei8OO/Ox6K15BQzx/AHzucPSLmRPA==</latexit>

|sin
<latexit sha1_base64="2vqik+bFzrVGWdDTp1X8RDT/35M=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS/2R6mqqh5H3Vr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHpS2ReQ==</latexit><latexit sha1_base64="2vqik+bFzrVGWdDTp1X8RDT/35M=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS/2R6mqqh5H3Vr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHpS2ReQ==</latexit><latexit sha1_base64="2vqik+bFzrVGWdDTp1X8RDT/35M=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS/2R6mqqh5H3Vr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHpS2ReQ==</latexit><latexit sha1_base64="2vqik+bFzrVGWdDTp1X8RDT/35M=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS/2R6mqqh5H3Vr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHpS2ReQ==</latexit>
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level p

Figure 1: The QAOAp quantum circuit (see Hadfield, 2018, Figure 5.1).

j 2 Q, let Xj be the basic Pauli gate X applied to qubit j. Then we define B :=
P

j2Q
Xj . Finally,

the mixing operator can be written as UM (�) := e�i�B with � 2 [0, 2⇡] and i be the imaginary
unit.

Farhi et al. (2014) proved that the QAOA converges to an optimal solution if (i) the number
of levels goes to infinity, and (ii) the pair of parameters (�, �) are globally optimal in the circuit.
However, determining these parameters is a challenging task in practice. Researchers usually employ
existing derivative-free methods (e.g., COBYLA and Nelder-Mead) for finding parameters � and
� (Z. Wang et al., 2018; Guerreschi and Matsuura, 2019; Zhou et al., 2020). Sack and Serbyn (2021)
developed an initialization method to prevent trapping in locally optimal parameters for the max cut
problem. Wurtz and Lykov (2021) provided computational evidence on the e�ciency of fixed values
of parameters for the max cut problem on regular graphs. Medvidović and Carleo (2021) proposed
a simulation method for finding optimal parameters � and �. Harrigan et al. (2021) showed that
solving non-hardware-native problems (e.g., the max cut problem on non-planar graphs) via the
QAOA is a challenging task as they need “extensive compilation” on real quantum machines.

3 Classical Models: A Theoretical Comparison

In this section, we provide analytical comparisons between BQO and MILO formulations. For
analysis purposes, we introduce y variables to the BQO formulation (3): for every edge {u, v} 2 E,
yuv equals one if {u, v} is a cut edge.

yuv = 1�
X

j2P

xujxvj 8{u, v} 2 E. (4)

Furthermore, we define the polytope of the BQO formulation as follows.

RBQO :=
n

(x, y) 2 [0, 1]n⇥k
⇥ Rm

��� (x, y) satisfies constraints (3b) and (4)
o

.

The following remark shows that we do not need to impose 0-1 bounds on variables y.

Remark 1. Constraints y 2 [0, 1]m are implied by the BQO formulation (3) and constraints (4).

Proof. Consider a point (x̂, ŷ) 2 RBQO. For every edge {u, v} 2 E, we have

ŷuv = 1�
X

j2P

x̂uj x̂vj � 1�
X

j2P

x̂uj = 1� 1 = 0.
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Here, the first equality holds by constraints (4). The inequality holds because for every partition
j 2 P , we have xvj  1. The second equality holds by constraints (3b). Furthermore, we have

ŷuv = 1�
X

j2P

x̂uj x̂vj  1� 0 = 1.

Here, the first equality holds by constraints (4). The inequality holds because for every partition
j 2 P , we have xuj � 0 and xvj � 0. This finishes the proof.

For every n 2 Z++, we define [n] := {1, . . . , n}. For every set S, we employ
�
S

2

�
to denote all

subsets of S with size 2. First, we prove Lemma 1 that will be used in our further analyses.

Lemma 1. Let a 2 [0, 1]n with n � 2. Then, we have

1�
X

i2[n]

ai +
X

{i,j}2([n]
2 )

aiaj � 0. (5)

Proof. We prove the claim by induction. First, we show that the inequality holds for the base case
n = 2. So, we have

1� a1 � a2 + a1a2 = (1� a1)(1� a2) � 0. (6)

Here, the inequality holds because for every i 2 {1, 2}, we have 1� ai � 0.
Now suppose that inequality (5) holds for n = s � 2 (induction hypothesis). It su�ces to show

that it also holds for n = s + 1.

0 
⇣
1�

X

i2[s]

ai +
X

{i,j}2([s]2 )

aiaj

⌘
(1� as+1) (7a)

= 1�
X

i2[s+1]

ai +
X

{i,j}2([s+1]
2 )

aiaj � as+1

X

{i,j}2([s]2 )

aiaj (7b)

 1�
X

i2[s+1]

ai +
X

{i,j}2([s+1]
2 )

aiaj . (7c)

Here, inequality (7a) holds by induction hypothesis and because 1�as+1 � 0. Inequality (7c) holds
because �as+1

P

{i,j}2([s]2 )
aiaj  0. This completes the proof.

Now we define the polytope of the A-MILO formulation (1) as follows.

RA-MILO :=
n

(x, y) 2 [0, 1]n⇥k
⇥ [0, 1]m

��� (x, y) satisfies constraints (1b)–(1e)
o

.

Proposition 1 shows that the continuous relaxation of the BQO model is stronger than that of
the A-MILO model.

Proposition 1. RBQO ⇢ RA-MILO.
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Proof. Let point (x̂, ŷ) 2 RBQO. First, we are to show that (x̂, ŷ) 2 RA-MILO. We show that (x̂, ŷ)
satisfies constraints (1c). For every edge {u, v} 2 E and every partition j 2 P , we have

ŷuv = 1�
X

i2P

x̂uix̂vi (8a)

=
X

i2P

x̂ui �

X

i2P

x̂uix̂vi (8b)

= x̂uj +
X

i2P\{j}

x̂ui � x̂uj x̂vj �

X

i2P\{j}

x̂uix̂vi (8c)

� x̂uj +
X

i2P\{j}

x̂ui � x̂vj �

X

i2P\{j}

x̂uix̂vi (8d)

= x̂uj � x̂vj +
X

i2P\{j}

x̂ui(1� x̂vi) (8e)

� x̂uj � x̂vj . (8f)

Here, equality (8a) holds by constraints (4). Equality (8b) follows from constraint (3b). Inequal-
ity (8d) holds because x̂uj  1. Inequality (8f) holds because

P
i2P\{j} x̂ui(1� x̂vi) � 0. Similarly,

one can show that (x̂, ŷ) satisfies constraints (1d).
Finally, we show that (x̂, ŷ) satisfies constraints (1e). For every edge {u, v} 2 E and every

partition j 2 P , we have

ŷuv = 1�
X

i2P

x̂uix̂vi (9a)

= 1� x̂uj x̂vj �

X

i2P\{j}

x̂uix̂vi (9b)

= 2� 1� x̂uj x̂vj �

X

i2P\{j}

x̂uix̂vi (9c)

= 2� (1 + x̂uj x̂vj)�
X

i2P\{j}

x̂uix̂vi (9d)

 2� (x̂uj + x̂vj)�
X

i2P\{j}

x̂uix̂vi (9e)

 2� (x̂uj + x̂vj). (9f)

Here, equality (9a) holds by constraints (4). Inequality (9e) holds by inequality (6) in Lemma 1.
Furthermore, inequality (9f) follows from inequality

P
i2P\{j}

x̂uix̂vi � 0.

Now, we are to show that there exists a point (x̂, ŷ) 2 RA-MILO such that (x̂, ŷ) 62 RBQO. For
every v 2 V , let x̂v1 = x̂v2 = 0.5. For every vertex v 2 V and every partition j 2 {3, 4, . . . , k},
we define x̂vj = 0. Furthermore, for every edge {u, v} 2 E, we define ŷuv = 1. So, point (x̂, ŷ) 2
RA-MILO \ RBQO because (x̂, ŷ) violates constraints (4). Thus, the proof is complete.

Now we introduce a reduced variant of the BQO formulation: R-BQO. In this model, the
number of variables are reduced by n. For every vertex v 2 V and partition k 2 P (the last
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partition), we define

xvk := 1�
X

j2P\{k}

xvj . (10)

For analysis purposes, we write the reduced BQO (R-BQO) formulation as follows.

max
X

{u,v}2E

wuv

h
1�

X

j2P\{k}

xujxvj �

⇣
1�

X

j2P\{k}

xuj

⌘⇣
1�

X

j2P\{k}

xvj

⌘i
(11a)

(R-BQO) s.t.
X

j2P\{k}

xvj  1 8v 2 V (11b)

x 2 {0, 1}
n⇥(k�1). (11c)

It should be noted that for every vertex v 2 V , we have xvk 2 {0, 1}. We also define the polytope
of the R-BQO formulation (11) as follows.

RR-BQO :=
n

(x, y) 2 [0, 1]n⇥k
⇥ Rm

��� (x, y) satisfies constraints (11b), (10), and (4)
o

.

Corollary 1 highlights the relationship between projections of the continuous relaxations of BQO,
R-BQO and A-MILO formulations on the x space.

Corollary 1. proj
x

RR-BQO = proj
x

RBQO = proj
x

RA-MILO.

Proof. The first equality is straightforward. The second equality holds by Proposition 1 and the
fact that any x that satisfies constraints (1b)–(1e) of the A-MILO formulation also satisfies con-
straints (3b) in the BQO formulation (3).

To conduct a theoretical comparison between polytopes of the BQO and P-MILO formulations,
we lift the dimensionality of the BQO formulation by introducing new z variables.

zuv :=
X

j2P

xujxvj , 8{u, v} 2

✓
V

2

◆
. (12)

We call the lifted polytope of the RBQO as R
+

BQO
.

R
+

BQO
:=

n
(x, y, z) 2 [0, 1]n⇥k

⇥ Rm
⇥ R(n2)

��� (x, y) 2 RBQO and z satisfies (12)
o

.

We also define the polytope of the P-MILO formulation as follows.

RP-MILO :=
n

z 2 [0, 1](
n
2)
��� z satisfies constraints (2b)–(2c)

o
.

We show that the continuous relaxation of a projection of the lifted BQO formulation on the z
space is stronger than that of the P-MILO formulation.

Proposition 2. proj
z
R

+

BQO
⇢ RP-MILO for n > k.
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Proof. Consider a point (x̂, ŷ, ẑ) 2 R
+

BQO
. We are to show that ẑ 2 RP-MILO. For every set

{u, v, w} ✓ V , we show that point ẑ satisfies constraints (2b).

ẑuv + ẑvw =
X

j2P

x̂uj x̂vj +
X

j2P

x̂vj x̂wj (13a)

=
X

j2P

x̂vj(x̂uj + x̂wj) (13b)



X

j2P

x̂vj(1 + x̂uj x̂wj) (13c)

=
X

j2P

x̂vj +
X

j2P

x̂vj(x̂uj x̂wj) (13d)

= 1 +
X

j2P

x̂vj(x̂uj x̂wj) (13e)

 1 +
X

j2P

x̂uj x̂wj (13f)

= 1 + ẑuw. (13g)

Here, equality (13a) holds by definition (12). Inequality (13c) holds by inequality (6) in Lemma 1.
Equality (13e) holds by constraints (3b). Inequality (13f) holds by the fact that x̂vj  1. Equal-
ity (13g) holds by definition (12).

Furthermore, we show that point ẑ satisfies constraints (2c). For every vertex set Q ✓ V with
|Q| = k + 1, we have

X

{u,v}2(Q2)

ẑuv =
X

{u,v}2(Q2)

X

j2P

x̂uj x̂vj (14a)

=
X

j2P

⇣ X

{u,v}2(Q2)

x̂uj x̂vj

⌘
(14b)

�

X

j2P

⇣X

u2Q

x̂uj � 1
⌘

(14c)

=
X

u2Q

X

j2P

x̂uj � k (14d)

= k + 1� k = 1. (14e)

Here, equality (14a) holds by definition (12). Inequality (14c) holds by Lemma 1. Equality (14e)
holds by constraints (3b) and because |Q| = k + 1.

Finally, for every {u, v} 2
�
V

2

�
, we show that 0  ẑuv  1. Because for every vertex v 2 V and

every partition j 2 P we have x̂vj � 0, it follows that ẑuv � 0. For every {u, v} 2
�
V

2

�
, we show

that ẑuv  1.

ẑuv =
X

j2P

x̂uj x̂vj 

X

j2P

x̂uj = 1.

Here, the first equality holds by definition (12). The inequality holds because x̂vj  1 for every
vertex v 2 V and every partition j 2 P . The last equality holds by constraints (3b). This implies
that proj

z
R

+

BQO
✓ RP-MILO.
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Now we show that the inclusion is strict for any non-trivial instance of the max k-cut problem
with n > k. For every {u, v} 2

�
V

2

�
, we define ẑuv as a point that belongs to the polytope of the

P-MILO formulation; that is, ẑ 2 RP-MILO.

ẑuv :=
2

k(k + 1)
.

For every vertex v 2 V , let xv 2 [0, 1]k be the assignment vector of vertex v. By definition (12), we
have

ẑuv = x̂
T

u
x̂v = kx̂uk2kx̂vk2 cos ✓̂uv. (15)

By constraints (3b), we have kx̂vk1 = 1. Then for every vertex v 2 V , we have

1
p

k
 kx̂vk2  1. (16)

Here, the first inequality holds because kx̂vk2 reaches its minimum when x̂vj = 1/k for every partition
j 2 P . The second inequality holds because kx̂vk2  kx̂vk1 = 1.

By lines (15) and (16), we have

2

k(k + 1)
 cos ✓̂uv 

2

k + 1
.

For every {u, v} 2
�
V

2

�
, this implies that we have the following relations because k � 2.

48� < arccos
n 2

k + 1

o
 ✓̂uv  arccos

n 2

k(k + 1)

o
< 90�. (17)

Because all vectors x̂v are in the positive orthant and n > k, there are vectors x̂a and x̂b with
✓̂ab  45�. However, this contradicts the first inequality of (17). So, there is no feasible solution of
the BQO formulation that satisfies definition (12). This completes the proof.

Now we provide a comparison between A-MILO and P-MILO formulations. First, we define the
lifted polytope of the A-MILO formulation in (x, y, z) space.

R
+

A-MILO
:=

n
(x, y, z) 2 [0, 1]n⇥k

⇥ [0, 1]m ⇥ [0, 1](
n
2)
��� (x, y) 2 RA-MILO and z satisfies (12)

o
.

Theorem 1 shows that the continuous relaxation of the A-MILO formulation is stronger than
the continuous relaxation of the P-MILO formulation under mapping (12). Our result is di↵erent
from that of Fairbrother and Letchford (2017) who studied a projection of the P-MILO formu-
lation on a subspace of the A-MILO formulation. Further, it is di↵erent from the result of Alès
and Knippel (2020) who provided a comparison between two extended P-MILO formulations with
“representative” variables.

Theorem 1. proj
z
R

+

A-MILO
⇢ RP-MILO for n > k.

Proof. The proof follows by proj
x

R
+

BQO
= proj

x
RBQO = proj

x
RA-MILO = proj

x
R

+

A-MILO
(Corol-

lary 1) and proj
z
R

+

BQO
⇢ RP-MILO (Proposition 2).

G. Wang and Hijazi (2020) show that their RP-MILO model is as strong as the projection
of the P-MILO model on the edges of an extended chordal graph. Further, their computational
experiments show the computational superiority of their RP-MILO formulation on chordal graphs.

11



4 Quadratic Unconstrained Binary Optimization Models

The max k-cut problem can be solved on a quantum machine by formulating the problem as an
unconstrained binary optimization formulation. One can move constraints of a mixed integer opti-
mization model of the max k-cut problem to the objective function and penalize them accordingly.
Padberg (1989) conducted a polyhedral study on a general form of the QUBO model for the max
cut problem and its näıve MILO continuous relaxation. Butenko (2003) proposed a QUBO formu-
lation for the maximum independent set problem. Dunning et al. (2018) conducted an extensive set
of experiments to evaluate the performance of di↵erent heuristic algorithms for solving the max cut
with QUBO formulation. Quintero et al. (2022) proposed a QUBO formulation for the maximum
k-colorable subgraph problem.

We choose to reformulate the BQO model as a quadratic unconstrained binary optimization
(QUBO) model because of the following reasons:

(i) the BQO model has the least number of variables, which is equal to the number of qubits in
quantum circuits;

(ii) the BQO model has the least number of constraints that directly a↵ect the number of gates
in quantum circuits;

(iii) the BQO model has no inequality constraint; so, its constraints can be penalized without
introducing any auxiliary variable; and

(iv) the quantum approximate optimization algorithm (QAOA) can handle QUBO models.

We first provide some notations. We define edge subsets E� :=
�
{u, v} 2 E | wuv < 0

 
and

E+ :=
�
{u, v} 2 E | wuv > 0

 
. For every vertex v, we also define the following notations.

N+

G
(v) :=

n
u 2 NG(v)

�� wuv > 0
o

, and N�
G

(v) :=
n

u 2 NG(v)
�� wuv < 0

o
,

d+

v
:=

X

u2N
+
G (v)

wuv, and d�
v

:=
X

u2N
�
G (v)

wuv. (18)

We propose two quadratic unconstrained binary optimization formulations. These formulations
generalize the existing QUBO model for the max cut problem in which k = 2. We first propose a
QUBO model inferred from the BQO model. In other words, we move constraints (3b) of the BQO
formulation to the objective function and penalize them by a vector c 2 Rn

+
. Our proposed QUBO

model is as follows.

(QUBO) max
x2{0,1}n⇥k

q(x) :=
X

{u,v}2E

wuv

⇣
1�

X

j2P

xujxvj

⌘
�

X

v2V

cv

⇣X

j2P

xvj � 1
⌘2

. (19)

An optimal solution of the QUBO formulation (19) is not necessarily a feasible solution of the
max k-cut problem. We propose Algorithm 1 that converts any binary point x̂ 2 {0, 1}

n⇥k to a
feasible solution of the max k-cut problem. In this algorithm, vertex sets I0 and I1 represent the
set of vertices with no assigned partition and multiple assigned partitions, respectively. The while
loop assigns vertices with the same multiple assignments to a partition that locally maximizes the
objective function over their incident edges with negative weights. Lines 5–15 runs in O(knm). The
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Algorithm 1 Conversion of a binary infeasible solution of the BQO model to a feasible solution

Require: (G, x̂, P )

1: let I0 :=
n

v 2 V
�� P

j2P

x̂vj = 0
o

2: let I1 :=
n

v 2 V
�� P

j2P

x̂vj > 1
o

3: x̄ x̂
4: ` 1
5: while I1 6= ? do

6: let a 2 I1

7: C` :=
�
u 2 I1 | x̂uj = x̂aj , 8j 2 P

 

8: E` :=
�
{u, v} 2 E�

| {u, v} \ C` 6= ?
 

9: P` :=
�
j 2 P | x̂aj = 1

 

10: let s 2 argmin
j2P`

⇢ P
{u,v}2E`

wuvx̂uj x̂vj

�

11: for every vertex u 2 C` do

12: for every partition j 2 P` \ {s} do

13: fix x̄uj = 0

14: I1  I1 \ C`

15: ` ` + 1
16: for every vertex v 2 I0 do

17: let s 2 argmin
j2P

⇢ P
u2NG(v)

wuvx̄uj

�

18: fix x̄vs = 1

19: return x̄

last for loop assigns vertices with no assignment to a partition that locally maximizes the objective
function. Lines 16–18 runs in O(km). In total, Algorithm 1 takes time O(knm).

One can always set a “big” penalty vector c in QUBO formulation (19) to ensure that there is
an optimal solution of the unconstrained formulations such that it represents a feasible solution of
the max k-cut problem. The following remark provides näıve penalty coe�cients for the QUBO
model (19).

Remark 2. For any vertex v 2 V , penalty coe�cient cv =
P

{u,v}2E
|wuv| ensures there is an

optimal solution of the QUBO model (19) that represents a feasible solution of the max k-cut
problem.

Lemma 2 provides a tight lower bound for the penalty vector c in QUBO formulation (19). The
proof is provided in Appendix A.

Lemma 2. Let c be a penalty vector and x̂ be an optimal solution of the QUBO model (19). If
cv � max

�
d
+
v /k,�d

�
v /2

 
for every vertex v 2 V , then Algorithm 1 returns a feasible solution of the

BQO model that is optimal for QUBO.

We note that the value of tight penalty coe�cients compared to näıve ones is reduced from
O(m) to O(n). The following theorem shows that Algorithm 1 returns an optimal solution of the
BQO model (3) if an optimal solution of the QUBO model (19) is provided.
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Theorem 2. Let x̂ be an optimal solution of the QUBO formulation (19) with cv � max
�

d
+
v
k

,�d
�
v
2

 

for every vertex v 2 V . Algorithm 1 returns an optimal solution of the BQO formulation (3).

Proof. Let x̄ be a point returned by Algorithm 1 applied on optimal solution x̂. Further, assume
that x⇤ represents an optimal solution of the max k-cut problem. Since x̂ is an optimal solution of
the QUBO formulation (19), we have (i) q(x̂) � q(x̄), and (ii) q(x̂) � q(x⇤). By Lemma 2, we have
(iii) q(x̄) � q(x̂). By (i) and (iii), q(x̂) = q(x̄). Hence, q(x̄) � q(x⇤) by (ii). Note that x̄ is feasible
for the BQO formulation (3) by Lemma 2; so, we have q(x̄)  q(x⇤). Thus, q(x̂) = q(x̄) = q(x⇤)
and x̄ is also an optimal solution of the BQO formulation (3).

It should be noted that if cv > max
�

d
+
v
k

,�d
�
v
2

 
for every vertex v 2 V , then an optimal solution

of the QUBO formulation (19) is also optimal for the BQO formulation (3). Example 1 shows that
there are some instances of the max k-cut problem for which Theorem 2 does not hold if we have

cv < max
�

d
+
v
k

,�d
�
v
2

 
for some vertex v 2 V .

Example 1. Figure 2 illustrates an instance of the max 3-cut problem with the optimal objective
value of 7. Let x⇤ be an optimal solution with x⇤

11
= x⇤

31
= x⇤

41
= 1, x⇤

22
= 1, and x⇤

53
= 1. See the

leftmost side of Figure 2 for an illustration. Furthermore, the QUBO formulation (19) of the max
3-cut problem is written as follows.

q(x) = 7�
X

{u,v}2E

wuv

�
xu1xv1 + xu2xv2 + xu3xv3

�
�

X

v2V

cv

�
xv1 + xv2 + xv3 � 1

�2
, (20)

Note that c1 = ��2

2
= 1, c2 = c3 = max

�
6

3
, 1

2

 
= 2, and c4 = c5 = 3

3
= 1. Then, we have

q(x⇤) = 7. Now, we change c5 from 1 to 1� ✏ for some ✏ > 0. Then, x̂ is an optimal solution for the
QUBO formulation (20) with x̂11 = x̂31 = x̂41 = 1 and x̂22 = 1. Further, x̂51 = x̂52 = x̂53 = 0. See
Figure 2 (center) for an illustration. However, this implies x̂ is an infeasible solution for the max
3-cut problem with q(x̂) = 7 + ✏ and q(x̂) > q(x⇤).

Similarly, we change c1 from 1 to 1 � ✏ for some ✏ > 0. Then, x̃ is an optimal solution for
the QUBO formulation (20) with x̃11 = x̃12 = 1, but it is an infeasible solution of the max 3-cut
problem with q(x̃) = 7 + ✏ and q(x̃) > q(x⇤). See the rightmost side of Figure 2 for an illustration.
Hence, an inappropriate choice of c might not provide a solution with the optimal objective value
for the max k-cut problem. This implies that our proposed lower bounds for penalty coe�cients
are tight for some instances.
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Figure 2: Optimal solutions of the QUBO model for the max 3-cut problem with di↵erent penalty
coe�cients: (left) an optimal solution x⇤ of the BQO model with c1 = c5 = 1, (center) an infeasible
solution x̂ of the BQO model with c1 = 1 and c5 = 1� ✏, and (right) an infeasible solution x̃ of the
BQO model with c1 = 1� ✏ and c5 = 1.
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Similar to the R-BQO model (11), we propose a reduced QUBO (R-QUBO) model. We define
partition set P̄ := P \ {k}. The R-QUBO formulation with n(k � 1) binary variables is provided
below.

(R-QUBO) max
x2{0,1}n⇥(k�1)

q̄(x) :=
X

{u,v}2E

wuv

h
1�

X

j2P̄

xujxvj �

⇣
1�

X

j2P̄

xuj

⌘⇣
1�

X

j2P̄

xvj

⌘i

�

X

v2V

cv

X

{i,j}2(P̄2)

xvixvj . (21)

For k = 2, it is worth noting that the penalty term disappears because
�
P̄

2

�
= ?. We also propose

Algorithm 2 that converts any infeasible binary solution x̂ 2 {0, 1}
n⇥(k�1) of the R-BQO model (11)

to a feasible solution. Similar to Algorithm 1, Algorithm 2 has time complexity O(knm).

Algorithm 2 Conversion of a binary infeasible solution of the R-BQO model to a feasible solution

Require: (G, x̂, P̄ )

1: I :=
n

v 2 V
�� P

j2P̄

x̂vj > 1
o

2: x̄ x̂
3: ` 1
4: while I 6= ? do

5: C` :=
�
u 2 I | x̂uj = x̂aj , 8j 2 P̄

 

6: E` :=
n

{u, v} 2 E
��{u, v} \ C` 6= ?

o

7: P̄` :=
�
j 2 P̄ | x̂aj = 1

 

8: let s 2 argmin
j2P̄`

⇢ P
{u,v}2E`

wuvx̄uj x̄vj

�

9: for every vertex u 2 C` do

10: for every partition j 2 P̄` \ {s} do

11: fix x̄uj to zero

12: I  I \ C`

13: ` ` + 1
14: return x̄

The following remark provides näıve penalty coe�cients for the R-QUBO model (21).

Remark 3. For any vertex v 2 V , penalty coe�cient cv =
P

{u,v}2E+ kwuv �
P

{u,v}2E� k2wuv

ensures there is an optimal solution of the R-QUBO model (21) that represents a feasible solution
of the max k-cut problem.

Lemma 3 provides a tight lower bound for the penalty vector c in R-QUBO formulation (21).
The proof is provided in Appendix B.

Lemma 3. Let c be a penalty vector and x̂ be an optimal solution of the R-QUBO model (21). If
cv � d+

v
� d�

v
for every vertex v 2 V , then Algorithm 2 returns a feasible solution of the R-BQO

model that is optimal for R-QUBO.
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We note that the value of tight penalty coe�cients compared to näıve ones is reduced from
O(k2m) to O(n). The following theorem shows that Algorithm 2 returns an optimal solution of the
R-BQO model (11) if an optimal solution of the R-QUBO model (21) is provided.

Theorem 3. Suppose x̂ is an optimal solution for the R-QUBO model (21) with cv � d+
v
� d�

v
for

every vertex v 2 V . Algorithm 2 returns a binary optimal solution of R-BQO model (11).

Proof. The proof is similar to the proof of Theorem 2.

It should be noted that if cv > d+
v
� d�

v
for every vertex v 2 V , then an optimal solution of the

R-QUBO formulation (21) is also a feasible solution for the R-BQO formulation (11). Example 2
shows that there is an instance of the max k-cut problem for which Theorem 3 is violated if
cv < d+

v
� d�

v
holds for some vertex v 2 V .

Example 2. Figure 3 illustrates an instance of the max 3-cut problem with the optimal objective
value of 6. Let x⇤ be an optimal solution with x⇤

21
= x⇤

31
= 1, x⇤

11
= x⇤

12
= 0, x⇤

41
= x⇤

42
= 0, and

x⇤
52

= 1. See the left side of Figure 3 for an illustration. Furthermore, the corresponding R-QUBO
formulation is as follows

q̄(x) = 5�
X

{u,v}2E

wuv

h X

j2{1,2}

xujxvj +
⇣
1�

X

j2{1,2}

xuj

⌘⇣
1�

X

j2{1,2}

xvj

⌘i
�

X

v2V

cvxv1xv2.

Let c2 = c3 = 4 and cv = 2 for every v 2 {1, 4, 5}. Here, we have q̄(x⇤) = 6. Now, we change
c2 from 4 to 4 � ✏ for some ✏ > 0. Let x̂ be an optimal solution of the modified R-QUBO with
x̂21 = x̂22 = 1, x̂31 = x̂32 = 1, and x̂vj = 0 for v 2 {1, 4, 5} and j 2 {1, 2}. Then, we have
q̄(x̂) = 6 + ✏ for the modified R-QUBO formulation. Because q̄(x̂) � q̄(x⇤), an optimal solution of
the max 3-cut is not optimal for the modified R-QUBO formulation. Thus, there is an instance for
which penalty coe�cients are tight.
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Figure 3: Optimal solutions of the R-QUBO model for the max 3-cut problem with di↵erent penalty
coe�cients: (left) an optimal solution x⇤ of the BQO model with c1 = c4 = c5 = 2 and c2 = c3 = 4,
and (right) an infeasible solution x̂ of the BQO model after changing c2 from 4 to 4� ✏.

5 Preprocessing algorithms

Preprocessing techniques have had a significant impact on the progress of mixed integer optimization
solvers (e.g., see Savelsbergh (1994) and Achterberg et al. (2020)). This section provides prepro-
cessing techniques to improve the computational performance of the mixed integer optimization
and QUBO formulations on classical and quantum solvers. We (i) adopt two existing preprocessing
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operations (vertex peeling and biconnected decomposition) and (ii) propose a novel preprocessing
operation (folding). These operations are iteratively applied until none is applicable on the graph.
The preprocessing techniques are crucial for running the proposed QUBO models on quantum ma-
chines since the number of qubits is limited. We also note that the preprocessing algorithms can
solve the max k-cut problem for multiple instances of Fuchs et al. (2021).

5.1 Peeling operation

Given a vertex v 2 V with (i) all positive incident edges and (ii) a degree less than k, we can safely
remove it from the graph and determine its partition in a postprocessing procedure. Let Pv be
the set of partitions to which neighbors of vertex v are assigned. Then, we can assign vertex v
to a partition j 2 P \ Pv because the degree of vertex v is less than k. As in our computational
experiments, this procedure can be applied iteratively. Méndez-Dı́az and Zabala (2006) employed a
similar procedure for solving the graph coloring problem. Figure 4 illustrates the peeling operation
on a weighted graph.

Remark 4. Let G be a graph with positive edge weights. Then, solving the max k-cut problem on
garph G is equivalent to solving it on the k-core of the graph.

1 2 3
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7

34

�1 �1

1

�3

14

2

3 2

2

1 2 3
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34

�1 �1

1

�3

1

2

Figure 4: A schematic of the peeling operation for the max 3-cut problem: (left) input graph, and
(right) the peeled graph.

5.2 Biconnected decomposition

Fairbrother et al. (2018) proposed a procedure that decomposes the problem based on cut ver-
tices (see e.g., Gross and Yellen, 2003, Section 1.1.3) and their corresponding biconnected com-
ponents (see e.g., Gross and Yellen, 2003, Section 10.1.4). The procedure starts solving the max
k-cut problem on an arbitrary biconnected component of graph G. Then, it solves the problem on a
biconnected component that has a common cut vertex with a component whose vertices are already
assigned to some partitions. Note that at each step of the procedure, the partition of the common
cut vertex is fixed. Figure 5 shows a schematic of biconnected decomposition on an unweighted
graph.
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Figure 5: A schematic of biconnected decomposition for the max 3-cut problem: (left) input graph
G0, and (right) biconnected decomposed graph.

5.3 Folding operation

For ease of notation, we consider the input graph G = (V, E) as a complete graph with wuv = 0
for every {u, v} 2

�
V

2

�
\ E. Given vertex pair {a, b} 2

�
V

2

�
, a folding operation applies the following

steps:

(i) remove vertices a and b, and

(ii) add a new vertex c and edges {c, v} for every v 2 V \ {a, b} with weights wvc := wva + wvb.

The graph obtained after applying the folding operation is called the folded graph F .

Definition 1 (Safe Folding). A folding operation is safe if any optimal solution of the max k-cut
problem on the folded graph can be converted to an optimal solution on the original graph.

In Section 6.3, we show that the folding operation can be applied iteratively to reduce the size
of the input graph. Figure 6 illustrates a folding operation on vertex pair {1, 3} with a = “1”,
b = “3”, and c = “1, 3”.
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Figure 6: An instance of the max cut problem: (left) an optimal solution on the input graph, and
(right) an optimal solution on the folded graph.

For a given vertex v 2 V , we recall definitions of d+
v

and d�
v

defined in line (18). Now we
introduce some additional notation. For every vertex pair {a, b} 2

�
V

2

�
, we define vertex set C(a, b)

as the set of common neighbors of vertices a and b; that is, C(a, b) := NG(a) \ NG(b). For every
v 2 C(a, b), we define hab

v
and indicator function ab

v
as follows.

hab

v
=

(
wav if |wav|  |wbv|,

wbv otherwise.
ab

v
=

(
1 if wavwbv < 0,

0 otherwise.
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For every vertex pair {a, b} 2
�
V

2

�
, we define �a and �b as follows.

�a =
X

v2C(a,b)

ab

v

��wav � hab

v

��, �b =
X

v2C(a,b)

ab

v

��wbv � hab

v

��.

Finally for every vertex pair {a, b} 2
�
V

2

�
, we define dab = d+

ab
+ d�

ab
with

d+

ab
:=

X

v2C(a,b)

max{hab

v
, 0}, d�

ab
:=

X

v2C(a,b)

min{hab

v
, 0}.

Lemma 4 proposes a condition under which we can safely apply the folding operation on a given
pair of vertices. The proof is provided in Appendix C.

Lemma 4. Let graph G = (V, E). There is an optimal solution of the max k-cut problem with
vertex pair {a, b} 2

�
V

2

�
assigned to the same partition if

d+

ab
� d�

ab
�

3

2
min{wab, 0} � max{d+

a
� d�

a
+ �a, d+

b
� d�

b
+ �b}� ↵⇤, (22)

where

↵⇤ := min
q,t

(
q2 � q1

����
qj =

P
v2C(a,b)

hab

v
tvj , 8j 2 P ; q1  q2  · · ·  qk;

P
j2P

tvj = 1, 8v 2 C(a, b); t 2 {0, 1}
|C(a,b)|⇥k

)
.

Lemma 5 shows a mapping of feasible solutions with pairs assigned to the same partition from
the input graph to the folded one.

Lemma 5. Let x̂ 2 {0, 1}
n⇥k be a feasible solution of the max k-cut problem in graph G with a vertex

pair {a, b} 2
�
V

2

�
assigned to the same partition. Then there is a feasible solution x̄ 2 {0, 1}

|V (F )|⇥k

in the folded graph F with g(x̄) = g(x̂).

Proof. Let c 2 V (F ) be the vertex that represents the combined vertices a and b in graph G. For
any partition j 2 P , we define x̄cj := x̂aj = x̂bj and x̄vj := x̂vj for every vertex v 2 V \ {a, b}.

Let Dab = �(a) [ �(b) with �(v) be the set of incident edges of vertex v 2 V . For any feasible
point x̂ 2 {0, 1}

n⇥k, we rewrite g(x̂) = g0
ab

(x̂) + g00
ab

(x̂) with

g0
ab

(x̂) =
X

{u,v}2Dab

wuv

h
1�

X

j2P

x̂uj x̂vj

i
, g00

ab
(x̂) =

X

{u,v}2E\Dab

wuv

h
1�

X

j2P

x̂uj x̂vj

i
.

For any feasible point x̄ 2 {0, 1}
|V (F )|⇥k, we have g(x̄) = g0

c
(x̄) + g00

c
(x̄) on the folded graph F with

g0
c
(x̄) =

X

v2NF (c)

wcv

h
1�

X

j2P

x̄cj x̄vj

i
, g00

c
(x̄) = g00

ab
(x̄).
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In the folded graph F , we have NF (c) =
⇣
NG(a) [NG(b)

⌘
\ {a, b}. Then, we have

g0
ab

(x̂) =
X

{u,v}2Dab

wuv

h
1�

X

j2P

x̂uj x̂vj

i
(23a)

=
X

v2NG(a)

wav

h
1�

X

j2P

x̂aj x̂vj

i
+

X

v2NG(b)

wbv

h
1�

X

j2P

x̂bj x̂vj

i
� wab

h
1�

X

j2P

x̂aj x̂bj

i
(23b)

=
X

v2NG(a)

wav

h
1�

X

j2P

x̂aj x̂vj

i
+

X

v2NG(b)

wbv

h
1�

X

j2P

x̂bj x̂vj

i
(23c)

=
X

v2NF (c)

wav

h
1�

X

j2P

x̄cj x̄vj

i
+

X

v2NF (c)

wbv

h
1�

X

j2P

x̄cj x̄vj

i
(23d)

=
X

v2NF (c)

(wav + wbv)
h
1�

X

j2P

x̄cj x̄vj

i
=

X

v2NF (c)

wcv

h
1�

X

j2P

x̄cj x̄vj

i
= g0

c
(x̄). (23e)

Here, equality (23c) holds because x̂aj = x̂bj for every partition j 2 P and
X

j2P

x̂aj x̂bj =
X

j2P

x̂2

aj
=
X

j2P

x̂aj = 1.

Equality (23d) holds because wav = 0 for every v 2 V \N(a) and wbv = 0 for every v 2 V \N(b). By
construction of x̄, we also have g00

c
(x̄) = g00

ab
(x̂). Hence, g(x̄) = g(x̂) in the BQO formulation (3).

Theorem 4 (Folding Operation). Given graph G = (V, E), the folding operation on vertex pair
{a, b} 2

�
V

2

�
is safe for the max k-cut problem if inequality (41) holds.

Proof. The proof follows by Lemmata 4 and 5.

Remark 5 (Folding for the max cut problem). Given graph G = (V, E), the folding operation on
vertex pair {a, b} 2

�
V

2

�
is safe for the max cut problem if the following condition holds.

d+

ab
� d�

ab
� 2 min{wab, 0} � max{d+

a
� d�

a
+ �a, d+

b
� d�

b
+ �b}� ↵⇤. (24)

Proof. We note that Case 2 of Lemma 5 (see Appendix C) does not happen for the max cut problem.
So, condition (24) is valid.

For every vertex pair {a, b} 2
�
V

2

�
, Example 3 shows that if condition (22) does not hold, then

the folding operation is not necessarily safe.

Example 3. Consider an instance of the max cut problem with ✏ 2 [0, 2] that is illustrated in
Figure 7 (left). Note that the optimal objective value is 10. Here, we have d+

1,3
= 2 � ✏, d�

1,3
= 0,

d+

1
= 4, d�

1
= 0, d+

3
= 3� ✏, d�

3
= �1, and ↵⇤ = 2� ✏. Suppose that we apply the folding operation

on vertices 1 and 3. Then, the folding condition of Theorem 4 can be written as follows.

2� ✏ = d+

1,3
� d�

1,3
� max

�
d+

1
� d�

1
, d+

3
� d�

3

 
� ↵⇤ = max

�
4, 4� ✏

 
� (2� ✏) = 2 + ✏.

Here, if ✏ = 0, then we can safely apply the folding operation on vertices 1 and 3 by Theorem 4.
However, if ✏ 2 (0, 2], then Figure 7 (right) shows that the folding condition does not hold and the
optimal objective value changes from 10 to 10 � ✏ by applying the folding operation on vertices 1
and 3.
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Figure 7: An instance of the max cut problem: (left) an optimal solution on the input graph, and
(right) an optimal solution on the folded graph.

Corollary 2. Let {a, b} 2
�
V

2

�
be a pair of vertices in an instance of the max cut problem with

d+

ab
� d�

ab
� 2 min{wab, 0} < 0.5 max

�
d+

a
� d�

a
, d+

b
� d�

b

 
. Then, the folding operation on vertices a

and b is not safe.

Proof. It su�ces to show that the condition of Theorem 4 does not hold. By the contrapositive.
Suppose that the condition of Theorem 4 holds for vertex pair {a, b}; that is, we have

d+

ab
� d�

ab
� 2 min{wab, 0} � max

�
d+

a
� d�

a
, d+

b
� d�

b

 
� ↵⇤, (25a)

� max
�
d+

a
� d�

a
, d+

b
� d�

b

 
� (q2 � q1), (25b)

� max
�
d+

a
� d�

a
, d+

b
� d�

b

 
�max{q2 � q1}, (25c)

= max
�
d+

a
� d�

a
, d+

b
� d�

b

 
� (d+

ab
� d�

ab
). (25d)

Here, inequality (25b) holds because ↵⇤
 q2 � q1. Equality (25d) holds because

0  q2 � q1  d+

ab
� d�

ab
.

Thus, we have
d+

ab
� d�

ab
� 2 min{wab, 0} � 0.5 max

�
d+

a
� d�

a
, d+

b
� d�

b

 
.

We finally note that all the preprocessing algorithms are applied in the following order: (i)
peeling operation, (ii) biconnected decomposition, and (iii) folding operation. We iteratively apply
these operations until none of them is operational. In this case, we solve the max k-cut problem on
the reduced graph(s).

6 Computational Experiments

In this section, we provide our computational experiments on (i) mixed integer optimization models,
(ii) QUBO and R-QUBO models, and (iii) preprocessing algorithms. We run the computational
experiments on a machine with Dual Intel Xeon® CPU E5-2630 @ 2.20 GHz (20 cores) and
64 GB of RAM. We have developed the Python package MaxKcut (Fakhimi and Validi, 2022)
to conduct the computational experiments. We employ QISKIT (IBM Research, 2021) Python
Package to implement the QAOA for solving our proposed QUBO formulations. Furthermore, we
use Gurobi 9.5.0 (Gurobi Optimization, LLC, 2021) to solve our mixed integer optimization models.
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In the Gurobi solver, we set the number of threads and time limit (TL) to 10 and 3,600 seconds,
respectively.

In our experiments, we employ three sets of instances: (i) band (G. Wang and Hijazi, 2020),
(ii) spinglass (G. Wang and Hijazi, 2020), and (iii) weighted transportation network (Stabler B.,
2019; STOM-Group, 2019; Salemi and Buchanan, 2021). For a given set of vertices and number of
partitions k, the edge set of a band graph is defined as E =

�
{i, j} 2

�
V

2

�
: j � i  k + 1, i < j

 
. In

these graphs, half of the edge weights are �1, and the others are +1.

6.1 Experiments on mixed integer optimization models

In this section, we provide computational comparisons between the classical models explained in
Section 3. In all sets of instances except band graphs, we observe that our computational results
match our theoretical ones on the strength of mixed integer programming formulations of the max
k-cut problem.

In our A-MILO implementation, we employ clique inequalities of Chopra and Rao (1993) for
strengthening purposes. We also apply an integer separation procedure for the P-MILO implemen-
tation that takes O(n2 + (n � k)k2). Steps of the integer separation at each integral node of the
branch-and-bound algorithm are provided below.

(i) Let ẑ be an integer solution in the branch-and-bound-node;

(ii) let Ê =
n

{u, v} 2
�
V

2

�
| ẑuv = 1

o
;

(iii) find connected components of the induced subgraph Ĝ = G[Ê];

(iv) let Ŝ ✓ V (Ĝ) be a set of representatives of the components in the induced subgraph Ĝ;

(v) let M̂ be an ordering of the vertex set Ŝ;

(vi) for any k + 1 consecutive set of vertices in the ordering, constraint (2c) is added on-the-fly.

For the RP-MILO implementation, we recall the following procedure from G. Wang and Hijazi
(2020): (i) input graph is extended to a chordal graph; (ii) binary variables z are created only for the
chordal edge set; (iii) all maximal cliques of the chordal graph are found; and (iv) constraints (2b)–
(2c) are added on-the-fly only for the maximal cliques. The integer separation procedure is similar
to the P-MILO model.

Tables 1–2 show our computational results on the spinglass instances. We observe the superiority
of the A-MILO and BQO formulations over P-MILO and RP-MILO models. Specifically, we observe
that P-MILO solves none of the spinglass instances under a one-hour time limit. Furthermore, we
see the superiority of the BQO model over the A-MILO formulation for k 2 {3, 4}. This shows that
our computational results match the theoretical ones for the sparse spinglass instances. On the other
hand, Table 3 shows the superiority of the RP-MILO formulation on band graphs with k 2 {3, 4}.
We note that all band graphs are chordal and sparse. This explains why RP-MILO outperforms the
other mixed integer optimization models on this set of instances. Our computational experiments
show that the performance of the RP-MILO formulation deteriorates as the graph gets denser after
the chordalization procedure.
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Table 1: Results of MILO and BQO models for the max k-cut problem on spinglass2g instances.

instance P-MILO RP-MILO A-MILO BQO
name n m k obj time obj time obj time obj time
12⇥ 12 144 288 2 0 TL 10,215,826 9.74 10,215,826 1.30 10,215,826 1.22

13⇥ 13 169 338 2 0 TL 12,122,930 230.95 12,122,930 1.19 12,122,930 1.16

14⇥ 14 196 392 2 0 TL 14,068,479 43.21 14,068,479 1.13 14,068,479 1.15
15⇥ 15 225 450 2 0 TL 15,270,477 313.08 15,270,477 1.53 15,270,477 1.36

16⇥ 16 256 512 2 0 TL 17,641,750 462.38 17,641,750 1.66 17,641,750 2.53
12⇥ 12 144 288 3 2,554,241 TL 11,456,798 8.41 11,456,798 3.35 11,456,798 1.88

13⇥ 13 169 338 3 0 TL 13,528,955 53.23 13,528,955 10.31 13,528,955 2.06

14⇥ 14 196 392 3 214,110 TL 15,436,695 51.56 15,436,695 9.52 15,436,695 2.72

15⇥ 15 225 450 3 0 TL 1,7345,778 515.64 17,345,778 17.85 17,345,778 3.64

16⇥ 16 256 512 3 0 TL 19,683,323 678.26 19,683,323 16.57 19,683,323 5.10

12⇥ 12 144 288 4 419,382 TL 11,508,802 11.98 11,508,802 4.79 11,508,802 2.40

13⇥ 13 169 338 4 280,291 TL 13,581,434 48.00 13,581,434 7.27 13,581,434 2.14

14⇥ 14 196 392 4 0 TL 15,514,489 109.69 15,514,489 7.36 15,514,489 2.48

15⇥ 15 225 450 4 678,328 TL 17,464,835 161.24 17,464,835 12.47 17,464,835 2.89

16⇥ 16 256 512 4 1,547,889 TL 19,777,787 108.37 19,777,787 20.57 19,777,787 3.45

Table 2: Results of MILO and BQO models for the max k-cut problem on spinglass2pm instances.

instance P-MILO RP-MILO A-MILO BQO
name n m k obj time obj time obj time obj time
12⇥ 12 144 288 2 2 TL 104 30.42 104 1.24 104 1.30
13⇥ 13 169 338 2 2 TL 114 232.00 114 1.34 114 1.41
14⇥ 14 196 392 2 0 TL 132 TL 132 1.47 132 1.56
15⇥ 15 225 450 2 0 TL 144 TL 146 1.68 146 1.62

16⇥ 16 256 512 2 6 TL 178 2049.92 178 1.84 178 2.29
12⇥ 12 144 288 3 2 TL 120 15.93 120 5.72 120 1.90

13⇥ 13 169 338 3 2 TL 138 161.33 138 13.06 138 6.83

14⇥ 14 196 392 3 0 TL 161 2225.13 161 16.81 161 4.09

15⇥ 15 225 450 3 0 TL 179 349.98 179 36.04 179 7.00

16⇥ 16 256 512 3 6 TL 205 TL 211 47.79 211 12.86

12⇥ 12 144 288 4 11 TL 120 17.14 120 6.63 120 1.90

13⇥ 13 169 338 4 6 TL 139 52.90 139 10.87 139 3.42

14⇥ 14 196 392 4 4 TL 162 96.09 162 10.98 162 2.87

15⇥ 15 225 450 4 0 TL 180 254.93 180 16.02 180 4.69

16⇥ 16 256 512 4 6 TL 213 220.94 213 19.22 213 4.76
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Table 3: Results of MILO and BQO models for the max k-cut problem on band instances.

instance P-MILO RP-MILO A-MILO BQO
name n m k obj time obj time obj time obj time
band050 3 50 190 3 49 76.18 49 1.05 49 29.01 49 2.75
band100 3 100 390 3 19 TL 99 1.71 99 138.32 99 8.98
band150 3 150 590 3 20 TL 150 1.94 150 83.60 150 15.40
band200 3 200 790 3 20 TL 199 2.53 199 361.09 199 21.89
band250 3 250 990 3 8 TL 249 2.96 249 426.11 249 39.36
band050 4 50 235 4 59 28.37 59 1.23 59 397.93 59 10.22
band100 4 100 485 4 25 TL 117 2.25 117 TL 117 456.23
band150 4 150 735 4 23 TL 175 3.35 174 TL 175 1,480.63
band200 4 200 985 4 24 TL 234 5.83 230 TL 234 2,498.83
band250 4 250 1,235 4 27 TL 292 6.83 288 TL 292 TL

6.2 Experiments on QUBO models

In this section, we test the performance of our QUBO models on the QISKIT quantum simulator. To
alleviate the computational burden, we employ QAOA1 (i.e., the QAOA with one level) for solving
the proposed QUBO formulations.1 We also use the brute-force search method to determine near-
optimal values of � and �. To do so, we divide the search space of � and � into a 50 by 50 grid.
In our quantum experiments, we set the quantum simulator to qasm simulator. To construct
the phase separation operator UP (�), we briefly discuss Hamiltonian matrices corresponding to our
QUBO formulations. For more technical details on quantum circuits, interested readers are referred
to Nielsen and Chuang (2011).

Let I and Z be the Pauli matrices applied to a single qubit. Then for every vertex v 2 V and
every partition j 2 P , matrix Hvj is defined as the Hamiltonian of binary clause xvj . For vertices
u, v 2 V and partitions i, j 2 P , matrix Hui,vj is defined as the Hamiltonian of binary clause xuixvj .

Hvj =
1

2

�
Ivj � Zvj

�
, Hui,vj =

1

22

�
Iui � Zui

�
⌦
�
Ivj � Zvj

�
.

Furthermore, let H̄uj,vj be the Hamiltonian matrix of (xvj � xuj)2.

H̄uj,vj =
1

2

�
Iuj ⌦ Ivj � Zuj ⌦ Zvj

�
.

Finally, we define the following Hamiltonian matrices Hq and Hq̄ corresponding to simplified ver-
sions of QUBO and R-QUBO formulations, respectively.

Hq = �
X

{u,v}2E

wuv

X

j2P

Huj,vj �

X

v2V

cv

h
2

X

{i,j}2(P2)

Hvi,vj �

X

j2P

Hvj

i
,

Hq̄ =
X

{u,v}2E

wuv

hX

j2P̄

H̄uj,vj �

X

{i,j}2(P̄2)

⇣
Hui,vj + Huj,vi

⌘i
�

X

v2V

cv

X

{i,j}2(P̄2)

Hvi,vj .

The simplified versions of QUBO and R-QUBO formulations are provided in Appendix D.

1
Finding optimal parameters of the QAOA becomes more di�cult as the number of levels of the QAOA increases.
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Now we provide our experimental results and analyses on (i) parameters � and �; (ii) e↵ect of
penalty coe�cients; (iii) e↵ect of gate noise; and (iv) comparison of QUBO and R-QUBO models.
We run a quantum circuit 10,000 times to calculate the expected value of the objective value in
QAOA1 (i.e., QAOA with one level). We conduct all experiments on Erdős-Rényi random graphs
with density percentages 20, 40, 60 and 80; negative edge percentages 0, 40, and 80; and k 2 {3, 4}.
We also test the e↵ect of tight and näıve penalty coe�cients on QUBO and R-QUBO models. We

refer max
�

d
+
v
k

,�d
�
v
2

 
and d+

v
�d�

v
as tight penalty coe�cients for QUBO and R-QUBO, respectively

(see Theorems 2 and 3). For the sake of fairness in our computational comparisons, we propose
new “näıve” penalty coe�cients that are smaller than those provided in Remarks 2 and 3. By new
“näıve”, we mean su�ciently large penalty coe�cients d+

v
� d�

v
and k(d+

v
� d�

v
) for QUBO and

R-QUBO, respectively.

Analysis on � and �. The theoretical convergence results of the QAOA hold with optimal
values of � and �. However, finding optimal � and � is a challenging task due to the non-convexity
of the expected objective value function. We employ a brute-force algorithm to find near-optimal
values of � and � for which the expected objective value function is maximized. Figure 8 illustrates
the non-convex, non-linear, and periodic behavior of the expected objective values of QUBO and
R-QUBO with respect to di↵erent values of � and �. The “best” local expected objective values
can be identified as the peaks in these figures. In our experiments, we use � and � that return
the highest peak. For k = 2, Z. Wang et al. (2018) proposed a closed-form formula for calculating
the expected objective value as a function of � and �. To the best of our knowledge, there is no
closed-form formula for calculating the expected objective value when k > 2.

E↵ect of penalty coe�cients. Here, we assess the e↵ect of tight and näıve penalty coe�cients.
In terms of feasibility percentages, Table 4 shows that näıve penalty coe�cients outperform tight
ones in roughly 75% and 80% of cases for QUBO and R-QUBO models, respectively. This ob-
servation is intuitive because larger penalty coe�cients increase the chance of obtaining feasible
solutions. On the other hand, we observe that the expected objective value of feasible solutions
improves as we move towards tight penalty coe�cients. Statistically, our experiments show the
superiority of tight penalty coe�cients over the näıve ones in roughly 70% and 60% of cases for
the QUBO and R-QUBO models, respectively. This observation can be explained by the fact that
smaller penalty coe�cients increase the impact of the max k-cut objective function (i.e., terms q1

and q̄1 in QUBO and R-QUBO models, respectively) on the objective value of QUBO and R-QUBO
formulations.

QUBO vs. R-QUBO. Here, we investigate the computational performance of QUBO and
R-QUBO models using the QAOA. Table 4 shows that the R-QUBO model consistently outperforms
the QUBO one in terms of the percentage of feasible solutions. Two explanations can be provided
for this observation: (i) a vertex can be assigned to either no partition or multiple partitions in the
QUBO while it can be assigned to at least one partition in the R-QUBO; and (ii) for every vertex,
the QUBO has k assignment variables while the R-QUBO has k � 1 assignment variables; so, the
QAOA applied on the QUBO is more likely to return an infeasible solution.

With tight penalty coe�cients, we observe that the quality of feasible solutions in the QUBO is
better than that of the R-QUBO in roughly 80% of cases. One can justify this observation by the
fact that the values of penalty coe�cients of the QUBO are less than those of the R-QUBO. This
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a) QUBO model with tight penalty coe�-
cients.

b) R-QUBO model with tight penalty co-
e�cients.

c) QUBO model with näıve penalty coe�-
cients.

d) R-QUBO model with näıve penalty co-
e�cients.

Figure 8: Results of the QAOA1 for the max 4-cut model to solve band8 4 instance with 8 vertices.

observation also explains why the quality of the feasible solutions of the QUBO with näıve penalty
coe�cients is competitive with that of the R-QUBO with tight penalty coe�cients in which the
penalty coe�cients are the same.

E↵ect of penalty coe�cients on noisy quantum circuits. Here, we conduct our experiments
on a noisy simulator with 99% gate fidelities for single-qubit gates. In better words, the probability
of obtaining a wrong output from any single-qubit gate is 0.01. In order to obtain a fair assessment
of penalty coe�cients under the noise e↵ect, we run our experiments on instances with the largest
circuit depth. Table 5 shows that the superiority of tight models over näıve ones is amplified in the
presence of noise. We summarize our observations from Table 5 as follows:

(i) with tight coe�cients under the noise e↵ect, the percentage of feasible solutions and the ex-
pected value of the objective of feasible solutions are deteriorated by 5% and 0%, respectively;
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(ii) with näıve coe�cients under the noise e↵ect, the percentage of feasible solutions and the
expected value of the objective of feasible solutions are worsened by 12% and 3%, respectively.

Our observation is consistent with the explanation of Li et al. (2022) on direct dependence of
the Hamiltonian simulation’s noise to time. In our experiments, penalty coe�cients play the role
of time in a Hamiltonian simulation. Thus, increasing penalty coe�cients leads to larger errors in
final results.

In Table 5, we note that the simulator struggles in finding feasible solutions for the QUBO
models in the presence of noise when k = 4. The Qiskit simulator behaves as follows: it calculates
a state vector, and then it samples from the final state vector in the absence of noise. However, it
computes a state vector for each shot in the presence of noise.

Table 4: Results of QAOA1 for QUBO and R-QUBO models with tight and näıve penalty coe�cients
on a graph with 8 vertices.

instance
QUBO R-QUBO

optimal
tight näıve tight näıve

obj
k m neg% feas% E(obj) feas% E(obj) feas% E(obj) feas% E(obj)
3 7 0 1.01 4.96 3.52 4.77 50.13 4.83 55.67 4.79 7
3 7 40 2.50 2.58 4.46 2.16 42.59 2.32 52.75 2.14 5
3 7 80 1.79 �3.36 2.90 �3.41 32.27 �3.42 50.84 �3.35 1
3 12 0 1.68 8.66 6.34 8.09 68.84 8.43 80.71 8.21 12
3 12 40 3.80 3.21 5.96 2.89 59.24 3.07 83.91 2.85 6
3 12 80 2.22 �5.27 3.46 �5.34 47.08 �4.93 78.67 �5.23 0
3 18 0 0.79 12.84 9.91 12.25 73.62 12.43 81.70 12.20 16
3 18 40 3.76 4.34 11.97 4.11 69.48 4.53 76.40 4.16 10
3 18 80 2.52 �7.77 7.77 �7.68 51.21 �6.86 73.06 �7.52 0
3 23 0 2.02 15.81 1.50 13.59 76.83 15.93 94.79 15.62 20
3 23 40 5.34 5.53 17.03 4.92 75.83 5.49 91.59 4.94 11
3 23 80 3.27 �8.34 9.67 �8.57 57.75 �7.95 82.79 �8.54 0
4 7 0 0.68 5.47 0.53 5.08 24.79 4.95 21.92 5.11 7
4 7 40 0.91 2.70 0.54 2.33 18.05 2.14 18.54 2.24 5
4 7 80 0.32 �3.72 0.32 �3.72 1.12 �3.82 17.18 �3.62 1
4 12 0 1.26 9.51 4.05 9.22 57.67 8.40 61.75 8.77 12
4 12 40 1.64 3.35 3.74 3.22 32.88 2.97 59.15 2.95 6
4 12 80 0.46 �5.83 1.92 �5.85 10.51 �5.78 41.15 �5.96 0
4 18 0 0.37 13.92 3.46 13.57 64.85 12.61 32.54 12.20 18
4 18 40 1.16 5.01 4.03 4.54 41.16 4.66 35.92 4.41 11
4 18 80 1.33 �8.38 3.65 �8.72 11.92 �8.35 48.71 �8.88 0
4 23 0 1.55 17.79 0.04 18.00 44.85 17.21 32.38 17.31 22
4 23 40 3.09 6.02 2.66 5.28 56.70 5.62 12.80 4.11 11
4 23 80 0.50 �9.52 0.05 �8.20 14.99 �9.44 33.43 �9.63 0

6.3 Experiments on preprocessing algorithms

In this section, we test the preprocessing algorithms discussed in Section 5. In practice, we observe
the e�ciency of our proposed folding operation on two sets of existing sparse instances when k = 2:
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Table 5: Results of QAOA1 with one percent gate noise for QUBO and R-QUBO models with tight
and näıve penalty coe�cients on a graph with 8 vertices.

instance
QUBO R-QUBO

optimal
tight näıve tight näıve

obj
k m neg% feas% E(obj) feas% E(obj) feas% E(obj) feas% E(obj)
3 23 0 1.96 15.85 1.57 13.25 76.88 15.66 86.75 15.64 20
3 23 40 5.41 5.62 16.99 4.87 71.52 5.37 82.97 4.96 11
3 23 80 3.29 �8.52 10.18 �8.46 54.11 �7.96 75.50 �8.56 0
4 23 0 NA NA NA NA 43.92 16.97 22.28 16.61 22
4 23 40 NA NA NA NA 47.91 5.53 8.00 3.40 11
4 23 80 NA NA NA NA 12.66 �9.45 25.31 �9.40 0

(i) weighted transportation networks (Stabler B., 2019; STOM-Group, 2019; Salemi and Buchanan,
2021), and (ii) weighted band graphs in which 50% of edges have weights of �1 and the others have
weights of +1 (G. Wang and Hijazi, 2020).

Tables 6–7 provide details of our preprocessing algorithms for k = 2 on non-planar weighted
transportation networks and band graphs, respectively. We note that the max cut problem is easy on
planar graphs (Hadlock, 1975). In weighted transportation networks, the preprocessing algorithms
reduce the number of vertices and edges, on average, by 11.83% and 8.61%, respectively. In weighted
band graphs, the preprocessing algorithms reduce the number of vertices and edges, on average, by
9.03% and 13.61%, respectively. Furthermore, the folding operation is the only operation that works
on the weighted band graphs. Figure 9 shows the decomposition tree of Austin’s transportation
network. By applying the folding operation at node 9 of the tree, other preprocessing algorithms,
including folding, can further decompose the graph and reduce the number of vertices of the largest
component from 6,911 to 6,610. We note that a tiny portion of the preprocessing time is spent
solving the MILO formulation (42). For example, only 3 seconds out of 135 seconds of Chicago’s
preprocessing time is spent solving model (42).

Table 8 illustrates the e↵ect of folding operation on solving the max cut problem by QAOA for
the R-QUBO model with p = 1. In all cases, the expected value of the objective values improves
after applying the folding operation. For 6 out of 17 instances, the folding operation helps the
quantum simulator solve the max cut problem to optimality while they are not solved to optimality
without folding.

Table 6: Preprocessing results for weighted transportation networks with k = 2.

instances peel + decom. peel + decom. + fold % reduction
name n m n0 m0 t0 n00 m00 t00 vertex edge

Albany 90 149 90 149 0.00 87 145 0.06 3.33 2.68
Bu↵alo 90 149 90 149 0.00 90 149 0.05 0.00 0.00

DC-NY-BOS 317 509 293 485 0.01 289 479 0.16 8.83 5.89
Korean 324 440 255 361 0.02 230 332 0.49 29.01 24.55

Anaheim 416 634 395 613 0.01 368 583 0.41 11.54 8.04
Barcelona 930 1,798 906 1,774 0.03 890 1,743 0.60 4.30 3.06

Rome 3,353 4,831 2,689 4,167 0.11 2,579 4,044 7.78 23.08 16.29
Austin 7,388 10,591 6,911 10,109 0.38 6,610 9,783 63.53 10.53 7.63

Chicago 12,979 20,627 11,138 18,786 0.84 10,923 18,556 134.84 15.84 10.04
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Table 7: Preprocessing results for weighted band graphs with k = 2.

instances peel + decom. peel + decom. + fold % reduction
name n m n0 m0 t0 n00 m00 t00 vertex edge
band050 2 50 144 50 144 0.00 44 121 0.21 12.00 15.97
band100 2 100 294 100 294 0.00 91 259 0.49 9.00 11.90
band150 2 150 444 150 444 0.00 137 390 0.74 8.67 12.16
band200 2 200 594 200 594 0.01 181 513 0.99 9.50 13.64
band250 2 250 744 250 744 0.01 235 637 1.21 6.00 14.38

Table 8: E↵ect of the folding operation on results of the QAOA for the R-QUBO model with p = 1
and k = 2. E(obj) and STD(obj) represent expected value and standard deviation of objective
values, respectively.

input graph folded graph optimal
name n m E(obj) STD(obj) best n m E(obj) STD(obj) best obj.
band17 2 17 45 4.21 1.03 16 14 33 4.51 1.28 16 16
band18 2 18 48 2.58 1.12 17 15 36 4.51 1.32 17 17
band19 2 19 51 2.39 1.09 17 15 35 4.39 1.36 17 17
band20 2 20 54 2.07 1.15 18 15 35 5.96 1.50 18 18
band21 2 21 57 4.49 1.12 20 17 41 7.12 1.51 20 20
band22 2 22 60 3.28 1.20 21 17 40 7.53 1.43 21 21
band23 2 23 63 4.46 1.24 22 18 43 8.67 1.49 22 22
band24 2 24 66 5.19 1.29 22 20 50 6.38 1.50 24 24
band25 2 25 69 5.97 1.29 24 20 50 8.50 1.57 26 26
band26 2 26 72 5.78 1.34 26 21 52 8.85 1.64 28 28
band27 2 27 75 4.14 1.36 24 22 56 7.59 1.57 26 26
band28 2 28 78 4.67 1.40 24 23 58 8.02 1.60 28 28
band29 2 29 81 4.85 1.48 26 25 65 7.52 1.65 28 29
band30 2 30 84 4.87 1.49 27 26 68 7.14 1.68 27 29
band31 2 31 87 5.47 1.46 26 26 67 9.42 1.69 29 31
band32 2 32 90 5.99 1.51 29 26 68 10.77 1.77 33 33
band33 2 33 93 – – – 28 73 10.21 1.78 31 33

7 Conclusion

This paper explores the boundaries of classical and quantum solvers for the max k-cut problem.
We compare four mixed integer optimization models of the max k-cut problem analytically and
computationally. We propose two quadratic unconstrained binary optimization models with tight
penalty coe�cients based on the BQO model discussed in the paper. We conduct a series of exper-
iments on the QUBO models and compare them computationally with one another. For reducing
the size of input graphs, we present an iterative preprocessing framework. We also propose a folding
operation that uses a mixed integer optimization formulation in the preprocessing procedure. Our
computational experiments illustrate the e↵ectiveness of folding for the max cut problem on some
existing sets of graphs. There is a wide range of research directions for the operations researchers
who are interested in quantum computing: finding optimal values for parameters � and � in QAOA
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Figure 9: The decomposition tree of Austin’s transportation network: here, P, D, and F denote
peeling, biconnected decomposition, and folding operations, respectively. The first number denotes
the order of decomposition at each node, and the last number shows the number of vertices in the
corresponding subgraph. At each leaf node of the tree, a solver is called only if its status is S. The
solver is not called if the status is N.

circuits, proposing e�cient QUBO models for other well-known mixed integer optimization models,
and identifying specific structures of the graph for which classical/quantum solver is the superior
one.
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Appendix A – Tightness of Penalty Coe�cients in the QUBO Model

Lemma. Let c be a penalty vector and x̂ be an optimal solution of the QUBO model (19). If
cv � max

�
d
+
v /k,�d

�
v /2

 
for every vertex v 2 V , then Algorithm 1 returns a feasible solution of

BQO that is optimal for QUBO.

Proof. Let q(x) = q1(x) + q2(x) with

q1(x) :=
X

{u,v}2E

wuv �

X

{u,v}2E

wuv

X

j2P

xujxvj , and q2(x) := �
X

v2V

cv

⇣X

j2P

xvj � 1
⌘2

. (26)

Suppose that x̂ represents an optimal binary solution of the QUBO model in which there is a vertex
v 2 V with multiple partitions; that is,

P
j2P

x̂vj > 1. Let tv :=
P

j2P
x̂vj . The following claim

shows every vertex is assigned to at most two partitions in the solution represented by x̂.

Claim 1. For every vertex v 2 V , we have tv  2.

Proof. Suppose not. Then, there is a vertex v 2 V such that tv � 3. Without loss of generality, we
assume that NG(v) 6= ?; that is, d+

v
� d�

v
> 0. We also define x̌ 2 {0, 1}

n⇥k as follows: for every
vertex u 2 V \ {v} and every partition j 2 P , we set x̌uj := x̂uj . Let i 2 P with x̂vi = 1. Then we
set x̌vi := 0 and x̌vj := x̂vj for every partition j 2 P \ {i}. Thus, we have

q1(x̌)� q1(x̂) =
X

u2NG(v)

X

j2P

wuvx̂uj x̂vj �

X

u2NG(v)

X
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wuvx̂uix̂vi +
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�
G (v)

wuvx̂uix̂vi (27b)

� 0 + d�
v

, (27c)

where equality (27a) holds by the definition of q1(·), and inequality (27c) holds since
P

u2N
+
G (v)

wuvx̂uix̂vi �

0. Finally,

q(x̌)� q(x̂) =
⇥
q1(x̌)� q1(x̂)

⇤
+
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q2(x̌)� q2(x̂)
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� d�
v

+ cv

h
(tv � 1)2 � (tv � 2)2
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<
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d
�
v
2
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v

(2.5� tv) > 0 if d�
v

< 0,
d
+
v
k

(2tv � 3) > 0 if d�
v

= 0.

Here, the first inequality holds by inequality (27c). The second inequality holds by the assumption
of the lemma. Finally, the last strict inequalities hold because d+

v
� d�

v
> 0 and tv � 3 by the

assumption. This contradicts the fact that x̂ is an optimal solution of (19). Hence, tv  2. ⌅

Recall E` =
�
{u, v} 2 E�

| {u, v} \ C` 6= ?
 

from line 8 of Algorithm 1. Furthermore, we
have I1 = [r

`=1
C` with r be the number of C` sets defined in line 7 of the algorithm. For every
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partition-based class ` 2 [r], we define E0
`

and E00
`

as edges with exactly one endpoint in E` and
both endpoints in E`, respectively.

E0
`
=
�
{u, v} 2 E` | {u, v} 6✓ C`

 
, and E00

`
=
�
{u, v} 2 E` | {u, v} ✓ C`

 
, (28)

where E` = E0
`
[ E00

`
and E0

`
\ E00

`
= ?. Note that P` = {j1, j2} when x̂ is an optimal solution

because we already proved that |P`|  2. We also define edge sets Ê0
`
✓ E0

`
and Ẽ0

`
✓ E0

`
with

endpoints assigned to partitions j1 and j2, respectively.

Ê0
`
:=

�
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`
| x̂uj1 = x̂vj1

 
, and Ẽ0
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�
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, (29)

where Ê0
`
\ Ẽ0

`
= ? and Ê0

`
[ Ẽ0

`
✓ E0

`
. We note that Ê0

`
[ Ẽ0

`
contains edges whose endpoints belong

to exactly one common partition. Without loss of generality, suppose that

X

{u,v}2Ê
0
`

wuv �

X

{u,v}2Ẽ
0
`

wuv. (30)

Figure 10 illustrates a solution of the QUBO model for the max 3-cut problem with its associated
sets defined above.

1

x̂11 = 1

x̂12 = 1

x̂13 = 02
x̂21 = 1

x̂22 = 0

x̂23 = 1

3
x̂31 = 0

x̂32 = 1

x̂33 = 1

4

x̂41 = 1

x̂42 = 1

x̂43 = 0 5
x̂51 = 0

x̂52 = 1

x̂53 = 0

6
x̂61 = 0

x̂62 = 0

x̂63 = 0

�1

�1

�1

�1

�1

�1

Figure 10: A solution of the QUBO model for the max 3-cut problem with (i) C1 =
{1, 4}, C2 = {2}, and C3 = {3}; (ii) P1 = {1, 2}, P2 = {1, 3}, and P3 = {2, 3}, (iii)
E1 =

�
{1, 2}, {1, 3}, {1, 4}, {4, 5}, {4, 6}

 
, E2 =

�
{1, 2}

 
, and E3 =

�
{1, 3}

 
, (iv) E0

1
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=
�
{1, 4}

 
, and (v) Ê0
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, and Ẽ0

1
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�
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.

Let x̃ be the output of Algorithm 1 up to line 16. Now we provide a lower bound for q1(x̃)�q1(x̂).

Claim 2. q1(x̃)� q1(x̂) �
P

`2[r]

hP
{u,v}2Ê

0
`
wuv +

P
{u,v}2E

00
`
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i
.

Proof. For ease of notation, we define buv :=
P

j2P
x̂uj x̂vj�

P
j2P

x̃uj x̃vj for every edge {u, v} 2 E.
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i
(31h)

=
X

`2[r]

h X

{u,v}2Ẽ
0
`

wuvbuv +
X

{u,v}2Ê
0
`

wuvbuv + 0 +
X

{u,v}2E
00
`

wuvbuv

i
(31i)

=
X

`2[r]

h
0 +

X

{u,v}2Ê
0
`

wuv +
X

{u,v}2E
00
`

wuv

i
. (31j)

Here, inequality (31d) holds because (i) x̂ � x̃ implies that
P

j2P
x̂uj x̂vj �

P
j2P

x̃uj x̃vj � 0, and

(ii) wuv � 0 for every edge {u, v} 2 E+. Inequality (31e) holds because we might have `1 2 [r] and
`2 2 [r] for which E`1\E`2 6= ?; that is, some negative edges can be double counted in the first term
of the inequality. For example, see Figure 10 in which (i) E1 \E2 = {1, 2} and (ii) E�

\ (E1 [E2 [

E3) = {5, 6}. Equality (31f) holds because buv = 0 for every edge {u, v} 2 E�
\(E1[ · · ·[Er). Note

that x̂uj = x̃uj and x̂vj = x̃vj for every edge {u, v} 2 E�
\ (E1[ · · ·[Er) and every partition j 2 P .

Equality (31g) holds by definitions (28). Equality (31h) holds by definitions (29). Equality (31i)
holds because (i) Ẽ0

`
\ Ê0

`
= ?, and (ii) buv = 0 for every edge {u, v} 2 E0

`
\ (Ẽ0

`
[ Ê0

`
). Note thatP

j2P
x̂uj x̂vj =

P
j2P

x̃uj x̃vj = 0 for every edge {u, v} 2 E0
`
\ (Ẽ0

`
[ Ê0

`
). Finally, equality (31j)

holds because the algorithm implies that for every ` 2 [r], we have the following cases.

(i) buv =
P

j2P
x̂uj x̂vj �

P
j2P

x̃uj x̃vj = 1� 1 = 0 for every {u, v} 2 Ẽ0
`
,

(ii) buv =
P

j2P
x̂uj x̂vj �

P
j2P

x̃uj x̃vj = 1� 0 = 1 for every {u, v} 2 Ê0
`
, and

(iii) buv =
P

j2P
x̂uj x̂vj �

P
j2P

x̃uj x̃vj = 2� 1 = 1 for every {u, v} 2 E00
`
.

⌅

Furthermore, we provide a lower bound for q2(x̃)� q2(x̂).
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Claim 3. q2(x̃)� q2(x̂) � �
P

`2[r]
0.5

hP
{u,v}2E

0
`
wuv + 2

P
{u,v}2E

00
`

wuv

i
.

Proof. We have

q2(x̃)� q2(x̂) = �
X

v2V

cv

h⇣X

j2P

x̃vj � 1
⌘2

�

⇣X

j2P

x̂vj � 1
⌘2i

(32a)

= �
X

v2I1

cv

h⇣X

j2P

x̃vj � 1
⌘2

�

⇣X

j2P

x̂vj � 1
⌘2i

(32b)

=
X

v2I1

cv (32c)

� �

X

`2[r]

X

v2C`

0.5d�
v

(32d)

= �
X

`2[r]

0.5
h X

{u,v}2E
0
`

wuv + 2
X

{u,v}2E
00
`

wuv

i
. (32e)

Here, equality (32b) holds because x̂vj = x̃vj for every vertex v 2 V \ I1 and every partition j 2 P .
Equality (32c) holds because we have

P
j2P

x̂vj = 2 for every vertex v 2 I1. Inequality (32d) holds

because by assumption we have cv � �0.5d�
v

for every vertex v 2 I1. Equality (32e) holds by
definitions (28). ⌅

The following claim shows that x̃ is an optimal solution of the QUBO formulation (19).

Claim 4. q(x̃)� q(x̂) � 0.

Proof. By Claims 2 and 3, we have

q(x̃)� q(x̂) �
X

`2[r]

h X

{u,v}2Ê
0
`

wuv +
X

{u,v}2E
00
`

wuv

i
�

X

`2[r]

0.5
h X

{u,v}2E
0
`

wuv + 2
X

{u,v}2E
00
`

wuv

i

= 0.5
X

`2[r]

h X

{u,v}2Ê
0
`

wuv �

X

{u,v}2Ẽ
0
`

wuv �

X

{u,v}2E
0
`\(Ê0

`[Ẽ
0
`)

wuv

i
� 0.

Here, the last inequality holds by (i) inequality (30), and (ii) the fact that wuv < 0 for every edge
{u, v} 2 E0

`
\(Ê0

`
[Ẽ0

`
). Hence, Algorithm 1 returns an optimal solution of the QUBO formulation (1)

such that every vertex is assigned to at most one partition. ⌅

Let x̄ be the output of Algorithm 1.

Claim 5. q(x̄)� q(x̃) � 0.

Proof. Suppose that x̃ represents an optimal solution in which a vertex v 2 V is assigned to no
partition; that is,

P
j2P

x̃vj = 0. By line 17 of Algorithm 1, let s be a partition with minimum
value of

P
u2NG(v)

wuvx̃uj among all j 2 P . By line 18 of the algorithm, we have x̄vs = 1. By
definitions (26), we have

q1(x̄)� q1(x̃) = �
X

u2NG(v)

wuvx̃us, and q2(x̄)� q2(x̃) = cv. (33)

Then, we have the following cases.
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(i)
P

u2NG(v)
wuvx̃us � 0. Hence,

cv �
d+

v

k
� min

j2P

⇢ X

u2N
+
G (v)

wuvx̃uj

�
� min

j2P

⇢ X

u2NG(v)

wuvx̃uj

�
=

X

u2NG(v)

wuvx̃us. (34)

Here, the first inequality holds by assumption. The second inequality holds because (i) the
minimum value of a set of numbers is less than or equal to their average, and (ii) every
vertex is assigned to at most one partition. The last inequality holds because for every vertex
u 2 N�

G
(v), we have wuv < 0. The last equality holds by the definition of s. So, we have

cv �
P

u2NG(v)
wuvx̃us � 0. Then, q(x̄)� q(x̃) � 0 by lines (33) and (34).

(ii)
P

u2NG(v)
wuvx̃us < 0. By line (33), it follows that q(x̄)� q(x̃) � 0.

⌅

By Claims 4 and 5, q(x̄)�q(x̂) � 0. So, x̄ is also an optimal solution of the QUBO model (19).
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Appendix B – Tightness of Penalty Coe�cients in the R-QUBO Model

Lemma. Let c be a penalty vector and x̂ be an optimal solution of the R-QUBO model (21). If
cv � d+

v
� d�

v
for every vertex v 2 V , then Algorithm 2 returns a feasible solution of R-BQO that

is optimal for R-QUBO.

Proof. Let x̂ 2 {0, 1}
n⇥(k�1) be a binary solution of the R-QUBO formulation with some vertices

assigned to more than one partition. Assume that x̄ is a feasible solution of the R-BQO model
returned by Algorithm 2. We have I = [r

`=1
C` with r be the number of C` sets defined in line 5 of

Algorithm 2. We note that for every ` 2 [r], (i) vertex set C` is a set of vertices that are assigned
to the same multiple partitions, and (ii) without loss of generality assume every vertex u 2 C` is
assigned to a less or equal number of partitions than that of any vertex v 2 C`+1. For any x and
any edge {u, v} 2 E, we define function huv(x) as follows.

huv(x) = wuv

hX

j2P̄

xujxvj +
⇣
1�

X

j2P̄

xuj

⌘⇣
1�

X

j2P̄

xvj

⌘i

For every vertex v 2 V , we define tv :=
P

j2P̄
x̂vj . For every edge {u, v} 2 E, (i) let tuv :=P

j2P̄
x̂uj x̂vj ; and (ii) terms huv(x̂) and huv(x̄) are simplified as follows.

huv(x̂) = wuv

⇥
tuv + (1� tu)(1� tv)

⇤
, (35a)

huv(x̄) =

(
wuv

P
j2P̄

x̄uj x̄vj tu + tv 6= 0

wuv tu + tv = 0


8
>><

>>:

wuv min{tuv, 1} tu + tv 6= 0, wuv > 0

0 tu + tv 6= 0, wuv  0

wuv tu + tv = 0.

(35b)

Here, inequality (35b) holds because (i) x̄ is feasible for the max k-cut problem and (ii) x̄  x̂.
Now, we recall the positive edge set as E+ :=

�
{u, v} 2 E | wuv > 0

 
.

Claim 6.
P

{u,v}2E+

⇥
huv(x̂)� huv(x̄)

⇤
� �

P
v2I

P
u2N

+
G (v)

wuv(tv � 1) tv
2

.

Proof. For every edge {u, v} 2 E+, we bound huv(x̂)� huv(x̄) by lines (35) as follows:

(i) if {u, v} ✓ I, then huv(x̂)� huv(x̄) � 0 because huv(x̄)  wuv min{tuv, 1}  wuv, and

huv(x̂) = wuv

⇥
tuv + (tu � 1)(tv � 1)

⇤
� wuv

⇥
0 + (2� 1)(2� 1)

⇤
= wuv.

(ii) if min{tu, tv} = 0 and max{tu, tv} > 1, then huv(x̂)�huv(x̄) = wuv

�
1�max{tu, tv}

�
because

tuv = min{tu, tv} = 0, huv(x̄)  wuv min{tuv, 1} = 0, and

huv(x̂) = wuv

⇥
0 + (1�max{tu, tv})(1�min{tu, tv})

⇤
= wuv

�
1�max{tu, tv}

�
.

(iii) if min{tu, tv} = 1 and max{tu, tv} > 1, then huv(x̂)�huv(x̄) � wuv

�
1�max{tu, tv}

�
because

huv(x̄)  wuv min{tuv, 1}  wuvtuv, and

huv(x̂) = wuv

⇥
tuv + (1�max{tu, tv})(1�min{tu, tv})

⇤
= wuvtuv.

We also have wuv � 0 and max{tu, tv} > 1, thus

huv(x̂)� huv(x̄) � 0 � wuv

�
1�max{tu, tv}

�
.
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(iv) if {u, v} \ I = ?, then huv(x̂)� huv(x̄) = 0 because huv(x̂) = huv(x̄) by Algorithm 2.

Now we define Ē+ as the set of positive edges with exactly one endpoint assigned to multiple
partitions (i.e., Ē+ :=

�
{u, v} 2 E+

| |{u, v} \ I| = 1
 
). Hence, we have

X

{u,v}2E+

⇥
huv(x̂)� huv(x̄)

⇤
�

X

{u,v}2Ē+

wuv(1�max{tu, tv}) (36a)

=
X

v2I

X

u2N
+
G (v)\I

wuv(1�max{tu, tv}) (36b)

�

X

v2I

 X

u2N
+
G (v)\I

wuv(1� tv) +
X

u2N
+
G (v)\I

wuv(1� tv)

�
(36c)

= �
X

v2I

X

u2N
+
G (v)

wuv(tv � 1) (36d)

� �

X

v2I

X

u2N
+
G (v)

wuv(tv � 1)
tv
2

. (36e)

Here, inequality (36a) holds by items (i)–(iv). Inequality (36c) holds because (i) for every vertex
v 2 I we have tv � 2, and (ii) wuv � 0 for every edge {u, v} 2 E+. Inequality (36e) holds because
for every vertex v 2 I we have tv � 2. ⌅

We recall the negative edge set as E� :=
�
{u, v} 2 E | wuv < 0

 
. For every ` 2 [r], we define

E�
`

as follows. We note that each edge set E�
`

is defined as the incident edges with negative weights
corresponding to each vertex set C` such that E�

`
s are mutually exclusive.

E�
`

:=
n

{u, v} 2 E� ��{u, v} \ C` 6= ?, {u, v} \ C`0 = ?, `0 < `, 8`0 2 [r]
o

.

In other words, for every ` 2 [r] we define E�
`

as the set of negative edges with (i) at least one
endpoint, say u, in C`, (ii) no endpoint belongs to set C1 [ · · · [ C`�1 and (iii) the other endpoint
is assigned to a less or equal number of partitions than that of vertex u. For every ` 2 [r], recall
that (i) vertex set C` is defined by line 5 of Algorithm 2, and (ii) for every vertex v 2 C` partition
set P̄` is the set of partitions to which vertex v is assigned (see line 7 of Algorithm 2). We also
partition edge set E�

`
to negative edge sets E�

`1
, E�

`2
, E�

`3
, and E�

`4
as follows.

E�
`1

:=
�
{u, v} 2 E�

`
| {u, v} \ C`0 6= ?, {u, v} \ C` 6= ?, and P̄`0 ⇢ P̄`

 
,

E�
`2

:=
�
{u, v} 2 E�

`
| {u, v} \ C`0 6= ?, {u, v} \ C` 6= ?, and P̄`0 6⇢ P̄`

 
,

E�
`3

:=
�
{u, v} 2 E�

`
| {u, v} ✓ C`

 
,

E�
`4

:=
�
{u, v} 2 E�

`
| {u, v} \ (V \ I) 6= ?

 
.

Here, set E�
`1

represents the set of negative edges with (i) both endpoints assigned to multiple
partitions and (ii) the set of assigned partitions of one endpoint is a proper subset of the assigned
partitions of the other endpoint. For example in Figure 11, E�

11
=
�
{1, 2}, {1, 3}

 
and E�

21
= E�

31
=

?. Set E�
`2

is the set of negative edges with (i) both endpoints assigned to multiple partitions,
(ii) one endpoint is assigned to partition set P̄` and the other endpoint is assigned to a partition
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j 2 P̄`0 \ P̄` such that |P̄`0 |  |P̄`|. In Figure 11, E�
12

= ?, E�
22

=
�
{2, 3}

 
and E�

32
= ?. Set E�

`3

is the set of negative edges such that both endpoints are assigned to a partition set with a size of
at least 2. In Figure 11, E�

13
=
�
{1, 4}

 
and E�

23
= E�

33
= ?. Set E�

`4
is the set of negative edges

with exactly one endpoint assigned to multiple partitions. In Figure 11, E�
14

=
�
{4, 5}, {4, 6}

 
and

E�
24

= E�
34

= ?.

1

x̂11 = 1

x̂12 = 1

x̂13 = 1
2

x̂21 = 1

x̂22 = 0

x̂23 = 1

3
x̂31 = 0

x̂32 = 1

x̂33 = 1

4

x̂41 = 1

x̂42 = 1

x̂43 = 1
5

x̂51 = 0

x̂52 = 0

x̂53 = 0

6
x̂61 = 0

x̂62 = 1

x̂63 = 0

�1

�1

�1�1

�1

�1

�1

Figure 11: A solution of the R-QUBO model for the max 4-cut problem with (i) C1 = {1, 4},
C2 = {2}, and C3 = {3}; (ii) P̄1 = {1, 2, 3}, P̄2 = {1, 3}, and P̄3 = {2, 3}, (iii) E�

1
=�

{1, 2}, {1, 3}, {1, 4}, {4, 5}, {4, 6}
 
, E�

2
=
�
{2, 3}

 
, and E�

3
= ?.

Claim 7.
P

{u,v}2E�

⇥
huv(x̂)� huv(x̄)

⇤
is bounded below by

X

`2[r]

"
X

{u,v}2E
�
`1

wuv

�
tutv �max{tu, tv} + 1

�
+

X

{u,v}2E
�
`2

wuv

�
tutv �max{tu, tv}

�

+
X

{u,v}2E
�
`3

wuvtuv(tuv � 1) +
X

{u,v}2E
�
`4

wuv

#
. (37)

Proof. For every edge {u, v} 2 E�, we bound huv(x̂)� huv(x̄) by lines (35) as follows:

(i) if edge {u, v} 2 E�
`1

, then we have huv(x̂) � huv(x̄) � wuv

�
tutv � max{tu, tv} + 1

�
because

tuv = min{tu, tv} and

huv(x̂) = wuv

�
tuv + tutv � tu � tv + 1

�
= wuv

�
tutv �max{tu, tv} + 1

�
, and huv(x̄)  0;

(ii) if edge {u, v} 2 E�
`2

, then we have huv(x̂)� huv(x̄) � wuv

�
tutv �max{tu, tv}

�
because tuv 

min{tu, tv}� 1 and

huv(x̂) = wuv

�
tuv + tutv � tu � tv + 1

�
� wuv

�
tutv �max{tu, tv}

�
, and huv(x̄)  0;

(iii) if edge {u, v} 2 E�
`3

, then we have huv(x̂)� huv(x̄) = wuvtuv(tuv � 1) because we assign both
endpoints of {u, v} to the same partition by Algorithm 2 and we have tuv = tu = tv and

huv(x̂) = wuv

�
tuv + tutv � tu � tv + 1

�
= wuv

�
t2
uv
� tuv + 1

�
, and huv(x̄) = wuv;
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(iv) if edge {u, v} 2 E�
`4

, then we have huv(x̂)� huv(x̄) � wuv since tuv  1 and huv(x̄)  0 and

huv(x̂) = wuv

�
tuv + tutv � tu � tv + 1

�

= wuv

�
tuv + tutv �min{tu, tv}�max{tu, tv} + 1

�

=

(
wuv(1�max{tu, tv}) if min{tu, tv} = 0,

wuvtuv if min{tu, tv} = 1,

� wuv.

(v) if {u, v} 2 E�
\[`2[r]E

�
`

, then huv(x̂)�huv(x̄) = 0 because huv(x̂) = huv(x̄) by Algorithm 2.

By items (i)–(v),
P

{u,v}2E�

⇥
huv(x̂)� huv(x̄)

⇤
is bounded below by (37). ⌅

Let q̄(x) = q̄1(x) + q̄2(x) with

q̄1(x) :=
X

{u,v}2E

wuv

h
1�

X

j2P̄

xujxvj �

⇣
1�

X

j2P̄

xuj

⌘⇣
1�

X

j2P̄

xvj

⌘i
(38a)

q̄2(x) := �
X

v2V

cv

X

{i,j}2(P̄2)

xvixvj . (38b)

Now we show that the R-QUBO objective value of x̄ is greater than or equal to that of x̂.

Claim 8. q̄(x̄)� q̄(x̂) � 0.

Proof. We can bound q̄1(x̄)�q̄1(x̂) as follows (i) because q̄1(x̄)�q̄1(x̂) =
P

{u,v}2E

⇥
huv(x̂)�huv(x̄)

⇤
,

and (ii) by Claims 6 and 7.

q̄1(x̄)� q̄1(x̂) �
X

`2[r]

 X

{u,v}2E
�
`1

wuv

�
tutv �max{tu, tv} + 1

�
+

X

{u,v}2E
�
`2

wuv

�
tutv �max{tu, tv}

�

+
X

{u,v}2E
�
`3

wuvtuv(tuv � 1) +
X

{u,v}2E
�
`4

wuv

�
�

X

v2I

X

u2N
+
G (v)

wuv(tv � 1)
tv
2

. (39)
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Furthermore, we have the following arguments for q̄2(x̄)� q̄2(x̂).

q̄2(x̄)� q̄2(x̂) =
X

v2I

✓
tv
2

◆" X

u2N
+
G (v)

wuv �

X

u2N
�
G (v)

wuv

#
(40a)

=
X

v2I

✓
tv
2

◆ X

u2N
+
G (v)

wuv �

X

`2[r]

X

v2C`

✓
tv
2

◆" X

u2N
�
G (v)\(I\C`)

wuv +
X

u2N
�
G (v)\C`

wuv

+
X

u2N
�
G (v)\I

wuv

#
(40b)

=
X

v2I

✓
tv
2

◆ X

u2N
+
G (v)

wuv �

X

`2[r]

"
X

{u,v}2E
�
`1[E

�
`2

wuv

✓
tu
2

◆
+

✓
tv
2

◆�

+
X

{u,v}2E
�
`3

wuvtuv(tuv � 1) +
X

{u,v}2E
�
`4

wuv max

⇢✓
tu
2

◆
,

✓
tv
2

◆�#
(40c)

�

X

v2I

✓
tv
2

◆ X

u2N
+
G (v)

wuv �

X

`2[r]

"
X

{u,v}2E
�
`1[E

�
`2

wuv

✓
tu
2

◆
+

✓
tv
2

◆�

+
X

{u,v}2E
�
`3

wuvtuv(tuv � 1) +
X

{u,v}2E
�
`4

wuv

#
. (40d)

Here, equality (40c) holds by definitions of the partitions of E�
`

. Recall that edge sets E�
`

s are
mutually exclusive. Furthermore, as we shift from the vertex-based summation in equality (40b)
to the edge-based summation in equality (40c), we need to consider the corresponding vertex coef-
ficients

�
tu

2

�
+
�
tv

2

�
for a given edge {u, v} 2 E�. Inequality (40d) holds because

�
tv

2

�
� 1 for every

vertex v 2 I; so, max
��

tu

2

�
,
�
tv

2

� 
� 1 for every ` 2 [r] and every edge {u, v} 2 E�

`4
.
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By inequalities (39) and (40d), we have

q̄(x̄)� q̄(x̂) �
X

`2[r]

 X

{u,v}2E
�
`1

wuv

�
tutv �max{tu, tv} + 1

�
+

X

{u,v}2E
�
`2

wuv

�
tutv �max{tu, tv}

��

�

X

`2[r]

X

{u,v}2E
�
`1[E

�
`2

wuv

✓
tu
2

◆
+

✓
tv
2

◆�

=
X

`2[r]

X

{u,v}2E
�
`1

wuv

2

h
2
�
tutv �max{tu, tv} + 1

�
� tu(tu � 1)� tv(tv � 1)

i

+
X

`2[r]

X

{u,v}2E
�
`2

wuv

2

h
2
�
tutv �max{tu, tv}

�
� tu(tu � 1)� tv(tv � 1)

i

=�
X

`2[r]

X

{u,v}2E
�
`1

wuv

2

h
(tu � tv)2 + 2 max{tu, tv}� tu � tv � 2

i

�

X

`2[r]

X

{u,v}2E
�
`2

wuv

2

h
(tu � tv)2 + 2 max{tu, tv}� tu � tv

i
� 0.

Here, the last inequality holds because for every ` 2 [r] and every {u, v} 2 E�
`1

, we have (i)
(tu � tv)2 � 1 and (ii) max{tu, tv} � min{tu, tv} + 1. In other words, we have

(tu � tv)2 + 2 max{tu, tv}� tu � tv � 2 � 1 + (max{tu, tv} + min{tu, tv} + 1)� tu � tv � 2 = 0.

⌅

This finishes the proof.

45



Appendix C – Folding Operation

Lemma. Let graph G = (V, E). There is an optimal solution of the max k-cut problem with vertex
pair {a, b} 2

�
V

2

�
assigned to the same partition if

d+

ab
� d�

ab
�

3

2
min{wab, 0} � max{d+

a
� d�

a
+ �a, d+

b
� d�

b
+ �b}� ↵⇤, (41)

where

↵⇤ := min
q,t

(
q2 � q1

����
qj =

P
v2C(a,b)

hab

v
tvj , 8j 2 P ; q1  q2  · · ·  qk;

P
j2P

tvj = 1, 8v 2 C(a, b); t 2 {0, 1}
|C(a,b)|⇥k

)
. (42)

Proof. Let point x̂ 2 {0, 1}
n⇥k be a feasible solution of the max k-cut problem. We are to show

that there exists a feasible solution x̄ 2 {0, 1}
n⇥k such that (i) x̄aj = x̄bj for every partition j 2 P ,

and (ii) its objective value is greater than or equal to that of x̂. Let Dab = �(a) [ �(b), where
�(v) represents the set of incident edges of vertex v 2 V . For any point x 2 {0, 1}

n⇥k, we rewrite
g(x) = g0

ab
(x) + g00

ab
(x) with

g0
ab

(x) =
X

{u,v}2Dab

wuv

⇣
1�

X

j2P

xujxvj

⌘
, g00

ab
(x) =

X

{u,v}2E\Dab

wuv

⇣
1�

X

j2P

xujxvj

⌘
.

For every partition j 2 P , we define qj :=
P

v2C(a,b)
hab

v
x̂vj . Without loss of generality, assume

that q1  q2  · · ·  qk. We define x̄a1 = x̄b1 = 1. For every vertex v 2 V \ {a, b} and every
partition j 2 P , we define x̄vj := x̂vj . We note that if x̂aj = x̂bj for every j 2 P , then we are done.
Also g00

ab
(x̂) = g00

ab
(x̄) holds for any vertex pair {a, b} 2

�
V

2

�
.

Now we consider the following cases in which vertices a and b are assigned to di↵erent partitions
in solution x̂. For every vertex v 2 V , we also define dv := d+

v
+ d�

v
.

Case 1. Assume that (i) vertex b is assigned to partition 1 in solution x̂, and (ii) for every vertex

v 2 C(a, b), we have wav = wbv = hab

v
. So, �a = �b = 0. We bound

P
v2NG(a)

wav

⇣
1�

P
j2P

x̄aj x̄vj

⌘

as follows.
X

v2NG(a)

wav

⇣
1�

X

j2P

x̄aj x̄vj

⌘
=

X

v2NG(a)

wav(1� x̄v1) (43a)

=
X

v2NG(a)

wav �

X

v2NG(a)

wavx̄v1 (43b)

= da �

X

v2C(a,b)

wavx̄v1 �

X

v2NG(a)\(C(a,b)[{b})

wavx̄v1 � wabx̄b1 (43c)

= da �

X

v2C(a,b)

wavx̂v1 �

X

v2NG(a)\(C(a,b)[{b})

wavx̄v1 � wabx̄b1 (43d)

� da � q1 �
�
d+

a
� d+

ab
�max{wab, 0}

�
� wab (43e)

= d+

ab
� q1 + d�

a
�min{wab, 0}. (43f)
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Here, equality (43a) holds because x̄aj = 0 for every j 2 P \ {1}. Equality (43c) holds by the
definition of da. Equality (43d) holds by the definition of q1. Inequality (43e) holds because

X

v2NG(a)\(C(a,b)[{b})

wavx̄v1 

X

v2N
+
G (a)\(C(a,b)[{b})

wavx̄v1



X

v2N
+
G (a)\(C(a,b)[{b})

wav

= d+

a
� d+

ab
�max{wab, 0}.

We know that vertex a is assigned to a partition other than 1, say j 2 P \ {1} in solution x̂.

Now we provide an upper bound for
P

v2NG(a)
wav

⇣
1�

P
i2P

x̂aix̂vi

⌘
as follows.

X

v2NG(a)

wav

⇣
1�

X

i2P

x̂aix̂vi

⌘
=

X

v2NG(a)

wav(1� x̂vj) (44a)

=
X

v2NG(a)

wav �

X

v2NG(a)

wavx̂vj (44b)

= da �

X

v2C(a,b)

wavx̂vj �

X

v2NG(a)\(C(a,b)[{b})

wavx̂vj � wabx̂bj (44c)

 da � q2 �
�
d�

a
� d�

ab
�min{wab, 0}

�
(44d)

= d+

a
� q2 + d�

ab
+ min{wab, 0}. (44e)

Here, equality (44a) holds because x̂ai = 0 for every i 2 P \ {j}. Equality (44c) holds by the
definition of da. Inequality (44d) holds because

P
v2C(a,b)

wavx̂vj � q2 and

X

v2NG(a)\(C(a,b)[{b})

wavx̂vj �

X

v2N
�
G (a)\(C(a,b)[{b})

wavx̂vj

�

X

v2N
�
G (a)\(C(a,b)[{b})

wav

= d�
a
� d�

ab
�min{wab, 0}.

By the theorem’s assumption, we also have

d+

ab
� d�

ab
� 2 min{wab, 0} � d+

ab
� d�

ab
�

3

2
min{wab, 0} � d+

a
� d�

a
�↵⇤

� d+

a
� d�

a
� (q2� q1). (45)

Here, the second inequality follows from condition (42) and the last inequality holds by the fact
that �↵⇤

� �(q2 � q1). Thus, we have

X

v2NG(a)

wav

⇣
1�

X

j2P

x̄aj x̄vj

⌘
� d+

ab
� q1 + d�

a
�min{wab, 0}

� d+

a
� q2 + d�

ab
+ min{wab, 0}

�

X

v2NG(a)

wav

⇣
1�

X

j2P

x̂aj x̂vj

⌘
. (46)
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Here, the first inequality follows from line (43f). The second inequality follows from inequality (45).
The last inequality follows from line (44e). Since (i) g00

ab
(x̂) = g00

ab
(x̄) and (ii) by inequality (46),

we have g(x̄) � g(x̂). We finally note that a similar argument holds when vertex a is assigned to
partition 1 in solution x̂.

Case 2. Assume that (i) neither vertex a nor b is assigned to partition 1 in solution x̂, and (ii) for
any vertex v 2 C(a, b), we have wav = wbv = hab

v
. We provide a lower bound for g0

ab
(x̄) as follows.

g0
ab

(x̄) =
X

{u,v}2Dab

wuv

⇣
1�

X

j2P

x̄uj x̄vj

⌘
(47a)

=
X

v2NG(a)

wav(1� x̄v1) +
X

v2NG(b)

wbv(1� x̄v1)� wab

⇣
1�

X

j2P

x̄aj x̄bj

⌘
(47b)

=
X

v2NG(a)

wav �

X

v2NG(a)

wavx̄v1 +
X

v2NG(b)

wbv �

X

v2NG(b)

wbvx̄v1 � 0 (47c)

= da �

X

v2C(a,b)

wavx̄v1 �

X

v2NG(a)\(C(a,b)[{b})

wavx̄v1 � wabx̄a1

+ db �

X

v2C(a,b)

wbvx̄v1 �

X

v2NG(b)\(C(a,b)[{a})

wbvx̄v1 � wabx̄b1 (47d)

= da � 2q1 �

X

v2NG(a)\(C(a,b)[{b})

wavx̄v1 + db �

X

v2NG(b)\(C(a,b)[{a})

wbvx̄v1 � 2wab (47e)

� da � 2q1 �
�
d+

a
� d+

ab
�max{wab, 0}

�
+ db �

�
d+

b
� d+

ab
�max{wab, 0}

�
� 2wab (47f)

= 2d+

ab
� 2q1 + d�

a
+ d�

b
� 2 min{wab, 0}. (47g)

Here, equality (47b) holds because x̄aj = x̄bj = 0 for every partition j 2 P \ {1}. Equality (47d)
holds by the definition of da. Equality (47e) holds (i) by the definition of q1, and (ii) because
x̄a1 = x̄b1 = 1. Inequality (47f) holds because

X

v2NG(a)\(C(a,b)[{b})

wavx̄v1 

X

v2N
+
G (a)\(C(a,b)[{b})

wavx̄v1



X

v2N
+
G (a)\(C(a,b)[{b})

wav

= d+

a
� d+

ab
�max{wab, 0}.

Similar bound holds for
P

v2NG(b)\(C(a,b)[{a}) wbvx̄v1.
Now we provide an upper bound for g0(x̂). We note that vertices a and b are assigned to
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partitions j 2 P \ {1} and j0 2 P \ {1}, respectively.

g0(x̂) =
X

{u,v}2Dab

wuv

⇣
1�

X

i2P

x̂uix̂vi

⌘
(48a)

=
X

v2NG(a)

wav(1� x̂vj) +
X

v2NG(b)

wbv(1� x̂vj0)� wab

⇣
1�

X

i2P

x̂aix̂bi

⌘
(48b)

=
X

v2NG(a)

wav �

X

v2NG(a)

wavx̂vj +
X

v2NG(b)

wbv �

X

v2NG(b)

wbvx̂vj0 � wab (48c)

= da �

X

v2C(a,b)

wavx̂vj �

X

v2NG(a)\(C(a,b)[{b})

wavx̂vj

+ db �

X

v2C(a,b)

wbvx̂vj0 �

X

v2NG(b)\(C(a,b)[{a})

wbvx̂vj0 � wab (48d)

 da � q2 �

X

v2NG(a)\(C(a,b)[{b})

wavx̂vj + db � q2 �

X

v2NG(b)\(C(a,b)[{a})

wbvx̂vj0 � wab (48e)

 da � q2 �
�
d�

a
� d�

ab
�min{wab, 0}

�
+ db � q2 �

�
d�

b
� d�

ab
�min{wab, 0}

�
� wab (48f)

= d+

a
+ d+

b
� 2q2 + 2d�

ab
+ 2 min{wab, 0}� wab. (48g)

Here, equality (48d) holds by the definitions of da and db. Inequality (48e) holds by inequalitiesP
v2C(a,b)

wavx̂vj � q2 and
P

v2C(a,b)
wbvx̂vj � q2. Inequality (48f) holds because

X

v2NG(a)\(C(a,b)[{b})

wavx̂vj �

X

v2N
�
G (a)\(C(a,b)[{b})

wavx̂vj

�

X

v2N
�
G (a)\(C(a,b)[{b})

wav

= d�
a
� d�

ab
�min{wab, 0}.

Similar bound holds for
P

v2NG(b)\(C(a,b)[{a}) wbvx̂vj0 . We also have

d+

ab
� d�

ab
�

3

2
min{wab, 0} � d+

a
� d�

a
� ↵⇤

� d+

a
� d�

a
� (q2 � q1) (49a)

d+

ab
� d�

ab
�

3

2
min{wab, 0} � d+

b
� d�

b
� ↵⇤

� d+

b
� d�

b
� (q2 � q1). (49b)

Here, the first inequalities follow from condition (42) and the last inequalities hold by the fact that
�↵⇤

� �(q2 � q1)2. By adding inequalities (49a) and (49b), we have

2(d+

ab
� d�

ab
)� 3 min{wab, 0} � d+

a
� d�

a
+ d+

b
� d�

b
� 2(q2 � q1). (50)

We first rewrite inequality (50) as follows.

2d+

ab
� 2q1 + d�

a
+ d�

b
� 2 min{wab, 0} � d+

a
+ d+

b
� 2q2 + 2d�

ab
+ min{wab, 0}. (51)

2
Although the optimal objective value of the continuous relaxation of the MILO formulation (42) is a valid lower

bound for q2 � q1, it is always zero.
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If wab < 0, we have

X

v2NG(a)

wav

⇣
1�

X

j2P

x̄aj x̄vj

⌘
� 2d+

ab
� 2q1 + d�

a
+ d�

b
� 2 min{wab, 0}

� d+

a
+ d+

b
� 2q2 + 2d�

ab
+ min{wab, 0}

= d+

a
+ d+

b
� 2q2 + 2d�

ab
+ 2 min{wab, 0}� wab

�

X

v2NG(a)

wav

⇣
1�

X

i2P

x̂aix̂vi

⌘
.

Here, the first inequality follows from line (47g). The second inequality follows from inequality (51).
The last inequality follows from line (48g).

If wab � 0, we have

X

v2NG(a)

wav

⇣
1�

X

j2P

x̄aj x̄vj

⌘
� 2d+

ab
� 2q1 + d�

a
+ d�

b

� d+

a
+ d+

b
� 2q2 + 2d�

ab

� d+

a
+ d+

b
� 2q2 + 2d�

ab
� wab

�

X

v2NG(a)

wav

⇣
1�

X

i2P

x̂aix̂vi

⌘
.

Here, the inequalities follow from the similar argument provided for the case wab < 0. We note
that min{wab, 0} = 0 when wab � 0.

Case 3. Assume that there is a vertex v̄ 2 C(a, b) with |wav̄| 6= |wbv̄|. Without loss of generality,
suppose that |wav̄| > |wbv̄|. Next, we construct graph G̃ = (Ṽ , Ẽ) with Ṽ := V [ {ū} and Ẽ :=
E [ {a, ū}. Now, we define edge weights of graph G̃ as follows: w̃av̄ := wbv̄, w̃aū := wav̄ � wbv̄,
and w̃uv := wuv for every edge {u, v} 2 E \ {a, v̄}. By (i) C̃ab = Cab and (ii) the definition of edge
weights w̃, h̃ab

v
= hab

v
for every vertex v 2 C̃ab. Thus, we have (i) d̃+

ab
= d+

ab
and d̃�

ab
= d�

ab
, (ii)

�̃a = �̃b = 0, and (iii) ↵̃ = ↵⇤ with ↵̃ be the optimal objective value of (42) on graph G̃.
We first show that there exists a solution x0

2 {0, 1}
(n+1)⇥k in graph G̃ such that its associated

objective value is equal to that of the x̂ 2 {0, 1}
n⇥k in graph G. For any vertex v 2 Ṽ \ {ū} and

every partition j 2 P , we set x0
vj

:= x̂vj . For every partition j 2 P , we set x0
ūj

:= x̂v̄j . So, we have

g(x0) =
X

{u,v}2Ẽ

w̃uv

⇣
1�

X

j2P

x0
uj

x0
vj

⌘

=
X

{u,v}2Ẽ\({a,ū}[{a,v̄})

w̃uv

⇣
1�

X

j2P

x0
uj

x0
vj

⌘
+ w̃aū

⇣
1�

X

j2P

x0
aj

x0
ūj

⌘
+ w̃av̄

⇣
1�

X

j2P

x0
aj

x0
v̄j

⌘

=
X

{u,v}2Ẽ\({a,ū}[{a,v̄})

wuv

⇣
1�

X

j2P

x̂uj x̂vj

⌘
+ (wav̄ � wbv̄ + wbv̄)

⇣
1�

X

j2P

x̂aj x̂v̄j

⌘
= g(x̂).

Here, the third equality holds because w̃aū = wav̄ � wbv̄.
Now, we consider the following cases.
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(i) wav̄wbv̄ � 0. Then, we have �a = �b = �̃a = �̃b = 0. Thus, we have

d̃+

ab
� d̃�

ab
�

3

2
min{w̃ab, 0} = d+

ab
� d�

ab
�

3

2
min{wab, 0}

� max{d+

a
� d�

a
, d+

b
� d�

b
}� ↵⇤

= max{d̃+

a
� d̃�

a
, d̃+

b
� d̃�

b
}� ↵̃

= max{d̃+

a
� d̃�

a
+ �̃a, d̃+

b
� d̃�

b
+ �̃b}� ↵̃.

Here, the inequality follows from inequality (42). The last equality holds by the fact that
d̃+

a
= d+

a
, d̃+

b
= d+

b
, d̃�

a
= d�

a
, and d̃�

b
= d�

b
.

(ii) wav̄wbv̄ < 0. Since |wav̄| > |wbv̄|, we have hab

v̄
= wbv̄ that implies �a = |wav̄ � hab

v̄
| = |waū|

and �b = 0. We also have �̃a = �̃b = 0. Thus,

d̃+

ab
� d̃�

ab
�

3

2
min{w̃ab, 0} = d+

ab
� d�

ab
�

3

2
min{wab, 0}

� max{d+

a
� d�

a
+ |wau|, d+

b
� d�

b
}� ↵⇤

= max{d̃+

a
� d̃�

a
, d̃+

b
� d̃�

b
}� ↵̃

= max{d̃+

a
� d̃�

a
+ �̃a, d̃+

b
� d̃�

b
+ �̃b}� ↵̃.

Here, the inequality follows from (42). The last equality holds by the fact that d̃+
a
� d̃�

a
=

d+
a
� d�

a
+ |waū|, d̃+

b
= d+

b
, and d̃�

b
= d�

b
.

By cases 1 and 2, there exists solution x00
2 {0, 1}

(n+1)⇥k such that g(x00) � g(x0). By the
construction of x00, we have x00

ūj
= x00

v̄j
for every partition j 2 P . Thus there exists solution

x̄ 2 {0, 1}
n⇥k such that for every vertex v 2 V and every partition j 2 P , we have x̄vj = x00

vj
. Similar

to our argument on equality g(x0) = g(x̂) in Case 3, we have g(x̄) = g(x00). Thus, g(x̄) � g(x̂). We
note that our arguments hold when we have more than one vertex v 2 C(a, b) with |wav̄| 6= |wbv̄|.
In such a case, one can add an auxiliary vertex for every vertex v 2 C(a, b).
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Appendix D – Simplified QUBO and R-QUBO Models

The simplified version of the QUBO model (19) is provided as follows.

q(x) =
X

{u,v}2E

wuv �

X

{u,v}2E

wuv

X

j2P

xujxvj �

X

v2V

cv

⇣X

j2P

xvj � 1
⌘2

,

=
X

{u,v}2E

wuv �

X

{u,v}2E

wuv

X

j2P

xujxvj �

X

v2V

cv

h⇣X

j2P

xvj

⌘2

� 2
X

j2P

xvj + 1
i
,

=
X

{u,v}2E

wuv �

X

{u,v}2E

wuv

X

j2P

xujxvj �

X

v2V

cv

⇣X

j2P

x2

vj
+ 2

X

{i,j}2(P2)

xvixvj � 2
X

j2P

xvj + 1
⌘
,

=
X

{u,v}2E

wuv �

X

{u,v}2E

wuv

X

j2P

xujxvj �

X

v2V

cv
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⌘
.

Here, the last equality holds because xvj 2 {0, 1} for every vertex v 2 V and every partition j 2 P ;
so, we have x2

vj
= xvj . Furthermore, the simplified version of the R-QUBO model (21) is provided

below.
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�

X
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=
X
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hX
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X
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⇣X
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xuj

⌘⇣X

j2P̄

xvj

⌘i
�

X

v2V

cv

X

{i,j}2(P̄2)

xvixvj ,

=
X

{u,v}2E

wuv

⇣X

j2P̄

(xuj � 2xujxvj + xvj)�
X
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(xvixuj + xuixvj)
⌘
�

X

v2V

cv

X

{i,j}2(P̄2)

xvixvj ,

=
X

{u,v}2E

wuv

⇣X
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2
�
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⌘
�

X
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X
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Here, the last equality holds because xvj 2 {0, 1} for every vertex v 2 V and every partition j 2 P ;
so, we have xvj = x2

vj
.
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