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Abstract

We present a provably convergent feasible-inexact quantum interior point method for second-order
conic optimization problems. Our analysis establishes the polynomial convergence of primal-dual al-
gorithms based on the Monteiro-Zhang (MZ) family of directions. These results are based on recent
progress in quantum linear system solvers and on the block-encoding technique. In the presence of
quantum-accessible storage (also known as QRAM), we are able to obtain speedups in terms of the size
of the problem, at the price of a worse dependence on the condition number. In fact, the bottleneck for
the quantum interior point method is in extracting a classical estimate of the solution to the Newton
linear system at each iteration.

1 Introduction
A second-order conic optimization problem (SOCOP) is an optimization problem in which one seeks to
minimize a linear objective function subject to a feasible region defined by an intersection of an affine set

and the Cartesian product of a finite number of second-order cones. As a consequence, Linear Optimization
problems (LOPs) are a special case of SOCOPs. Mathematically, a second-order cone can be defined as

n
K= {(ﬂcl,xg,...,xn) GR":x%—Zx?ZO,xl 20}.
i=2

Alternatively, one can define a second-order cone using a matrix representation. That is, for any x =

(x1,...,2,) " consider the matrix
Ty T2:n
Arw(z) = 1
@=(3 ) (1
where x5., = (22,3,...,2,) and I,,_1 denotes the identity matrix in RM=Dx(n=1) " One can easily verify

that « € K if and only if Arw(z) is positive semidefinite. Thus, SOCOPs are a specific case of Semidefinite
Optimization (SDO).

SOCOPs have historically received a considerable amount of attention due to as many optimization
problems can be expressed in this form (see [12, 20, 34]). This range of applications includes robust linear
optimization, portfolio optimization problems such as Markowitz [7, 21] and the support vector machine
training problem [9]. In fact, portfolio optimization and SVM have each been presented as applications for
quantum computing [16, 28, 29].

Similar to SDOPs, we have we have polynomial-time algorithms for solving SOCOPs. The ellipsoid
algorithm is the first algorithm proven to solve LOs in polynomial time [19]. Later, Karmarkar introduced
his intrerior point method (IPM) for LOs, which improved the complexity of the ellipsoid method in [13].
Nesterov and Nemirovsky are responsible for the first polynomial time IPM for SDOPs [24], whose framework
utilizes efficiently computable self-concordant barrier functions. As discussed in [25], SOCOPs can be solved
using the approach to solve SDOPs, using IPMs to solve SOCOPs directly have an iteration bound that



depends on the number of cones r. This iteration bound is lower than the iteration bound corresponding to
classical IPMs for SDOPs, which depend on the number of variables n, and for SOCOPs, n may in fact be
much larger than N [25].

There was a significant effort extend the search direction results for SDOPs to SOCOPs in order to ensure
that the solutions to the Newton linear system commute. In studying a primal-dual approach to SDOPs and
SOCOPs, Alder and Alizadeh [1] developed the SOCOP analog of the Alizadeh-Haeberly-Overton (AHO)
[2] search direction for SDOPs. Similarly, Faybusovich provided analysis for the Nesterov-Todd method for
SOCOPs [10]. Further, both Monteiro [23] and Tsuchiya [31] conduct analysis on various search directions
for SOCOPs using Jordan algebraic techniques. In this work, we choose the Nesterov-Todd (NT) [26, 30]
direction.

The primary motivation for this paper comes from the Quantum Interior Point Method (QIPM) for
SOCOPs presented by Kerenidis and Prakash [17]. By employing quantum random access memory (QRAM)
and quantum linear system solvers developed by [8], the authors in [17] claim to be able to efficiently solve
the Newton linear system in each iteration. As such, they claim an e-approximate solution to an SOCOP
can be found with their algorithm in time

0 (n\/ﬁg—g log %))

where € is the optimality gap, r is the rank, s is an upper bound for the condition number of the Newton
systems, < 4/n is a factor coming from quantum linear system solvers and § is a lower bound for the distance
to the cones associated with the intermediate solutions of the algorithm.

Yet, the algorithm presented in [17] is not convergent for SOCOPs. In their work, the authors rely on
an exact-feasible IPM as the foundation for their QIPM. This of course implies that the search direction
from solving their quantum Newton linear system will satisfy primal feasibility and dual feasibility exactly.
However, due to the errors naturally arising from using quantum linear system solvers, such a solution cannot
be guaranteed to satisfy primal or dual feasibility (exactly). Due to subsequent consequences primal and dual
infeasibility imply for IPMs, the analysis used to prove convergence of their algorithm cannot be applied.

Infeasible-inexact QIPMs (II-QIPMs) were first developed for SDO by Augustino et al [6], who quantize
the classical counterpart from Zhou and Toh [35]. While this effort served as the first provably convergent
QIPM, quantizing an infeasible-inexact IPM framework led to an overall running time of

O <n845 Hdpd) 7
€

where p > 0 is a constant used to define the size of the solutions to the primal and dual SDOPs, which
can be exponentially large even in the case of LO. These results were later generalized to convex quadratic
symmetric cone optimization problems in [5].

Given that the running time of II-QIPMs proved to be worse than that of classical IPMs (even in terms
of n), Augustino et. al [4] subsequently investigated if a feasible QIPM framework could be recovered. The
authors in [4] show that one can reduce the quantum Newton linear system to solving the complementary
condition while allowing for small error by substituing in the so-called null- and rowspace representations
of the search directions. By defining the primal variable as a linear combination of basis elements for the
nullspace of the concatenated constraint matrices A, and similar the dual slack variable to be a combination
of elements of the rowspace of A, any solution to their linear system preserves primal and dual feasibility.
Further, the running time of their Inexact-Feasible QIPM (IF-QIPM) is given by

~ 2.5
O (n ,QQH) ,
€

where ¢ > 0 denotes a bound on the size of the solution to the quantum Newton linear system.
In this paper we present a primal-dual IF-QIPM for SOCOPs that follows the general scheme of [17],
but we take safeguards from the classical IPM literature in order to ensure the validity and convergence of




the algorithm on SOCOPs. In particular, we (i) modify the Newton linear system to use the Nesterov-Todd
(NT) [26, 30] search direction; (i7) we describe how to construct the corresponding linear system with the
use of quantum-accessible data structures, making use of the block encoding techniques from [8, 11] and (it)
provide a detailed analysis of the corresponding running time. The running time of the algorithm presented

in this paper is
1.5
~ (n°K
0] ( QQH) .
€

To the best of our knowledge, this paper serves yields the first provably convergent quantum interior point
method designed for SOCOPs.

The rest of this paper is organized as follows. In Section 2 presents the requisite quantum data structures,
and quantum linear system solution techniques. In Section 3 we discuss the classical interior point method,
in addition to important theoretical results from the IPM literature. Section 4 details important technical
results that will play a crucial role in establishing polynomial convergence of our algorithm. In Section 5 we
provide a Quantum Interior Point Method for SOCOPs and theoretical analysis of the running time for this
Quantum Interior Point Method. Section 6 concludes the paper.

2 Preliminaries

We denote by A ® B the tensor product of two matrices. Given two vectors x,y, we denote by x oy the
concatenation of the two vectors. For a € R™, we denote its amplitude encoding by |a), defined as

mﬂﬁzwm

J€[n]

Notice that |a) is a (log n)-qubit state; we assume that the sizes of all spaces are powers of 2 for simplicity. All

logarithms are base 2. The smallest and largest singular values of a matrix A are denoted opyin(A), omax(4),

and the smallest and largest eigenvalues are denoted Amin(A), Amax(A4). The condition number of A is
_ Amax(4)

K(A) = Fo @

2.1 Basic concepts on block-encoded matrices

The II-QIPM described in this paper makes extensive use of linear algebra subroutines; notably, matrix
multiplication, matrix powers, and matrix-vector products. We perform all these operations in the framework
of block encodings. Before giving formal definitions and an overview of key results from the literature, we
give an informal introduction to convey intuition.

To get a basic understanding of how to perform matrix-vector and matrix-matrix multiplication using
this framework, suppose we want to multiply A by some vector b. We assume that b is encoded in the
quantum state |b), which we want to update as follows:

Alb)

0= T T

A block encoding U of A is a unitary such that:

v-(= )

where « is a normalization factor. In particular, if A is an s-qubit operator, an («, a, d)-block encoding of A
uses a extra qubits and implements A up to total error §. Hence, we have

()
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ZALB) 0"+ ],
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and performing ~ HATT)H rounds of amplitude amplification yields % with high probability, see e.g., [8].
For matrix multiplication, let U be an (a,a,d)-block-encoding of an s-qubit operator A, and V be a
(8, b, &)-block-encoding of an s-qubit operator B. Then we have

(1)) (# ),

which yields an (af, a + b, «& + 86)-block-encoding of AB.
For matrix inversion, let U be a («a, a, §)-block encoding of A which can be implemented with complexity
Ty. Then, Chakraborty et al. [8] prove that we can implement a block encoding V' of the inverse of A:

v- (%)

Hence, given A as a block encoding and |b), we can solve the linear system

Axr =0
by outputting the state
AN |b)
A= [} [I”
computed as :
a 1 — a
V[b)|0)¥" = 5 A7) 0)* +1).

To construct a block encoding of the matrices used by the II-QIPM, e.g., the matrices A®, ... A%,
we use the following construction, see [8] for details. Suppose we want to construct a matrix A and we
have a way of constructing the quantum states |¢;) = >, “‘:—iij” i, 7), where A; is the i-th row of A, and

lps) =D, \‘\‘fl?l |i,7). Then we construct:

- AP - - | |
Ulu, = : o) - lon) - :<[<¢i|¢j>h,je[n] ~):(|Z‘|F >
N (I I— | | . . . .
where we used the fact that
1oy — A

Thus, U;;U 1, is a block encoding of A with normalization factor ||A||r. For the above construction to
work, we must have a procedure to prepare Ugr,Ur. Note that these unitaries are easy to obtain starting
from controlled operations to prepare the states |¢;),|@;), i.e., operations of the form [i)[0) — |i) |¢5),
[7)10) — |4) |¢;), and these controlled operations can in turn be constructed with a procedure similar to
the state preparation algorithm of Grover and Rudolph [?] for efficiently integrable distributions. This can
be made more efficient if we allow pre-processing to create certain data structures that can be stored in
quantum-accessible storage, i.e., QRAM. A quantum RAM (QRAM) is a form of storage that allows for
querying a superposition of addresses. Given a QRAM that stores the classical vector v; € R?*, and a
quantum state Zf:}l a; |j), the QRAM asumption is that the following mapping can be performed in time
O(q), i.e., polylogarithmic in the size of the vector:

291 291
Yol e0) = Y (a1 @),
§=0 j=0

Throughout this paper, we assume that we have access to a QRAM that is large enough to store all input
matrices, i.e., O(mn?). For more details about the QRAM data structure to prepare the amplitude encoding
of a vector, or the matrices Ug, U, discussed above, we refer the reader to [15, 8].



2.2 Useful results on block-encoded matrices

We now provide formal definitions for the concepts informally discussed in the previous section, as well as
other results that are used in the remainder of this paper. The material in this section is mostly taken from
[8, 11], which provide improvements over the framework discussed in [14, 15].

Definition 1 (Block encoding). Let A € C2"*2" be a w-qubit operator. Then, an (w + a)-qubit unitary U
is an («,a,&)-block encoding of A if U = (A ), such that

laA — Al < ¢
An (o, a,€)-block encoding of A is said to be efficient if it can be implemented in time Ty = O(poly(w)).

Note that this only possible for matrices with ||A|l2 < 1, so we allow A to be scaled by some constant:

A
v~ (),

|4 = a((0]* @ Iow)U (|0)*" ® Iu)|| < &.

The next proposition formalizes an idea discussed in the previous section. We do not provide details on
the necessary data structure, referring the reader to [8] for an extensive discussion on this topic.

yielding

Proposition 1 (Lemma 50 in [11]). Let A € C™*™ with m = 2% and & > 0.

(i) Fizq e [0,2]. If AD and (AC=D) are both stored in QRAM data structures, then there exist unitaries
Ugr and Uy, that can be implemented in time O(poly(w log %)) and such that U};UL is a (uqg(A), w+2,8)-
block-encoding of A.

(ii) If A is stored in a QRAM data structure, then there exist unitaries Ur and Uy, that can be implemented
in time O(poly(w log %)) and such that U},CUL is an (|| A||p, w + 2, &)-block-encoding of A.

Proposition 2 (Lemma 52 in [11]). (Linear combination of block-encoded matrices, with weights given by
the coefficients of a basis state) Let A = Z;nzl yjAj be an s-qubit operator, where A7 are matrices. Suppose

Py, Pr is a (8,b,&)-state-preparation pair for y, W = Y7200 5) (5l @ Uy + (I = 75 16) (i) © L @ 1)
is an (s + a + b)-qubit unitary with the property that U; is an («,a,&)-block-encoding of AJ. Then we can
implement a (af,a + b, a&; + af&s)-block-encoding of A with a single use of W, Pr and Pz.

The following two propositions are critical to the efficiency of the II-QIPM. They state that one can
construct a block encoding as a product of two block encoded matrices, with overhead that is merely
polylogarithmic in the size of the matrices. The difference between the two propositions is that in the
second one, the normalization factor of the block encoding of the product is fixed, rather than depending on
the input.

Proposition 3 (Lemma 4 [8]). (Product of block-encoded matrices) If U is an (a, a,d)-block-encoding of an
s-qubit operator A, and V is a (f8,b,§)-block-encoding of an s-qubit operator B, then (I, @ U)(Io ® V) is an
(af,a+ b, af + p0)-block-encoding of AB.

Proposition 4 (Lemma 5 in [8]). (Product of preamplified block-encoded matrices) Given an (o, a, §)-block-
encoding U of an s-qubit operator A, and a (8,b,&)-block-encoding V' of an s-qubit operator B, with o >
1,8 > 1, then we can implement a (2,a+b+2,v/2(5 + & + )-block-encoding of AB in time O((a(Ty +a) +
B(Ty + b)) log %), where Ty and Ty are the implementation times for U and V', respectively.

Additionally, the following two propositions indicate that if one has a block encoded matrix, one can
implement a block encoding of powers of that matrix — most notably, we can implement the inverse matrix.



Proposition 5 (Lemma 9 in [8]). (Implementing negative powers of Hermitian matrices) Let p € (0,00),
k> 2 and H a Hermitian matriz such that I/k < H < 1. Suppose that

5 6
=0 3 ltp
KMP(1 4 p)log —”6

and U is an («,a,d)-block-encoding of H, that can be implemented using Ty elementary gates. Then, for
any &, we can implement a unitary U which is a (2P, a + O(log(k! TP log 1/€), €)-block-encoding of H™P in

cost 0 <M(a+Tu)(1 +p)log? (ngp))

Proposition 6 (Lemma 10 in [8]). (Implementing positive powers of Hermitian matrices) Let p € (0,1],
k> 2 and H a Hermitian matriz such that I/k < H < 1. Suppose that

K log %

and U is an («,a,d)-block-encoding of H, that can be implemented using Ty elementary gates. Then, for
any &, we can implement a unitary U which is a (2,a + O(loglog(1/€)), &)-block-encoding of HP in cost

0 <(m(a + Ty) log? (g)) .

Theorem 1 (Theorem 30 in [8]). (Solution of linear system) Let p € (0,00), & > 2 and H a Hermitian
matriz such that its nonzero eigenvalues lie in [—1,—1/k] U [1/k,1]. Suppose that

d=o 763 >
k2 log %

and U is an (a,a,d)-block-encoding of H, that can be implemented using Ty elementary gates. Suppose
further that we can prepare a state |b) that is spanned by H using Ty, elementary gates. Then, for any &, we
can output a state that is &-close to H=1|b) /|| H~'b|| at cost

0 </€ (a(a + Tyy) log? (g) + Tb> log ,eu) .

Proposition 7 (Corollary 32 in [8]). (Norm estimation) Let p € (0,00), k > 2 and H a Hermitian matriz
such that its nonzero eigenvalues lie in [—1,—1/k] U [1/k, 1]. Suppose that

6=o %
k2 log ¥3

and U is an (a,a,d)-block-encoding of H, that can be implemented using Ty elementary gates. Suppose
further that we can prepare a state |b) that is spanned by H using Ty, elementary gates. Then we can output
€ such that

Q=OHE B <e<@+OIH o)

(0] (g <a(a + Tyy) log? <g) + Tb> log® k log 10§H> .

at cost




Proposition 8. Let

M11 e Mlc
A — : ., 6 RTLXYL
M. ... M.
where each M;; is a matriz, of appropriate dimension, that is stored in a QRAM data structure, or is
a tensor product of two matrices stored in a QRAM data structure. Suppose further the norms of each
row/column are classically known. Then we can construct a (||A| r, O(logn),&)-block-encoding of A in time

O(poly(logn, log ¢)).

Proof. Let Mioj € R™*™ denote the matrix in which M;; appears in the same entry as in A, but that all other
entries of Mioj are 0. Then, A can be written as a linear combination of the n? Mioj matrices as follows:

A:ZZM?]-.

i=1 j=1

Then, similarly, suppose U, is a block encoding of A. Letting Uioj denote a block encoding of Mioj € Rmxn,
applying Proposition 2, in time O(poly(logn,log %)) we can construct U4 as a linear combination of each
U

J

Us=>_> Uy

i=1 j=1

2.3 Extracting the solution of a linear system: tomography algorithm

In each iteration of our IF-QIPM, we solve a linear system of equations (known as the Newton linear system)
to update candidate solutions to the optimization problem at hand. The solutions to the quantum Newton
linear system, Az and Ay, are obtained using QLSA, and hence are encoded in quantum states. However,
their classical description is necessary to construct the Newton linear system for the subsequent iteration;
hence, we require a procedure to map |Az) and |Ay) to a classical solution (Az,As, Ay). For this task,
we use the state tomography algorithm of [15]. In our setting, this is faster than other tomography (e.g.,
[18, 27]), thanks to the assumption that we can apply a unitary that prepares the state, and its controlled
version. We report the full algorithm for completeness.



Algorithm 1 Vector state tomography algorithm [15]

Input: Access to a unitary U such that U|0) = |z) = >, #:]¢) and to its controlled version
1. Amplitude estimation

(a) Measure N = 3072 copjes of |z) in the standard basis

(b) Obtain estimates p; = % where n; is the number of times outcome ¢ is observed.

(c) Store \/p;, i € [m] in QRAM data structure

(d) Efficiently prepare |p) = 3=, ¢, v/Pild)-

2. Sign estimation

(a) Create N = 36":5# copies of the state

1 1
—=10) D @ili) + 1) Y vaili)
ﬁ 1€[m] ﬂ 1€[m]
using a control qubit.
(b) Apply a Hadamard gate on the first qubit of each copy of the state
(c) Obtain
1 . .
3 D i+ Vil0,6) + (@i = Vpo)|1,4)-
1€[m]

(d) Measure each copy in the standard basis and maintain counts n(b,7) of the number of times
outcome |b, i) is observed for b € {0,1}.

(e) Set o; =1 if n(0,4) > 0.4p; N and —1 otherwise.

3. Output the unit vector & with Z; = 0;./p;.

The following result from [15] certifies the correctness of Algorithm 1.

Theorem 2 (Thrm. 4.3 in [15]). Algorithm 1 produces an estimate & € R™ with ||Z||2 = 1 such that
[|Z — 2||a < V7€ with probability at least (1 — ﬁ) The running time of the algorithm is O(mTy /62),
where Ty is the time required by unitary U.

We can summarize the role the tomography algorithm plays in QIPMs as follows. Solving the Newton
linear system outputs a quantum state |Az o Ay), and we wish to recover a classical estimate Az, Ay such
that

(A2 — B2) + (Ay - Bp)l| < €.

To accomplish this, we observe a large number of samples from |Az o Ay) to estimate the absolute value of
its entries. Subsequently, using the controlled state preparation subcircuit and interference with Hadamard
gates, we create a state that allows to estimate the sign of each entry. Notice that the error bound is
relative to the normalized state |z); several parts of the QIPM require an error bound with respect to the
unnormalized real vector z, therefore we have to adjust the tolerance & accordingly.

3 The Classical Interior Point Method for SOCOPs

In this section, we provide a detailed overview of the SOCOP, the central path and a small neighborhood of
the central path.



3.1 The Primal and Dual SOCOPs
We consider the standard SOCOP which has the form
zp—min{Zc;mei:ZAimi—bhxiEICi, i—l,...m} (2)
i=1 i=1

where z; € R¥ fori=1,....,n,b e R™, A; e R™**¥ and ¢; e R*¥, i=1,...,n,and K;, i = 1,...,n is the
second order cone of dimension k; given by

’C,‘ = {(El = (xio,xil) eR x Rki71 L Ti0 — ||£L'l1|| > 0} .

Omne can observe that the cone K; is self-dual. That is, letting IC;« = {s; € RF: s;facZ >0, Vz; € K;} denote
the dual cone of K, it follows K; = K.
The dual problem associated with the primal problem is then

zD:maX{bTy:A:ersi:ci,siElCi,*,ViE[m]}. (3)
y

From here, we define the quantities

K=k +- - +ky,, K=K x--xK,
AZ(AlAQAm) ERmXK, c:(cl,...,cn) ERK
J::(xl,...,xn)GRK, s:(sl,...,sn)eRK

such that the primal and dual SOCOPs (2) and (3) can be rewritten as
zp:min{ch:Aa::b,xelC} (P)

and
zD:max{bTy:ATy—b—s:c,selC*} (D)
Y

Then, the set of interior feasible solutions of the primal-dual pair (P)-(D) are:

FOP)={z: Az =b,x cint (K)},

FY(D) = {y: ATy+s=cycint (K"},
respectively, where int (K) denotes the interior of K. Without loss of generality, we assume that there exists
a strictly feasible point (2°,4°, s%) such that FO(P) x FO(D) # ), i.e. the Interior Point Condition (IPC)
is satisfied [33]. This is a rather gentle assumption, as one can easily cast the original SOCOP as a slightly
larger one via the self-dual embedding model, for which a strictly feasible solution can be obtained in a
straightfoward manner. See Andersen, Roos, and Terlaky [3] for more details. Additionally, we assume the

matrices Aq,...A,, are linearly independent such that A has full row rank.
With the IPC satisfied, it follows that one can obtain an optimal solution of the SOCOP by solving

z's=0, Az =0b, Aly+s=c,

for (z,s,y) € K x K* x R™.

3.2 Euclidean Jordan algebra, the central path and Newton directions

From here we develop the primal-dual interior point method studied in this paper using the Euclidean Jordan
algebra associated with second order cones following [23]. In particular, the Eucildean Jordan algebra for
the second order cone, K; is defined by a bilinear o : R* x R*¥ — RF::

T ki
zi0s; = (x; si,wiosi + siowin) , Vi, s; € RM.



One can observe that the unit element of this algebra is e; = (1,0,...,0). The natural extension of the
algebra for IC; to K = K1 x ...K,, is defined as

ros=(r1081,...,T,058,), Vz,5s € RE
with unit element e = (e1,...,e,). Further, for x € RX we let mat(z) denote the matrix diag(X, ... X,)
where -
X0 Z; .
X; = ‘ il =1,...,n. 4
= () im e @

It follows trivially that
x o s = mat(z)s = mat(s)z.

Further, mat(z) is a symmetric matrix, with its smallest and largest eigenvalues defined as

Amin(mat(z)) = min{z;o — ||za| : i=1,...,n} (5a)
Amax(mat(z)) = max {xio + ||zl : i=1,...,n}. (5b)

respectively. For more details, see Lemma 2.13 of [32]. Additionally, mat(z) is symmetric positive semidef-
inite if and only if € K, and symmetric positive definite if and only if 2 € int (K).

We can define the central path of our primal-dual SOCO pair (P)-(D) as the set of solutions (z, s,y) €
K x K* x R™ that solve

ros=ve Ar=b, Aly+s=c, (6)

for all v > 0. From the Interior Point Condition and our assumption that A has full row rank, it follows
that (6) has a unique solution (z,s,y) = (2, Sy, y,) € int (K) x int (K*) x R™. Furthermore, this solution
(v, Su, yy) depends on v > 0 both continuously and analytically, and as v — 0, we attain an optimal solution
to the primal-dual SOCOP [23].

A classical IPM for SOCOPs, as outlined in Algorithm 2, begins with a primal-dual strictly feasible pair
(29, 4%, %) for the SOCO primal and dual problems (P) and (D), which has a duality gap of

z's = un,
and a distance to the central path of
d(z,s) <

for v < (0,1). In each iteration of the classical Inexact-Feasible IPM for SOCOPs presented in [23], one
seeks to solve the system

SAz + XAs=ocpe — Xs+r, (7a)
ATAy+As=c—s— ATy, (7b)
AAz =b— Az, (7c)

for (Az,As, Ay), where X = mat(z), S = mat(s), r € R¥ is a residual term and pu = p(z,s) = z"s/n.
Further, (Axz, As, Ay) is said to be the so called AHO direction.
Finally, letting ¢/ = p(z’, s'), we update the solutions for the following iterate:

¥ =1+ Ax (8a)
Y =y+Ay (8b)
s =5+ As, (8¢)

such that

10



Algorithm 2 Classical interior point method for SOCOPs

Input: Choose constantsy € (0,1/3) and § € (0,1) and let 0 = 1—6/v/2n. Let € € (0,1) and (2, 4%, s%,20) €

Na(v) and set po = p(a?, s°)

while i > € do
1. Solve the Newton linear system to obtain (Az, Ay, Ax)

2. Update solution

r—r+Ary+y+Ayand s+ s+ As

3. p=p(e)

end

Indeed the system (7) is the Newton system solved in Kerenidis and Prakash [17] in each iteration of
their QIPM for SOCOPs. However, solving this system directly using quantum linear system solvers results
in a QIPM that does not converge when applied to SOCOPs. To see this, note that by primal and dual
feasibility,

Az =b, ATy+s=c

implies that if the search direction (Az, As, Ay) solves the system (7), then this solution satisfies
SAz + XAs =ope — Xs
ATAy+As=0
AAz =0.

However, in light of the nonneglibile errors resulting from the application of QLSA, a solution (Az, As, Ay)
obtained via QLSA will in fact only satisfy

SAz + XAs =ope — Xs+&.
ATAy+ As =&,
AAzx =&),.
where (&,&q4,&p) are the quantum errors. Hence, for any &, # 0 or §; # 0 the resulting solution does not
satisfy primal or dual feasibility, which of course invalidates the primal-dual IPM framework they employ.
Observing the constraints stipulating primal and dual feasibility, one can see that any primal-dual feasible
solution, we have z € N(A) and s € R(A), where N/(A) and R(A) denote the nullspace and rowspace of
A, respectively. Given our assumption that A has full row rank, we can choose the matrices {A1,..., 4}

as our basis for the rowspace of A. Then, in order to find a basis for A (A) we can employ the so-called
QR-factorization of A; defined by:

AT=[0 Q] m .

It follows that the columns of Q2 form a basis for N'(4), so we set

As=—ATAy, (9a)
Az = Q2Az. (9b)
Hence, if we are using the AHO direction, at each iteration of our IF-QIPM for SOCOP, we simply solve:
Az
[SQ: —XA4] {Ay} =ope—Xs+r (10)

where r is a residual term used to capture the erros that will be introduced upon solving via QLSA. In
Section 4 we will demonstrate that the system (10) has a unique solution (Az, Ay) which maps to a solution
to the classical Newton linear system (7).
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3.3 Scaling, eigenvalues and neighborhoods of the central path

From here, we follow Monteiro and Tsuchiya [23] and introduce a group of scaling automorphims which map
the cone K onto itself, and characterize the scale-invariant neighborhoods of the central path.
Let
G = {)\Ti A>0,T; € RFF T3 T = Ji (Thoo > 0} (11)

J}ﬂ = (0 _1> eR .

It follows that G; is defined as the auto-morphism group of the cone C;; the set of all nonsingular matrices T;
satisfying IC; = T;(K;) = {Tix; : x; € K;}. A proof of this fact can be found in the appendix of [23]. Then,
choosing

where

G ={T =diag(Ty,...,T,): T; € G;,i=1,...,n},

we have that G is a subgroup of the auto-morphism group of the cone K.
The following result from [32] provides an explicit definition of the unique G > 0 mapping e to x.

Proposition 9 (Prop. 2.1 [32]). For any x € int (K), there exists a unique symmetric matriz in G which
maps e to x given by T, = diag(Ty,, ..., ., ) where for all i = 1,dots,n,

T

Zi0 i1
Too=\,. 6.1+ x|, (12)
o Be Fio
and
Bai =\ i — lwaa||*. (13)
Moreover, T, is positive definite.
Next, we define the set of 2n eigenvalues {)\Z i=1,...,n,57 =0, 1} corresponding to v = (vy,...,v,) €

RF1 x ... x R*» of the Cartesian algebra to be
AL =M () = vio — [lvarll, Aj = A (v) = vig + [|var |

for i = 1,...,n. Hence, we can conclude v € K if and only if AY > 0 for all 4 and similarly, that v € int (K)
if and only if AY > 0. For a more detailed explanation of eigenvalues in the context of SOCOPs, we refer the
reader to Section 2.4 of [32].

We are now in a position to define the neighborhoods of the central path. For a pair (z,s) € int (K) x
int (KC*), we define the distance metrics d(z, s) to be

do(z,8) = Z (Af(wm — ,u>2 = V2||lwgs — pel,

i=1,...,n,j=0,1

d =
2o(%, 5) i:l,?}%ﬁ:o,l

M (wqs) — H' = max [lwio + [lwir|| = 4l [wio — [lwir|l, =]

where p = p(x, s) and
Wes = (W1, ..., Wy) = Tys. (14)
Then, for v € (0,1) we can define the so called short-step neighborhood of the central path to be
Na(y) = {(2,5,9) € FO(P) x F(D) : da(x,s) <yul,5)},
Noo() = {(@,5,9) € FO(P) x F)(D) : dos(z,s) < yu(z,5)} .

One observe that du(z,s) < da(z, s) for all (x,s) € int (K) x int (K*), and therefore Na(v) C Noo () [23].
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We point out that the product wys = Tys is the SOCO analog of the quantity X'/25X/2 that arises in
the context of SDO. This quantity represents the scaled dual variable when the primal variable X is scaled
to the identity matrix I. Hence, for our purposes, w,s = T, s is the scaled dual variable when we scale x to
e.

The following result from [32] establishes the invariance properties of the eigenvalues of w,;.

Proposition 10 (Prop. 2.4 in [32]). Suppose that (x,s) € int (K) x int (K*) and G € G. Let (Z,5) =
(GT2,G™'s), w = wys and W = wzz. Then:

(a) Wip = wio and ||Wi]| = ||wal| for everyi=1,...,n.
(b) N(@) = M (w) for everyi=1,...,n and j = 0,1
(c) d2(Z,38) = da(z,s) and deo(T,3) = doo(x, 8)

4 Technical Results

In this section, we establish results that are necessary for proving the polynomial convergence of the IF-
QIPM for SOCOPs. The results are adapted from [22] to account for the inexactness in our solution to the
complementarity equation. We first prove that the AHO direction (16) is well defined in the neighborhood
N for v € (0,1/3). Then, we show that each member of the Monterio-Zhang (MZ) family of directions for
SDO in the context of SOCO reduces to the AHO direction in the scaled space. In this manner, our results
for the AHO direction extend to each member of the MZ family of directions.

Given (z,s) € int (K) x int (K*), we define the quantities

X = mat(x)

S = mat(s)
Rus =T, X 'S8T, (15a)
Wes = mat(wys). (15b)

Further, note that the triple (z, s, ) is the solution which serves as the classical counterpart to the solution
of our quantum Newton linear system (z,y). In particular, (z,s,y) solves the system

SAz + XAs=opue— Xs+r (16a)
ATAy+As=0 (16b)
AAz =0, (16¢)

where r is a residual term which captures the errors introduced by QLSA. We assume that r satisfies
7]l < nllope — Xs|| < myv/v2 (17)
for n € (0,1).
Lemma 1 (Lemma 1 in [23]). For any x € int (K), the matrices X and T, satisfy:
(o) X - T, =U, = diag(Uy, :i=1,...,n), where

0 0

U, —

and P,; is the orthogonal projection matrix onto the subspace orthogonal to x;;, namely

_ L1241
P, =

- (18)
(AR
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(b) T,X ' = X'T, = diag(I — 2;,'U,, :i=1,...,n); as a consequence T, X e = ¢;
(¢) X and T, commute and X = T.

Proof. First, recall the definitions of X; and T}, as defined in (4) and (12), respectively. Then, we can note
that the i-th diagonal block of X — T}, is given by the matrix X; — T,,. One can use (4), (12) and (13) to
show X; — Ty, = Uy,, from which (a) follows. Next, it is readily shown that X;U,, = U, X; = x;0Us,, and
thus X; 'U,, = 2;,'U,,. Combining this with (a) yields
X 'T,=X"'X-U,)=1-X"'U, =diag(I - X;'U,, : i=1,...,n)
=diag(l —2;,'U,, : i=1,...,n),
and thus (b) holds. Therefore, X 1T, is a symmetric matrix, which of course means X ! and T}, commute.

Consequently, X and T, commute as well. Finally, X > T, follows immediately from (a) as U, > 0, and
hence, (c) holds. O

The following two lemmas from [23] play a crucial role in the analysis of our algorithm.

Lemma 2 (Lemma 2 in [23]). We have Rys = diag(R; : i=1,...,n), where

.
Wio Wy
R = p 19
[wil Ri:| (19)
with (wip, wi1) = Ty, 8 € R X R¥—1 gnd
~ 1 Ll T,
Ri= = [wnal + 2 si00] = V050, (wio _ w) I (20)
Z;0 ) Z;0 Tio0

Proof. Applying equaiton (15a) and Lemma 1(b), it follows
Ry =T, X;'SiTy, = (To, X; ') SiXiTo, X!
= (I — 2y Us,) SiX; (I — 23 Us,) (21)

where X; and S; are the i-th diagonal blocks of X and S, respectively. Then, from the definition of X; and
S;, along with (18), one can observe

1 _ |1 0 _ [pio pd
I— Tio Uam - |:0 I — tszz:| ’ SzXz - |:pi1 Zz ’ (22)
where
Br; T
pi=mwios; = X8, T=1- y Zi = 080l + siawy. (23)
Ti0
From here, we substitute (22) into (21) so that we arrive at
R, = Pio (pi1 — Tipzipil)T
! pi1 — TiPr,pi1 Vi
where
‘/i = (I — TZPM)XIL(I — TZ‘P%), (24)

from which (19) follows once we establish that w;o = pio, wir = pi1 — 7i Px, pi1, and ﬁz = V;. Applying (22)
and (23) along with Lemma 1(b) yields

wi = Ty,s0 = (To, X 1) Xisi = (I — 23/ Us, ) pi = <(1 p .>p»1> ’
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and we obtain w;o = p;o and w1 = p;1 — i Py, pin. Next, from (13) and (23), it follows

T Pi1 — SioTi1 T
Zi = 208,01 + spwy = wiosiol + —————x
Z;0
-
Pi1%;,
T;0

S;
= =2 (afo — llwal?) I +
Ti0
. . 12 Ll
_ ;ﬂﬁmllﬁ- SzO”‘Tj.’Ll” le + pzl?il.
30 Ti0 Ti0

8i0\|$i1|\2p n
. Z‘L

Substituting the above relation into (24), along with the definition of R; in (20) and the relations w;; =
(I — TiPZZ)pih Pzixil =0 and PC?] = g, ylelds

Vi = 2082 (I Py )% + M(I — 7P, )P, + Yt
Tio ° Zio Tio
50 g2 2 siol[za|? 2 wir )
= — 0, (I =2mPp, + 77 Po,) + — ———(Po; =210, + 7 Pr) + ——=
Tio * ;0 Tio
s N
=Ri+ =2 [(82, + |zal?) (77 = 27) + |za|?] Pr, = Ri.

T50

Note that the final equality is a consequence of the fact that the coefficient of P, is zero on its left hand
side (this can be verified from the definitions given in (13) and (23)). Therefore, (19) holds.

Finally, we establish the identity in (20) by performing a simple calculation using (13), which along with
the fact that w;g = p;o yields Bﬁ,sio = W0 — piTlx“, Noting that w;1 = pi1 — 7Py, pi1, and Py x;1 = 0,
one can observe that w;'ix“ = p;12s1. Therefore, (20) follows as we have 5%1_ 8i0 = WipTi0 — Wi1L41- O

Lemma 3 (Lemma 3 in [23]). Let (x,s,y) € int (K) x int (K*) x R™ be a triple such that

max ’A?(wzs) - v’ <,
2¥)

for some scalars v > 0 and v > 0. Then,

HRJLs - Wzs“ S 2’7’/ (25&)
[Wes —vI|| < . (25b)

As a consequence
|Res — VI|| < 3yv.

Proof. Let (w;o,w;1) = Ty, 8;, and let W; be the 4-th block of W,s. Then, applying Lemma 2 along with the
definition of W, it follows

[Ras = Was| = max [|[R; —Wif| = max |R; — wiol |-
i=1,...,n i=1,...,n
Now, from (20) we have

1R — wiol| = \

1 2||wit||||zs
— [winzy — (wiza) 1] H < w < 2[|win ||
50 Z50

i

= (Al(wm) — /\?(wm)) < |/\%(wm) — 1/‘ + |)\?(wa) — 1/| < 2y,
and (25a) follows from the above two relations. Finally, (25b) follows from (5) and the proof is complete. [

Lemma 4 (Lemma 4 in [23]). Let (x,s,y) € int (K) x int (K*) x R™ be a triple such that

|Rus — v1|| < 70, (26)
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for some scalars T € (0,1) and v > 0. Assume that (u,v) € RE x RX and h € RX satisfy
Su+Xv=nh, uTv>0, (27)

and define 8, = ||T; ‘u|| and 6, = | Tyv||. Then,

JITX T 2TX |

) 28
R 2 B (28)

Proof. First, note that from (26), we have
d"Ryed > (1 —7)v|d|% (29)

Then, we multiply the first relation in (27) on the left by « X', and subsequently applying the second
relation in (27), we have
uTXflSu <u' X 'Su+uTv=u" X h.

Hence, combining the above with (15a) and (29) with d = T, 'u, it follows
(1= m)ws2 = (1 — ) || T u||* < (T )" Ras (T 'u)
—uTX Su<u X = (T, ) ' (T, X 1h)
< |7l |7 X A

and hence, the first inequality in (28) follows. Next, we show that the second inequality in (28) holds. Indeed,
we multiply the first relation in (27) on the left by T,, X ~!, which combined with the definition of R, yields

Ry T, u+ Tyv = T X h.
Combining this fact with (26), and the first inequality of (28), it follows

B = I = X0 = By < [0+ [

T, X h
< X+ Rl B < X0 4+ (14 L XA
and hence we obtain the second inequality of (28), which completes the proof. O

The following result establishes the validity of using a classical estimate of the solution to our quantum
solution to obtain a classical solution to the system (16).

Theorem 3. Let (z,s,y) € int (K) x int (K*) x R™ and (Az, Ay) be a classical estimate of the solution to
the quantum Newton linear system (10) after using tomography. Then,

(A:Z’.v AS7 Ay) = (Q2A27 _ATZU: Ay)
is a solution to the classical Newton linear system (16).
Proof. First, recall that Q2 and A are the bases of N'(A) and R(A) respectively. Hence, by setting

Axr = QQAZ,
As=—ATy,

it follows that Az and As are defined by linear combinations of the basis elements of the nullspace and
rowspace of A, respectively. Thus, (Az, As, Ay) satisfy primal and dual feasibility as

Ax 4+ AAx = Az + AQ2Az = Ax + 0z = Az = b,
AT(y+Ay)+ (s +As) = ATy + s+ ATAy + (AT Ay) =c.
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Finally, note that any solution (Az, Ay) to (10) satisfies
SQuAz— XATAy =ope — Xs+r.
Hence, we have

ope — Xs+1r=58QyAz— XAT Ay
= SAx — XAs,

and the proof is complete. O

Now we are in a position to state the result from [23] which establishes the well-definedness of the AHO
direction.

Theorem 4 (Theorem 1 in [23]). Let (z,s,y) € int (K) x int (K*) x R™ be a point such that

max )\g(wzs) - U’ < v,
i,J

for some scalars v € (0,1/3) and v > 0. Then, the system (16) has a unique solution. In particular, the
AHO direction is well-defined at every point (x,s,y) € int (K) xint (K*) x R™ such that doo (, s) < p(z,s)/3.

Proof. In order to establish that the system (16) has a unique solution, suppose that (u, v, q) € R¥ x R¥ xR™
be a solution to the homogeneous version of the system (16). Then,

Su+ Xv =0,
Au =0,
ATq+v:O.

From the final two equations, it follows that u'v = 0. Applying Lemma 3, it follows that (26) holds with
7 =37y < 1. Then, taking Lemma 4 with h = 0, it follows that v = v = 0, and thus AT ¢ = 0. By assumption
A has full row rank, which yields ¢ = 0. Therefore the system (16) has a unique solution as we have shown
(u,v,q) =(0,0,0). O

Corollary 1. If the system (16) has a unique solution, then the quantum Newton linear system (10) has a
unique solution.

Proof. In order to arrive at a contradiction suppose that (&r, A\y) and (Az, Ay) are two distinct solutions
to (10) such that (Az, Ay) # (Az, Ay). Then, letting

(&7 A\S: &U) = (QZA\Za _AT&Uv A\y)
(E, Esv Ey) = (Q2E7 _ATKZh Ey) .
Then, due to the fact that Q and A are full rank, we have
(&;7 &7 &J) = (Q2&7 _AT&% A\y) 7é (Q2E7 _ATAiyv Ky) = (Ev KS, A7y)
However, by Lemma 3, both (5257 As, A\y) and (Ax, As, Ay) are solutions to the system (16). Since (16) has

a unique solution we must have

(Az, As,Ay) = (Az,As, Ay),

a contradiction. O
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For here, we define

z(a) = x + aAr, s(a) = s + aAs,
y(a) =y + aAy, pla) = x(azj(a)

In the lemmas that follow, we seek to provide a bound on
V2|75 a(0) o Tusa) - p(a)e]
which majorizes our centrality measure ds (z(), s(c)) . We make the additional assumption that the residual
term r satisfies
1T X5 < 0l To X~ (e — X)), (30)

Lemma 5. Let (z,s,y) € int (KC) x int (K*) x R™ be a solution to the system (16) for some o € R. Then
for every v € R we have:

elr
wla) = (1 —oz—f—aa),u—l—ozT (31a)

— eTr
T, 2(a) o Tps(a) — p(a)e = (1 — a)(wys — pe) + a(Wys — Rps) Az + a [TIX_lr — Te}

x

+a?Az o As. (31b)

where = u(x, s) and
Az =T, Az, As=T,As (32)

Proof. Since (z,s,y) € int (IC) xint (K*) x R™ by assumption, applying (16b) and (16¢), one has Az As = 0.
Next, multuplying (16a) on the left by e yields

e"SAz+e' XAs=s Ar+az"As=onp—z's+e'r=—1—-0c)np+e'r
Hence,

() s(a) = (z+alAz)" (s+als)=z"s+a (STAJ? + xTAs) =npu+a[—(1—o)np+e'r]

=nu[l—a(l—o)] +ae'r

Thus, (31a) follows from dividing both sides of this equality by n.
On the other hand, multiplying (16a) on the left by T, X1, as well as applying (14), (15a), (32) and
Lemma 1(b), yields
As = T,As =T, X (ope — Xs+1r — SAz) = ope — wes + T, X 'r — Rmsgc.

We then apply this relation, along with (14), (15b), (32) and the fact that wov = mat(u)v for all u,v € R¥,
from which we have

T z(a) o Tps(a) = T, ! (x + alz) o Ty (s + als)
= (e +04Avx) o (wm + ozgs)
:wws—f—a(wmogx—&—&e) —&—OzQKxOXS

= Wgs + [U/«w — Wgs + TxXilr + (Wacs - st)&} + 042&8 o Kg

Combining the above result with (31a) yields (31b) and the proof is complete. O
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The following lemma establishes bounds on the norms involving the residual terms that appear in the
rest of our analysis.

Lemma 6. Let r be a residual term satisfying the assumptions (17) and (30). Then,
V2| T X || < nyp (33a)

-
ﬁ’ T, X ' — en—re < nyp. (33b)

Proof. First, by our assumption in (30) we have:
1T X ~trl| < 0| ToX ™ (oue — Xs)|| = l[(ope — was)ll < myu/ V2.
and therefore (33a) holds.

For ease of notation, we set 7 = T, X ~'r. Then, expanding the square and using the fact that e'e = n
along with Lemma 1(b), we observe

_ e'r <~ elr )T <~ e'r >
T——e¢| =(7T——e T— —c¢
n n n
~2 2T T LI Ry
= ||7| T (e re) +—(e'r)n
- 2 1 N\T 1
= |I7lI* - - (T.X 7)) (e're) + E(e—rr)2
~ 2 1
= ||F)* = =r" (TzXfl)T (e"re) +—(e'r)?
n n
2 1
~12 T —1(,T T.3\2
— 2= ST X -
(7] U (e're) + n(e T)
~ 2 1
=72 = =r"T (T X te)rTe+ =(e'r)?
n —— n
=e
~ 2 1
=|F?==rTerTe+ =(e'r)?
n n
1
— 712 — Z(eTr)2 < (72
7= = (e 7)™ < 17l
That is, (33b) holds. O

The following result, adapted from [23] to account for the inexactness in solving the complementarity
equation, provides bounds on the sizes of the scaled search directions ||Az|| and ||As|].

Lemma 7. Suppose that (z,s,y) € Na(y) for some constant v € (0,1/3) and let (Az, As, Ay) be the unique
solution of the system (16), which is a classical estimate of the solution to the quantum Newton linear system
(10). Then, the directions Ax and As as defined in (32) satisfy:
1+n)© ‘
2 )

EE 55| < 1+ e &

where n € (0,1), u = p(z, s) and
2[12/2+ (1 - 0)2n]"/?

1—3y

o=
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Proof. First we note that w.e = s Tpe = "2 = nu and ||wgs — pe|| < yu/v/2. Hence,

lwas — opel® = wes — pel|? + [lpe — opel|* +2(1 = o) p(was — pe) e

<[Zru-en]e w

Due to the fact that doo(z,s) < da(z,s) < yu, applying Lemma 3 with v = p one can observe that (26)
holds for =3y < 1,and v = p

Thus, we apply (14), (35), Lemma 1(b) and Lemma 4 with v = y, (u,v) = (Az,As), h=ope — Xs+r
and 7 = 3v such that

|ToX Y (ope — Xs+1)|| p? - | To X (ope — Xs)|| =t + || T X r||

Az <
H = 1- 3y = 1- 3y
(1+mn) HT X~ (Jue—Xs)Hu’l _ (1+n)6
1—3y 2
and
H&SH < 2 HTmX_l(aue 7X8+7“)H < 2 (HTIX_l(U,uesz)H + HTZX_lru)
- 1-3y B =3y
2(1+n) [|[To X (ope — Xs)||
< =(1 Ou.
< 3 (1+n)Op
O
Lemma 8 (Lemma 7 in [23]). Let u;,v; € R¥ fori = 1,...,n and define u = (u1,...,u,) and v =
(v1,...,v,). Then,
lluo wll < V2ull]o]]-
Proof. We refer the reader to Lemma 2.12 of [32]. O

In the next lemma, we establish a bound on the quantity ﬁ”T;lx(a) oTyps(a) — u(a)eH, which ma-
jorizes our distance metric do(z(a), s(a)).

Lemma 9. Suppose that (x,s,y) € Na(vy) for some constant v € (0,1/3) and let (Ax, As, Ay) be the unique
solution of the system (16) for some o € R. Further, (Ax,As, Ay) is a classical estimate of the solution
(Az, Ay) to the quantum Newton linear system (10). Then, for any « € [0,1] we have

V2T, M2 (a) o Tys(a ||—[1—oz’y+fa7(1+17)@+a(1+377)@2+a177}u (36)
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Proof.

eTr

7 o) 0 Tusta) = ula)e| = VE (1 = @) ars = 1) + a0V — Ro) Bt [ 1, = € Tl

ETT

< (1= a)V2uwas — pe]| + aV2 | Roy = Wos | | A + 0> V2] A 0 As] + aﬂ\ T.X "= e
n

IN

(1 — @)V2wes — pell + av2 || Rus — Was]| |AZ]| + a?V2|| Az 0 As|| + av2 || T, X 1|
(1 — @)V2|wes — pell + av2 | Res — Was| [|Az]| + a>V2]| Az 0 As|| + av2 | T, X " (ope — Xs)||
(1 — @)yu + V2ary(1 +0)Ou + 202 | Az | Asl| + arpyu

IN

IN

IN

1
(1= a)yp +V2ay(1+7)Op + 20° {5(1 + n)@} (1 +n)Ou] + anyp
= (1 —a)yu+V2ay(1+n)Ou+ *(1 + 1)’ + anyp
= (1= a)yu+V2ay(1+n)Ou+ *(1 + 20+ n*)O°u+ anyp
< (1= a)yu+ vV2ay(1 +1)Op + o®(1 4 37)0°u + anyp
= [(1 —a)y + V2ay(1+7)0 + a?(1 + 31)02 + anfy} 1L,

where the final inequality follows from the fact that 7% < n as n € (0,1). O

We are now able to state the following lemma from [23], which shows that the left hand side of (36)
majorizes d(z(a), s(a)).

Lemma 10 (Lemma 9 in [23]). Suppose (z,s) € int (K) x int (K*) and let p = p(x,s). Then,

d (2, 5) = V2|wes — p| = min g o sG — pe

where g = Gz and sqg = G~ 1s for every G € G.
Proof. The result follows directly from Lemma 2.10 in [32]. O

In the final lemma of this section, we provide a result which serves to establish the feasibility of the
sequence of iterates.

Lemma 11 (Lemma 10 in [23]). Let (z,s) € KxK* be given. If xok € int (K), then (x,s) € int (K) xint (K*).
In particular, if \/2||z o s — ve|| < yv for some v € (0,1)

Proof. Define p=xo0s. Foreachi=1,...,n, we have
Pio = TioSio + T;1Si1, (37a)
Pio = 30851 + Si0Ti1- (37b)

First, assume p € int (K). Hence for all ¢, we note ||p;1]| < pio, which implies x; > 0. This is due to the fact
that we would otherwise have x; = 0, as z; € K; means p;o = 0 by (37a), a contradiction.

Next, from (37b), it follows that
Di1 — SioTi1

Si1 =
Zio
Using this relation along with (37a), we have
1 S; ) ps
Pio = Tiosio + — ;1 (pir — SioTi1) = =2 (%20 - Hxing) i 2]
Zi0 Zi0 T40
5 zi1|| |pi 5
< 50 (o3, g 2) + Ll Il S0 a2y 4,
Ti0 Ti0 Ti0

21



where the final inequality is a consequence of the fact that z; € K;. Thus, as ||pi1|| < pio, it follows that
xio > ||zi1]| from the last relation. Hence, = € int (). One can demonstrate that s € int (K*) in a similar
manner, which proves the first statement in the lemma.

Next, suppose that v/2||p — ve| < yv for some v € (0,1) and v > 0. Then, it follows for each :

1/2
> V2|p; — vel| = V2 ((pio — v)* + Ipall®) " = Ipio — v| + [Ipas |
> v —pio + ||pir|-

Therefore, we can conclude p € int K, as we have p;o — ||pi1]| > (1 —~)v > 0. O

4.1 The MZ family of directions

In this section we discuss the MZ family directions for SOCOPs. Given that these directions arise as a
natural extension of the Monteiro and Zhang family of directions for SDOPs, this family also emerges from
computing the AHO direction (16) associated with a scaled problem, and subsequently mapping the resulting
direction to the original (unscaled) space.

In particular, for a given matrix G € G, we consider the change of variables

i=GTz, (39 = (G 's,y). (38)
Then, upon scaling the data: _ _

T=Gle, A=AGTT, b=,
one can observe that the primal and dual SOCOPs (P) and (D) can be rewritten according to this scaling
as:

min {ETE D AT =b, T € /C} , (P)

max {ZTg c ATy=0, e /c*} . (D)
Now, one can observe that by Proposition 10, along with the relation u(z,s) = u(z, §), it follows

(ivgvg) E-AN/Q(’Y) — (I,S,y) 6N2(7)7
(z,5,9) 6-/\700(7) = (,5,9) € Noo(7),

where ./\72 and ./\N/’oo _denote the 2-norm and oo-norm neighborhoods of the central path for the scaled primal-
dual SOCO pair (P)-(D). Further, for v > 0 denote a point on the central path of (P)-(D) by (Z,,5.,J.)
where (3,,5,,7,) = (Gz,,G s, 4.).

Now to see how G € G induces scaled Newton direction, note that a strictly feasible point (z,s,y) €
FO(P) x F°(D) maps to an interior feasible point (%, 3,§) as given by (38). At this scaled point, (%, 3,7)
we computed the corresponding AHO direction (ANm, K@, &;), which we can map back to the original space;
providing either the AHO direction, or another direction from the MZ family with scaling G. Hence,

(Az, As, Ay) = (Azg, Asg, Aya)

where . o
Az =G TAz, (As,Ay) = (GAs,Ay).

That is; (Ax, As, Ay) = (Azg, Asa, Ayeg) solves the system

SGTAz+ XG 'As =ope — X5+ (39a)
ATAy+As=0 (39b)
AAz =0 (39¢)
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with X = mat(Z) and S = mat(3). Similarly, we can write the scaled quantum Newton linear system as

|:§GTQ2 —)?G*IA] {ﬁz] =oue — Xs+r. (40)

Now, the choice of G determines the scaled AHO direction (Azg, Asg, Ayg) at the point (Az, As, Ay).
As such, there are many possible choices of G, each endowed with its own properties. For example, setting
G = I yields the AHO direction, whereas G = T, yields the HKM direction, and G = T, ! for the dual
counterpart of the HKM direction. Further, the MZ family of directions includes the Nesterov-Todd (NT)
direction G = G, where G, is the unique positive semidefinite matrix satisfying G?z = s.

Therefore, all of the results presented in this section for the unscaled AHO direction apply to every
direction in the MZ family of directions, as we have demonstrated that every such direction reduces to the
AHO direction in the scaled space, along with the fact that the centrality measures and duality gap are scale
invariant. These results are summarized in the following result from [23] and one additional result for the
quantum Newton linear system.

Corollary 2 (Corollary 2 in [23]). Let G € G and (z,s,y) € int (K) x int (K*) x R™ be a point such that
max W(wms) - v‘ <,
i

for some scalars v € (0,1/3) and v > 0. Then, the system (39) has a unique solution.

Corollary 3. If the system (39) has a unique solution, then the quantum Newton linear system (40) has a
unique solution.

Proof. The proof follows exactly from the proof of Corollary 1. O

5 Analysis of the Inexact-Feasible Quantum Interior Point Method
for SOCOPs

In this section, we present our Inexact-Feasible Quantum Interior Point Method for SOCOPs. Then, we
establish our algorithm’s polynomial convergence, as well as results on implementing block encodings of the
quantum Newton linear system and the overall running time of the SOCO-IF-QIPM.

5.1 A quantum interior point method for SOCOPs

We quantize our IPM by closely following the algorithm detailed in Algorithm 2. Before beginning the
algorithm, we calculate the bases for the nullspace and rowspace of A, and store these matrices in QRAM.
Calculating a basis for the nullspace N(A) can be accomplished via QR-factorization or Gauss elimination.
‘We note that while Gauss elimination is more efficient, QR-factorizations are known to be numerically stable
in practice. Further, as this operation is performed only once (as the bases for A will not change during the
algorithm) we can ignore the cost of this step as it pertains to the overall running time of the algorithm.

Then, each iteration of the IF-QIPM proceeds as follows. In step (1), we compute any matrix products
or inverses required for the quantum Newton linear system such that we can implement a block encoding
of the quantum Newton linear system in time O(1). This step requires time O(n®), where w is the matrix
multiplication constant. In theory w ~ 2.3728, yet in practice such steps are typically conducted using Gauss
elimination, which requires time O(n?).

In steps (2) and (3) we solve the quantum Newton linear system via block encodings, and extract a classical
estimate of the resulting quantum state using a vector-state tomography algorithm as outlined in Algorithm
1. A detail analysis for step (2) can be found in section 5.3. As for step (3), this can be accomplished in

time O ("?I%Q ’ Trs ) where T g is the time required to prepare and solve the quantum Newton linear system,
and & is the error tolerance, that is chosen.
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From here, we map our classical estimate (Az, Ay) of the solution to the quantum Newton linear system
to (Ax,As,Ay). Finally, we classically update the current solutions to the SOCOP =z, s, and y, and the
central path parameter pu.

Algorithm 3 Quantum interior point method for SOCOPs

Input: Choose constants v € (0,1/3) and § € (0,1) and let ¢ = 1-§/+/2n. Let € € (0,1) and (2°,4°,5°,1°) €
Naz(v) and set py = p(2°, s%). Compute bases for N'(A) and R(A) and store these matrices in QRAM.
while i > € do

1. Compute any matrix products, and inverses necessary for the quantum Newton linear system classically,
and store in QRAM

2. Solve the quantum Newton linear system to obtain |Az o Ay)

3. Use vector-state tomography to extract a classical estimate of the quantum state |Az o Ay),
4. Map classical estimate (Az, Ay) of |Az o Ay) to (Az, As, Ay) according to (9)

5. Update solution

r+—x+Axy<y+Ayand s+ s+ As

6. p=p(e)

end

5.2 Polynomial convergence

In order to have a convergent algorithm, we need to ensure that the errors & introduced from QLSA are
properly chosen. At iteration k, we then choose & satisfying:

1
&k = —lr&l- (41)

o
where g is the maximum norm of a solution to the Newton linear system. This is due to the fact that the
tomography error bound is relative (it is stated in additive form, but assumes that the vector to be extracted

has unit norm): to ensure that we satisfy the absolute error bound for the unscaled vector, we need to divide
&, by the maximum norm of a solution vector. Hence, we must ensure

k
c
| <all- ,
I <a(1- )

k

so we choose £ to be

Van

Lemma 12. Choosing & according to (42), the inexact search direction computed at step 3 of Algorithm 3
satisfies (17).

In the following result, we set I' = v so that we can procure the analysis of one iteration of the IF-QIPM
for SOCOPs for chosen constants v, 6 and 7.

Theorem 5. Let v € (0,1/3), § € (0,1) and n € (0,1) be constants satisfying

2(7* +9%) §\ V2
(2+4n)m+nvé {(1—2”> —\/ﬁn} ot (43)
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Suppose that (z,s,y) € Na(v) and let (Az, As, Ay) denote the solution to the system (16) obtained from
a classical estimate of the solution to our quantum Newton linear system (10) with o =1 —6/v/2n. Then,

(a) (Z,5,7) = (x + Az, s + As,y + Ay) € Na(T)
(b) u(@,3) = (1-6/vV2n)u(z,s).
Proof. In the following proof, we seek to establish that
|7 () © Tus(a) — pla)e]| < max{y, T}u(a).

Indeed, from equation (31a),
.

e'r
m(e) = (1 _a+UQ)H+aT
and plugging in 0 = 1 — §/v/2n, we have

2[v*/24(1—-0)? ]1/2 - 2[#}1/2

0= 1—3y N 1—3y
@2 — 2(72 +62)
(1-37)"

Further, given that we make no assumption regarding the sign of , we can use the fact that e r| < [le|| ||7|| <
V2nnyv such that
V2n

T - V2
Ny = —=nyv.
==, Y \/5777

er

n

Then, applying (44), Lemma 9 and using the fact that © > /2, for all a € [0, 1] we have

V2| T 2(a) o Tys(ar) — plae|| < [(1— @)y + a2 + 47)0 + any] 1

{(1—04)7+a(2+417) ((1 3 ))+am}u
S{(l—a)7+ <1—% \\;} }
< {(1 —a)y+ (1 - %) F},u+max{7,I‘}—

Therefore, from (31a), it follows:

elr
V2 HT;lx(a) oTys(a) — ,u(a)eH <max{7,T}1—-a+ao)p+ max{fy,l“}T
= max{y, [tu(a) < p().

Now, combining the above with Lemma 11, one can observe that we obviously have T, 'z(a) € int (K) and
T,s(a) € int (K*) for each a € [0,1]. Thus, in view of Proposition 9, this means that for every a € [0, 1], it
follows that (z(a), s(e)) € int (K) x int (K). Further, we can note that

ATy+s=c, ATAy+As=0

and thus we have Az(a) = b and AT y(a) + s(a) = c. Therefore, we have shown that

(z(a), s(a), y(@)) € FO(P) x F*(D)
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for every a € [0,1].
From here, we apply Lemma 10 choosing 7 = T}, 'z(a) and § = Tys(«), we can conclude that for any
a € [0,1],
d(a(a), 5(a)) < V2|[T; 1a(a) o Tus(a) - u(a)e]| < Tu(a).
Thus, (a) follows as (7,5,y) = (z(1),s(1),y(1)) € No(T). The statement (b) follows as a consequence of
(31a). O

Corollary 4. Let v € (0,1/3), d € (0,1) and n € (0,1) be constants satisfying

(2+477)%+m§ {(1—2(;) —\\/gn gl

Then, each iterate (z*,s*, y*) generated by Algorithm 3 is an element of the neighborhood Na(7y) and satisfies
ok sk = (1-6/v Qn)kﬂcoT s0. Further, Algorithm 3 terminates in at most O(y/nlog(1/€)) iterations.

(44)

Examples of constants that satisfy the condition in Corollary 4 are vy =46 = 1/50 and n = 1/3.

5.3 The quantum newton linear system

We now discuss how to efficiently implement and solve the quantum Newton linear system using block
encodings. Our work is left in general terms of G € G, such that it extends for every member of the MZ
family of directions for SOCOP.

In order to take full advantage of the block encoding framework for QSLA, we pre-compute any requisite
matrix products and inverses classically, and store them in QRAM. Then, we utilize a factorization of the
Newton system so that we can construct the entire system in time O(1). The following two results establish
the factors for the quantum Newton linear system (40).

Proposition 11. Let

M, = [§GTQ2 0} .
IfS, GT, Qs and SGTQy are stored in QRAM. Then, a (||Mi||r, O(logn),&/ (| My pr?log® £))-block en-
coding of My can be constructed in time O(1).
Proposition 12. Let

M=o -XG4].
If X, G™Y, Qy and —XG~'A are stored in QRAM. Then, a (|| Mz, O(logn), &/ (|| Mz pr2 log? £))-block
encoding of My can be constructed in time O(1).

Proof. The proof of both preceding propositions follows from Prop. 8. O
Proposition 13. The quantum Newton linear system matriz (40) can be written compactly as:
Mo =[36TQ, ~XG'A], (45)

IfS, X, GLGT, Qy, —XG 1A and SGT Qs are stored in QRAM, then a (|Mg|r, O(logn), &/ (k% log? £)-
block encoding of (45), can be constructed in time O(l)

Proof. Carrying out the calculations shows that (45) corresponds to the Newton linear system. We construct
the two following block encodings:

M, = [§GTQ2 0}

M, = [0 f)?G—lA} :
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using Prop.s 11-12. We choose the precision of this step so that we obtain (|| M, ||z, O(log n), /(|| M || pr? log? £)
and (|| Mz ¢, O(logn), &/ (|| Ma|| pr? log? %))-block encodings, respectively, where & refers to the condition
number of (45), here and below. We add these two block encodings together using Proposition 2, obtaining a
(max{||Mi||r, || M2}, O(logn), £/ (k? log? £))-block encoding of (45), in time O(1). Since max{|| M, ||, | Mz| r} =
O(||Mc||F), we obtain the claimed result. O

The construction described in Prop. 13 is only one of the possible ways to obtain a block encoding of the
Newton linear system corresponding an MZ search direction. We choose this specific decomposition because
among the ones that we analyzed, it minimizes the amount of classical work while yielding the same running
time of the quantum subroutine. We now use the factorization to solve the Newton system.

Theorem 6. There is a quantum algorithm that given
ope — X35+ r>

and access to QRAM data structures encoding §, )?, G~ ' GT, Q, outputs a state E-close to |Az o Ay) in
time: ~

O(kmax{|[ M| p, [[ Mz }),
using the an appropriate direction from the MZ family of directions. We can also output an estimate of
|Az o Ayl with relative error & by increasing the running time by a factor %.

Proof. This is a direct consequence of Prop. 13 and Thm. 1. O

5.4 Overall running time

By Corollary 4, the IF-QIPM requires O(y/nIn1/¢) iterations. In each iteration, we must prepare and solve
the quantum Newton linear system; we denote the running time to do so by Trs. Note that we do not
indicate the dependency on the precision of the solution, as it is polylogarithmic and would be neglected in
O notation. Furthermore, we must apply the state tomography algorithm to obtain a classical description of
the solution of the Newton linear system; we denote the corresponding running time by Tro(§) for precision

. The total running time of the algorithm is therefore O(Zgﬁ log(1/e) Tro(&k)TLs), where & is the precision
at iteration k. For the moment, we are neglecting the complexity of the classical computations necessary for
the scaling matrices; this complexity is discussed at the end of this section, where it is shown to be negligible
compared to the running time of the remaining subroutines.

Let us know expand this expression using the running times for the state tomography algorithm described
in Section 2.3, and & as defined in (42). The expression of the total running time of the algorithm,

O(nglog(l/e) Tro(&k)TLs), can be rewritten as:

ﬁ\/EIEOg:(l/e) NKQQT . o /%/Elig(l/s) \/ﬁ 2k )
—s = n B
s g]% LS LS 4 — /72']’], 1

Bv/nlog(1/e€) e \F
OéTLSnKQ2 Z <\/272nl> .
n —

k=1

Computing the geometric series yields:

n lo, € k V2n
26\ g(l/)( Jon ) :1—(¢%71

)%ﬁlog(l/e)
-1 -1

Von—1 1 V2n Von—1

V2n—1

28ylog(1/e)
—1=(2n-1) ( v2n )

k=1
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We now use the fact that lim,_, (ZT'H)L = e. Thus, the last term in the above expression goes to elos(l/e) —
O(%) for large n. We hence get a total running time of:

/15
O (n K,QQH) .
€

So far we have neglected the time of the classical computations for the scaling matrices, as well as to
estimate the norm of the solution of the Newton linear system. Yet, as discussed in Sect. 5.1, it is negligible
compared to tomography. Hence, the total running time is not affected.

6 Conclusion

In this work we provide the first quantum interior point method that is valid for SOCOs. Further, we provide
explicit definitions for the Newton linear systems corresponding to the Monterio-Zhang family of search
directions, as well as factorizations and results on constructing these matrices in a quantum setting. Our
results demonstrate that by making use of QRAM and block encoding techniques, we are able to efficiently
compute the scaling matrices needed for primal-dual symmetry and solve our Newton linear system efficiently
using quantum linear solvers. We find that our algorithm provides an immense speed up in terms of n, at
the cost of linear dependence on the condition number. As such an open question remains as to whether or
not we can improve the algorithm’s dependence on tomography.
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