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Abstract

We present a provably convergent feasible-inexact quantum interior point method for second-order
conic optimization problems. Our analysis establishes the polynomial convergence of primal-dual al-
gorithms based on the Monteiro-Zhang (MZ) family of directions. These results are based on recent
progress in quantum linear system solvers and on the block-encoding technique. In the presence of
quantum-accessible storage (also known as QRAM), we are able to obtain speedups in terms of the size
of the problem, at the price of a worse dependence on the condition number. In fact, the bottleneck for
the quantum interior point method is in extracting a classical estimate of the solution to the Newton
linear system at each iteration.

1 Introduction

A second-order conic optimization problem (SOCOP) is an optimization problem in which one seeks to
minimize a linear objective function subject to a feasible region defined by an intersection of an affine set
and the Cartesian product of a finite number of second-order cones. As a consequence, Linear Optimization
problems (LOPs) are a special case of SOCOPs. Mathematically, a second-order cone can be defined as

K =

{
(x1, x2, . . . , xn) ∈ Rn : x21 −

n∑

i=2

x2i ≥ 0, x1 ≥ 0

}
.

Alternatively, one can define a second-order cone using a matrix representation. That is, for any x =
(x1, . . . , xn)> consider the matrix

Arw(x) =

(
x1 x2:n
x>2:n x1In−1

)
(1)

where x2:n = (x2, x3, . . . , xn) and In−1 denotes the identity matrix in R(n−1)×(n−1). One can easily verify
that x ∈ K if and only if Arw(x) is positive semidefinite. Thus, SOCOPs are a specific case of Semidefinite
Optimization (SDO).

SOCOPs have historically received a considerable amount of attention due to as many optimization
problems can be expressed in this form (see [12, 20, 34]). This range of applications includes robust linear
optimization, portfolio optimization problems such as Markowitz [7, 21] and the support vector machine
training problem [9]. In fact, portfolio optimization and SVM have each been presented as applications for
quantum computing [16, 28, 29].

Similar to SDOPs, we have we have polynomial-time algorithms for solving SOCOPs. The ellipsoid
algorithm is the first algorithm proven to solve LOs in polynomial time [19]. Later, Karmarkar introduced
his intrerior point method (IPM) for LOs, which improved the complexity of the ellipsoid method in [13].
Nesterov and Nemirovsky are responsible for the first polynomial time IPM for SDOPs [24], whose framework
utilizes efficiently computable self-concordant barrier functions. As discussed in [25], SOCOPs can be solved
using the approach to solve SDOPs, using IPMs to solve SOCOPs directly have an iteration bound that
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depends on the number of cones r. This iteration bound is lower than the iteration bound corresponding to
classical IPMs for SDOPs, which depend on the number of variables n, and for SOCOPs, n may in fact be
much larger than N [25].

There was a significant effort extend the search direction results for SDOPs to SOCOPs in order to ensure
that the solutions to the Newton linear system commute. In studying a primal-dual approach to SDOPs and
SOCOPs, Alder and Alizadeh [1] developed the SOCOP analog of the Alizadeh-Haeberly-Overton (AHO)
[2] search direction for SDOPs. Similarly, Faybusovich provided analysis for the Nesterov-Todd method for
SOCOPs [10]. Further, both Monteiro [23] and Tsuchiya [31] conduct analysis on various search directions
for SOCOPs using Jordan algebraic techniques. In this work, we choose the Nesterov-Todd (NT) [26, 30]
direction.

The primary motivation for this paper comes from the Quantum Interior Point Method (QIPM) for
SOCOPs presented by Kerenidis and Prakash [17]. By employing quantum random access memory (QRAM)
and quantum linear system solvers developed by [8], the authors in [17] claim to be able to efficiently solve
the Newton linear system in each iteration. As such, they claim an ε-approximate solution to an SOCOP
can be found with their algorithm in time

Õ

(
n
√
n
κζ

δ2
log

1

ε
)

)

where ε is the optimality gap, r is the rank, κ is an upper bound for the condition number of the Newton
systems, ≤ √n is a factor coming from quantum linear system solvers and δ is a lower bound for the distance
to the cones associated with the intermediate solutions of the algorithm.

Yet, the algorithm presented in [17] is not convergent for SOCOPs. In their work, the authors rely on
an exact-feasible IPM as the foundation for their QIPM. This of course implies that the search direction
from solving their quantum Newton linear system will satisfy primal feasibility and dual feasibility exactly.
However, due to the errors naturally arising from using quantum linear system solvers, such a solution cannot
be guaranteed to satisfy primal or dual feasibility (exactly). Due to subsequent consequences primal and dual
infeasibility imply for IPMs, the analysis used to prove convergence of their algorithm cannot be applied.

Infeasible-inexact QIPMs (II-QIPMs) were first developed for SDO by Augustino et al [6], who quantize
the classical counterpart from Zhou and Toh [35]. While this effort served as the first provably convergent
QIPM, quantizing an infeasible-inexact IPM framework led to an overall running time of

Õ

(
n8.5

ε
κ3ρ3

)
,

where ρ > 0 is a constant used to define the size of the solutions to the primal and dual SDOPs, which
can be exponentially large even in the case of LO. These results were later generalized to convex quadratic
symmetric cone optimization problems in [5].

Given that the running time of II-QIPMs proved to be worse than that of classical IPMs (even in terms
of n), Augustino et. al [4] subsequently investigated if a feasible QIPM framework could be recovered. The
authors in [4] show that one can reduce the quantum Newton linear system to solving the complementary
condition while allowing for small error by substituing in the so-called null- and rowspace representations
of the search directions. By defining the primal variable as a linear combination of basis elements for the
nullspace of the concatenated constraint matrices A, and similar the dual slack variable to be a combination
of elements of the rowspace of A, any solution to their linear system preserves primal and dual feasibility.
Further, the running time of their Inexact-Feasible QIPM (IF-QIPM) is given by

Õ

(
n2.5

ε
%2κ

)
,

where % > 0 denotes a bound on the size of the solution to the quantum Newton linear system.
In this paper we present a primal-dual IF-QIPM for SOCOPs that follows the general scheme of [17],

but we take safeguards from the classical IPM literature in order to ensure the validity and convergence of
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the algorithm on SOCOPs. In particular, we (i) modify the Newton linear system to use the Nesterov-Todd
(NT) [26, 30] search direction; (ii) we describe how to construct the corresponding linear system with the
use of quantum-accessible data structures, making use of the block encoding techniques from [8, 11] and (iii)
provide a detailed analysis of the corresponding running time. The running time of the algorithm presented
in this paper is

Õ

(
n1.5K

ε
%2κ

)
.

To the best of our knowledge, this paper serves yields the first provably convergent quantum interior point
method designed for SOCOPs.

The rest of this paper is organized as follows. In Section 2 presents the requisite quantum data structures,
and quantum linear system solution techniques. In Section 3 we discuss the classical interior point method,
in addition to important theoretical results from the IPM literature. Section 4 details important technical
results that will play a crucial role in establishing polynomial convergence of our algorithm. In Section 5 we
provide a Quantum Interior Point Method for SOCOPs and theoretical analysis of the running time for this
Quantum Interior Point Method. Section 6 concludes the paper.

2 Preliminaries

We denote by A ⊗ B the tensor product of two matrices. Given two vectors x, y, we denote by x ◦ y the
concatenation of the two vectors. For a ∈ Rn, we denote its amplitude encoding by |a〉, defined as

|a〉 =
1

‖a‖
∑

j∈[n]
aj |j〉 .

Notice that |a〉 is a (log n)-qubit state; we assume that the sizes of all spaces are powers of 2 for simplicity. All
logarithms are base 2. The smallest and largest singular values of a matrix A are denoted σmin(A), σmax(A),
and the smallest and largest eigenvalues are denoted λmin(A), λmax(A). The condition number of A is

κ(A) = λmax(A)
λmin(A) .

2.1 Basic concepts on block-encoded matrices

The II-QIPM described in this paper makes extensive use of linear algebra subroutines; notably, matrix
multiplication, matrix powers, and matrix-vector products. We perform all these operations in the framework
of block encodings. Before giving formal definitions and an overview of key results from the literature, we
give an informal introduction to convey intuition.

To get a basic understanding of how to perform matrix-vector and matrix-matrix multiplication using
this framework, suppose we want to multiply A by some vector b. We assume that b is encoded in the
quantum state |b〉, which we want to update as follows:

|b〉 → A |b〉
‖A |b〉 ‖ .

A block encoding U of A is a unitary such that:

U =

(
A
α ·
· ·

)
,

where α is a normalization factor. In particular, if A is an s-qubit operator, an (α, a, δ)-block encoding of A
uses a extra qubits and implements A up to total error δ. Hence, we have

U |b〉 |0〉⊗a ≈
(
A
α ·
· ·

)(
|b〉
0

)

=
1

α
A |b〉 |0〉⊗a + |·〉 ,
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and performing ≈ α
‖A|b〉‖ rounds of amplitude amplification yields A|b〉

‖A|b〉‖ with high probability, see e.g., [8].

For matrix multiplication, let U be an (α, a, δ)-block-encoding of an s-qubit operator A, and V be a
(β, b, ξ)-block-encoding of an s-qubit operator B. Then we have

UV =

(
B
β ·
· ·

)(
A
α ·
· ·

)
=

(
AB
αβ ·
· ·

)
,

which yields an (αβ, a+ b, αξ + βδ)-block-encoding of AB.
For matrix inversion, let U be a (α, a, δ)-block encoding of A which can be implemented with complexity

TU . Then, Chakraborty et al. [8] prove that we can implement a block encoding V of the inverse of A:

V =

(
A−1

2κ ·
· ·

)

Hence, given A as a block encoding and |b〉, we can solve the linear system

Ax = b

by outputting the state
A−1 |b〉
‖A−1 |b〉 ‖ ,

computed as :

V |b〉 |0〉⊗a =
1

2κ
A−1 |b〉 |0〉⊗a + |·〉 .

To construct a block encoding of the matrices used by the II-QIPM, e.g., the matrices A(1), . . . , A(k),
we use the following construction, see [8] for details. Suppose we want to construct a matrix A and we

have a way of constructing the quantum states |ψi〉 =
∑
j
Aij

‖Ai‖ |i, j〉, where Ai is the i-th row of A, and

|φi〉 =
∑
i
‖Ai‖
‖A‖F |i, j〉. Then we construct:

U†RUL =




− 〈ψ1| − ·
...

− 〈ψn| − ·
· ·







| |
|φ1〉 · · · |φn〉 ·
| |
· · ·


 =

(
[〈ψi|φj〉]i,j∈[n] ·

· ·

)
=

( A
||A||F ·
· ·

)
,

where we used the fact that

〈ψi|φj〉 =
Aij
‖A‖F

.

Thus, U†RUL is a block encoding of A with normalization factor ‖A‖F . For the above construction to
work, we must have a procedure to prepare UR, UL. Note that these unitaries are easy to obtain starting
from controlled operations to prepare the states |ψi〉 , |φi〉, i.e., operations of the form |i〉 |0〉 → |i〉 |ψi〉,
|j〉 |0〉 → |j〉 |φj〉, and these controlled operations can in turn be constructed with a procedure similar to
the state preparation algorithm of Grover and Rudolph [?] for efficiently integrable distributions. This can
be made more efficient if we allow pre-processing to create certain data structures that can be stored in
quantum-accessible storage, i.e., QRAM. A quantum RAM (QRAM) is a form of storage that allows for
querying a superposition of addresses. Given a QRAM that stores the classical vector vj ∈ R2q , and a

quantum state
∑2q−1
j=0 αj |j〉, the QRAM asumption is that the following mapping can be performed in time

O(q), i.e., polylogarithmic in the size of the vector:

2q−1∑

j=0

αj |j〉 ⊗ |0〉 →
2q−1∑

j=0

(αj |j〉 ⊗ |vj〉).

Throughout this paper, we assume that we have access to a QRAM that is large enough to store all input
matrices, i.e., O(mn2). For more details about the QRAM data structure to prepare the amplitude encoding
of a vector, or the matrices UR, UL discussed above, we refer the reader to [15, 8].
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2.2 Useful results on block-encoded matrices

We now provide formal definitions for the concepts informally discussed in the previous section, as well as
other results that are used in the remainder of this paper. The material in this section is mostly taken from
[8, 11], which provide improvements over the framework discussed in [14, 15].

Definition 1 (Block encoding). Let A ∈ C2w×2w be a w-qubit operator. Then, an (w + a)-qubit unitary U

is an (α, a, ξ)-block encoding of A if U =

(
Ã ·
· ·

)
, such that

‖αÃ−A‖ ≤ ξ

An (α, a, ξ)-block encoding of A is said to be efficient if it can be implemented in time TU = O(poly(w)).

Note that this only possible for matrices with ‖A‖2 ≤ 1, so we allow A to be scaled by some constant:

U ≈
(
A
α ·
· ·

)
,

yielding
‖A− α(〈0|⊗a ⊗ I2w)U(|0〉⊗a ⊗ I2w)‖ ≤ ξ.

The next proposition formalizes an idea discussed in the previous section. We do not provide details on
the necessary data structure, referring the reader to [8] for an extensive discussion on this topic.

Proposition 1 (Lemma 50 in [11]). Let A ∈ Cm×m with m = 2w and ξ > 0.

(i) Fix q ∈ [0, 2]. If A(q) and (A(2−q))† are both stored in QRAM data structures, then there exist unitaries

UR and UL that can be implemented in time O(poly(w log 1
ξ )) and such that U†RUL is a (µq(A), w+2, ξ)-

block-encoding of A.

(ii) If A is stored in a QRAM data structure, then there exist unitaries UR and UL that can be implemented

in time O(poly(w log 1
ξ )) and such that U†RUL is an (‖A‖F , w + 2, ξ)-block-encoding of A.

Proposition 2 (Lemma 52 in [11]). (Linear combination of block-encoded matrices, with weights given by
the coefficients of a basis state) Let A =

∑m
j=1 yjA

j be an s-qubit operator, where Aj are matrices. Suppose

PL, PR is a (β, b, ξ1)-state-preparation pair for y, W =
∑m−1
j=0 |j〉 〈j| ⊗ Uj + ((I −∑m−1

j=0 |j〉 〈j|) ⊗ Ia ⊗ Is)
is an (s + a + b)-qubit unitary with the property that Uj is an (α, a, ξ2)-block-encoding of Aj. Then we can

implement a (αβ, a+ b, αξ1 + αβξ2)-block-encoding of A with a single use of W,PR and P †L.

The following two propositions are critical to the efficiency of the II-QIPM. They state that one can
construct a block encoding as a product of two block encoded matrices, with overhead that is merely
polylogarithmic in the size of the matrices. The difference between the two propositions is that in the
second one, the normalization factor of the block encoding of the product is fixed, rather than depending on
the input.

Proposition 3 (Lemma 4 [8]). (Product of block-encoded matrices) If U is an (α, a, δ)-block-encoding of an
s-qubit operator A, and V is a (β, b, ξ)-block-encoding of an s-qubit operator B, then (Ib ⊗ U)(Ia ⊗ V ) is an
(αβ, a+ b, αξ + βδ)-block-encoding of AB.

Proposition 4 (Lemma 5 in [8]). (Product of preamplified block-encoded matrices) Given an (α, a, δ)-block-
encoding U of an s-qubit operator A, and a (β, b, ξ)-block-encoding V of an s-qubit operator B, with α ≥
1, β ≥ 1, then we can implement a (2, a+ b+ 2,

√
2(δ+ ξ+ γ)-block-encoding of AB in time O((α(TU + a) +

β(TV + b)) log 1
γ ), where TU and TV are the implementation times for U and V , respectively.

Additionally, the following two propositions indicate that if one has a block encoded matrix, one can
implement a block encoding of powers of that matrix – most notably, we can implement the inverse matrix.
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Proposition 5 (Lemma 9 in [8]). (Implementing negative powers of Hermitian matrices) Let p ∈ (0,∞),
κ ≥ 2 and H a Hermitian matrix such that I/κ � H � I. Suppose that

δ = o

(
ξ

κ1+p(1 + p) log3 κ1+p

ξ

)

and U is an (α, a, δ)-block-encoding of H, that can be implemented using TU elementary gates. Then, for
any ξ, we can implement a unitary Ũ which is a (2κp, a + O(log(κ1+p log 1/ξ), ξ)-block-encoding of H−p in
cost

O

(
ακ(a+ TU )(1 + p) log2

(
κ1+p

ξ

))
.

Proposition 6 (Lemma 10 in [8]). (Implementing positive powers of Hermitian matrices) Let p ∈ (0, 1],
κ ≥ 2 and H a Hermitian matrix such that I/κ � H � I. Suppose that

δ = o

(
ξ

κ log3 κ
ξ

)

and U is an (α, a, δ)-block-encoding of H, that can be implemented using TU elementary gates. Then, for
any ξ, we can implement a unitary Ũ which is a (2, a+O(log log(1/ξ)), ξ)-block-encoding of Hp in cost

O

(
ακ(a+ TU ) log2

(
κ

ξ

))
.

Theorem 1 (Theorem 30 in [8]). (Solution of linear system) Let p ∈ (0,∞), κ ≥ 2 and H a Hermitian
matrix such that its nonzero eigenvalues lie in [−1,−1/κ] ∪ [1/κ, 1]. Suppose that

δ = o

(
ξ

κ2 log3 κ2

ξ

)

and U is an (α, a, δ)-block-encoding of H, that can be implemented using TU elementary gates. Suppose
further that we can prepare a state |b〉 that is spanned by H using Tb elementary gates. Then, for any ξ, we
can output a state that is ξ-close to H−1 |b〉 /‖H−1b‖ at cost

O

(
κ

(
α(a+ TU ) log2

(
κ

ξ

)
+ Tb

)
log κ

)
.

Proposition 7 (Corollary 32 in [8]). (Norm estimation) Let p ∈ (0,∞), κ ≥ 2 and H a Hermitian matrix
such that its nonzero eigenvalues lie in [−1,−1/κ] ∪ [1/κ, 1]. Suppose that

δ = o

(
ξ

κ2 log3 κ2

ξ

)

and U is an (α, a, δ)-block-encoding of H, that can be implemented using TU elementary gates. Suppose
further that we can prepare a state |b〉 that is spanned by H using Tb elementary gates. Then we can output
ẽ such that

(1− ξ)‖H−1 |b〉 ‖ ≤ ẽ ≤ (1 + ξ)‖H−1 |b〉 ‖
at cost

O

(
κ

ξ

(
α(a+ TU ) log2

(
κ

ξ

)
+ Tb

)
log3 κ log

log κ

δ

)
.

6



Proposition 8. Let

A =



M11 . . . M1c

...
. . .

...
Mr1 . . . Mrc


 ∈ Rn×n,

where each Mij is a matrix, of appropriate dimension, that is stored in a QRAM data structure, or is
a tensor product of two matrices stored in a QRAM data structure. Suppose further the norms of each
row/column are classically known. Then we can construct a (‖A‖F , O(log n), ξ)-block-encoding of A in time
O(poly(log n, log 1

ξ )).

Proof. Let M0
ij ∈ Rn×n denote the matrix in which Mij appears in the same entry as in A, but that all other

entries of M0
ij are 0. Then, A can be written as a linear combination of the n2 M0

ij matrices as follows:

A =
n∑

i=1

n∑

j=1

M0
ij .

Then, similarly, suppose UA is a block encoding of A. Letting U0
ij denote a block encoding of M0

ij ∈ Rn×n,

applying Proposition 2, in time O(poly(log n, log 1
ξ )) we can construct UA as a linear combination of each

U0
ij :

UA =
n∑

i=1

n∑

j=1

U0
ij .

2.3 Extracting the solution of a linear system: tomography algorithm

In each iteration of our IF-QIPM, we solve a linear system of equations (known as the Newton linear system)
to update candidate solutions to the optimization problem at hand. The solutions to the quantum Newton
linear system, ∆z and ∆y, are obtained using QLSA, and hence are encoded in quantum states. However,
their classical description is necessary to construct the Newton linear system for the subsequent iteration;
hence, we require a procedure to map |∆z〉 and |∆y〉 to a classical solution (∆x,∆s,∆y). For this task,
we use the state tomography algorithm of [15]. In our setting, this is faster than other tomography (e.g.,
[18, 27]), thanks to the assumption that we can apply a unitary that prepares the state, and its controlled
version. We report the full algorithm for completeness.
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Algorithm 1 Vector state tomography algorithm [15]

Input: Access to a unitary U such that U |0〉 = |x〉 =
∑
i∈[m] xi|i〉 and to its controlled version

1. Amplitude estimation

(a) Measure N = 36m lnm
δ2 copies of |x〉 in the standard basis

(b) Obtain estimates pi = ni

N where ni is the number of times outcome i is observed.

(c) Store
√
pi, i ∈ [m] in QRAM data structure

(d) Efficiently prepare |p〉 =
∑
i∈[m]

√
pi|i〉.

2. Sign estimation

(a) Create N = 36m lnm
δ2 copies of the state

1√
2
|0〉

∑

i∈[m]

xi|i〉+
1√
2
|1〉

∑

i∈[m]

√
pi|i〉

using a control qubit.

(b) Apply a Hadamard gate on the first qubit of each copy of the state

(c) Obtain
1

2

∑

i∈[m]

[(xi +
√
pi|0, i〉+ (xi −

√
pi)|1, i〉].

(d) Measure each copy in the standard basis and maintain counts n(b, i) of the number of times
outcome |b, i〉 is observed for b ∈ {0, 1}.

(e) Set σi = 1 if n(0, i) > 0.4piN and −1 otherwise.

3. Output the unit vector x̃ with x̃i = σi
√
pi.

The following result from [15] certifies the correctness of Algorithm 1.

Theorem 2 (Thrm. 4.3 in [15]). Algorithm 1 produces an estimate x̃ ∈ Rm with ||x̃||2 = 1 such that
||x̃ − x||2 ≤

√
7ξ with probability at least (1 − 1

m0.83 ). The running time of the algorithm is Õ(mTU/δ
2),

where TU is the time required by unitary U .

We can summarize the role the tomography algorithm plays in QIPMs as follows. Solving the Newton
linear system outputs a quantum state |∆z ◦∆y〉, and we wish to recover a classical estimate ∆z,∆y such
that

‖(∆z −∆z) + (∆y −∆y)‖ ≤ ξ.
To accomplish this, we observe a large number of samples from |∆z ◦∆y〉 to estimate the absolute value of
its entries. Subsequently, using the controlled state preparation subcircuit and interference with Hadamard
gates, we create a state that allows to estimate the sign of each entry. Notice that the error bound is
relative to the normalized state |x〉; several parts of the QIPM require an error bound with respect to the
unnormalized real vector x, therefore we have to adjust the tolerance ξ accordingly.

3 The Classical Interior Point Method for SOCOPs

In this section, we provide a detailed overview of the SOCOP, the central path and a small neighborhood of
the central path.
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3.1 The Primal and Dual SOCOPs

We consider the standard SOCOP which has the form

zp = min
x

{
n∑

i=1

cTi xi :
n∑

i=1

Aixi = bi, xi ∈ Ki, i = 1, . . . , n

}
(2)

where xi ∈ Rki for i = 1, . . . , n, b ∈ Rm, Ai ∈ Rm×ki and ci ∈ Rki , i = 1, . . . , n, and Ki, i = 1, . . . , n is the
second order cone of dimension ki given by

Ki =
{
xi = (xi0, xi1) ∈ R × Rki−1 : xi0 − ‖xi1‖ ≥ 0

}
.

One can observe that the cone Ki is self-dual. That is, letting Ki∗ = {si ∈ Rki : sTi xi ≥ 0, ∀xi ∈ Ki} denote
the dual cone of K, it follows Ki = K∗i .

The dual problem associated with the primal problem is then

zD = max
y

{
b>y : A>i y + si = ci, si ∈ Ki∗ ,∀i ∈ [m]

}
. (3)

From here, we define the quantities

K = k1 + · · ·+ kn, K = K1 × · · · × Kn
A = (A1A2 . . . Am) ∈ Rm×K , c = (c1, . . . , cn) ∈ RK

x = (x1, . . . , xn) ∈ RK , s = (s1, . . . , sn) ∈ RK

such that the primal and dual SOCOPs (2) and (3) can be rewritten as

zp = min
x

{
c>x : Ax = b, x ∈ K

}
(P)

and
zD = max

y

{
b>y : A>y + s = c, s ∈ K∗

}
(D)

Then, the set of interior feasible solutions of the primal-dual pair (P)-(D) are:

F 0(P) ≡ {x : Ax = b, x ∈ int (K)} ,
F 0(D) ≡

{
y : A>y + s = c, y ∈ int (K∗)

}
,

respectively, where int (K) denotes the interior of K. Without loss of generality, we assume that there exists
a strictly feasible point (x0, y0, s0) such that F 0(P) × F 0(D) 6= ∅, i.e. the Interior Point Condition (IPC)
is satisfied [33]. This is a rather gentle assumption, as one can easily cast the original SOCOP as a slightly
larger one via the self-dual embedding model, for which a strictly feasible solution can be obtained in a
straightfoward manner. See Andersen, Roos, and Terlaky [3] for more details. Additionally, we assume the
matrices A1, . . . Am are linearly independent such that A has full row rank.

With the IPC satisfied, it follows that one can obtain an optimal solution of the SOCOP by solving

x>s = 0, Ax = b, A>y + s = c,

for (x, s, y) ∈ K ×K∗ × Rm.

3.2 Euclidean Jordan algebra, the central path and Newton directions

From here we develop the primal-dual interior point method studied in this paper using the Euclidean Jordan
algebra associated with second order cones following [23]. In particular, the Eucildean Jordan algebra for
the second order cone, Ki is defined by a bilinear ◦ : Rki × Rki → Rki :

xi ◦ si =
(
x>i si, xi0si1 + si0xi1

)
, ∀xi, si ∈ Rki .
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One can observe that the unit element of this algebra is ei = (1, 0, . . . , 0). The natural extension of the
algebra for Ki to K = K1 × . . .Kn is defined as

x ◦ s = (x1 ◦ s1, . . . , xn ◦ sn), ∀x, s ∈ RK ,

with unit element e = (e1, . . . , en). Further, for x ∈ RK , we let mat(x) denote the matrix diag(X1, . . . Xn)
where

Xi =

(
xi0 x>i1
xi1 xi0I

)
, i = 1, . . . , n. (4)

It follows trivially that
x ◦ s = mat(x)s = mat(s)x.

Further, mat(x) is a symmetric matrix, with its smallest and largest eigenvalues defined as

λmin(mat(x)) = min {xi0 − ‖xi1‖ : i = 1, . . . , n} (5a)

λmax(mat(x)) = max {xi0 + ‖xi1‖ : i = 1, . . . , n} . (5b)

respectively. For more details, see Lemma 2.13 of [32]. Additionally, mat(x) is symmetric positive semidef-
inite if and only if x ∈ K, and symmetric positive definite if and only if x ∈ int (K).

We can define the central path of our primal-dual SOCO pair (P)-(D) as the set of solutions (x, s, y) ∈
K ×K∗ × Rm that solve

x ◦ s = νe Ax = b, A>y + s = c, (6)

for all ν > 0. From the Interior Point Condition and our assumption that A has full row rank, it follows
that (6) has a unique solution (x, s, y) = (xν , sν , yν) ∈ int (K) × int (K∗) × Rm. Furthermore, this solution
(xν , sν , yν) depends on ν > 0 both continuously and analytically, and as ν → 0, we attain an optimal solution
to the primal-dual SOCOP [23].

A classical IPM for SOCOPs, as outlined in Algorithm 2, begins with a primal-dual strictly feasible pair
(x0, y0, s0) for the SOCO primal and dual problems (P) and (D), which has a duality gap of

x>s = µn,

and a distance to the central path of
d(x, s) ≤ γµ

for γ ≤ (0, 1). In each iteration of the classical Inexact-Feasible IPM for SOCOPs presented in [23], one
seeks to solve the system

S∆x+X∆s = σµe−Xs+ r, (7a)

A>∆y + ∆s = c− s−A>y, (7b)

A∆x = b−Ax, (7c)

for (∆x,∆s,∆y), where X ≡ mat(x), S ≡ mat(s), r ∈ RK is a residual term and µ ≡ µ(x, s) = x>s/n.
Further, (∆x,∆s,∆y) is said to be the so called AHO direction.

Finally, letting µ′ = µ(x′, s′), we update the solutions for the following iterate:

x′ = x+ ∆x (8a)

y′ = y + ∆y (8b)

s′ = s+ ∆s, (8c)

such that
x′>s′ = ν′n.
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Algorithm 2 Classical interior point method for SOCOPs

Input: Choose constants γ ∈ (0, 1/3) and δ ∈ (0, 1) and let σ = 1−δ/
√

2n. Let ε ∈ (0, 1) and (x0, y0, s0, ν0) ∈
N2(γ) and set µ0 = µ(x0, s0)

while µ > ε do

1. Solve the Newton linear system to obtain (∆x,∆y,∆x)

2. Update solution

x← x+ ∆x y ← y + ∆y and s← s+ ∆s

3. µ = µ(α)

end

Indeed the system (7) is the Newton system solved in Kerenidis and Prakash [17] in each iteration of
their QIPM for SOCOPs. However, solving this system directly using quantum linear system solvers results
in a QIPM that does not converge when applied to SOCOPs. To see this, note that by primal and dual
feasibility,

Ax = b, A>y + s = c

implies that if the search direction (∆x,∆s,∆y) solves the system (7), then this solution satisfies

S∆x+X∆s = σµe−Xs
A>∆y + ∆s = 0

A∆x = 0.

However, in light of the nonneglibile errors resulting from the application of QLSA, a solution (∆x,∆s,∆y)
obtained via QLSA will in fact only satisfy

S∆x+X∆s = σµe−Xs+ ξc

A>∆y + ∆s = ξd

A∆x = ξp.

where (ξc, ξd, ξp) are the quantum errors. Hence, for any ξp 6= 0 or ξd 6= 0 the resulting solution does not
satisfy primal or dual feasibility, which of course invalidates the primal-dual IPM framework they employ.

Observing the constraints stipulating primal and dual feasibility, one can see that any primal-dual feasible
solution, we have x ∈ N (A) and s ∈ R(A), where N (A) and R(A) denote the nullspace and rowspace of
A, respectively. Given our assumption that A has full row rank, we can choose the matrices {A1, . . . , Am}
as our basis for the rowspace of A. Then, in order to find a basis for N (A) we can employ the so-called
QR-factorization of A; defined by:

A> =
[
Q1 Q2

] [R
0

]
.

It follows that the columns of Q2 form a basis for N (A), so we set

∆s = −A>∆y, (9a)

∆x = Q2∆z. (9b)

Hence, if we are using the AHO direction, at each iteration of our IF-QIPM for SOCOP, we simply solve:

[
SQ2 −XA

] [∆z
∆y

]
= σµe−Xs+ r (10)

where r is a residual term used to capture the erros that will be introduced upon solving via QLSA. In
Section 4 we will demonstrate that the system (10) has a unique solution (∆z,∆y) which maps to a solution
to the classical Newton linear system (7).
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3.3 Scaling, eigenvalues and neighborhoods of the central path

From here, we follow Monteiro and Tsuchiya [23] and introduce a group of scaling automorphims which map
the cone K onto itself, and characterize the scale-invariant neighborhoods of the central path.

Let
Gi =

{
λT̃i : λ > 0, T̃i ∈ Rki×ki , T̃>i Jki T̃i = Jki , (T̃i)00 > 0

}
(11)

where

Jki ≡
(

1 0
0 −1

)
∈ Rki×ki .

It follows that Gi is defined as the auto-morphism group of the cone Ki; the set of all nonsingular matrices Ti
satisfying Ki = Ti(Ki) ≡ {Tixi : xi ∈ Ki}. A proof of this fact can be found in the appendix of [23]. Then,
choosing

G ≡ {T = diag(T1, . . . , Tn) : Ti ∈ Gi, i = 1, . . . , n} ,
we have that G is a subgroup of the auto-morphism group of the cone K.

The following result from [32] provides an explicit definition of the unique G � 0 mapping e to x.

Proposition 9 (Prop. 2.1 [32]). For any x ∈ int (K), there exists a unique symmetric matrix in G which
maps e to x given by Tx ≡ diag(Tx1

, . . . , Txn
) where for all i = 1, dots, n,

Txi =



xi0 x>i1

xi1 βxi
I +

xi1x
>
i1

βxi
+ xi0


 , (12)

and

βxi =
√
x2i0 − ‖xi1‖2. (13)

Moreover, Tx is positive definite.

Next, we define the set of 2n eigenvalues
{
λji : i = 1, . . . , n, j = 0, 1

}
corresponding to v = (v1, . . . , vn) ∈

Rk1 × · · · × Rkn of the Cartesian algebra to be

λ0i = λ0i (v) ≡ vi0 − ‖vi1‖, λ1i = λ1i (v) ≡ vi0 + ‖vi1‖

for i = 1, . . . , n. Hence, we can conclude v ∈ K if and only if λ0i ≥ 0 for all i and similarly, that v ∈ int (K)
if and only if λ0i > 0. For a more detailed explanation of eigenvalues in the context of SOCOPs, we refer the
reader to Section 2.4 of [32].

We are now in a position to define the neighborhoods of the central path. For a pair (x, s) ∈ int (K) ×
int (K∗), we define the distance metrics d(x, s) to be

d2(x, s) ≡
√ ∑

i=1,...,n,j=0,1

(
λji (wxs − µ

)2
=
√

2‖wxs − µe‖,

d∞(x, s) ≡ max
i=1,...,n,j=0,1

∣∣∣λji (wxs)− µ
∣∣∣ = max

i=1,...,n
[|wi0 + ‖wi1‖ − µ| , |wi0 − ‖wi1‖,−µ|]

where µ = µ(x, s) and
wxs = (w1, . . . , wn) ≡ Txs. (14)

Then, for γ ∈ (0, 1) we can define the so called short-step neighborhood of the central path to be

N2(γ) =
{

(x, s, y) ∈ F 0(P)× F 0(D) : d2(x, s) ≤ γµ(x, s)
}
,

N∞(γ) =
{

(x, s, y) ∈ F 0(P)× F 0(D) : d∞(x, s) ≤ γµ(x, s)
}
.

One observe that d∞(x, s) ≤ d2(x, s) for all (x, s) ∈ int (K)× int (K∗), and therefore N2(γ) ⊂ N∞(γ) [23].
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We point out that the product wxs = Txs is the SOCO analog of the quantity X1/2SX1/2 that arises in
the context of SDO. This quantity represents the scaled dual variable when the primal variable X is scaled
to the identity matrix I. Hence, for our purposes, wxs = Txs is the scaled dual variable when we scale x to
e.

The following result from [32] establishes the invariance properties of the eigenvalues of wxs.

Proposition 10 (Prop. 2.4 in [32]). Suppose that (x, s) ∈ int (K) × int (K∗) and G ∈ G. Let (x̃, s̃) ≡
(G>x,G−1s), w ≡ wxs and w̃ = wx̃s̃. Then:

(a) w̃i0 = wi0 and ‖w̃i1‖ = ‖wi1‖ for every i = 1, . . . , n.

(b) λji (w̃) = λji (w) for every i = 1, . . . , n and j = 0, 1

(c) d2(x̃, s̃) = d2(x, s) and d∞(x̃, s̃) = d∞(x, s)

4 Technical Results

In this section, we establish results that are necessary for proving the polynomial convergence of the IF-
QIPM for SOCOPs. The results are adapted from [22] to account for the inexactness in our solution to the
complementarity equation. We first prove that the AHO direction (16) is well defined in the neighborhood
N∞ for γ ∈ (0, 1/3). Then, we show that each member of the Monterio-Zhang (MZ) family of directions for
SDO in the context of SOCO reduces to the AHO direction in the scaled space. In this manner, our results
for the AHO direction extend to each member of the MZ family of directions.

Given (x, s) ∈ int (K)× int (K∗), we define the quantities

X ≡mat(x)

S ≡mat(s)

Rxs ≡ TxX−1STx (15a)

Wxs ≡mat(wxs). (15b)

Further, note that the triple (x, s, y) is the solution which serves as the classical counterpart to the solution
of our quantum Newton linear system (z, y). In particular, (x, s, y) solves the system

S∆x+X∆s = σµe−Xs+ r (16a)

A>∆y + ∆s = 0 (16b)

A∆x = 0, (16c)

where r is a residual term which captures the errors introduced by QLSA. We assume that r satisfies

‖r‖ ≤ η‖σµe−Xs‖ ≤ ηγν/
√

2 (17)

for η ∈ (0, 1).

Lemma 1 (Lemma 1 in [23]). For any x ∈ int (K), the matrices X and Tx satisfy:

(a) X − Tx = Ux = diag(Uxi : i = 1, . . . , n), where

Uxi
=

[
0 0
0 (xi0 − βxi

)Pxi

]

and Pxi is the orthogonal projection matrix onto the subspace orthogonal to xil, namely

Pxi
≡ I − xi1xi1

‖xi1‖2
(18)
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(b) TxX
−1 = X−1Tx = diag(I − x−1i0 Uxi : i = 1, . . . , n); as a consequence TxX

−1e = e;

(c) X and Tx commute and X � T .

Proof. First, recall the definitions of Xi and Txi as defined in (4) and (12), respectively. Then, we can note
that the i-th diagonal block of X − Tx is given by the matrix Xi − Txi

. One can use (4), (12) and (13) to
show Xi − Txi

= Uxi
, from which (a) follows. Next, it is readily shown that XiUxi

= Uxi
Xi = xi0Uxi

, and
thus X−1i Uxi

= x−1i0 Uxi
. Combining this with (a) yields

X−1Tx = X−1(X − Ux) = I −X−1Ux = diag(I −X−1i Uxi : i = 1, . . . , n)

= diag(I − x−1i0 Uxi : i = 1, . . . , n),

and thus (b) holds. Therefore, X−1Tx is a symmetric matrix, which of course means X−1 and Tx commute.
Consequently, X and Tx commute as well. Finally, X � Tx follows immediately from (a) as Ux � 0, and
hence, (c) holds.

The following two lemmas from [23] play a crucial role in the analysis of our algorithm.

Lemma 2 (Lemma 2 in [23]). We have Rxs = diag(Ri : i = 1, . . . , n), where

Ri =

[
wi0 w>i1
wi1 R̃i

]
(19)

with (wi0, wi1) = Txi
si ∈ R × Rki−1 and

R̃i ≡
1

xi0

[
wi1x

>
i1 + β2

xi
si0I

]
=
wi1x

>
i1

xi0
+

(
wi0 −

w>i1xi1
xi0

)
I. (20)

Proof. Applying equaiton (15a) and Lemma 1(b), it follows

Ri = Txi
X−1i SiTxi

=
(
Txi

X−1i
)
SiXiTxi

X−1i
=
(
I − x−1i0 Uxi

)
SiXi

(
I − x−1i0 Uxi

)
(21)

where Xi and Si are the i-th diagonal blocks of X and S, respectively. Then, from the definition of Xi and
Si, along with (18), one can observe

I − 1

xi0
Uxi =

[
1 0
0 I − tiPxi

]
, SiXi =

[
pi0 p>i1
pi1 Zi

]
, (22)

where

pi ≡ xi ◦ si = Xisi, τ ≡ 1− βxi
xi0

, Zi ≡ xi0si0I + si1x
>
i1. (23)

From here, we substitute (22) into (21) so that we arrive at

Ri =

[
pi0 (pi1 − τiPxi

pi1)>

pi1 − τiPxi
pi1 Vi

]

where
Vi ≡ (I − τiPxi

)Xi(I − τiPxi
), (24)

from which (19) follows once we establish that wi0 = pi0, wi1 = pi1 − τiPxi
pi1, and R̃i = Vi. Applying (22)

and (23) along with Lemma 1(b) yields

wi = Txi
si =

(
Txi

X−1i
)
Xisi =

(
I − x−1i0 Uxi

)
pi =

(
pi0

(I − τiPxi
)pi1

)
,
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and we obtain wi0 = pi0 and wi1 = pi1 − τiPxipi1. Next, from (13) and (23), it follows

Zi = xi0si0I + si1x
>
i1 = xi0si0I +

pi1 − si0xi1
xi0

x>i1

=
si0
xi0

(
x2i0 − ‖xi1‖2

)
I +

si0‖xi1‖2
xi0

Pxi +
pi1x

>
i1

xi0

=
si0
xi0

βxi
I +

si0‖xi1‖2
xi0

Pxi
+
pi1x

>
i1

xi0
.

Substituting the above relation into (24), along with the definition of R̃i in (20) and the relations wi1 =
(I − τiPxi)pi1, Pxixi1 = 0 and P 2

x1
= Pxi , yields

Vi =
si0
xi0

β2
xi

(I − τiPxi)
2 +

si0‖xi1‖2
xi0

(I − τiPxi)
2Pxi +

wi1x
>
i1

xi0

=
si0
xi0

β2
xi

(I − 2τiPxi
+ τ2i Pxi

) +
si0‖xi1‖2

xi0
(Pxi

− 2τiPxi
+ τ2i Pxi

) +
wi1x

>
i1

xi0

= R̃i +
si0
xi0

[(
β2
xi

+ ‖xi1‖2
) (
τ2i − 2τi

)
+ ‖xi1‖2

]
Pxi = R̃i.

Note that the final equality is a consequence of the fact that the coefficient of Pxi
is zero on its left hand

side (this can be verified from the definitions given in (13) and (23)). Therefore, (19) holds.
Finally, we establish the identity in (20) by performing a simple calculation using (13), which along with

the fact that wi0 = pi0 yields β2
xi
si0 = wi0xi0 − p>i1xi1. Noting that wi1 = pi1 − τiPxipi1, and Pxixi1 = 0,

one can observe that w>i1xi1 = p>i1xi1. Therefore, (20) follows as we have β2
xi
si0 = wi0xi0 − wi1xi1.

Lemma 3 (Lemma 3 in [23]). Let (x, s, y) ∈ int (K)× int (K∗)× Rm be a triple such that

max
i,j

∣∣∣λji (wxs)− v
∣∣∣ ≤ γν,

for some scalars γ > 0 and ν > 0. Then,

‖Rxs −Wxs‖ ≤ 2γν (25a)

‖Wxs − νI‖ ≤ γν. (25b)

As a consequence
‖Rxs − νI‖ ≤ 3γν.

Proof. Let (wi0, wi1) = Txi
si, and let Wi be the i-th block of Wxs. Then, applying Lemma 2 along with the

definition of Wxs, it follows

‖Rxs −Wxs‖ = max
i=1,...,n

‖Ri −Wi‖ = max
i=1,...,n

‖R̃i − wi0I‖.

Now, from (20) we have

‖R̃i − wi0I‖ =

∥∥∥∥
1

xi0

[
wi1x

>
i1 −

(
w>i1xi1

)
I
]∥∥∥∥ ≤

2‖wi1‖‖xi1‖
xi0

≤ 2‖wi1‖

=
(
λ1i (wxs)− λ0i (wxs)

)
≤
∣∣λ1i (wxs)− ν

∣∣+
∣∣λ0i (wxs)− ν

∣∣ ≤ 2γν,

and (25a) follows from the above two relations. Finally, (25b) follows from (5) and the proof is complete.

Lemma 4 (Lemma 4 in [23]). Let (x, s, y) ∈ int (K)× int (K∗)× Rm be a triple such that

‖Rxs − νI‖ ≤ τν, (26)
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for some scalars τ ∈ (0, 1) and ν > 0. Assume that (u, v) ∈ RK × RK and h ∈ RK satisfy

Su+Xv = h, uT v ≥ 0, (27)

and define δu ≡ ‖T−1x u‖ and δv ≡ ‖Txv‖. Then,

δu ≤
‖TxX−1h‖
(1− τ)ν

, δv ≤
2‖TxX−1h‖

1− τ . (28)

Proof. First, note that from (26), we have

d>Rxsd ≥ (1− τ)ν‖d‖2. (29)

Then, we multiply the first relation in (27) on the left by u>X−1, and subsequently applying the second
relation in (27), we have

u>X−1Su ≤ u>X−1Su+ u>v = u>X−1h.

Hence, combining the above with (15a) and (29) with d = T−1x u, it follows

(1− τ)νδ2v = (1− τ)ν
∥∥T−1x u

∥∥2 ≤
(
T−1x u

)>
Rxs

(
T−1x u

)

= u>X−1Su ≤ u>X−1h =
(
T−1x u

)> (
T−1x X−1h

)

≤
∥∥T−1x u

∥∥ ∥∥T−1x X−1h
∥∥ ,

and hence, the first inequality in (28) follows. Next, we show that the second inequality in (28) holds. Indeed,
we multiply the first relation in (27) on the left by TxX

−1, which combined with the definition of Rxs yields

RxsT
−1
x u+ Txv = TxX

−1h.

Combining this fact with (26), and the first inequality of (28), it follows

δv = ‖Txv‖ =
∥∥TxX−1h−RxsT−1x u

∥∥ ≤
∥∥TxX−1h

∥∥+
∥∥RxsT−1x u

∥∥

≤
∥∥TxX−1h

∥∥+ ‖Rxs‖ δu ≤
∥∥TxX−1h

∥∥+ (1 + τ)ν
‖TxX−1h‖

1− τ ,

and hence we obtain the second inequality of (28), which completes the proof.

The following result establishes the validity of using a classical estimate of the solution to our quantum
solution to obtain a classical solution to the system (16).

Theorem 3. Let (x, s, y) ∈ int (K)× int (K∗)× Rm and (∆z,∆y) be a classical estimate of the solution to
the quantum Newton linear system (10) after using tomography. Then,

(∆x,∆s,∆y) =
(
Q2∆z,−A>y,∆y

)

is a solution to the classical Newton linear system (16).

Proof. First, recall that Q2 and A are the bases of N (A) and R(A) respectively. Hence, by setting

∆x = Q2∆z,

∆s = −A>y,

it follows that ∆x and ∆s are defined by linear combinations of the basis elements of the nullspace and
rowspace of A, respectively. Thus, (∆x,∆s,∆y) satisfy primal and dual feasibility as

Ax+A∆x = Ax+AQ2∆z = Ax+ 0z = Ax = b,

AT (y + ∆y) + (s+ ∆s) = AT y + s+A>∆y + (−A>∆y) = c.
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Finally, note that any solution (∆z,∆y) to (10) satisfies

SQ2∆z −XA>∆y = σµe−Xs+ r.

Hence, we have

σµe−Xs+ r = SQ2∆z −XA>∆y

= S∆x−X∆s,

and the proof is complete.

Now we are in a position to state the result from [23] which establishes the well-definedness of the AHO
direction.

Theorem 4 (Theorem 1 in [23]). Let (x, s, y) ∈ int (K)× int (K∗)× Rm be a point such that

max
i,j

∣∣∣λji (wxs)− v
∣∣∣ ≤ γν,

for some scalars γ ∈ (0, 1/3) and ν > 0. Then, the system (16) has a unique solution. In particular, the
AHO direction is well-defined at every point (x, s, y) ∈ int (K)× int (K∗)×Rm such that d∞(x, s) < µ(x, s)/3.

Proof. In order to establish that the system (16) has a unique solution, suppose that (u, v, q) ∈ RK×RK×Rm
be a solution to the homogeneous version of the system (16). Then,

Su+Xv = 0,

Au = 0,

A>q + v = 0.

From the final two equations, it follows that u>v = 0. Applying Lemma 3, it follows that (26) holds with
τ = 3γ < 1. Then, taking Lemma 4 with h = 0, it follows that u = v = 0, and thus A>q = 0. By assumption
A has full row rank, which yields q = 0. Therefore the system (16) has a unique solution as we have shown
(u, v, q) = (0, 0, 0).

Corollary 1. If the system (16) has a unique solution, then the quantum Newton linear system (10) has a
unique solution.

Proof. In order to arrive at a contradiction suppose that (∆̂z, ∆̂y) and (∆z,∆y) are two distinct solutions

to (10) such that (∆̂z, ∆̂y) 6= (∆z,∆y). Then, letting

(∆̂x, ∆̂s, ∆̂y) =
(
Q2∆̂z,−A>∆̂y, ∆̂y

)

(∆x,∆s,∆y) =
(
Q2∆z,−A>∆y,∆y

)
.

Then, due to the fact that Q and A are full rank, we have

(∆̂x, ∆̂s, ∆̂y) =
(
Q2∆̂z,−A>∆̂y, ∆̂y

)
6=
(
Q2∆z,−A>∆y,∆y

)
= (∆x,∆s,∆y).

However, by Lemma 3, both (∆̂x, ∆̂s, ∆̂y) and (∆x,∆s,∆y) are solutions to the system (16). Since (16) has
a unique solution we must have

(∆̂x, ∆̂s, ∆̂y) = (∆x,∆s,∆y),

a contradiction.
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For here, we define

x(α) ≡ x+ α∆x, s(α) ≡ s+ α∆s,

y(α) ≡ y + α∆y, µ(α) ≡ x(α)s(α)

n
.

In the lemmas that follow, we seek to provide a bound on

√
2
∥∥T−1x x(α) ◦ Txs(α)− µ(α)e

∥∥ ,

which majorizes our centrality measure d2 (x(α), s(α)) . We make the additional assumption that the residual
term r satisfies

‖TxX−1r‖ ≤ η‖TxX−1(σµe−Xs)‖. (30)

Lemma 5. Let (x, s, y) ∈ int (K) × int (K∗) × Rm be a solution to the system (16) for some σ ∈ R. Then
for every α ∈ R we have:

µ(α) = (1− α+ σα)µ+ α
e>r
n

(31a)

T−1x x(α) ◦ Txs(α)− µ(α)e = (1− α)(wxs − µe) + α(Wxs −Rxs)∆̃x+ α

[
TxX

−1r − e>r
n
e

]

+ α2∆̃x ◦ ∆̃s. (31b)

where µ = µ(x, s) and

∆̃x ≡ T−1x ∆x, ∆̃s ≡ Tx∆s (32)

Proof. Since (x, s, y) ∈ int (K)×int (K∗)×Rm by assumption, applying (16b) and (16c), one has ∆x>∆s = 0.
Next, multuplying (16a) on the left by e> yields

e>S∆x+ e>X∆s = s>∆x+ x>∆s = σnµ− x>s+ e>r = −(1− σ)nµ+ e>r.

Hence,

x(α)>s(α) = (x+ α∆x)
>

(s+ α∆s) = x>s+ α
(
s>∆x+ x>∆s

)
= nµ+ α[−(1− σ)nµ+ e>r]

= nµ [1− α(1− σ)] + αe>r.

Thus, (31a) follows from dividing both sides of this equality by n.
On the other hand, multiplying (16a) on the left by TxX

−1, as well as applying (14), (15a), (32) and
Lemma 1(b), yields

∆̃s = Tx∆s = TxX
−1 (σµe−Xs+ r − S∆x) = σµe− wxs + TxX

−1r −Rxs∆̃x.

We then apply this relation, along with (14), (15b), (32) and the fact that u◦v = mat(u)v for all u, v ∈ RK ,
from which we have

T−1x x(α) ◦ Txs(α) = T−1x (x+ α∆x) ◦ Tx (s+ α∆s)

=
(
e+ α∆̃x

)
◦
(
wxs + α∆̃s

)

= wxs + α
(
wxs ◦ ∆̃x+ ∆̃s

)
+ α2∆̃x ◦ ∆̃s

= wxs + α
[
σµe− wxs + TxX

−1r + (Wxs −Rxs)∆̃x
]

+ α2∆̃x ◦ ∆̃s.

Combining the above result with (31a) yields (31b) and the proof is complete.
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The following lemma establishes bounds on the norms involving the residual terms that appear in the
rest of our analysis.

Lemma 6. Let r be a residual term satisfying the assumptions (17) and (30). Then,

√
2
∥∥TxX−1r

∥∥ ≤ ηγµ (33a)

√
2

∥∥∥∥TxX−1r −
e>r
n
e

∥∥∥∥ ≤ ηγµ. (33b)

Proof. First, by our assumption in (30) we have:

∥∥TxX−1r
∥∥ ≤ η

∥∥TxX−1(σµe−Xs)
∥∥ = η ‖(σµe− wxs)‖ ≤ ηγµ/

√
2.

and therefore (33a) holds.

For ease of notation, we set r̃ ≡ TxX
−1r. Then, expanding the square and using the fact that e>e = n

along with Lemma 1(b), we observe

∥∥∥∥r̃ −
e>r
n
e

∥∥∥∥
2

=

(
r̃ − e>r

n
e

)>(
r̃ − e>r

n
e

)

= ‖r̃‖2 − 2

n
r̃>
(
e>re

)
+

1

n2
(e>r)2n

= ‖r̃‖2 − 2

n

(
TxX

−1r
)> (

e>re
)

+
1

n
(e>r)2

= ‖r̃‖2 − 2

n
r>
(
TxX

−1)> (e>re
)

+
1

n
(e>r)2

= ‖r̃‖2 − 2

n
r>TxX

−1 (e>re
)

+
1

n
(e>r)2

= ‖r̃‖2 − 2

n
r> (TxX

−1e)︸ ︷︷ ︸
=e

r>e+
1

n
(e>r)2

= ‖r̃‖2 − 2

n
r>er>e+

1

n
(e>r)2

= ‖r̃‖2 − 1

n
(e>r)2 ≤ ‖r̃‖2.

That is, (33b) holds.

The following result, adapted from [23] to account for the inexactness in solving the complementarity

equation, provides bounds on the sizes of the scaled search directions ‖∆̃x‖ and ‖∆̃s‖.

Lemma 7. Suppose that (x, s, y) ∈ N2(γ) for some constant γ ∈ (0, 1/3) and let (∆x,∆s,∆y) be the unique
solution of the system (16), which is a classical estimate of the solution to the quantum Newton linear system

(10). Then, the directions ∆̃x and ∆̃s as defined in (32) satisfy:

∥∥∥∆̃x
∥∥∥ ≤ (1 + η)Θ

2
,
∥∥∥∆̃s

∥∥∥ ≤ (1 + η)Θµ (34)

where η ∈ (0, 1), µ ≡ µ(x, s) and

Θ =
2
[
γ2/2 + (1− σ)2n

]1/2

1− 3γ
.
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Proof. First we note that w>xse = s>Txe = s>x = nu and ‖wxs − µe‖ ≤ γµ/
√

2. Hence,

‖wxs − σµe‖2 = ‖wxs − µe‖2 + ‖µe− σµe‖2 + 2(1− σ)µ(wxs − µe)>e

≤
[
γ2

2
+ (1− σ)2n

]
µ2. (35)

Due to the fact that d∞(x, s) ≤ d2(x, s) ≤ γµ, applying Lemma 3 with ν = µ one can observe that (26)
holds for τ = 3γ < 1, and ν = µ.

Thus, we apply (14), (35), Lemma 1(b) and Lemma 4 with ν = µ, (u, v) = (∆x,∆s), h = σµe−Xs+ r
and τ = 3γ such that

∥∥∥∆̃x
∥∥∥ ≤

∥∥TxX−1(σµe−Xs+ r)
∥∥µ−1

1− 3γ
≤
∥∥TxX−1(σµe−Xs)

∥∥µ−1 +
∥∥TxX−1r

∥∥µ−1
1− 3γ

≤ (1 + η)
∥∥TxX−1(σµe−Xs)

∥∥µ−1
1− 3γ

=
(1 + η)Θ

2
,

and

∥∥∥∆̃s
∥∥∥ ≤

2
∥∥TxX−1(σµe−Xs+ r)

∥∥
1− 3γ

≤ 2
(∥∥TxX−1(σµe−Xs)

∥∥+
∥∥TxX−1r

∥∥)

1− 3γ

≤ 2(1 + η)
∥∥TxX−1(σµe−Xs)

∥∥
1− 3γ

= (1 + η)Θµ.

Lemma 8 (Lemma 7 in [23]). Let ui, vi ∈ Rki for i = 1, . . . , n and define u ≡ (u1, . . . , un) and v ≡
(v1, . . . , vn). Then,

‖u ◦ v‖ ≤
√

2‖u‖‖v‖.

Proof. We refer the reader to Lemma 2.12 of [32].

In the next lemma, we establish a bound on the quantity
√

2
∥∥T−1x x(α) ◦ Txs(α)− µ(α)e

∥∥, which ma-
jorizes our distance metric d2(x(α), s(α)).

Lemma 9. Suppose that (x, s, y) ∈ N2(γ) for some constant γ ∈ (0, 1/3) and let (∆x,∆s,∆y) be the unique
solution of the system (16) for some σ ∈ R. Further, (∆x,∆s,∆y) is a classical estimate of the solution
(∆z,∆y) to the quantum Newton linear system (10). Then, for any α ∈ [0, 1] we have

√
2
∥∥T−1x x(α) ◦ Txs(α)− µ(α)e

∥∥ =
[
(1− α)γ +

√
2αγ(1 + η)Θ + α2(1 + 3η)Θ2 + αηγ

]
µ. (36)
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Proof.

∥∥T−1x x(α) ◦ Txs(α)− µ(α)e
∥∥ =
√

2

∥∥∥∥(1− α)(wxs − µe) + α(Wxs −Rxs)∆̃x+ α

[
TxX

−1r − e>r
n
e

]∥∥∥∥

≤ (1− α)
√

2‖wxs − µe‖+ α
√

2 ‖Rxs −Wxs‖ ‖∆̃x‖+ α2
√

2‖∆̃x ◦ ∆̃s‖+ α
√

2

∥∥∥∥TxX−1r −
e>r
n
e

∥∥∥∥

≤ (1− α)
√

2‖wxs − µe‖+ α
√

2 ‖Rxs −Wxs‖ ‖∆̃x‖+ α2
√

2‖∆̃x ◦ ∆̃s‖+ α
√

2
∥∥TxX−1r

∥∥

≤ (1− α)
√

2‖wxs − µe‖+ α
√

2 ‖Rxs −Wxs‖ ‖∆̃x‖+ α2
√

2‖∆̃x ◦ ∆̃s‖+ α
√

2
∥∥TxX−1(σµe−Xs)

∥∥

≤ (1− α)γµ+
√

2αγ(1 + η)Θµ+ 2α2‖∆̃x‖‖∆̃s‖+ αηγµ

≤ (1− α)γµ+
√

2αγ(1 + η)Θµ+ 2α2

[
1

2
(1 + η)Θ

]
[(1 + η)Θµ] + αηγµ

= (1− α)γµ+
√

2αγ(1 + η)Θµ+ α2(1 + η)2Θ2µ+ αηγµ

= (1− α)γµ+
√

2αγ(1 + η)Θµ+ α2(1 + 2η + η2)Θ2µ+ αηγµ

≤ (1− α)γµ+
√

2αγ(1 + η)Θµ+ α2(1 + 3η)Θ2µ+ αηγµ

=
[
(1− α)γ +

√
2αγ(1 + η)Θ + α2(1 + 3η)Θ2 + αηγ

]
µ,

where the final inequality follows from the fact that η2 < η as η ∈ (0, 1).

We are now able to state the following lemma from [23], which shows that the left hand side of (36)
majorizes d(x(α), s(α)).

Lemma 10 (Lemma 9 in [23]). Suppose (x, s) ∈ int (K)× int (K∗) and let µ = µ(x, s). Then,

d2(x, s) ≡
√

2 ‖wxs − µ‖ = min
G∈G
‖xG ◦ sG − µe‖

where xG ≡ G>x and sG ≡ G−1s for every G ∈ G.

Proof. The result follows directly from Lemma 2.10 in [32].

In the final lemma of this section, we provide a result which serves to establish the feasibility of the
sequence of iterates.

Lemma 11 (Lemma 10 in [23]). Let (x, s) ∈ K×K∗ be given. If x◦k ∈ int (K), then (x, s) ∈ int (K)×int (K∗).
In particular, if

√
2‖x ◦ s− νe‖ ≤ γν for some γ ∈ (0, 1)

Proof. Define p = x ◦ s. For each i = 1, . . . , n, we have

pi0 = xi0si0 + x>i1si1, (37a)

pi0 = xi0si1 + si0xi1. (37b)

First, assume p ∈ int (K). Hence for all i, we note ‖pi1‖ < pi0, which implies xi > 0. This is due to the fact
that we would otherwise have xi = 0, as xi ∈ Ki means pi0 = 0 by (37a), a contradiction.

Next, from (37b), it follows that

si1 =
pi1 − si0xi1

xi0
.

Using this relation along with (37a), we have

pi0 = xi0si0 +
1

xi0
x>i1 (pi1 − si0xi1) =

si0
xi0

(
x2i0 − ‖xi1‖2

)
+
x>i1pi1
xi0

≤ si0
xi0

(
x2i0 − ‖xi1‖2

)
+
‖xi1‖ ‖pi1‖

xi0
≤ si0
xi0

(
x2i0 − ‖xi1‖2

)
+ ‖pi1‖,
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where the final inequality is a consequence of the fact that xi ∈ Ki. Thus, as ‖pi1‖ < pi0, it follows that
xi0 > ‖xi1‖ from the last relation. Hence, x ∈ int (K). One can demonstrate that s ∈ int (K∗) in a similar
manner, which proves the first statement in the lemma.

Next, suppose that
√

2‖p− νe‖ ≤ γν for some γ ∈ (0, 1) and ν > 0. Then, it follows for each i:

γν ≥
√

2‖pi − νe‖ =
√

2
(
(pi0 − ν)2 + ‖pi1‖2

)1/2 ≥ |pi0 − ν|+ ‖pi1‖
≥ ν − pi0 + ‖pi1‖.

Therefore, we can conclude p ∈ intK, as we have pi0 − ‖pi1‖ ≥ (1− γ)ν > 0.

4.1 The MZ family of directions

In this section we discuss the MZ family directions for SOCOPs. Given that these directions arise as a
natural extension of the Monteiro and Zhang family of directions for SDOPs, this family also emerges from
computing the AHO direction (16) associated with a scaled problem, and subsequently mapping the resulting
direction to the original (unscaled) space.

In particular, for a given matrix G ∈ G, we consider the change of variables

x̃ ≡ G>x, (s̃, ỹ) ≡
(
G−1s, y

)
. (38)

Then, upon scaling the data:
c̃ ≡ G−1c, Ã ≡ AG−>, b̃ = b,

one can observe that the primal and dual SOCOPs (P) and (D) can be rewritten according to this scaling
as:

min
{
c̃>x̃ : Ãx̃ = b̃, x̃ ∈ K

}
, (P̃)

max
{
b̃>ỹ : Ã>ỹ = b̃, ỹ ∈ K∗

}
. (D̃)

Now, one can observe that by Proposition 10, along with the relation µ(x, s) = µ(x̃, s̃), it follows

(x̃, s̃, ỹ) ∈ Ñ2(γ) ⇐⇒ (x, s, y) ∈ N2(γ),

(x̃, s̃, ỹ) ∈ Ñ∞(γ) ⇐⇒ (x, s, y) ∈ N∞(γ),

where Ñ2 and Ñ∞ denote the 2-norm and ∞-norm neighborhoods of the central path for the scaled primal-
dual SOCO pair (P̃)-(D̃). Further, for ν > 0 denote a point on the central path of (P̃)-(D̃) by (x̃ν , s̃ν , ỹν)
where (x̃ν , s̃ν , ỹν) = (Gxν , G

−1sν , yν).
Now to see how G ∈ G induces scaled Newton direction, note that a strictly feasible point (x, s, y) ∈

F 0(P) × F 0(D) maps to an interior feasible point (x̃, s̃, ỹ) as given by (38). At this scaled point, (x̃, s̃, ỹ)

we computed the corresponding AHO direction (∆̃x, ∆̃s, ∆̃y), which we can map back to the original space;
providing either the AHO direction, or another direction from the MZ family with scaling G. Hence,

(∆x,∆s,∆y) = (∆xG,∆sG,∆yG)

where
∆x = G−>∆̃x, (∆s,∆y) = (G∆̃s, ∆̃y).

That is; (∆x,∆s,∆y) = (∆xG,∆sG,∆yG) solves the system

S̃G>∆x+ X̃G−1∆s = σµe− X̃s̃+ r (39a)

A>∆y + ∆s = 0 (39b)

A∆x = 0 (39c)
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with X̃ = mat(x̃) and S̃ = mat(s̃). Similarly, we can write the scaled quantum Newton linear system as

[
S̃G>Q2 −X̃G−1A

] [
∆z
∆y

]
= σµe− X̃s̃+ r. (40)

Now, the choice of G determines the scaled AHO direction (∆xG,∆sG,∆yG) at the point (∆x,∆s,∆y).
As such, there are many possible choices of G, each endowed with its own properties. For example, setting
G = I yields the AHO direction, whereas G = Ts yields the HKM direction, and G = T−1x for the dual
counterpart of the HKM direction. Further, the MZ family of directions includes the Nesterov-Todd (NT)
direction G = Gxs, where Gxs is the unique positive semidefinite matrix satisfying G2x = s.

Therefore, all of the results presented in this section for the unscaled AHO direction apply to every
direction in the MZ family of directions, as we have demonstrated that every such direction reduces to the
AHO direction in the scaled space, along with the fact that the centrality measures and duality gap are scale
invariant. These results are summarized in the following result from [23] and one additional result for the
quantum Newton linear system.

Corollary 2 (Corollary 2 in [23]). Let G ∈ G and (x, s, y) ∈ int (K)× int (K∗)× Rm be a point such that

max
i,j

∣∣∣λji (wxs)− v
∣∣∣ ≤ γν,

for some scalars γ ∈ (0, 1/3) and ν > 0. Then, the system (39) has a unique solution.

Corollary 3. If the system (39) has a unique solution, then the quantum Newton linear system (40) has a
unique solution.

Proof. The proof follows exactly from the proof of Corollary 1.

5 Analysis of the Inexact-Feasible Quantum Interior Point Method
for SOCOPs

In this section, we present our Inexact-Feasible Quantum Interior Point Method for SOCOPs. Then, we
establish our algorithm’s polynomial convergence, as well as results on implementing block encodings of the
quantum Newton linear system and the overall running time of the SOCO-IF-QIPM.

5.1 A quantum interior point method for SOCOPs

We quantize our IPM by closely following the algorithm detailed in Algorithm 2. Before beginning the
algorithm, we calculate the bases for the nullspace and rowspace of A, and store these matrices in QRAM.
Calculating a basis for the nullspace N (A) can be accomplished via QR-factorization or Gauss elimination.
We note that while Gauss elimination is more efficient, QR-factorizations are known to be numerically stable
in practice. Further, as this operation is performed only once (as the bases for A will not change during the
algorithm) we can ignore the cost of this step as it pertains to the overall running time of the algorithm.

Then, each iteration of the IF-QIPM proceeds as follows. In step (1), we compute any matrix products
or inverses required for the quantum Newton linear system such that we can implement a block encoding
of the quantum Newton linear system in time Õ(1). This step requires time O(nω), where ω is the matrix
multiplication constant. In theory ω ≈ 2.3728, yet in practice such steps are typically conducted using Gauss
elimination, which requires time O(n3).

In steps (2) and (3) we solve the quantum Newton linear system via block encodings, and extract a classical
estimate of the resulting quantum state using a vector-state tomography algorithm as outlined in Algorithm
1. A detail analysis for step (2) can be found in section 5.3. As for step (3), this can be accomplished in

time O
(
nK%2

ξ2k
TLS

)
where TLS is the time required to prepare and solve the quantum Newton linear system,

and ξk is the error tolerance, that is chosen.
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From here, we map our classical estimate (∆z,∆y) of the solution to the quantum Newton linear system
to (∆x,∆s,∆y). Finally, we classically update the current solutions to the SOCOP x, s, and y, and the
central path parameter µ.

Algorithm 3 Quantum interior point method for SOCOPs

Input: Choose constants γ ∈ (0, 1/3) and δ ∈ (0, 1) and let σ = 1−δ/
√

2n. Let ε ∈ (0, 1) and (x0, y0, s0, ν0) ∈
N2(γ) and set µ0 = µ(x0, s0). Compute bases forN (A) andR(A) and store these matrices in QRAM.

while µ > ε do

1. Compute any matrix products, and inverses necessary for the quantum Newton linear system classically,
and store in QRAM

2. Solve the quantum Newton linear system to obtain |∆z ◦∆y〉

3. Use vector-state tomography to extract a classical estimate of the quantum state |∆z ◦∆y〉,

4. Map classical estimate (∆z,∆y) of |∆z ◦∆y〉 to (∆x,∆s,∆y) according to (9)

5. Update solution

x← x+ ∆x y ← y + ∆y and s← s+ ∆s

6. µ = µ(α)

end

5.2 Polynomial convergence

In order to have a convergent algorithm, we need to ensure that the errors ξk introduced from QLSA are
properly chosen. At iteration k, we then choose ξk satisfying:

ξk =
1

%
‖rk‖. (41)

where % is the maximum norm of a solution to the Newton linear system. This is due to the fact that the
tomography error bound is relative (it is stated in additive form, but assumes that the vector to be extracted
has unit norm): to ensure that we satisfy the absolute error bound for the unscaled vector, we need to divide
ξk by the maximum norm of a solution vector. Hence, we must ensure

‖r‖ ≤ α
(

1− c√
2n

)k
,

so we choose ξk to be

ξk = α

(√
2n− 1√

2n

)k
. (42)

Lemma 12. Choosing ξk according to (42), the inexact search direction computed at step 3 of Algorithm 3
satisfies (17).

In the following result, we set Γ = γ so that we can procure the analysis of one iteration of the IF-QIPM
for SOCOPs for chosen constants γ, δ and η.

Theorem 5. Let γ ∈ (0, 1/3), δ ∈ (0, 1) and η ∈ (0, 1) be constants satisfying

(2 + 4η)
2(γ2 + δ2)

(1− 3γ)2
+ ηγ ≤

[(
1− δ

2n

)
−
√

2√
n
η

]
γ. (43)
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Suppose that (x, s, y) ∈ N2(γ) and let (∆x,∆s,∆y) denote the solution to the system (16) obtained from
a classical estimate of the solution to our quantum Newton linear system (10) with σ ≡ 1− δ/

√
2n. Then,

(a) (x̂, ŝ, ŷ) ≡ (x+ ∆x, s+ ∆s, y + ∆y) ∈ N2(Γ)

(b) µ(x̂, ŝ) = (1− δ/
√

2n)µ(x, s).

Proof. In the following proof, we seek to establish that

∥∥T−1x x(α) ◦ Txs(α)− µ(α)e
∥∥ ≤ max{γ,Γ}µ(α).

Indeed, from equation (31a),

µ(α) = (1− α+ σα)µ+ α
e>r
n

and plugging in σ = 1− δ/
√

2n, we have

Θ =
2
[
γ2/2 + (1− σ)2n

]1/2

1− 3γ
=

2
[
γ2+δ2

2

]1/2

1− 3γ

Θ2 =
2(γ2 + δ2)

(1− 3γ)2
.

Further, given that we make no assumption regarding the sign of r, we can use the fact that |e>r| ≤ ‖e‖ ‖r‖ ≤√
2nηγν such that ∣∣∣∣

e>r
n

∣∣∣∣ ≤
√

2n

n
ηγν =

√
2√
n
ηγν.

Then, applying (44), Lemma 9 and using the fact that Θ ≥
√

2γ, for all α ∈ [0, 1] we have

√
2
∥∥T−1x x(α) ◦ Txs(α)− µ(α)e

∥∥ ≤
[
(1− α)γ + α(2 + 4η)Θ2 + αηγ

]
µ

=

{
(1− α)γ + α(2 + 4η)

2(γ2 + δ2)

(1− 3γ)2
+ αηγ

}
µ

≤
{

(1− α)γ +

[(
1− δ

2n

)
−
√

2√
n
η

]
Γ

}
µ

≤
{

(1− α)γ +

(
1− δ

2n

)
Γ

}
µ+ max{γ,Γ}e

>r
n
.

Therefore, from (31a), it follows:

√
2
∥∥T−1x x(α) ◦ Txs(α)− µ(α)e

∥∥ ≤ max{γ,Γ}(1− α+ ασ)µ+ max{γ,Γ}e
>r
n

= max{γ,Γ}µ(α) < µ(α).

Now, combining the above with Lemma 11, one can observe that we obviously have T−1x x(α) ∈ int (K) and
Txs(α) ∈ int (K∗) for each α ∈ [0, 1]. Thus, in view of Proposition 9, this means that for every α ∈ [0, 1], it
follows that (x(α), s(α)) ∈ int (K)× int (K). Further, we can note that

Ax = b, A∆x = 0

A>y + s = c, A>∆y + ∆s = 0

and thus we have Ax(α) = b and A>y(α) + s(α) = c. Therefore, we have shown that

(x(α), s(α), y(α)) ∈ F 0(P)× F 0(D)

25



for every α ∈ [0, 1].
From here, we apply Lemma 10 choosing x̃ = T−1x x(α) and s̃ = Txs(α), we can conclude that for any

α ∈ [0, 1],

d(x(α), s(α)) ≤
√

2
∥∥T−1x x(α) ◦ Txs(α)− µ(α)e

∥∥ ≤ Γµ(α).

Thus, (a) follows as (x̂, ŝ, ŷ) = (x(1), s(1), y(1)) ∈ N2(Γ). The statement (b) follows as a consequence of
(31a).

Corollary 4. Let γ ∈ (0, 1/3), δ ∈ (0, 1) and η ∈ (0, 1) be constants satisfying

(2 + 4η)
2(γ2 + δ2)

(1− 3γ)2
+ ηγ ≤

[(
1− δ

2n

)
−
√

2√
n
η

]
γ. (44)

Then, each iterate (xk, sk, yk) generated by Algorithm 3 is an element of the neighborhood N2(γ) and satisfies

xk
>
sk = (1− δ/

√
2n)kx0

>
s0. Further, Algorithm 3 terminates in at most O(

√
n log(1/ε)) iterations.

Examples of constants that satisfy the condition in Corollary 4 are γ = δ = 1/50 and η = 1/3.

5.3 The quantum newton linear system

We now discuss how to efficiently implement and solve the quantum Newton linear system using block
encodings. Our work is left in general terms of G ∈ G, such that it extends for every member of the MZ
family of directions for SOCOP.

In order to take full advantage of the block encoding framework for QSLA, we pre-compute any requisite
matrix products and inverses classically, and store them in QRAM. Then, we utilize a factorization of the
Newton system so that we can construct the entire system in time Õ(1). The following two results establish
the factors for the quantum Newton linear system (40).

Proposition 11. Let

M1 =
[
S̃G>Q2 0

]
.

If S̃, G>, Q2 and S̃G>Q2 are stored in QRAM. Then, a (‖M1‖F , O(log n), ξ/(‖M1‖Fκ2 log2 κ
ξ ))-block en-

coding of M1 can be constructed in time Õ(1).

Proposition 12. Let

M2 =
[
0 −X̃G−1A

]
.

If X̃, G−1, Q2 and −X̃G−1A are stored in QRAM. Then, a (‖M2‖F , O(log n), ξ/(‖M2‖Fκ2 log2 κ
ξ ))-block

encoding of M2 can be constructed in time Õ(1).

Proof. The proof of both preceding propositions follows from Prop. 8.

Proposition 13. The quantum Newton linear system matrix (40) can be written compactly as:

MG =
[
S̃G>Q2 −X̃G−1A

]
, (45)

If S̃, X̃, G−1 G>, Q2, −X̃G−1A and S̃G>Q2 are stored in QRAM, then a (‖MG‖F , O(log n), ξ/(κ2 log2 κ
ξ ))-

block encoding of (45), can be constructed in time Õ(1).

Proof. Carrying out the calculations shows that (45) corresponds to the Newton linear system. We construct
the two following block encodings:

M1 =
[
S̃G>Q2 0

]

M2 =
[
0 −X̃G−1A

]
,

26



using Prop.s 11-12. We choose the precision of this step so that we obtain (‖M1‖F , O(log n), ξ/(‖M1‖Fκ2 log2 κ
ξ ))

and (‖M2‖F , O(log n), ξ/(‖M2‖Fκ2 log2 κ
ξ ))-block encodings, respectively, where κ refers to the condition

number of (45), here and below. We add these two block encodings together using Proposition 2, obtaining a
(max{‖M1‖F , ‖M2‖F }, O(log n), ξ/(κ2 log2 κ

ξ ))-block encoding of (45), in time Õ(1). Since max{‖M1‖F , ‖M2‖F } =

O(‖MG‖F ), we obtain the claimed result.

The construction described in Prop. 13 is only one of the possible ways to obtain a block encoding of the
Newton linear system corresponding an MZ search direction. We choose this specific decomposition because
among the ones that we analyzed, it minimizes the amount of classical work while yielding the same running
time of the quantum subroutine. We now use the factorization to solve the Newton system.

Theorem 6. There is a quantum algorithm that given

∣∣∣σµe− X̃s̃+ r
〉

and access to QRAM data structures encoding S̃, X̃, G−1 G>, Q2, outputs a state ξ-close to |∆z ◦∆y〉 in
time:

Õ(κmax{‖M1‖F , ‖M2‖F }),
using the an appropriate direction from the MZ family of directions. We can also output an estimate of
‖∆z ◦∆y‖ with relative error δ by increasing the running time by a factor 1

δ .

Proof. This is a direct consequence of Prop. 13 and Thm. 1.

5.4 Overall running time

By Corollary 4, the IF-QIPM requires O(
√
n ln 1/ε) iterations. In each iteration, we must prepare and solve

the quantum Newton linear system; we denote the running time to do so by TLS . Note that we do not
indicate the dependency on the precision of the solution, as it is polylogarithmic and would be neglected in
Õ notation. Furthermore, we must apply the state tomography algorithm to obtain a classical description of
the solution of the Newton linear system; we denote the corresponding running time by TTO(ξ) for precision

ξ. The total running time of the algorithm is therefore O(
∑β
√
n log(1/ε)

k=1 TTO(ξk)TLS), where ξk is the precision
at iteration k. For the moment, we are neglecting the complexity of the classical computations necessary for
the scaling matrices; this complexity is discussed at the end of this section, where it is shown to be negligible
compared to the running time of the remaining subroutines.

Let us know expand this expression using the running times for the state tomography algorithm described
in Section 2.3, and ξk as defined in (42). The expression of the total running time of the algorithm,

O(
∑β
√
n log(1/ε)

k=1 TTO(ξk)TLS), can be rewritten as:

β
√
n log(1/ε)∑

k=1

nK%2

ξ2k
TLS = αTLSnK%

2

β
√
n log(1/ε)∑

k=1

( √
2n√

2n− 1

)2k

≤

αTLSnK%
2

β
√
n log(1/ε)∑

k=1

( √
2n√

2n− 1

)k
.

Computing the geometric series yields:

2β
√
n log(1/ε)∑

k=1

( √
2n√

2n− 1

)k
=

1−
( √

2n√
2n−1

)2β√n log(1/ε)

1−
√
2n√

2n−1

− 1 = (
√

2n− 1)



( √

2n√
2n− 1

)2β
√
n log(1/ε)

− 1


− 1.
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We now use the fact that limx→∞
(
x+1
x

)x
= e. Thus, the last term in the above expression goes to elog(1/ε) =

O( 1
ε ) for large n. We hence get a total running time of:

Õ

(
n1.5K

ε
%2κ

)
.

So far we have neglected the time of the classical computations for the scaling matrices, as well as to
estimate the norm of the solution of the Newton linear system. Yet, as discussed in Sect. 5.1, it is negligible
compared to tomography. Hence, the total running time is not affected.

6 Conclusion

In this work we provide the first quantum interior point method that is valid for SOCOs. Further, we provide
explicit definitions for the Newton linear systems corresponding to the Monterio-Zhang family of search
directions, as well as factorizations and results on constructing these matrices in a quantum setting. Our
results demonstrate that by making use of QRAM and block encoding techniques, we are able to efficiently
compute the scaling matrices needed for primal-dual symmetry and solve our Newton linear system efficiently
using quantum linear solvers. We find that our algorithm provides an immense speed up in terms of n, at
the cost of linear dependence on the condition number. As such an open question remains as to whether or
not we can improve the algorithm’s dependence on tomography.

28



References

[1] Ilan Adler and Farid Alizadeh. Primal-dual interior point algorithms for convex quadratically constrained
and semidefinite optimization problems. Rutgers University. Rutgers Center for Operations Research
[RUTCOR], 1995.

[2] Farid Alizadeh, Jean-Pierre A Haeberly, and Michael L Overton. Primal-dual interior-point methods
for semidefinite programming: convergence rates, stability and numerical results. SIAM Journal on
Optimization, 8(3):746–768, 1998.

[3] Erling D Andersen, Cornelis Roos, and Tamas Terlaky. On implementing a primal-dual interior-point
method for conic quadratic optimization. Mathematical Programming, 95(2):249–277, 2003.

[4] Brandon R. Augustino, Giacomo Nannicini, Tamás Terlaky, and Luis Zuluaga. An inexact-feasible
quantum interior point method for sdo. 2021.

[5] Brandon R. Augustino, Giacomo Nannicini, Tamás Terlaky, and Luis Zuluaga. An infeasible-inexact
quantum interior point method for convex quadratic symmetric cone optimizaiton problems. 2021.

[6] Brandon R. Augustino, Giacomo Nannicini, Tamás Terlaky, and Luis Zuluaga. Quantum interior point
methods for sdo: Challenges and advances. 2021.

[7] Stephen Boyd, Stephen P Boyd, and Lieven Vandenberghe. Convex optimization. Cambridge university
press, 2004.

[8] Shantanav Chakraborty, András Gilyén, and Stacey Jeffery. The power of block-encoded matrix powers:
improved regression techniques via faster Hamiltonian simulation. arXiv preprint arXiv:1804.01973,
2018.

[9] Corinna Cortes and Vladimir Vapnik. Support-vector networks. Machine learning, 20(3):273–297, 1995.

[10] Leonid Faybusovich. Linear systems in jordan algebras and primal-dual interior-point algorithms. Jour-
nal of computational and applied mathematics, 86(1):149–175, 1997.

[11] András Gilyén, Yuan Su, Guang Hao Low, and Nathan Wiebe. Quantum singular value transformation
and beyond: exponential improvements for quantum matrix arithmetics. In Proceedings of the 51st
Annual ACM SIGACT Symposium on Theory of Computing, pages 193–204, 2019.

[12] Florian Jarre, Michal Kocvara, and Jochem Zowe. Optimal truss design by interior-point methods.
SIAM Journal on Optimization, 8(4):1084–1107, 1998.

[13] Narendra Karmarkar. A new polynomial-time algorithm for linear programming. Combinatorica,
(4):373–395, 1984.

[14] Iordanis Kerenidis and Anupam Prakash. Quantum recommendation systems. arXiv preprint
arXiv:1603.08675, 2016.

[15] Iordanis Kerenidis and Anupam Prakash. Quantum gradient descent for linear systems and least squares.
Physical Review A, 101(2):022316, 2020.

[16] Iordanis Kerenidis, Anupam Prakash, and Dániel Szilágyi. Quantum algorithms for portfolio optimiza-
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