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Abstract

In this paper, we study an integrated routing and appointment scheduling problem arising from
home service practice. Specifically, given a set of customers within a service region that an operator
needs to serve, we seek to find the operator’s route and time schedule. The travel time between
customers and the service time of each customer are random. The probability distributions of these
random parameters are unknown and only a possibly small set of historical realizations is avail-
able. To address distributional ambiguity, we propose and analyze two distributionally robust home
service routing and scheduling (DHRAS) models that search for optimal routing and scheduling
decisions to minimize the worst-case expectation of operational costs over all distributions residing
within an ambiguity set. In the first model, we use a moment-based ambiguity set. In the second
model, we use an ambiguity set that incorporates all distributions within a 1-Wasserstein distance
from a reference (e.g., empirical) distribution. We derive equivalent mixed-integer linear program-
ming reformulations of both models. In an extensive numerical experiment, we investigate the

proposed models’ computational and operational performance, and derive insights into DHRAS.

Keywords: Home service, scheduling and routing, uncertainty, distributionally robust
optimization, mixed integer programming

1. Introduction

In this paper, we study an integrated routing and appointment scheduling problem arising from
home service practice. Specifically, given a set of customers within a service region that an operator
needs to serve, the home service routing and appointment scheduling (HRAS) problem seeks to
determine the operator’s route and customers’ appointment times. Travel time between customers
and their service times are random. The distributions of travel and service times are unknown,
and only a possibly small data set on these random parameters is available. If the operator arrives
at the customer’s location before the scheduled service start time, then the operator needs to wait

until the scheduled start time (i.e., remains idle). On the other hand, the customer needs to wait
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if the operator arrives after the scheduled start time. The operator has fixed service hours beyond
which one experiences overtime. The quality of routing and scheduling decisions is a function of
the total operational cost, consisting of customers’ waiting time, and the operator’s travel time,
idle time, and overtime.

The home service industry has been rapidly growing worldwide due to emergent changes in
family structures, work obligation and extended work hours, aging population, and outspread of
chronic diseases, among others. As pointed out by Zhan et al. (2021) and Lunden (2019), the
United States alone annually spends about $82 billion on various forms of home healthcare services
and $300 billion on home repairs and maintenance, and these numbers are rapidly growing. In
2018, the global home service market was valued at around $282 billion and is expected to grow by
$18.9% annually from 2019-2026, reaching $1133.4 billion by 2026 (Verified Market Research, 2019).
Therefore, the development of efficient home service scheduling and planning tools is essential to
support decision-making in all areas of the home service industry.

Home service planning process often includes the following steps (Eveborn et al., 2006; Lan-
zarone and Matta, 2014; Zhan et al., 2021). First, customers request their home services on their
preferred dates through a preliminary booking system. Second, given each date’s requested ser-
vices, a home service provider assigns the available providers to customers. Third, the home service
provider sets the appointment time for each customer and determine each operator’s route. Fourth,
the service provider communicates the appointment times to the customers. On the day of service,
the operator executes the schedule and visits customers one by one (and exactly once). In this
paper, we consider the perspective of a home service provider who needs to make the following
critical planning decisions for each operator and assigned set of customers: (1) how to route the
operator, and (2) how to assign appointment times to customers. Henceforth, for simplicity, we
use the term “routing” to refer to routes that specify the operator movement between customers
or the sequence of customer visits on the operator’s schedule, and “appointment time” to refer to
the scheduled start time of the service of a customer. The set of appointment times of customers
represent a schedule.

HRAS is a challenging optimization problem for several reasons. First, it is a complex combina-
torial optimization problem that requires deciding the operator’s route and assigning appointment
times to each customer in the route simultaneously. Second, suppose we fix the appointment times.
In this case, HRAS becomes similar to the traveling salesman problem (TSP) and the single-vehicle
routing problem with time constraints, which are known to be challenging optimization problems
(see Cook, 2011). Third, for a fixed route, HRAS reduces to the well-known challenging single-server
stochastic appointment scheduling (AS) problem with random service time, which seeks a sequence
of appointment times that minimizes customers’ waiting times and the provider’s idling time and
overtime (Ahmadi-Javid et al., 2017; Robinson and Chen, 2003). The rationale for considering

travel time or travel distance as an additional optimization criterion in HRAS is to minimize ser-



vice delivery or operational cost by controlling operator’s amount of compensation for the distance
or time traveled (Grieco et al., 2020; Kandakoglu et al., 2020).

Assuming deterministic travel times, Zhan et al. (2021) recently proposed the first two-stage
stochastic programming approach (SP) for HRAS, which seeks first-stage routing and scheduling
decisions that minimize the operator’s traveling cost and the expected second-stage cost of the
operator’s idling cost and customers’ waiting cost. Zhan et al. (2021) take the expectation with
respect to (assumed) known probability distributions of random service duration. Although SP is a
powerful and theoretically mature approach to model uncertainty, its applicability is limited to the
case in which we know the distribution of uncertain parameters or we have a large data sample. In
most real-world applications, it is challenging to estimate the actual distribution of random param-
eters accurately, especially with limited data during the planning process. If we optimize according
to a biased data sample from a misspecified distribution, the resulting (optimistically biased) op-
timal routing and scheduling decisions may have a disappointing out-of-sample performance, i.e.,
performing poorly under the true distribution (Delage and Ye, 2010; Mohajerin Esfahani and Kuhn,
2018; Smith and Winkler, 2006).

Distributionally robust optimization (DRO) is another approach to model uncertainty when the
distribution of random parameters is unknown. In DRO, we assume that the distribution of random
parameters resides in a so-called ambiguity set (i.e., a family of distributions that share some partial
information about the random parameter). We then optimize based on the worst-case distribution
residing within the ambiguity set, i.e., distribution is a decision variable (Delage and Ye, 2010;
Mohajerin Esfahani and Kuhn, 2018; Rahimi and Gandomi, 2020). As such, DRO alleviates the
unrealistic assumption that the decision-makers have complete knowledge of the distributions, and
we have seen many successful applications of DRO to real-world problems (Klabjan et al., 2013;
Mak et al., 2015; Pflug and Pohl, 2018; Shang and You, 2018; Wang et al., 2019; Zhang et al.,
2017).

The ambiguity set is a key ingredient in DRO. Most of the early work on DRO is based on
moment ambiguity sets, which incorporate all distributions sharing certain moments (e.g., mean
and variance). Many tools have been developed to derive tractable and solvable reformulations of
moment-based DRO models. However, moment-based DRO models often do not have asymptotic
properties (i.e., optimal solution and values do not converge as more data becomes available) be-
cause the ambiguity sets only incorporates descriptive statistics (i.e., moment information). New
modern DRO studies have shifted toward data-driven, distance-based DRO approaches that con-
struct ambiguity sets in the vicinity of a reference (e.g., empirical) distribution (Rahimi and Gan-
domi, 2020). The main advantage of distance-based ambiguity sets is that they allow the incorpo-
ration of possibly small observed data on random parameters directly in the optimization problem,
as well as asymptotic guarantees (e.g., Mohajerin Esfahani and Kuhn, 2018). This inspires us to in-

vestigate and compare the value and performance of moment-based DRO and distance-based DRO



approaches to address distributional ambiguity of service and travel times in this specific HRAS

problem.

1.1. Contributions

In this paper, we address the distributional ambiguity of random travel and service times
in HRAS. Specifically, we define two distributionally robust home service routing and scheduling
(DHRAS) models that seek optimal routing and scheduling decisions to minimize the worst-case
(maximum) sum of the operater’s travel time, idle time, and overtime costs, and customers’ waiting
time costs. In the first model (M-DHRAS), we take the worst-case expectation with respect to the
distributions from an ambiguity set based on the mean values and the range of travel and service
times. In the second model (W-DHRAS), we take the worst-case expectation over a 1-Wasserstein
ambiguity set (i.e., a set containing all distributions that are sufficiently close to a reference dis-
tribution with respect to the 1-Wasserstein metric). We summarize our main contributions as

follows.

e Using duality theory and HRAS structural properties, we derive equivalent mixed-integer lin-
ear programming (MILP) reformulations of the min-max M-DHRAS and W-DHRAS models.

The reformulations can be implemented and solved by off-the-shelf optimization software.

e To investigate the value of the DRO approach for HRAS, we conduct an extensive numerical
experiment comparing the SP, M-DHRAS and W-DHRAS models’ operational and computa-
tional performance. Our results demonstrate that: (1) W-DHRAS yields robust decisions with
both small and large data size, and enjoys both asymptotic consistency and finite-data guar-
antees; (2) M-DHRAS produces the most conservative schedules and it performs well when
the distribution of travel time changes dramatically (e.g., actual travel times are longer); (3)
W-DHRAS solutions have better operational performance than the SP solutions both under
perfect and misspecified distributions, even when only a small data set is available; (4) DRO

models produce more reliable solutions than the SP model.

e We show that under the same assumption made by Zhan et al. (2021), our SP formulation

for HRAS is more computationally efficient than their pioneering SP formulation.

e To the best of our knowledge, according to the recent review of operational research in home
health care applications Grieco et al. (2020) and our literature review in Section 2, our paper
is the first to attempt to investigate and compare theoretically and numerically a data-driven
DRO with Wasserstein ambiguity and a moment-based DRO model for this specific HRAS

problem.

1.2. Structure of the paper
The remainder of this paper is organized as follows. In Section 2, we review the relevant

literature. In Section 3, we formally define the DHRAS models, present and analyze the M-



DHRAS and W-DHRAS models. In Section 4, we present our computational results and managerial

implications. Finally, we draw conclusions and discuss future directions in Section 5.

2. Relevant Literature

In this section, we focus primarily on the literature mostly relevant to our problem, i.e., papers
that apply stochastic optimization to address HRAS problems similar to ours. For comprehensive
recent surveys of operations research methods applied to decisions in home health care, we refer
readers to Fikar and Hirsch (2017); Grieco et al. (2020); Gutiérrez and Vidal (2013). If we fix the
appointment time, our problem reduces to the single-vehicle routing problem. That is, we need
to design the optimal route of a single vehicle to visit all the customers by minimizing the costs
of travel. Recent survey of the literature on these problems includes Costa et al. (2019); Oyola
et al. (2018). On the other hand, if we fix the route, our problem is similar to the single-server
appointment scheduling problem. That is, we need to decide the optimal appointment time for
the customers to minimize the total cost of customer waiting and server idling and overtime costs.
Appointment times can be fixed time points (see, e.g., Braekers et al., 2016; Demirbilek et al., 2019;
Milburn, 2012) or time intervals/windows (see, e.g., Lee et al., 2013; Mankowska et al., 2014; Yuan
et al., 2015; and references therein). Herein, we focus on the former case under random service and
travel times. For recent studies on appointment scheduling problems in health care applications,
we refer to Creemers et al. (2021); Kuiper et al. (2021); Restrepo et al. (2020); Zhou et al. (2021)
and references therein. We refer to Pinedo (2016) for a comprehensive survey of scheduling theory,
applications and methods.

SP approaches for HRAS include Liu et al. (2019); Yuan et al. (2015); Zhan and Wan (2018).
The recent work of Zhan et al. (2021) is closely related to ours. Specifically, Zhan et al. (2021)
consider a single operator HRAS problem in which they assume a deterministic travel time between
customers and that each customer’s service time follows a fully known probability distribution.
Accordingly, Zhan et al. (2021) propose a two-stage stochastic mixed-integer linear program, which
seeks first-stage routing and scheduling decisions that minimize the operator traveling cost and an
expectation of the second-stage cost of the operator idling and customer waiting. In contrast to Zhan
et al. (2021), we consider both stochastic travel and service time and address their distributional
ambiguity. Furthermore, we incorporate the operator overtime cost in the objective.

The SP approach assumes that the decision-maker is risk-neutral and knows the random pa-
rameters’ distributions with certainty or can fully estimate them. In practice, data on random
parameters is often unavailable or very small, and we may only have a few distributional infor-
mation on the random service and travel times. Given distributional ambiguity, if we calibrate a
model to a misspecified (i.e., biased) distribution, the resulting optimal SP routing and scheduling

decisions may have a disappointing out-of-sample performance, i.e., performing poorly under the



true distribution.

In practice, it is implausible that decision-makers have sufficient high-quality data to infer the
true distribution of random parameters, especially in health care applications. Various robust
approaches have been proposed to model the risk-averse nature of decision-makers and uncertain
parameters based on partial information of their distributions. The classical robust optimization
(RO) approach assumes that uncertain parameters resided on an uncertainty set of possible out-
comes with some structure (e.g., polyhedron, see, Ben-Tal et al., 2015; Bertsimas and Sim, 2004;
Soyster, 1973). Accordingly, optimization in RO models is based on the worst-case scenario within
the uncertainty set.

Recently, Shi et al. (2019) proposed an RO approach for home health care service. They consider
the problem with multiple caregivers and the goal is to find the optimal route for each caregiver
and appointment time for each patient. They propose a robust model on both unknown service
and travel time and discuss the heuristic solution approaches, with the objective function being the
travel cost and delay cost with respect to the schedules. They found that, as compared with the SP
model in Shi et al. (2018), solutions from RO model has a better out-of-sample performance. For
instance, the probability of visiting the customers timely is higher. In this paper, we incorporate
the provider’s idling costs in the objective function, together with the use of DRO models. Instead
of providing heuristic solution approaches, we reformulate our DRO models into MILP, which could
be solved by off-the-shelf optimization software.

By focusing the optimization on the worst-case scenario, classical RO approaches often yield
over-conservative solutions and suboptimal decisions for other more-likely scenarios (Chen et al.,
2020; Delage and Saif, 2018; Thiele, 2010). Distributionally robust optimization (DRO) is another
approach for modeling uncertainty that bridges SP and RO by overcoming their shortcoming and
has recently gained significant attention. Unlike the risk neutral SP approach and conservative
RO approach, DRO adopts a middle-ground approach. In DRO, we assume that the distribution
of random parameters resides in an ambiguity set. We then optimize based on the worst-case
distribution within the ambiguity set (Rahimian and Mehrotra, 2019).

There are two common types of ambiguity sets: moment-based and distance-based ambiguity
sets (see, e.g., Rahimian and Mehrotra, 2019). In this paper, we address the distributional ambigu-
ity of service time and travel time in the single-operator HRAS using these two types of ambiguity
set, namely the M-DHRAS and W-DHRAS models. We reformulate them into MILPs, which could
be solved by off-the-shelf optimization software. To the best of our knowledge and according to
the recent surveys Fikar and Hirsch (2017); Grieco et al. (2020), there is no DRO approach for the
specific HRAS problem that we address. Moment-based DRO models for single-server appointment
scheduling includes (Jiang et al., 2017; Kong et al., 2013; Mak et al., 2015). Recently, Jiang et al.
(2019) proposed the distance-based DRO model based on the Wasserstein metric for single-server

appointment scheduling for a fixed sequence of customers with random service time and no-show.



Table 1: Notation.

Indices
i index of customer, i =1,..., N
J index of service position, j=1,..., N

Parameters and sets

N number of customers

L standard work time

c; idling cost associated to the early arrival at the jth customer’s location
cy waiting cost of the jth customer

c® overtime cost

A travel time cost

d; service time of customer %

tiiv travel time from customers ¢ to ¢’ (with 0 denoting the depot)

d;/d; lower /upper bound of the service time of customer ¢

t; +/ti  lower/upper bound of the travel time from customers i to i’
First-stage decision variables

Tij binary variable equal to 1 if customer ¢ is the jth customer served and 0 otherwise
a; appointment time of the jth customer

Second-stage decision variables

Uj idling time due to an early arrival at the jth customer’s location

wj waiting time of the jth customer (wy41 as the overtime)

They derive tractable reformulations of their model under the 1-Wasserstein and 2—Wasserstein
ball. In HRAS, we additionally optimize the provider’s routing (or sequencing) decision and ad-
dress the co-existing uncertainty of service and travel time. Setting the travel time to zero, our

model generalizes Jiang et al. (2019)’s model by considering appointment sequencing decisions.

3. Formulation and Analysis

In this section, we formulate the DHRAS problem using moment (M-DHRAS) and Wasserstein
(W-DHRAS) ambiguity sets. We define DHRAS and provide a two-stage stochastic programming
formulation in Section 3.1. We analyze and derive equivalent mixed-integer linear programming

reformulations of M-DHRAS in Section 3.2 and W-DHRAS in Section 3.3.
Notation: For a,b € Z, we define [a] :=={1,2,...,a} and [a,b]z :={c € Z:a < ¢ < b}, i.e., [a,b]z
represent the set of running integer indices {a,a + 1,a 4+ 2,...,b}. For a real number a, we define

(a)T = max{a,0}. We use boldface notation to denote vectors, e.g., d := [d1,ds, . ..,dy]". Table 1

summarizes other notation.

3.1. Definitions and assumptions

As in Zhan et al. (2021), we consider a set of N customers that need to be served within a

given day by a single home service provider (operator). Traveling time, t; ;/, between each pair of



customers ¢ and i’ (i,7/ =0,...,N) is random, with ¢ = 0 representing the service provider’s office
(depot). Service time of each customer ¢ € [N] is also random. We assume that the travel time and
service time’s probability distributions are unknown (ambiguous), and only a possibly small set of
historical realizations of these random parameters is available. We seek two sets of decisions: (1)
service provider’s visiting sequence (routes), (2) customers appointment times. The objective is to
minimize the sum of customers’ waiting time, and the provider’s traveling time, idling time, and
overtime.

For all ¢ € [N] and j € [N], we let the binary decision variable z; ; equal 1 if customer i is
the jth customer in the operator’s route/schedule, and zero otherwise. For all j € [N], we let the
continuous variable a; represent the appointment starting time of the jth customer. The feasible
region of variable z is defined in (1) such that each customer is assigned to one position in the
operator’s route/schedule, and each position is assigned to one customer. The feasible region of
variable a is defined in (2) such that all customers’ appointments are scheduled within the provider’s

service hours [0, L].

Yy @i =1, Vj € [N]
X=qz: YN @ =1, Vi€ [N] (1)

zi; € {0,1}, Vi € [N], Vj € [N]
0<a; <L, Vje[N
A—la: Vs sk Vicll] 2)
aj = aj-1, Vj € [2,N]g

Due to random travel and service times, one or multiple of the following scenarios may happen:
(1) operator arrives at the customer’s location before the scheduled service start time (a;), and
thus s/he remains idle until the scheduled start time; (2) the operator arrives after the scheduled
start time of the customer, and thus the customer incurs waiting cost; (3) provider works overtime
beyond his/her scheduled L to finish all appointments. Let the continuous decision variable w;
represent the waiting time of the jth customer, for all j € [N] and wy41 represent the operator’s
overtime. For all j € [N], let the continuous decision variable u; represent the provider’s idle time
before the start time of the jth appointment. For all ¢ € [N], let the random parameter d; represent
the service duration of customer i. For all ¢ € [N] and ¢ € [N], let the random parameter ¢; ;
represent the travel time between i and i'. Given a fixed z € X, @ € A and a joint realization
¢ := [t,d]", we can compute the operational costs (as a function of travel time, idle time, and

overtime, and customers waiting time), using the following linear program:

N
f(z,a,§) ::rggl { z;(cj w; + CjUj) + cCwn+1 + AA} (3a)
]:
N
s.t. wy —wup = Zto,iwz‘,1 —ar, (3b)
i=1



N N
W; —Wj—1 —Uj = Qj—-1 — Gj + Z di$17j_1 + Z Zti,i’xi,j—lxi,ja V_] S [2, N]Z, (30)

i—1 i=1 i/ i
N
WN41 — WN — UN41 = GN — AN41 + Z d;xi N, (3d)
i—1
N N
A= Z Z Z biir @i j—1Tir,5 + Z(to,z‘xi,l +ti,02i,N), (3e)
=2 i=1 i'£i i1
(wj,uj) >0, Vje[N+1], (3f)

where ¢7, ¢}, ¢°, and A are respectively the non-negative unit penalty costs of waiting, idling,
overtime, and travel time for all j € [N]. Also, we let an;1 = L and x; y4+1 = 0 for all ¢ € [N]. The
objective function (3a) minimizes a linear cost function of waiting, idling, overtime, and travel time.
Constraint (3b) yields either provider’s idle time before the scheduled time of the first appointment
or the waiting time of the first customer. Constraint (3c) yields either the waiting time of the jth
customer or the provider’s idle time if s/he arrives at the jth customer, respectively, after or before
the scheduled start time a; of the jth customer. Constraints (3d) yields either the overtime or the
schedule earliness. Constraint (3e) computes the operator’s total travel time. Finally, constraints
(3f) specify feasible ranges of the decision variables.

Classical two-stage SP models seek to find (z,a) € X x A that minimizes the expectation of

the cost f(z,a,&) subject to random £ with a known joint probability distribution P¢ as in (4).

Z" = mGI/{’l,itPEAEpf [f(m’avf)] (4)

3.2. DHRAS over moment ambiguity (M-DHRAS)

In this section, we assume that P¢ is not fully known and belongs to a mean-support ambiguity
set. Specifically, we assume that we know the mean value Ep, (§) := p = [p, p]", lower bounds
[d,t]7, and upper bounds [d,#] of [d,t]". Mathematically, we consider the support S = S% x S* of
&, where S® and S*' are respectively the supports of random parameters d and ¢, which are defined

as follows:

Sd::{dZOZ diﬁdiSEhViE[N]}’ (5)

St = {t >0: Ei,i’ < ti,i’ < %7;71'/7 Vi € [N], X 751, } . (5b)
Then, we consider the following mean-support ambiguity set F(S, p):
dP=1
F(Su) = {P ep(s): s } , (6)
Ep(§) = p
where P(S) represents the set of all probability distributions supported on S. Using ambiguity set
F(S,p), we formulate M-DHRAS as follows:

(\-DHRAS) _min { L Epmx,a,m}. )



Formulation (7) seeks first stage decisions (z,a) that minimizes the worst-case (maximum) expec-

tations of the second-stage operational cost over F (S, p).

3.2.1. MILP reformulation of M-DHRAS
In this section, we use the duality theory to reformulate the min-max M-DHRAS model (7)
into an equivalent MILP, with reference to prior DRO studies. First, for a fixed (z,a) € X x A, we

rewrite the inner maximization problem suppe (s u) Ep[f(2,a,£)] as follows:

max Ep[f(z,a,§)] (8a)
s.t. Ep(§) = p, (8b)
Ep[ls(§)] =1, (8¢)

where 1s(§) = 1if € € S and 1s5(§) = 0if & ¢ S. As we show in the proof of Proposition 1 in
Appendix A, problem (8) is equivalent to the deterministic problem (9).

Proposition 1. For any (z,a) € X x A, problem (8) is equivalent to

{ZMM“‘ZZM”/Q“ +max{ xaf +Z dzpz+zz tzz’azz’}} (9)

i=14=1 i=14=1

Note that f(z,a,€) is a minimization problem, and thus in (9) we have an inner max-min
problem, which is not suitable to solve using standard solution methods. For a given solution (z,a)
and realized value of €, f(z,a,£) is a linear program. We formulate f(z,a,§) defined in (3) in its

equivalent dual form as

N+1
f(]? CL§ _Igleaj})({(zt()zle >yl+z (a] 1_a]+zdﬂfz] 1+Zztzz’x1j 1$z,]>yj

i=1 3/#4
N N
Zzztlllxzj 1$z]+z<oz$02+t10sz)]} (108‘)
Jj=2i=1 ¢'#4
st. yel z{ <Syni1 < —cf <y <o F Yt VjE[N]}, (10b)
where y1, ..., yn+1 are the dual variables associated with constraints (3b)—(3d). In view of the dual

formulation (10), we re-write rglag f(z,a,€) as
€

N+1
supsup{(ZtOszl )yﬁ-Z( Cl]‘f‘zdxw 1+Zzt il L, j—124 j>yj

EeSyey =1 i/ #i

Zzztzl/xz,] lxz]+2(t01le+t10$zN)]} (11)

J=21i=1 i'#i

+A

10



Given (z,a) € X x A and & we define function H as

N+1 N+1 N
H(y) = —ayn + Z (aj—l yj + Z ZdzijZJ 1+ Zto iY1Zi1 + Zzztzz 1Y T4,5—1Tq 5
7j=2 7j=2 i=1 7=2 1=1 #£i’

(12)

It is straightforward to verify that function H is linear (convex) in variable y. Hence, the inner
maximization problem maxycy H(y) in (11) is a convex maximization problem. It follows from
the fundamental convex analysis that it suffices to consider the extreme points of polytope Y to
compute maxycy H(y). This motivates us to apply a similar approach as in Shehadeh et al. (2020)
and Jiang et al. (2017), which leverages the properties of the extreme points of ) in deriving an
equivalent linear programming (LP) reformulation of problem (11). We formally prove this in

Proposition 2 (see Appendix B for a detailed proof).

Proposition 2. Let Ad; = d; —d; and At;; =1, —t; . Then, for any (x,a) € X x A, the inner

4,8

mazimization problem in (9) is equivalent to

N+2
mln Z Bj + Z — i)t o+ Atig(A — Oéi,o)+] TN (13a)
s.t. B > —a17T11+Z tOZ7T11+)\—0401)+At07f}/0z11]x21, (13b)
mln(v7N+1) N
Z B = —a1miy > (ajm1—a)mie+ Y [toi(mie + X — o) + Ato0,i1,0] i
=2 i=1
min(v,N+1) N
+ Do [tia(miw + A = i) + Aty ol Tig-12
7j=2 i=1 i'#i
min(v,N+1) N
+ Z [di(ﬂ'j,v —pi) + Adiéi,m] Tij—1, Vv € [2,N+ 2|z, (13c¢)
j=2 =1
v min(v,N+1) min(v,N+1) N
Bz D (aga—a)met Y D [di(mie — pi) + Adibi iy
j=k j=k j=k =1
min(v,N+1) N
> D3 3 (CHRE TIROR N SR
i=1 i/#4q
Vk € [2,N + 1]z, Yo € [k, N + 2|z, (13d)
BNn+2 > 0, (13e)
Y010 >0, Y0410 > Tiw+A—api, Vie[N],VvelN+2], (13f)

Yiirgw =0, Yiirjwe = Tiw+A—aip, Vi€ [N],Vi' e [N]\{i},
Vj € [2,N+ 1]z, Vv € [j,N + 2|z, (13g)

11



Sijow =0, Gijow = mjw—pi, Vi€ [N], Vj€[2,N+1]z, Vo€ [j,N+ 2z, (13h)
where j, = —cy + > ! ¢ for1<j<wv<N+2.

With the use of Proposition 2, we can combine the minimization over & and p in problem (9).

Corollary 3 provides the reformulation of problem (9) with the proof in Appendix C.

Corollary 3. Problem (9) is equivalent to

N+2
mln Z/’szl + Z ZZM i Qi T j—1 T4 j + )‘ZM 0Ti,N + ZNO iQ0,iTi,1 + Z B (14a)
J=21i=1 ¢'#4q
s.t. (13b) — (13h). (14b)

Combining suppe 7(s ) Ep[f (2, a,d)] in the form of (14) with the outer minimization problem in
(7), we can obtain a mixed-integer program, which is nonlinear due to the interaction terms (such
as ; j—1%y j in the objective, oy 2; j—1%i j, Y0,i,1,0%:,1 and p;x; j—1 in the constraints). To linearize
this MINLP formulation, we define variables Tii'j—1, = Ti,j—1Tq' 55 Mg’ j—1,5 = Qi Tig! j—1,55 ’l,Z)(]’i =
Q0iTi 1, 00410 = Y0,i,10Ti1s Piiljo = Vil jwTiil j—1s Sigow = ijoTij—1 and G j = pixi;-1. We

also introduce McCormick inequalities (15a) to (15k) for these variables.

Tiitj—1j = Tij—1+ i j— 1, T 1520, (15a)
Tii =17 < Tig—1, Tijilj—1,5 < Tit j (15b)
Miit j—1,§ = QG urTidt j—1.jy Miit j—1,4 = it + @ r(Tiir j-1,5 — 1), (15¢)
Miitj—17 < Qi rTiit j—1,4s Miitj—1j < gt + ;i (Tiarj—1,5 — 1) (15d)
Yo > Qo ,Ti1, Yoi > aoq+ (i1 — 1), oi < @oimin, Yo < o+ ag (T — 1) (15¢)
Giit joo = Vit g + Vi o (Tt j—15 — 1)y Giirjw =0 (15f)
Gisit o < Vit jwTini'j—1,gs it g < Vil jw (15g)
00,i,1,0 2> Y0,i10 + Vo,i,1,0(Ti1 — 1), 00,410 >0 (15h)
00,i,1,0 < Y0,i,1,0%0,15 004,10 < Y0,4,1,0 (151)
Cijw = Oijo + 0igo(@ijo1 — 1), &ijw 20, &Gijw < Gijws Gijw < ijauTij—1 (15j)
Gij = pTij—1s Gij = pi+0i(Tij—1— 1), Gj < Pixij—1, Gig < pi+p,(Tij—1—1) (15k)

The notations - and - are the upper and lower bounds for the variable respectively. Accordingly,
we derive the following MILP of M-DHRAS.

N+2
min ZMPH—ZZZMH'UHJ 1,5 +AZN10sz+ZMOza02le + Z /8] (16&)
J=21i=1 i'#4
stz € X, acA (130 — (13h), (15a) — (15k), (16h)
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linearized version of (13b) — (13e). (16¢)

Note that the McCormick inequalities often rely on big-M coefficients which take large values and
can undermine the computational efficiency. In Appendix I, we derive tight bounds of these big-M

coefficients to strengthen formulation (16).

3.3. DHRAS over 1-Wasserstein ambiguity

In this section, we assume that the distribution P¢ of £ belongs to an ambiguity set based on
the Wasserstein metric to measure the distance between probability distributions. In particular, we
construct an ambiguity set based on 1-Wasserstein distance (i.e., we use ;—norm in the definition
of Wasserstein metric), which often admits tractable reformulation in most real-world applications
(see, e.g., Duque and Morton (2020); Hanasusanto and Kuhn (2018); Jiang et al. (2019); Saif and
Delage (2021) to name a few).

Suppose that two probability distributions Q; and Q5 are defined on a common support S € RV,
and let || - ||, represent the p-norm on RY with p > 1. Suppose that random vectors £; and &3
follow Q; and Q9 respectively. Then, the Wasserstein distance between Q1 and Q2, denoted as
W, (Q1,Q2), represents the minimum transportation cost of moving from Q; to Q2, where the cost
of moving from &; to & is measured by the norm ||&; — &2]|,. Mathematically,
P

Wy(Qu, Q2) = ( it Ealles —ézHi])

(17)
NeP(Q1,Q2
where P(Q1,Q3) is the set of all joint distributions of (1, £2) with marginals Q; and Q2. We also
1 R
assume that Pg is only observed via a finite set {£ ,...,£ } of R ii.d. samples (which may come
from the historical realizations of service durations and travel times). Accordingly, we consider the

following p-Wasserstein ambiguity set
Fp(BE,¢) = {@g6 € P(S) : Wy(Qe, BE) < e} : (18)

where P(S) is the set of all probability distributions on S, I@’g = % 25:1 5{ is the empirical
distribution of & based on the R i.i.d samples with § being the Dirac measure, and ¢ > 0 is the
radius of the ambiguity set. The set fp(lﬁ’g, €) can be viewed as the p-Wasserstein ball of radius
e centered at the empirical distribution ]@’? Using the ambiguity set Fp(I@’gR, €), we formulate W-
DHRAS as follows:

(W-DHRAS) Z(R,e) = min { sup  Ep [f(a:,a,g)]}. (19)
rcX,acA Qge]:p(lf”?,e) ¢

In data-driven approaches such as W-DHRAS, we often seek asymptotic consistency. Specifi-
cally, we expect that as the sample size R increases to infinity, the optimal value of the problem

(19) Z(R,€) converges to Z* (the optimal value of the SP model in (4) with perfect knowledge of
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PP¢), and an optimal solution (x,a) of (W-DHRAS) converges to an optimal solution of problem (4).
Additionally, if Z (R, €) > Z* almost surely, then W-DHRAS provides a safe upper bound guarantee
on the expected total cost with any finite data size R. Recall that our support set S is non-empty,
convex, and compact (note that this a mild assumption which holds in most real-world applications
such as healthcare and HRAS). As such, we can use the existing theory in establishing the asymp-
totic consistency and finite sample guarantee of our W-DHRAS. Specifically, given this assumption
on S, Lemma 1 in Jiang et al. (2019) and Theorem 2 in Fournier and Guillin (2015) assure that the
p-Wasserstein ambiguity set incorporates the true distribution P with high confidence. Theorem 1
in Jiang et al. (2019) and Theorem 3.6 in Mohajerin Esfahani and Kuhn (2018) assure asymptotic
consistency, and Theorem 2 in Jiang et al. (2019) and Theorem 3.5 in Mohajerin Esfahani and
Kuhn (2018) assure finite-data guarantee of W-DHRAS. We refer the readers to these papers for
detailed proofs and discussion on these results, and we provide the adapted proofs in Appendix

D—-Appendix F for completeness.

3.3.1. MILP reformulation of W-DHRAS
In this section, we derive an equivalent MILP reformulation of our W-DHRAS model. First,

we consider the inner maximization problem of W-DHRAS for a fixed (z,a) € X x A.

sup o [f(2,a,6)] (20)
QeeF (]P?,e)
In Proposition 4, we present an equivalent dual formulation of problem (20) (See Appendix G for

a detailed proof).

Proposition 4. The optimal value of formulation (20) equals that of the following formulation:

_ 1 & o
lrplf{ep+R;?elg{f(x,aé)—pllﬁ—é Hl}} (21a)
s.t. p>0. (21D)

Note that f(z,a,&) — p||€ — € ||, is neither convex nor concave in £&. Thus, formulation (21) is
potentially challenging to solve because it requires solving R non-convex optimization problems.
Given that the support of service duration and travel times are rectangular and finite, we next
show that we can recast these problems as linear programs for fixed p and (z,a) € X x A. In what
follows, we provide a high-level road map of the reformulation, and we relegate the notationally
heavy proofs and details to Appendices. First, for fixed (z,a) € X x A and p > 0, we denote
9r(p,x,a) = supees{f(z,a,§) — pll§ - g||1} Given the dual formulation of f(z,a,£) in (10), we

write g,(p,z,a) as follows for each r using the dual of f(z,a,§).

N+1 N+1 N N
gr(p,x,a) = sup sup { —ay + Z (aj—1 —aj)y; + Z Z diy;jxij—1 + Z(toﬂh + Atoi)wi 1
(dt)eSyey =2 j=2 i=1 i=1

14



N N N
DO (tiwyy + Mii)wijawi+ > Miomi N
j=2 i=1 £ i=1
N+1 N N+1 N
—p > Y ldi=dflziga—p Y Y Y |t — tf,w!frz',j—lwz",j}- (22)
7j=2 i=1 j=2 i=1¢#1¢

Using the same proof techniques in Proposition 2, we can formulate (22) (see Appendix H for a

detailed proof).

Proposition 5. Problem (22) is equivalent to

N+2
i A 23
s, 25 Zu oTi N (232)
st. B1 > —aimi+ Zuai,l,lxivl’ (23b)
=1
v min(v,N+1) N
Y oBiz—ame+ Y, (41— )T+ > U Tin
=1 =2 i=1
min(v,N+1) N min(v,N+1) N
+ Z ZZu“,]vmw 1T 5 + Z Zl/”vxm 1, Yve[2,N+2]z,
1=1 ¢/#3
(23c¢)
v min(v,N+1) min(v,N+1) N
28z 2 (e —ag)me+ Z 2 Vgt
=k =k
InlIl v N+1 N
+ Z SN wi iz, VEE€2,N+1z, Yo e [k, N+2z,  (23d)
1=1 /43
PN+2 =0, (23e)
Up i1 > (771 vt )‘)tO,z P( ) Up i1 > (M + )\)56,1"
0111) ( 1U+)‘) 0,5 — (tOZ t(]z) ViE[NLUE[N—FQ]’ (23g)
Wi it g Z ( Tju + )‘) Yiil T ( - i@',i’)v u;'q,i’,j,v = (ﬂ-jﬂ} + )‘)%i,i' - ,0(%1‘71‘/ - f:,i’)’
> (

zz,]v— 7T]U+)‘)zz7 ViE[N]7i/€[N]\{i},jE[Q,N+1]Z,U€[j,N+2]Z, (23h)
Viw 2 Tiud; — p(df — dy), > mjudi — p(di — d),

Vi,j,”u > ﬂ-jvvd\:’ Vi e [N]? ] € [27N + 1]Za v € [jaN + 2]Z (231)

?-],U

Let (C") = {constraints (23b) — (23i)}. Summing g,(p,z,a) in the form of Proposition 5 over
r and combining it with the outer minimization in (21a) and (19), we derive
N+2

min ep+ — 7 Z Zu o%i,N + Z B; (24a)

m7a7p7B?uT 7”/"‘
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st. xzeX, acA, (24b)

(C7), r € [R], (24c)

p>0. (24d)

We can apply McCormick inequalities to linearize the non-linear terms. Here, we reuse the Greek
letters in M-DHRAS model for the McCormick inequalities. Let 7;4 ;1 = % j—1Ty j, Yip =
U;,oxi,Nv 0671-7171} = uai’lwwi,l, ¢:,i’,j,v = u;,i’,j,vTiai'J—l:j and C{m = V[’j’vxm_l. In addition to (15a)

and (15b), we introduce the following McCormick inequalities.

Vio > Wi oTiN, Yig > Ui+ Uig(Tin —1), ¥ig <UoTiN, Yig < uig+ug(zin—1) (25a)

T T T T —T
iil g = Wigl joTi j—1,4 ¢i,i’,j,v > Ui o+ ui,i’,j7v(7—i7i',j—17j —1) (25b)
T —T T T T
iit g S Uit G oTid j—1,4 ¢i,i’,j,v S Ui ot yi,i’,j7v(7—i7i',j—17j - 1) (25¢)
'S T 'S ' —Tr

001w = U0i10Tils O0410 > Uoite T U041 (Ti1 —1) (25d)
'S —Tr 'S ' '

00,10 S UG 1pTils 0410 < Uity T U, e(Ti1 —1) (25e)
'S 'S T 'S =T

Ci,j,’l) 2 H@j’vﬁ’i,j*l? Cl',j,'l) Z Vi:j77-} + Vi’j’v(ﬁi’jil o 1) (25f

)
Ciw SVijuTig—1s CGjo S VitV (Tij-1—1) (25g)
Let (D") = {constraints (25a) — (25g), (23f) — (23i)}. Then, the MILP reformulation of W-DHRAS

model reads

LA N+2
min ep+§Z S U+ > B (262)
r=1 \i=1 J=1
st. z€X,ae A (15a) — (15b), (26b)
(D), vr € [R], (260)
linearized version of (23b) — (23e), Vr € [R]. (26d)

We derive tight bounds on the variables 4™ and v" in Appendix I.

4. Numerical Experiments

Our computational study’s primary objective is to compare the performance of the proposed
DRO models (M-DHRAS and W-DHRAS) and a sample average approximation (SAA) model. The
SAA model solves model (4) with P¢ replaced by an empirical distribution based on N samples
of the random parameters (see Appendix J for the formulation). For simplicity, we call the SAA
model as the SP model. We focus on HRAS instances where the sample size is possibly small, which
is often seen in healthcare applications. In Section 4.1, we describe the set of HRAS instances that
we constructed and discuss other experimental setup. In Section 4.2, we examine the choice of €

in W-DHRAS model and the corresponding effect on the out-of-sample simulation performance.
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In Section 4.3, we analyze the appointment time structure while in Section 4.4, we analyze the
optimal solutions of the models and then compare their out-of-sample simulation performance.
We also discuss the reliability of the models in Section 4.5. Finally, in Section 4.6, we compare
the computational performance of the three models. In addition, we compare the computational

efficiency of our model formulation with the one in Zhan et al. (2021).

4.1. Description of the experiments

We construct HRAS instances based on the same parameters settings and assumptions made
in recent related literature (see, e.g., Jiang et al., 2019, Zhan et al., 2021, Zhan and Wan, 2018).
The average number of customers that an operator may visit per day is often less than six in home
healthcare and banking and less than 10 in repair service (NAHC, 2010; Yuan et al., 2015; Zhan
et al., 2021). Accordingly, we consider problem instances with 6, 8 and 10 customers. In particular,
we are interested in the home health care applications.

We consider two different cost structures for waiting, idling and overtime in the objective
function: (a) (¢}, cy,c?) = (2,1,20) (Jiang et al., 2017, Jiang et al., 2019), and (b) (c},c},c*) =
(1,5,7.5) (Shehadeh et al., 2020). For the transportation cost, we consider A € {0.5,1,2} (Zhan
et al., 2021). We set the standard work hours L to 480 as in Zhan and Wan (2018).

We use the lognormal distribution (Jiang et al., 2019) for the service time d; truncated on the
interval [10,50] with mean p and o = 0.5u, where u is generated from U|[25,35] (Ula, b] refers to
uniform distribution over the interval [a, b]). Our model works with any choices of the range [10, 50].
Previous studies such as Zhan et al. (2021) assumes deterministic travel time based on Euclidean
distance. In our study, we generate the random travel time ¢; # from U[15,25]. That is, we assume
that customers are fairly separated and traveling from one place to the other takes 20 minutes on
average (though our models can solve instances with any ranges and distribution of travel time).
This is also consistent with prior and recent literature. Nikzad et al. (2021) particularly pointed out
that customers within a service region form a basic unit or a cluster that share the same distribution
of travel time, which is seen in urban areas. We round each generated parameter to the nearest
integer.

We use the same upper and lower bounds of service time [d;,d;] = [10,50] and travel time
[t; i, ti] = [15,25] in M-DHRAS and W-DHRAS. In the M-DHRAS model, the mean parameters
p and p' in the ambiguity set are set as the sample mean of the data. We also introduce symmetry-
breaking constraints (see Appendix K). These inequalities leverage the homogeneous nature of
customers (i.e., share common distributions of service and travel times) to break the symmetry in
the routing decision.

We implement all the models in AMPL programming language and use CPLEX (version
12.7.0.0) solver with the default setting. The relative MIP gap tolerance is set to 0.02 while most

of the instances have a terminal relative MIP gap tolerance very close to 0. All the experiments
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Figure 1: Performance of W-DHRAS with different choices of €

are conducted on a computer with AMD Opteron 2.0 GHz CPU and 16 Gb memory. The time
limit for solving each model is set to 2 hours. In some instances where the CPLEX solver run out

of memory, we also impose the memory reduction setting (available from CPLEX solver option).

4.2. Effect of ¢ in W-DHRAS model

In the W-DHRAS model, there is one parameter in the uncertainty set that serves as an input:
the Wasserstein ball’s radius €. In this subsection, we demonstrate the effect of ¢ on the out-of-
sample performance of the W-DHRAS’s optimal solution, (Z(e, R),a(e, R)), with respect to the
radius e. For illustrative purposes, we focus on one instance of 6 customers with cost structure
(cf,ci,e?) =(2,1,20) and A = 0.5.

For each € € {0.01,0.02,...,0.09,0.1,...,0.9,1,...,10} (i.e., log-scaled interval as in Moha-
jerin Esfahani and Kuhn, 2018 and Jiang et al., 2019), we evaluate the out-of-sample performance
as follows. First, for each customer, we randomly generate 30 data sets of service duration and
travel time scenarios, each consisting of R € {5,20,50} scenarios. We generate these data sets
under the same settings described in Section 4.1. Second, we solve the W-DHRAS model in (26)
using the generated data sets under each of the candidate Wasserstein radius e. Finally, we fix
the first-stage variables to the optimal solution of each instance, and then re-optimize the second-
stage of the SP using 10,000 out-of-sample (unseen) data. This is to compute the corresponding
out-of-sample overtime, idle time, travel time, and waiting time and hence, the second-stage cost.

Figure 1 illustrates the out-of-sample performance with R € {5, 20,50} under different choices
of €. The blue line represents the mean of the 30 out-of-sample costs, while the shaded region is
the area between the 20th and 80th percentiles of the 30 out-of-sample costs. It is quite evident
that the out-of-sample performance first decreases with € and then increases after some value of e.
This pattern is often observed in the literature (see, e.g., Mohajerin Esfahani and Kuhn, 2018 and
Jiang et al., 2019). The values of € which gives the smallest out-of-sample cost with R = 5, 20 and
50 are respectively 5 (Figure 1a), 0.6 (Figure 1b) and 0.5 (Figure 1c) respectively. This decrease

in € with the increase in R is not surprising. Intuitively, a small sample provides little information
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Figure 2: Mean inter-arrival times with R = 50 under (¢}, cj,c?) = (2,1,20) and A =2

on the true distribution, and thus a larger ¢ produces robust solutions that better hedge against
ambiguity. In contrast, with a larger sample, we have more information from the data, and so we
can make less conservative decisions using a smaller ¢ value. As such, one should choose a larger
(smaller) € with a small (large) sample. Indeed, we can see that the out-of-sample cost for R = 20
is smaller than that of R =5 in most of the cases, which indicates that a larger sample size could
give a better out-of-sample performance.

In practice, decision-makers do not often have optimization expertise (or time) to run the above
procedure (or other iterative or cross validation procedures). Additionally, we do not have full
distributional information most of the time but only a small set of data samples. In the following
experiments, we pick three different values of €, namely 0.5, 5, and 50, which captures different
extents of robustness of the W-DHRAS model. For brevity, we label them as W-DHRAS(0.5),
W-DHRAS(5) and W-DHRAS(50) respectively.

4.8. Appointment time structure

In this section, we analyze the optimal appointment structure produced by the SP, M-DHRAS,
and W-DHRAS models. For illustrative purposes and brevity, we present results under (c}”, ;s ) =
(2,1,20) and (cj, ¢}, ¢?) = (1,5,7.5) with A = 2. We observe similar results with other choices of
A (see Appendix L). Figures 2 and 3 present the optimal schedules of the operator produced by
the SP and DRO models under (c;-v,c;,c") = (2,1,20) and (c}”,c}*,c") = (1,5,7.5), respectively.
The point (x,y) = (i, inter-arrival time) of every schedule in each subfigure corresponds to the
mean optimal inter-arrival time (i.e., differences between the scheduled service start times of two
consecutive customers, I; = a; — a;—; for i € [N] with ag = 0).

We first analyze the results under (c},cj,c?) = (2,1,20) in Figure 2. First, all models assign
less time for the first customer than the subsequent customers and more time between the first
and second customers. The models distribute (roughly) equal time between the middle customers

(e.g., customers 2-5 in Figure 2a and customers 3-7 in Figure 2b), and schedule less time between
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Figure 3: Mean inter-arrival times with R = 50 under (c},cj,c°) = (1,5,7.5) and A = 2

the last 2 to 3 customers, especially when N = 10 for M-DHRAS, though SP allocates (roughly)
equal time for both middle and last customers. Second, it is evident that M-DHRAS is the most
conservative model and tends to schedule more time between customers when N = 6 than the SP
and W-DHRAS models. Also, M-DHRAS model yields a dome-shaped inter-arrival time structure
(i.e., the time between customers first increases then decreases) when N = 8 and N = 10. Third,
the SP model always schedules less time between the customers than the DRO models (except
possibly the last few customers). This is not surprising since the SP model seeks risk-neutral
decisions. Fourth, the W-DHRAS model yields a similar pattern as the SP model; however, it
schedules more time between customers than the SP as e increases. This makes sense because as
€ increases, the W-DHRAS model becomes more conservative and schedules more time between
appointments. This demonstrates that the W-DHRAS model is more conservative in hedging
ambiguity than the SP model but less conservative than the M-DHRAS model. In the next section,
we show that the W-DHRAS appointment pattern yields the best out-of-sample performance under
various distributions.

Next, we analyze the results under (cj,cj, ¢”) = (1,5,7.5) in Figure 3. We observe different
patterns under this cost structure. All models assign more time for the first few customers but
gradually less time for the middle and last few customers. The pattern is different from the cost
structure, mainly due to a significantly higher idling cost relative to the waiting cost. However, we
can still conclude that M-DHRAS is the most conservative model, but instead of allocating more
time, it allocates less time between customers to hedge against scenarios that yields long idling
time. Third, we observe that the dome-shaped inter-arrival time structure for all models, which is
particularly prominent in N = 6. Forth, we note that W-DHRAS models with e = 0.5 and ¢ = 5
roughly allocates the same amount of time between customers as the SP model. However, with
e = 50, W-DHRAS model tends to allocate more time for the first few customers but fewer time

for the last few customers.

20



4.4. Out-of-sample performance

In this section, we compare the optimal solutions of the three models we analyzed in the previous
section. We test the out-of-sample performance (i.e., the objective value obtained by simulating
the optimal solution of a model under a larger unseen data) as follows. For each N € {6,8,10}
and R € {5,10,20,50}, we generate 30 SP, M-DHRAS and W-DHRAS instances using the same
parameters settings described in Section 4.1. We solve each instance and obtain the optimal first-
stage (x,a) decision. Fixing the first-stage decision to (z,a), we then re-optimize the second-stage
of the SP using the following five sets of 10,000 samples. In the first set, we assume that the data
we rely on in the optimization comes from the true distribution. We use data from Sets 2-5 to
evaluate the performance of the models under the case when the data we rely on in the optimization

may follow a biased or misspecified distribution different from the true distribution.

Set 1. We assume perfect information for the distributions. That is, we generate the 10,000 samples
from the same distribution we use in the optimization as discussed in Section 4.1. This
simulation assumes that the data comes from the true unknown distribution.

Set 2. In this set, we assume that we have misspecified the distribution of the travel time in the
optimization. We generate t; ; from U[25, 35] instead of U[15, 25]. That is, the average travel
time takes 10 minutes longer than usual. This situation (shift in the travel time range) might
be seen in practice due to unexpected traffic congestion (e.g., caused by traffic accidents,
weather conditions etc.).

Set 3. In this set, we assume that we have misspecified the service time distribution in the optimiza-
tion (i.e., lognormal is not the true distribution). We simulate d; from the U-shaped beta
distribution B(0.5,0.5) on [10,50] (Jiang et al., 2019), which has the same mean and range
as the in-sample distribution.

Set 4. In this set, we assume that we have misspecified both the service and travel times distribu-
tions in the optimization. Specifically, we follow a similar out-of-sample simulation testing
procedure described in Wang et al. (2020) and perturb the support of the random travel
and service times by a parameter 0 as [(1 — J) lower bound, (1 4 ) upper bound], where
0 €{0.1,0.25,0.5}. A higher value of ¢ corresponds to a higher variation level.

Set 5. We generate data similar to Set 4 but only changing the service time.

For brevity, we focus on HRAS instances of N = 6 customers (i.e., the average number of
customers that a home service operator often visits per day; see Section 4.1) and present results
under (cf, ¢}, ¢°) = (2,1,20) and A = 2. We observe similar out-of-sample performance with N = 8
and N = 10, and under other values of A (see Appendix M).

Figure 4 shows the results using Set 1, where the shaded region represents the 20% and 80%
percentiles of the out-of-sample cost. Obviously, the optimal solutions of the M-DHRAS model

have poor out-of-sample performance. Recall from Section 4.3 that M-DHRAS schedules a long
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Figure 5: Mean idle time, wait time and overtime with cost structure (a) and A = 2 under Set 1

time between customers, which, as shown in Figure 5, yields a significant amount of operator idle
time (indicating poor utilization of the operator’s time). The out-of-sample performance of the
W-DHRAS depends on ¢, which intuitively follows from the observation that the optimal solutions
depend on € (Section 3.3). When e = 0.5, the performance of W-DHRAS is similar to SP, while
a more conservative choice of € such as 50 yields a poorer performance as compared to SP. When
€ = 5, it outperforms SP, especially when the sample size is small. This demonstrates that the
W-DHRAS model has a superior performance when the data size is small.

Next, we discuss results for the case when we have misspecified the distributions in the optimiza-
tion. Figure 6 shows the performance under Set 2, where a longer travel time is encountered. In
contrast to the results in Figure 4, M-DHRAS and W-DHARS(50) outperforms SP, W-DHRAS(0.5)
and W-DHRAS(5). This demonstrates that M-DHRAS and W-DHRAS (50), which are more con-
servative than the other models, have superior performance in environments where travel time
increases by a lot. This is not suprising since M-DHRAS and W-DHRAS (50) schedule longer time
between customers that could hedge against the increase in travel time. The W-DHRAS model
outperforms the SP model and the M-DHRAS model when ¢ = 50 (a conservative choice of ¢).
We can observe from Figure 7 the trade-off between idle and wait time. Under Set 2, SP model
results in a significant amount of waiting time but a small idling time compared with the two DRO
models.

We also demonstrate one of the cases that the supports are perturbed. Figures 8 to 10 show
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Figure 7: Mean idle time, wait time and overtime with cost structure (a) and A = 2 under Set 2

the results for Set 4 with different choices of 5. We observe that M-DHRAS performs better (with
respect to SP) when § increases, which corresponds to a larger deviation. The W-DHRAS(5) model
consistently outperforms the SP model. We also observe that the W-DHRAS model has a larger
edge over SP when the sample size is small. This is consistent with what we have discussed in
previous cases. All the results demonstrate that DHRAS models work better than the SP model

when there is a large deviation from the sample distribution.

4.5. Reliability of the models

In this section, we analyze the reliability of the three models. Home service operators often
need to estimate the budgets on the operational costs ahead of the actual service provision. The
optimal value of an HRAS optimization model serves as a relevant estimate of the associated cost
if we implement the corresponding optimal decision (z,a). Intuitively, when the estimated cost is
smaller than the actual cost, the operator may run into financial problems related to a budget deficit
and poor planning decisions. A risk-averse operator would then prefer implementing decisions that
provide an upper bound on the estimated cost, i.e., seek solutions with higher reliability. Hence,
we make use of the reliability measure. For any given decision (z,a), reliability is the probability
that the optimal value from the model is greater than or equal to the actual cost E[f(z,a,&)].

Mathematically, if v(R) is the optimal value and (2(R),a(R)) is the corresponding optimal solution
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with R samples,

reliability = B (o(R) > Bz, |/ (2(R),a(R),£)]).

where IP’é“2 is the product measure of R copies of Pg. The actual cost Ep[f(z(R),a(R),§)] is

estimated from 10,000 out-of-sample scenarios and the reliability is computed from 30 instances.

Figures 11 and 12 show the results for the two cost structures (

cy,ch ) =

(2,1,20) and

(1,5,7.5) respectively with A = 2. We observe that the reliability is, in general, increasing with

R. This is reasonable since we have a larger amount of historical data. The reliability of SP is
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the lowest among the three models, which demonstrates that SP with a small number of historical
scenarios may not be able to provide a robust cost estimate. On the other hand, the reliability
of W-DHRAS(50) consistently gives the best reliability result. This makes sense since ¢ = 50
corresponds to a relatively robust model. It is interesting that although M-DHRAS appears to be
the most conservative model from the out-of-sample cost perspective, the reliability result is not

the best. Overall, this demonstrates that DRO models have a better reliability compared to SP.

4.6. CPU time

In this section, we analyze the computational time for solving the three models. Specifically, we
examine the effect of N (number of customers) and R (number of scenarios) on the solution time
for the three models as follows. Table 2 shows the mean CPU time for solving 30 instances using
two different cost structures with A = 2.

We first observe that the SP model takes the shortest time to solve for all instances and most
of them can be solved within one second. Moreover, SP requires a longer solution time with a
larger number of scenarios. The M-DHRAS model has a slightly longer solution time than the
SP model but, since it only depends on the mean and range of the sample, it has a consistent
performance under all values of R. Solution times of the W-DHRAS model are longer than those

of the M-DHRAS and SP models. Solution times of the W-DHRAS model increase with R and
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N=6 (c¥,c4,c%) = (2,1,20) (c¢¥,c4,¢°) = (1,5,7.5)

J g0 J g0

CPU Time R=5 R=10 R=20 R:50‘R:5 R=10 R=20 R=050
SpP 0.25 0.30 0.37 0.42 0.23 0.21 0.33 0.44
M-DHRAS 0.46 0.48 0.47 0.48 0.46 0.46 0.46 0.46
W-DHRAS(0.5) 2.14 5.22 18.51 102.48 1.97 5.06 19.09 110.49
W-DHRAS(5) 2.27 5.98 20.87 125.00 1.98 5.26 20.40 123.04
W-DHRAS(50) 2.27 9.33 22.76 134.45 2.50 7.05 25.17 175.61
N =38 (¢}, et ) = (2,1,20) (cf,chc?) = (1,5,7.5)

CPU Time R=5 R=10 R=20 R:50‘R:5 R=10 R=20 R=50
SpP 0.277 0.334 0.392 0.760 0.28 0.32 0.39 0.79
M-DHRAS 1.11 1.05 1.07 1.10 0.90 0.92 0.91 0.93
W-DHRAS(0.5) 5.99 16.63 90.01 913.99 5.35 15.52 82.45 718.70
W-DHRAS(5) 7.25 20.29  100.80 983.56 5.67 18.24 85.17 782.85
W-DHRAS(50) 9.86 27.03 145.14 1369.67 9.08 25.30 114.55 1161.36
N =10 (cf,ct,e®) = (2,1,20) (cf,cy,c?) =(1,5,7.5)

CPU Time R=5 R=10 R=20 R:50‘R=5 R=10 R=20 R=50
SpP 0.376 0.43 0.54 1.04 0.35 0.42 0.54 1.07
M-DHRAS 2.05 2.02 2.11 1.97 1.79 1.83 1.86 1.89

W-DHRAS(0.5)  17.45 56.61  278.79 2105.37 | 15.23 52.14  344.68 2686.72
W-DHRAS(5) 17.81 61.15 291.45 2327.50 | 15.64 53.85  375.07 2961.26
W-DHRAS(50) 19.55 70.40  384.39 3384.06 | 16.57 60.25 467.39 3835.71

Table 2: CPU time for solving the three models are shown and the number in parentheses followed by W-DHRAS

model is the choice of €. The reported times are for A = 2 with two different cost structures.

varies across three choices of e. We attribute the difference in solution times between the SP and
W-DHRAS models to their respective sizes (i.e., the number of variables and constraints). For fixed
R, the W-DHRAS model has more variables and constraints than the SP model. As pointed out
by previous papers (e.g. Artigues et al., 2015; Klotz and Newman, 2013; Shehadeh et al., 2020), an
increase in model size often suggests an increase in solution time for the LP relaxation and, thus,
the MILP model’s overall solution time. Though W-DHRAS model takes the longest time among
the three, it can be solved in a reasonable time (within 3 minutes) for the practical case N = 6.
Finally, we compare the computational efficiency of our SP formulation with that of Zhan et al.
(2021). Zhan et al. (2021) use the traveling salesperson formulation to determine the operator’s
route (i.e., they use the binary decision z; j, which takes value 1 if the operator travels from i to j
directly, with traveling salesperson constraints). In contrast, we determine operator’s route using
sequencing variables and constraints. We perform the same experiment in Zhan et al. (2021). The
costs c§ and ¢} are generated from U [0,10] and U0, 5] respectively with A = 2, N = 6 and 1000

scenarios (¢° = 0 since no overtime costs are considered in their work). Zhan et al. (2021) assume
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that the service time is random and travel time is deterministic. Therefore, for a fair comparison,
we also assume a deterministic travel time in this experiment, and we use the Euclidean distance
to represent the travel time (we refer to Zhan et al., 2021 for detailed experiment description).
We generate and solve 30 instances with service time generated from a uniform distribution. Zhan
et al. (2021) reported that solving one instance with N = 6 takes nearly 2 hours. However, the
average computational time under our model formulation is about 26 seconds, which is even better
than their proposed L-shaped method. This shows that employing our model formulation could

significantly improve the computational efficiency in the routing problem.

5. Conclusion

In this paper, we study an integrated routing and appointment scheduling problem arising from
home service practices. We assume both the service and travel times are random and we probably
have a few data only. Instead of using the classical SP model that usually leads to poor out-of-
sample performances, we propose two DRO models. M-DHRAS is based on the moment ambiguity
set with known first moment while W-DHRAS is based on the 1-Wasserstein distance with the
empirical distribution. We also establish the asymptotic convergence for the W-DHRAS model.
Using duality theories, we reformulate the proposed DRO models into MILPs, which are solvable
using off-the-shelf optimization software.

In the extensive numerical study, we investigate the performances of the proposed DRO models.
We find that both DRO models achieve superior out-of-sample performances, particularly under
distributional uncertainty. Moreover, W-DHRAS could outperform the SP model when the data
size is small. We conclude that the proposed DRO models are useful if the distributions of the
random service and travel time are unknown and only a limited amount of data is available. The
resulting optimal solutions are robust to mis-specifications of the underlying distribution with high
reliability. The numerical results also suggest that our SP formulation is more computational
efficient than the formulation by Zhan et al. (2021).

Our model can serve as a building block for the following future extensions and areas of research
in terms of home service aspects, constraints, and various sources of uncertainties. First, we want to
generalize our distributionally robust approach to the case when we have multiple service providers
and include decisions such as (1) determining the number of service teams to hire, (2) assigning the
hired service teams to customers, (3) constructing routes for the service teams, and (4) determining
the customers’ appointment times. Second, we aim to model other sources of uncertainty, such as
last-minute customer cancelations and operator’s cancelation on the day of service. Third, we also

aim to incorporate customers’ preferences on appointment times.
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Appendix A. Proof of Proposition 1

Proof. For a fixed (z,a) € X x A, we can formulate problem (8) as the following linear functional

optimization problem.

max /8 f(.a.€) dP (A.1a)
st. /di dP =i, Vie[N], (A.1b)
S
/ L dP =ty Vie N, i €[N, (A.1c)
S

/ dP = 1. (A.1d)
S

Letting p;, o, and 0 be the dual variables associated with constraints (A.1b), (A.1c) and (A.1d)
respectively, we present the dual of problem (A.1):

J,IB,HO ZM;PZ‘FZZM”/@”"FQ (AQa)

=1 4=1
s.t. Zdzp,—FZZt“/a“/—k6>f(x a,f), VEeS, (A.2b)
i=14=1

where p, @ and 6 are unrestricted in sign, and constraint (A.2b) is associated with the primal
variable P. Under the standard assumptions that (1) s lies in the interior of the set { [sd; dQ : Q
is a probability distribution over S}, and (2) 115 » lies in the interior of the set {J stiy dQ:Qis a
probability distribution over S}, strong duality holds such that (A.1) and (A.2) equal in optimal
objective value (Bertsimas and Popescu, 2005; Shehadeh et al., 2020). Note that for fixed (p, a, ),

constraint (A.2b) is equivalent to

9>r§1€ax{ f(z,a,d,t) +Z dzpz—i—zz t“/a”/}.

i=114'=1

Since we are minimizing 0 in (A.2), the dual formulation of (A.1) is equivalent to:

{Zﬂzpz+ZZMzz/azz’+maX{ f(z,a,d,t) +Z dsz"‘ZZ —tiir Qg }}

i=14=1 i=114=1

This completes the proof. ]
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Appendix B. Proof of Proposition 2

Proof. In view of the objective function (10a), we consider all the terms involving y and define the

function as in (12).

N+1 N+1 N
H(y) = —a1y1 + Z (ajfl y] + Z Z d; iLi,5—1Yj Z to,iTi 191 + Z Z th i Li,j—1L4 Y.
Jj=2 7j=2 i=1 j=2 1=1 i#i’

We are maximizing H(y) over a polyhedral set y € ). Note that H is a linear (convex) function in
Y and we are maximizing H over a convex compact set ). From basic convex analysis, we know

that there exists an optimal solution at some extreme point of ). Recall the definition of ).
Y= {0 Syn+1 < ¢ = <y; < ¢ +yjp, Vi€ [N]}

We can apply a similar technique in Proposition 2 in Jiang et al. (2019) and Proposition 3 in
Shehadeh et al. (2020) to derive an equivalent formulation for the maximization problem. To
characterize the extreme points of J, we introduce dummy variables yn 12 with ey, = ¢, iy, =0,

cNi2 = 0 and ¢}, 5 = 0. Then, we rewrite the set ) as
Y=A{ylyn+2=—Cnyo —¢; <yj < ¢f +yjp1, J € [N+ 1]}

Note that an extreme point of ) satisfies (i) yn12 = —cjy o, = 0 and (ii) for j € [N + 1], the
variable constraint on y; is binding either at the lower bound or the upper bound. If y; is binding
at the upper bound, it does depend on y;41 but if it is binding at the lower bound, it just takes the
value of —cf. From this, we can construct a one-to-one correspondence between the extreme points
in Y and partitions of the set {1,..., N + 2}. That is, given an interval [k,v]z in [N + 2], y, is
binding at the lower bound, i.e. y, = —c}!, and for j € [k, v — 1], y; is binding at the upper bound,
lLe. y; = —ci + z;’:—jl ¢j. Therefore, for notational simplicity, we define 7, = —cj + Z;’:—jl o
for 1 <5 <v < N+ 2. We can reformulate our optimization problem over ) to optimizing over
partitions of {1,..., N + 2}.

To do so, let by, be the binary variable with 1 indicating that the interval [k, v] belongs to an
element of a partition for 1 < k < v < N + 2. The condition

Jj N+2

> bk =1,V €[N +2]

k=1 v=j

is equivalent to saying that {[k,v]z | by =1, k € [N +2], v € [k, N +2]z} is a partition of [N +2].

With the use of the equality for any extreme point y, we have

Jj N+2 Jj N+2
Ui =20 D Wibke =3 D Tiwbke,
k=1 v=j k=1 v=j
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and the problem maximizing H (y) over y € ) is equivalent to the following integer program,

N+2 N+1 j N+42 N+1 j N+2 N
maXZ _alﬂ-lvblv‘i’ Z Z Z aj—1 — aj W]vbkv+ Z Z Z Zd T 5— 17T]vbkv
Jj=2 k=1 v=j j=2 k=1 v=j i=1
N+2 N N+1 j N+2 N
+ Z Zto,zﬂ?i,ﬂn,vbl,v + Z Z Z Z Zti,i/xz‘,j—wi/,jﬂj,vbk,v (B.1a)
v=1 i=1 =2 k=1 v=j i=1 i'#i
Jj N+2
st Y =1, Vje[N+2] (B.1b)
k=1 v=j
bey €{0,1}, Vke [N +2],Yv e [k, N +2]z. (B.1c)

We remark that the last summation in (B.la) is summed from j = 2 up to N + 1 instead of N

since x; y4+1 = 0 for all 7. This makes the last summation term can behave similarly to the previous
terms, which simplifies our discussion.

Now, we consider the problem

Iélea‘;({ z,a é‘ Zdzpz zzztzz/azz’xlj 1T 5 ZtOzQOzl‘zl thoaz(]l'zN}

j=21=1i'#1

With the use of (B.1), we can reformulate it as

N+2 N+1 7 N+2 N+1 5 N+4+2 N
HI SRTANITED 55 3 IRERERNNS 35 3) 3p ST ISR
71=2 k=1 v=j 71=2 k=1 v=j i=1
N+2 N N+1 j N+2 N
+ Zzt[)zwzlﬂ'lvblv"i‘ Zzzzzt”w” 1L T4 0 bkv‘i')\Ztlezl
v=1 i=1 71=2 k=1 v=j i=1 i'#i
N+1 N
+)\Zt10$1N+/\ZZEt”’$11 1T 5 szd _zzztzz’azz’l'zj 1T 5
7=2 i=14'#¢ j=21=14i'#i

- g t0,i00,iTi1 — g ;004,07 N (B.2a)
i=1 i=1

Jj N+2
st Y =1, Vje[N+2] (B.2b)
k=1 v=j
bey €{0,1}, Vke [N +2],Yv e [k, N +2]z. (B.2c)

By the construction of S, we can take maximum over each d; and ¢; ;. To achieve this, we first

gather all the terms involving d; and t; separately and take supremum accordingly. We can

reformulate the objective function (B.2a) as

N+2 N+1 7 N+2 N [N+1 7 N+2
Z —amy vbl ot Z g g a] 1— (1] Tjv bk:v + § § § § 77], pz J;i,jflbk,vdi
v=1 7=2 k=1 v=j i=1 | j=2 k=1 v=j
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N N+2 N

+ZZ 7r1v+/\ _CVOz]leblvtOZ"i_Z _az0>sztzO

i=1 v=1 =1
N+1 j N+2

N
+ Z Z Z Z Z [(”J}v +A) - %"] Tij-1Ti bk ¢ tir, (B.3)

=1 i'#i | j=2 k=1 v=j

/.

where we focus on the third to the last term. We first define Ad; = d; — d; and Aty =t; 4 — ¢
Note that

N N
sup Z(/\ - Oéi,O)«TLNtz‘,O = Z [()\ - ai70)ti70 + Ati70()\ - az‘,o)Jr] T N - (B4)
ti,0€[L; 0.ti,0], i€[N] =1 i=1

For the forth term, for any given x € X and feasible b, since x; 1 = 1 and b1, = 1 for exactly one ¢
and v, say 41 and v;, we have

N N+2

sup szzl 71'11;“‘)\ aOz)blvtOz
to,i€[ty zatO i i€IN] j=1 v=1

= sup (ﬂl,vl +A- O‘07i1)t0,i1
to,i1 €lto i, +t0,41]
_ +
= (T1,0 + A = a0,y )y, + Atoi(T10, + A — ao,)
N N+2

= Z Z [(7‘(1,1} -+ )\ — a(),i)éo’i + At07i<7T17U + )\ — a07i)+] xi71b17v. (B5)
=1 v=1

For the third term, notice that for any given £ € X, ¢ and j have a one-to-one correspondence.

That is, for any ¢, we can identify exactly one j = j; such that x; j_1 = 1. Then,

N+1 7 N+2 Ji N+2
Z Z Z Tjv — pi) Tij-1bgy | di = Z Z Tjiv — pi) bgwd; = (sz,vl — pi)d;.
=2 k=1 v=j k=1 v=y;

since by, = 1 only for one pair of (k,v), say (kj,v;). Hence, we have

N |N+1

J
Sup Z Z (0 — pi) Tij—1brw | di
die[di,di},iG[N] i=1 _j=2 k=1 v=j |

N J
:Z Sup Z (Tjw — pi) Tij—1brw | di

i=1 di€ld;,di], i€[N] | j=2 k=1 v=j

=> " sup (T — pi)di

1 di€ld; di), i€[N]

N
= Z [(Wjiﬂ)i - pl)dz + Adi(ﬂji,vi - Pi>+]
i=1
N N+1 j N+2
=22 > (W —pi)d; + Adi(mjo — pi) ] wij-1bre. (B.6)
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The last term involves the quadratic term x; j_1zy ;. For any given pair (7,'), there exists at most
one j, say j;, such that x; ;_1xy ; = 1. If there does not exist such an j;, the triple summation term

is just zero. Otherwise, there exists such an j; and the last term reads

N+1 j N+2

Z Z Z (M0 4+ A) = | @i jo1@i by ¢ tis = (T w + A) — g

j=2 k=1 v=j
With the use of these two observations, we have

N N+1 j N+2

Sup , Z Z Z Z Z [(773',” +A) — O‘i,i/] Tij-1Ti jbgw ¢ i

tyir €[ oot ] IEINLT #0421 oty | j=2 k=1 v=j
N+1 7 N+2

_ZZZZZ 7T]U—i—)\ Oz“) ;i —I—At”(ﬂjv—i-)\ Oé“) ]xi,j_lxi/,jbkyv (B.7)

i=1 ¢'#qi j=2 k=1 v=j

Eventually, we have reformulated the objective function using (B.4), (B.5), (B.6) and (B.7).

Note that from (B.2b), the coefficient matrix is totally unimodular and hence, we can relax the
integer constraint (B.2c) to by, > 0. This reformulates (B.2) into an LP in b. One can observe
that we put by, to the outermost position in all the terms so that we are able to collect the terms
with the same by, by interchanging the summations. Indeed, for some arbitrary terms z;j;, the

triple summation can be written as

N+1 j N+2 N+2min(v,N+1) N+1 N+2 min(v,N+1)
j=2 k=1 v=j v=2 k=2 v=k j=k

Then, we are able to take the dual of the resulting LP. Let 3; be the dual variable associated to
the constraint (B.2b) for j =1,..., N 4+ 2. Thus, we arrive at the following program.

N+2
mlﬂ Z Bj + Z — @i o)t o+ Atio(A — o)) zin (B.8a)
N
s.t. f1 = —armi1 + Z [to.s(m11 + X — ) + Atoi(mig + X — o) @i, (B.8b)
i—1
min(v,N—‘,—l)
ZBJ Z —01T1 v Z (a] 1= )Tr]v
=2
N
+ Z [to.s(T10 + X — ) + Ato (T + A — a0) T @in
i—1

min(v,N+1) N

+ Z ZZ Ly i 7T]U+)\ a”)—l-At”(ﬂ'Jv-i-/\ Oé”) ]xi7j_1xi/7]~

1=1 /43
m1n(v,N+1 N
+ Z Z 77']1; pl + Ad; (71'3’ pi)_‘_]{l}i’jfl, Yv € [Q,N—I— Q]Z, (B.SC)
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min(v,N+1) min(v,N+1) N

Zﬁj > Z (aj-1 —aj)mjw + Z Z (Mo = pi) + Adi(j0 — pi) 7] 2i i
=k

=k
min(v,N+1) N

i Z ZZ{W]’UJF)\ a”)”_‘_At”(TrJU‘{')‘_O‘“)}xi,jlfﬁi’,j

i=1 i'#i
Vj e [2,N+ 1]z, v € [k, N + 2]z, (B.8d)
BN_A,_Q 2 0. (B8e)
Finally, we can introduce auxiliary variables to replace the terms with (-)*. In particular, we

let 70,010 = (M0 + A — a0s) T, Yiirjow = (Tjw + A — )T, 0ijo = (7w — pi)T and introduce the

following constraints.

Y0,i,1,v >0, Y0,i,1,v > m ot A — Qi Vi € [N], Yov € [N + 2] (B.9a)
Vit = 00 Yiije = Tiw+ A —aiy, Vi€ [N], Vi’ e [N]\{i},
Vji€[2,N+1]z,Yvel[jN+2]z (B.9b)
5i,j,v > 0, 5i,j,v > Tjv = Pis Vi € [N}, \V/j c [Q,N + 1]2, Yv € [],N + 2]Z (B.QC)
This completes the reformulation. O

Appendix C. Proof of Corollary 3

Proof. In view of Propositions 1 and 2, problem (9) (i.e., the inner problem sup Ep[f(z,a,d)]
PeF(S,p)
in (7)) is equivalent to

mln ZMM’@‘*‘ZZZM”/Q“’%,] 1% 5 +Zﬂzoa10$2N+Zﬂoza01$zl

Jj=2i=1 i'#i
N+2 N
+ Z Bj + Z — @io)ti o+ Atio(A — o)) N (C.1a)
5., (13b) — (13h) (C.1b)

Noting that the variables ;o for ¢ € [IN] appear in the objective function only and it is easy to see

that the minimizer is given by A. Indeed, consider the terms involving «; o, i.e.,
115,007, N + [(A = aio)t; o + Atio(X — i) "] @i

If o > A, the term reads [(1f o —1; o) i 0+ A, o]@i v, which is non-decreasing in a; 0 and if a0 < A,
the terms read [(,u;O —ti,0)ai0+ At; o]z v, which is non-increasing in «; o. Plugging in the optimal

a; o = A to the objective function, we arrive at the desired reformulation. O
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Appendix D. Proof of Lemma 1 Adapted from Jiang et al. (2019)

Lemma 1. (of Jiang et al. (2019)). Suppose that S is non-empty, convex and compact. Then there

exist nonegative constants ¢y and co such that, for all R > 1 and 8 € (0, min{1,c;}),
PE{W, (P, B) < en(B)} > 1 5

1
-1 max{3p,n
where }P’g represents the product measure of R copies of Pe and er(3) = [log(;lig)] pond

For completeness, we provide the proof of Lemma 1 of Jiang et al. (2019) as detailed in their

paper, which is adapted from Theorem 2 in Fournier and Guillin (2015).

Proof. Notice that by the compactness assumption of the support, there exist « > p and v > 0
such that Ep, [exp{7|[¢|[;}] < co. By Theorem 2 in Fournier and Guillin (2015), for any R > 1 and

e € (0,00), there exist positive constants ¢ and C' depending only on p, n, « and 7 such that

PR (Wy(Be, BE) > /%) < a(R, (e < 1) + b(R, ),

where
exp { —cRe*} if p>n/2
a(R,e) = C{ exp{—cR(e/log(2+1/¢))?} if p=n/2 (D.1)
exp {—cRe"/p} if pe[l,n/2)

and b(R,€) = Cexp{—CRe*/P}1(e > 1) with n being the dimension of the random vector £&. We
first bound the term a(R,¢€) for € € (0,1]. Notice that

€ 2 63
[bg(z T 1/@} Z Tos®E

which immediately gives €[log(2 + 1/€)]? < [log(3)]?. Then, we have

a(R,€) < Cexp {_ Remax{g,n/p}} |

[log(3)]?

Next, to bound the term b(R,¢€), let & = max{3p,n} > p. Then, we have
b(R,e) < Cexp {—cRemax{3’"/p}} .
To sum up, we arrive at
IP’? (Wp(]P’g, Pg) > el/p) < cpexp {—CQRemaX{?””/p}} ,

where ¢; = C and ¢y = ¢/[log(3)]?. By equating the right hand side of the last inequality to 3,
we obtain € = [(caR) ' log(e;3~1)]~ max{3n/ P Plugging in this expression to the last inequality
gives the desired result. O
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Appendix E. Proof of Theorem 1 from Jiang et al. (2019)

Theorem 1. (Asymptotic consistency, adapted from Jiang et al., 2019 and Theorem 3.6 of Mo-
hajerin Esfahani and Kuhn, 2018). Suppose that the support S is non-empty, convex and compact.
Consider a sequence of confidence levels { Sr} rer such that Y %_, Br < 00 and imp_,o0 €r(Br) = 0,
and let (£(R, er(Br)),a(R,er(Br))) represent an optimal solution to W-DHRAS with the ambiguity
set fp(}f"g, €r(Br)). Then, Pg°- almost surely we have Z(R,er(Br)) = Z* as R — oo. In addition,
any accumulation points of {(2(R, er(Br)),a(R, er(Br)))}ren is an optimal solution of (4) Pg°-

almost surely.

Proof. Recall the dual of f(z,a,§).

N+1

N N N
f(z,a,§) = max (Z t0,i%i1 — a1> Y1+ Z (%’—1 —aj+ Z dizij-1+ Z Z ti,i’%’d—l%’,j) Yj
i=1 j=2 i=1

i=1 i'5i

st. yeY={y: yvt1 < ¢, —cj <y; <cf +yj1, Vj € [N]}.

For a fixed pair of (z,a) € X x A, this is an LP in y. Note that ) is bounded, which implies that
f(a,z,£) is finite. Also, since X x A and S are bounded sets, the function f(z,a,€) is bounded on
X x A x S. Immediately, we have |f(z,a,€)] < M(1+ |€||), where M is just the upper bound on
f. Next, we claim that f(z,a,£) is continuous on X x A x §. For simplicity, write the objective
function of the dual problem as b(z,a,€&) "y, where the i-th entry of b(z,a,£) is the coefficient
associated to y;. By fundamental theorem of LP, instead of maximizing over the entire ), we can
maximize over the set of finite extreme points of ). Hence, f(z,a,£) is the maximum of finitely
many linear functions and the continuity follows. Finally, the result follows directly from Theorem

3.6 of Mohajerin Esfahani and Kuhn (2018), where the required conditions are verified. O]

Appendix F. Proof of Theorem 2 in Jiang et al. (2019)

Theorem 2. (Finite-data guarantee, adapted from Jiang et al., 2019 and Theorem 3.5 in Moha-
jerin Esfahani and Kuhn, 2018). For any 5 € (0,1), let (£(R,er(Sr)),a(R,er(Br))) represent an
optimal solution of W-DHRAS with ambiguity set fp(lﬁ’g, er(BRr)). Then,

PE{ B[/ (R, en(Br), a(R, en(5r)),€))) < Z(Ren(Br)) } = 1- 5.

Proof. (adapted from Jiang et al., 2019). By the assumption on support & and Lemma 1, all
conditions of Theorem 3.5 in Mohajerin Esfahani and Kuhn (2018) are satisfied. Therefore, the

conclusions of Theorem 2 hold valid. O
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Appendix G. Proof of Proposition 4

Proof. Recall that ]P’R =3 Zf 1 5{ For any P € P(S), we can rewrite the joint distribution
IT e P(]P’g,]P’g) by the conditional distribution of £ given é = ér for r =1,..., R, denoted as Qg.
That is, II = % Zle Q- Notice that if we find one joint distribution II € P(]P’é,]@’?) such that
J 1€ - £||1dIT < ¢, then W, (PPe, I@’?) < e. Hence, we can drop the infimum operator in Wasserstein

distance and arrive at the following equivalent problem

d G.1
Qrepﬁégl))re[R] Z/ flm ) Qg (G-12)
1 o
‘. R; [l =€ agz < (C.1b)

Using a standard strong duality argument, we can reformulate the problem by its dual, i.e.,

inf S“pre[R{ Z/fmaﬁng+pe—Z/\|§ £||1d@§”

p>0 @r eP(S)

gg{eij Z sup /[(93,0'5) pli€ — é”]d@g}

r=1 QEEP
1
=inf S ep+ —= su { T,a, G.2
pzo{ p R;geg f(@,a,6) = pll€ —€ | } (G-2)
This completes the proof. ]

Appendix H. Proof of Proposition 5

Proof. With reference to (B.1), we can reformulate maxees{f(z,a,§) — p||€ — ng} as

N+2 N+1 j N+2 N+1 j N+2
max ) —nmabio ) ) D (51— a)Tibka+ DD D S diimy b
7=2 k=1 v=j 7=2 k=1 v=j i=1
N+42 N N+1 j N+2 N
+ Z Zto,ﬂmﬂci,lbl,v + Z Z Z Z Zti,z'/ﬂjm%i,j—lﬂ?i',jbk,v
v=1 i=1 j=2 k=1 v*j i=1 i'#i
N+1 N
+)\Zt02le+)\Zt10x1N+>\ZZthz’xz] 1$Zj pZZ|d d;|$i7]‘_1
j=21i= 11’757, 7j=2 =1
N+1 N
—p > DD i — Tl 1w PZ [to,; — T 4l — PZ ltio — tiglzin  (H.la)
=2 i=1 i'#i
J N+2
st.» Y bpe=1, Vie€[N+2) (H.1b)
k=1 v=j
bpo € {0,1}, VE € [N],Yv € [k, N +2]z. (H.1c)
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As in the proof of Proposition 2, we group terms with the same ¢; 7 and d; and find an explicit
formula for their supremum.

First, we define the following quantities for r € [R)].

uj g = max{)\tAZO, Mo — p(tio — tAZ’O)} (H.2a)
ug,i,l,v = max{ (7, + /\)io,i - P(fg,i - io,i)a (T1,0 + )\)Ltg i (M1 + )\)fo,z' - P(%O,z' - 56,1')} ( )
u;i’,j,v = max{(ﬁj,v + )\)Q,i' - P(A:,z" - L’,i’) (Wy,v + )\) i, (“j,v + )\ﬁi,i’ - p(fm" - f:z')} (H.2c)

Vg0 = max{mjud; — p(d] — d;),7j0d], mj0d; — p(d; — df)} (H.2d)

Note that for the terms with ¢; o,

N N
sup > Mo —pltio — ol miv =D sup  [Mig — pltio — Tiol] 2. (H3)
ti,0€[t; o:ti,0], 1€[N] =1 i=1 ti,0€[t; o.ti,0]
Since tio — pltio — tAZOI is a piecewise linear function on the intervals [t; o, o] and [tA?" ti o], and it

is strictly increasing on [t; (, 52770] the maximum is attained either at t”o or tjo. That is,

sup Mty — pltio — £ ol] = ufp. (H.4)

ti,0€[t; 0,ti,0]
For the terms with 2 ;, we have

N N+2

sup DD [+ Nitos — plto — fo,] biwwin
t0,i€[to,;t0,), 1€[N] j=1 y=1

N N+2

=> > sup  [(mro+ Nios — pltos — Lol] bz
i=1 v=1 t0,i€[ty ;:t0,]

N N+2

=D > ubebiotin, (H.5)

i=1 v=1

where the last equality follows from the fact that (w1, 4+ X)to; — plto; — £ ;| is a piecewise linear
function on the interval [;071-,56714] and [56,@50,1] and the maximum is attained when tp; takes any
one of the values from ¢ ;, tAS’Z» and tp;. Using the same argument, we obtain the expressions for

the terms with ¢; ; and d; as follows.

N+1 j N+2

sup Z Z Z Z Z 77] vt )\ z 4 p|ti,i’ - E;ﬂ” xi,jflxiﬁjbk,v

tzzle[tzz’tzz/]ze[N}l7éZZ ].Z/#’L] 2 k=1 v= ]
N+1 j N+2

_ZZZZZUHW% 1245010 (H.6)

i=1i/#1 j=2 k=1 v=j
1 2

N N+1 j N+
sup EZZZ |:7T]v i p|d | L j— lbkv

di€ld; di]i€[N] =1 j=2 k=1 v=j
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N 2
Vi jwij—10k0 (H.7)

J

+
[y

M~

=2
+

29

=1

<.
[
N
e
Il

1lwv

With the use of (H.3) to (H.7), we arrive at the following integer program.

N+2 N+1 j N+2 N+1 j N+2
maxz_alﬂ'lvblv"i‘ ZZZ a] 1= ﬂ'jvbk'u"i_ ZZZZ%U%J lbkv
7=2 k=1 v=j 7=2 k=1 v=j i=1
N+2 N N+1 j N+2 N
+ Z Zuouvlebw‘i‘ Z Z Z ZZUHJU:EM 1L kav—i—ZuzoxlN (H.8a)
v=1 i=1 7=2 k=1 v=j i=1 ¢/#i
Jj N+2
st Y bre=1,  Vje[N+2], (H.8b)
k=1 v=j
bew € {0,1}, VEk € [N],Yv € [k,N + 2]z. (H.8c)

Since the coefficient matrix associated to the constraints (H.8b) is totally unimodular, we can
relax the integral constraints on by by by, > 0. Taking the dual of the resulting LP in (H.8) with

/B]T being the dual variable associated to the constraint (H.8b), we arrive at the following LP.

N+2
mln Z Bi + Zuz 0%i,N (H.9a)
s.t. B > —a1mi 1 + Zuﬁ,z,l,lxl 1, (H.9b)
v min(v,N+1) N
Z 5; > —a1my + Z (a/] 1— 7T] vt Z uO i,1,0%4,1
j=1 =2 i—1
min(v,N+1) N min(v,N+1) N
+ Z ZZUH 1 j 0T j— 1Ty 5 + Z Z 'L]'szvj_l’ Yv € [Q,N—‘rQ]Z,
i=1 i/#4q
(H.9¢)
) min(v,N+1) min(v,N+1) N
28z 3 (G—a)me+ Z 2 Vot
=k =k
min(v,N+1) N
+ Z S wiijetijaazeg, Vk€ 2N+ 1z, Vo e [k, N+2z,  (H9d)
i=1 /%4
B2 2 0. (H.9¢)

Finally, we can treat 4" and v" as variables and introduce the following constraints.

uio > Mio,  ufy > Nio — P@'O —ify), Vi€ [N] (H.10a)
Up i1 > (Mo + A, — (to i~

up i1, > (M + Nto,i — p(to;i —

up i1 > (T + )‘)f(r],iv

toi);
) Vi € [N], v € [N + 2] (H.10b)
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Uit w2 (Mo + Mo — p( g — i), Uiy = (Tjw + Mo — p(tia — 1),
Wi = (Tiw+ My, Vie[N], i €[N\ {i}, j€2,N+1]z,ve[j,N+2z (H.10¢)
V{,j,v > Wj,vdi - p(CZ: - dl)? Vzr,j,v > Wj,vai - p(al - Ci:)’

~

Vijw 2 Tiodi, Vi€ [N],je[2,N+1z,velj,N+2;z (H.10d)

This completes the proof. ]

Appendix I. Tight McCormick
For the model (16), we can derive upper and lower bounds for the values of p and a.

o . _ . l_ . .
Proposition 6. Let P{' = maxX;cp N11),, ve[j,N+2]; Tjv ond Pl = minjc ni1),, velj, N+2], Tio- Also,
let Py’ = max,¢(n42 T10 and Pl = minye(ny2] T1o- Then, the lower bounds are p, = P}, @y =

Pl — )\ and Qp; = P{ — X\ while the upper bounds are p; = P{*, @y = P + X and a; = P§ + .

Proof. We only present the case for p; and the remaining two cases are similar. From the model
in Proposition 1 and its reformulation (B.2) with (B.4) to (B.7), the terms involving p; can be
summarized as

N+1 j N+2

i pi + Z Z Z (70 — pi)d; + Adi(mj0 — pi) 7] Tij—1bk,0-

=2 k=1 v=j

If p; > P{*, we can simplify the terms as

N+l § N42 N+l § N42
i pi + Z Z Z (T — pi)diij—1bkw = (5 — d;)pi + Z Z Z Tij 17500k 0,
=2 k=1 v=j =2 k=1 v=j

which is non-decreasing in p; since uf — d; > 0. Similarly, if p; < P}, then the terms read

N+1 j N+2 ~ ~ N+1 j N+2
pioi+ > > > (M — pi)diwi g abre = (1 — di)pi+ Y > > ij 17wk,
j=2 k=1 v=j Jj=2 k=1 v=j

which is non-increasing in p; since p§ — d; < 0. This shows that there exists a minimizer over p;

lying in [P}, P{*] and we can set P, = P! and p;, = P O

Corollary 7. We have lower bounds 9; ;, = 0, 7. = 0 and Yoi1e = 0 with upper bounds

.
—1,2",7,V sbyLy

ijo = Tjw — Pll; Vit jo = Tjo Tt 2) - Pll and Yo,i10 = Tl + 2) — P2l]

Proof. We only present the case for d;;, and the remaining two cases are similar. Recall 0;;, =

(mj» — pi)* and from Proposition 6, we have
Tjw — P <mjp — pi <o — P,
where the lower bound is no greater than 0 and the upper bound is no less than 0. 0
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Next, we consider the model (26). From the proof of Proposition 5 in Appendix H, we have
the explicit formula for the quantities " and v" in (H.2). Immediately, the lower bounds are
uio= )\520, Upiy = (T10 + )\)L‘O i Ui g v = (70 + M) L and 7. Trj,vcig. Since the expressions
in (H.2) are non-increasing in p and we have p > 0, the upper bounds are simply U’fo = Ao,
Up ;1,0 = max{(mu + At (1,0 + Nio,i}s [ = max{(mjy + A)t; 1, (Tj0 + A)li i} and 7] Vijw=
max{"m; ,d;, 7jvd;}.

Appendix J. Sample averaging approximation approach

In the numerical experiments, we compare DRO models with the sample averaging approxima-
1 -R
tion (SAA) approach. Suppose we have a set of R scenarios {§ ,...,€ }. The SAA approach is
to solve the original problem by replacing the true distribution with the empirical distribution @g
That is,

min ZZ (cjw} —i—cu)—f—chH—l-)\AT]

mauwR
r=1 j=1

st. xeX, acA,
_ul Ztolle

wg—w;f,l—uj—a] 1—aj+ Zd T j— 1—1—2215”,%7] 1z 4, Vj € [2,N],

i=1 =1 i'#i
N
Wiy — Wy — Uny] =GN — AN41 + E d;x; N,
=1
§ :E :E :tzz’xld 1$1]+§ :tOlmll—i_tszZN)

J=2 i=1i'#i

(W}, uf) >0, Vje[N+1].

Appendix K. Symmetry-breaking constraints

To enhance the tractability of the models, we introduce the symmetry-breaking constraints.
The idea behind these constraints follows from prior appointment scheduling observations that
customers of the same type (i.e., requesting the same service) have the same service time distribution
and the observation from Nikzad et al. (2021) that customers within a service region form a basic
unit or cluster that shares the same travel time distribution. In this case, the route within the same
group does not matter since the service and travel time distributions are the same. This means,

with the presence of homogeneous groups, we could be able to eliminate some of the equialent
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routes and hopefully, improve the model’s tractability. In particular, we focus on the presence of
one homogeneous group, which is common when services are provided within a service region.
Suppose that except the depot (node 0), the N customers form a homogeneous group. That
is, d; are distributionally the same over i € [N] and t; ;» are distributionally the same over i € [N]
and ¢ € [N]\ {i}. In this case, we argue that the service provider only needs to make decision
on the nodes departing from and entering to the depot. We summarize this result formally in the

following lemma.

Lemma 8. Assume that there is only one homogeneous group. For a fized route (i1,...,ix) denoted

as x, i.e. x;;; =1 for j € [N], define 2 by another route with O OARE

permutation of [N] with I1(i1) = i1 and ll(iny) = in. Then, f(z,a,§) is distributionally the same
as f(z",a,£) for any a € A.

where (I1(i5)) je[n) is a

Proof. Recall that f(x,a,§) is the second-stage cost, which is a function of the idling time w; for
i € [N], the waiting time and overtime w; for i € [N +1]. Define the same quantities u}' and w}! for
the decision 2''. We will show, by induction, that w; and u; are distributionally the same as wjrI
and u? respectively. Note that w; and u; are distributionally the same as wil and u!! respectively

since by assumption, the first visiting customer is the same. Next, assume that w;_; and u;_; are

II

distributionally the same as w,;”; and uJHfl respectively. Note that

N N
wj = max § wj—1 + a1 — a; + g dixij—1+ E E ti,it T j—1%it 5, 0
i=1 i=1 i/ i

By induction assumption and the assumption that the distributions of travel and service times are

the same, w; equals w}j in distribution. It is easy to see that, with the same argument, u; equals

II

; in distribution. This completes the proof. O

u

From Lemma 8, we have E[f(x,a,£)] = E[f(z",a,£)] for any permutation with fixed entering
and departing node. As an illustration of the symmetry, consider that we have a homogeneous
group of 6 customers. Then, the routes (2,1,3,4,6,5) and (2,4, 3,6,1,5) give the same expected
cost. We can impose the lexicographic order of the route for the middle customers (not the first and
the last customer), i.e., the service provider will first visit customers with a smaller index i. In this
example, we only consider the route (2,1,3,4,6,5) and eliminate any other possible permutations

of the middle customers. Hence, we can introduce the following symmetry-breaking constraints.

T1j > 141, Vi€ [2,N -2 (K.1a)
1—1

zij <Y w1, Vi€ 2Nz, jE 3N -1 (K.1b)
=1

If customer 1 is neither the first nor the last customer, constraints (K.la) enforces customer 1 to

be the second customer (see example matrix X!, where each entry represents x; ;). Otherwise, the
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Figure L.13: Mean inter-arrival times with R = 50 under (cj’, c},c”) = (2,1,20) and A = 0.5

constraint is satisfied since x1; = 0 for all j € [2, N — 1]z (see X? and X?). Constraints (K.1b)
enforces the ordering of the third to the (N — 1)-th customer. If customer i is the j-th customer,
ie. x;; =1 for some j € [3, N — 1]z, we require that a customer with index less than i must be
served at position j — 1 (see X', X? and X3). By imposing these constraints, the solver solely
determines the entering and departing node without optimizing any permutations for the middle

customers.
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Appendix L. Additional results on appointment time structure

In this section, we provide additional results for the appointment time structure with the two
other choices of A\, namely 0.5 and 1. Figures L..13 and L.14 show the inter-arrival times for the cost
structure (c}, ¢}, ¢®) = (2,1,20) while Figures L.15 and L.16 show the results for the cost structure

(c}”, ci, ¢°) = (5,1,7.5). We observe similar patterns for the three choices of A.

Appendix M. Additional results on out-of-sample performance

We provide additional out-of-sample performance results in this appendix. All the settings
are the same as described in Section 4 and we only present the results for A = 2 since similar
patterns could be observed for other two choices of A. We show the results of the 9 out-of-sample

testing sets in each figure in the following order: (Row 1) Set 1, Set 2, Set 3, (Row 2) Set 4 with
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0 €{0.1,0.25,0.5} and (Row 3) Set 5 with § € {0.1,0.25,0.5}. Figures M.17 and M.18 show the
corresponding performance for N = 8 and N = 10 under cost structure (a). We only present the
choice of € € {0.05,0.5,5,50} such that W-DHRAS gives the best overall performance. In this case,
we choose € = 0.05 and € = 50 for N = 8 and N = 10 respectively.

Similar patterns could be observed as in the case with N = 6. First, M-DHRAS model is
the most conservative model, which yields the highest out-of-sample cost for almost all the cases.
Second, we observe that W-DHRAS shares a similar out-of-sample performance as SP (mainly due
to a small choice of €) for N = 8 while for N = 10, the W-DHRAS model consistently produces
a lower out-of-sample cost than the SP model. Indeed, for N = 10, the operator has a very tight
schedule. A small deviation from the in-sample distribution (from the empirical data) results in
a significant amount of overtime. Therefore, W-DHRAS could perform better with its ability to
hedge against unfavorable scenarios.

Figures M.19 to M.21 show the results under cost structure (b) with A = 2 for the three choices
of N. We only present the W-DHRAS model with the best performing e, which are 0.05, 0.5 and
50 respectively. Similar patterns are observed as in cost structure (a). First, M-DHRAS gives
the largest out-of-sample costs for almost all the cases. Second, we observe that W-DHRAS and
SP have similar performance with NV = 6 and N = 8, though the performance of W-DHRAS is
slightly better than SP when the sample size is small. Finally, for NV = 10, W-DHRAS consistently

performs the best among the three models.
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