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Abstract

A sequential quadratic optimization algorithm is proposed for solving smooth nonlinear equality
constrained optimization problems in which the objective function is defined by an expectation of a
stochastic function. The algorithmic structure of the proposed method is based on a step decomposition
strategy that is known in the literature to be widely effective in practice, wherein each search direction
is computed as the sum of a normal step (toward linearized feasibility) and a tangential step (toward
objective decrease in the null space of the constraint Jacobian). However, the proposed method is unique
from others in the literature in that it both allows the use of stochastic objective gradient estimates
and possesses convergence guarantees even in the setting in which the constraint Jacobians may be
rank deficient. The results of numerical experiments demonstrate that the algorithm offers superior
performance when compared to popular alternatives.

1 Introduction

We propose an algorithm for solving equality constrained optimization problems in which the objective
function is defined by an expectation of a stochastic function. Formulations of this type arise throughout
science and engineering in important applications such as data-fitting problems, where one aims to determine
a model that minimizes the discrepancy between values yielded by the model and corresponding known
outputs.

Our algorithm is designed for solving such problems when the decision variables are restricted to the
solution set of a (potentially nonlinear) set of equations. We are particularly interested in such problems
when the constraint Jacobian—i.e., the matrix of first-order derivatives of the constraint function—may be
rank deficient in some or even all iterations during the run of an algorithm, since this can be an unavoidable
occurrence in practice that would ruin the convergence properties of any algorithm that is not specifically
designed for this setting. The structure of our algorithm follows a step decomposition strategy that is
common in the constrained optimization literature; in particular, our algorithm has roots in the Byrd-
Omojokun approach [17]. However, our algorithm is unique from previously proposed algorithms in that it

∗E-mail: albertberahas@gmail.com
†E-mail: frank.e.curtis@lehigh.edu
‡E-mail: moneill@lehigh.edu
§E-mail: daniel.p.robinson@lehigh.edu

2



offers convergence guarantees while allowing for the use of stochastic objective gradient information in each
iteration. We prove that our algorithm converges to stationarity (in expectation), both in desirable cases
when the constraints are feasible and convergence to the feasible region can be guaranteed (in expectation),
and in less desirable cases, such as when the constraints are infeasible and one can only guarantee convergence
to an infeasible stationary point. To the best of our knowledge, there exist no other algorithms in the
literature that have been designed specifically for this setting, namely, stochastic optimization with equality
constraints that may exhibit rank deficiency.

Our algorithm builds upon the method for solving equality constrained stochastic optimization problems
proposed in [1]. The method proposed in that article assumes that the singular values of the constraint
Jacobians are bounded below by a positive constant throughout the optimization process, which implies
that the linear independence constraint qualification (LICQ) holds at all iterates. By contrast, the algorithm
proposed in this paper make no such assumption. Handling the potential lack of full-rank Jacobians ne-
cessitates a different algorithmic structure and a distinct approach to proving convergence guarantees; e.g.,
one needs to account for the fact that primal-dual stationarity conditions may not be necessary and/or the
constraints may be infeasible.

Similar to the context in [1], our algorithm is intended for the highly stochastic regime in which the
stochastic gradient estimates might only be unbiased estimators of the gradients of the objective at the
algorithm iterates that satisfy a loose variance condition. Indeed, we show that in nice cases—in particular,
when the adaptive merit parameter employed in our algorithm eventually settles at a value that is sufficiently
small—our algorithm has convergence properties in expectation that match those of the algorithm in [1].
These results parallel those for the stochastic gradient method in the context of unconstrained optimization
[2, 21, 22]. However, for cases not considered in [1] when the merit parameter sequence may vanish, we require
the stronger assumption that the difference between each stochastic gradient estimate and the corresponding
true gradient of the objective eventually is bounded deterministically in each iteration. This is appropriate
in many ways since in such a scenario the algorithm aims to transition from solving a stochastic optimization
problem to the deterministic one of minimizing constraint violation. Finally, we discuss how in any particular
run of the algorithm, the probability is zero that the merit parameter settles at too large of a value, and
provide commentary on what it means to assume that the total probability of such an event (over all possible
runs of the algorithm) is zero.

Our algorithm has some similarities, but many differences with another recently proposed algorithm,
namely, that in [14]. That algorithm is also designed for equality constrained stochastic optimization, but:
(i) like for the algorithm in [1], for the algorithm in [14] the LICQ is assumed to hold at all algorithm iterates,
and (ii) the algorithm in [14] employs an adaptive line search that may require the algorithm to compute
relatively accurate stochastic gradient estimates throughout the optimization process. Our algorithm, on the
other hand, does not require the LICQ to hold and is meant for a more stochastic regime, meaning that it
does not require a procedure for refining the stochastic gradient estimate within an iteration. Consequently,
the convergence guarantees that can be proved for our method, and the expectations that one should have
about the practical performance of our method, are quite distinct from those for the algorithm in [14].

Besides the methods in [1, 14], there have been few proposed algorithms that might be used to solve
problem of the form (1). Some methods have been proposed that employ stochastic (proximal) gradient
strategies applied to minimizing penalty functions derived from constrained problems [4, 11, 15], but these
do not offer convergence guarantees to stationarity with respect to the original constrained problem. On the
other hand, stochastic Frank-Wolfe methods have been proposed [10, 12, 13, 19, 20, 24], but these can only
be applied in the context of convex feasible regions. Our algorithm, by contrast, is designed for nonlinear
equality constrained stochastic optimization.

1.1 Notation

The set of real numbers is denoted as R, the set of real numbers greater than (respectively, greater than
or equal to) r ∈ R is denoted as R>r (respectively, R≥r), the set of n-dimensional real vectors is denoted

as Rn, the set of m-by-n-dimensional real matrices is denoted as Rm×n, and the set of n-by-n-dimensional
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real symmetric matrices is denoted as Sn. Given J ∈ Rm×n, the range space of JT is denoted as Range(JT )
and the null space of J is denoted as Null(J). (By the Fundamental Theorem of Linear Algebra, for any
J ∈ Rm×n, the spaces Range(JT ) and Null(J) are orthogonal and Range(JT ) + Null(J) = Rn.) The set
of nonnegative integers is denoted as N := {0, 1, 2, . . . }. For any m ∈ N, let [m] denote the set of integers
{0, 1, . . . ,m}.

The algorithm that we propose is iterative in the sense that, given a starting point x0 ∈ Rn, it generates
a sequence of iterates {xk} with xk ∈ Rn for all k ∈ N. For simplicity of notation, the iteration number is
appended as a subscript to other quantities corresponding to each iteration; e.g., with a function c : Rn → R,
its value at xk is denoted as ck := c(xk) for all k ∈ N. Given Jk ∈ Rm×n, we use Zk to denote a matrix
whose columns form an orthonormal basis for Null(Jk).

1.2 Organization

Our problem of interest and basic assumptions about the problem and the behavior of our algorithm are
presented in Section 2. Our algorithm is motivated and presented in Section 3. Convergence guarantees for
our algorithm are presented in Section 4. The results of numerical experiments are provided in Section 5
and concluding remarks are provided in Section 6.

2 Problem Statement

Our algorithm is designed for solving (potentially nonlinear and/or nonconvex) equality constrained opti-
mization problems of the form

min
x∈Rn

f(x) s.t. c(x) = 0, with f(x) = E[F (x, ι)], (1)

where the functions f : Rn → R and c : Rn → Rm are smooth, ι is a random variable with associated
probability space (Ω,F , P ), F : Rn × Ω → R, and E[·] denotes expectation taken with respect to P .
We assume that values and first-order derivatives of the constraint functions can be computed, but that
the objective and its associated first-order derivatives are intractable to compute, and one must instead
employ stochastic estimates. (We formalize our assumptions about such stochastic estimates starting with
Assumption 2 on page 6.) Formally, we make the following assumption with respect to (1) and our proposed
algorithm, which generates a sequence of iterates {xk}.

Assumption 1. Let X ⊆ Rn be an open convex set containing the sequence {xk} generated by any run of
the algorithm. The objective function f : Rn → R is continuously differentiable and bounded over X and
its gradient function ∇f : Rn → Rn is Lipschitz continuous with constant L ∈ R>0 (with respect to ‖ · ‖2)
and bounded over X . The constraint function c : Rn → Rm (with m ≤ n) is continuously differentiable and
bounded over X and its Jacobian function J := ∇cT : Rn → Rm×n is Lipschitz continuous with constant
Γ ∈ R>0 (with respect to ‖ · ‖2) and bounded over X .

The aspects of Assumption 1 that pertain to the objective function f and constraint function c are
typical for the equality constrained optimization literature. Notice that we do not assume that the it-
erate sequence itself is bounded. Under Assumption 1, it follows that there exist positive real numbers
(finf , fsup, κ∇f , κc, κJ) ∈ R>0 × R>0 × R>0 × R>0 × R>0 such that

finf ≤ fk ≤ fsup, ‖∇f(xk)‖2 ≤ κ∇f , ‖ck‖2 ≤ κc, and ‖Jk‖2 ≤ κJ for all k ∈ N. (2)

Given that our proposed algorithm is stochastic, it is admittedly not ideal to have to assume that the
objective value, objective gradient, constraint value, and constraint Jacobian are bounded over the set X
containing the iterates. This is a common assumption in the deterministic optimization literature, where it
may be justified in the context of an algorithm that is guaranteed to make progress in each iteration, say
with respect to a merit function. However, for a stochastic algorithm such as ours, such a claim may be
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seen as less than ideal since a stochastic algorithm may only be guaranteed to make progress in expectation
in each iteration, meaning that it is possible for the iterates to drift far from desirable regions of the search
space during the optimization process.

Our justification for Assumption 1 is two-fold. First, any reader who is familiar with analyses of stochas-
tic algorithms for unconstrained optimization—in particular, those analyses that do not require that the
objective gradient is bounded over a set containing the iterates—should appreciate that additional chal-
lenges present themselves in the context of constrained optimization. For example, whereas in unconstrained
optimization one naturally considers the objective f as a measure of progress, in (nonconvex) constrained
optimization one needs to employ a merit function for measuring progress, and for practical purposes such
a function typically needs to involve a parameter (or parameters) that must be adjusted dynamically by the
algorithm. One finds that it is the adaptivity of our merit parameter (see (10) later on) that necessitates the
aforementioned boundedness assumptions that we use in our analysis. (Certain exact merit functions, such
as that employed in [14], might not lead to the same issues as the merit function that we employ. However, we
remark that the merit function employed in [14] is not a viable option unless the LICQ holds at all algorithm
iterates.) Our second justification is that we know of no other algorithm that offers convergence guarantees
that are as comprehensive as ours (in terms of handling feasible, degenerate, and infeasible settings) under
an assumption that is at least as loose as Assumption 1.

Let the Lagrangian ` : Rn × Rm → R corresponding to (1) be given by `(x, y) = f(x) + c(x)T y, where
y ∈ Rm represents a vector of Lagrange multipliers. Under a constraint qualification (such as the LICQ),
necessary conditions for first-order stationarity with respect to (1) are given by

0 =

[
∇x`(x, y)
∇y`(x, y)

]
=

[
∇f(x) + J(x)T y

c(x)

]
; (3)

see, e.g., [16]. However, under only Assumption 1, it is possible for (1) to be degenerate—in which case
(3) might not be necessary at a solution of (1)—or (1) may be infeasible. In the latter case, one aims to
design an algorithm that transitions automatically from seeking stationarity with respect to (1) to seeking
stationarity with respect to a measure of infeasibility of the constraints. For our purposes, we employ the
infeasibility measure ϕ : Rn → R defined by ϕ(x) = ‖c(x)‖2. A point x ∈ Rn is stationary with respect to
ϕ if and only if either c(x) = 0 or both c(x) 6= 0 and

0 = ∇ϕ(x) =
J(x)T c(x)

‖c(x)‖2
. (4)

3 Algorithm Description

Our algorithm can be characterized as a sequential quadratic optimization (commonly known as SQP)
method that employs a step decomposition strategy and chooses stepsizes that attempt to ensure sufficient
decrease in a merit function in each iteration. We present our complete algorithm in this section, which
builds upon this basic characterization to involve various unique aspects that are designed for handling the
combination of (i) stochastic gradient estimates and (ii) potential rank deficiency of the constraint Jacobians.

In each iteration k ∈ N, the algorithm first computes the normal component of the search direction
toward reducing linearized constraint violation. Conditioned on the event that xk is reached as the kth
iterate, the problem defining this computation, namely,

min
v∈Rn

1
2‖ck + Jkv‖22 s.t. ‖v‖2 ≤ ω‖JTk ck‖2 (5)

where ω ∈ R>0 is a user-defined parameter, is deterministic since the constraint function value ck and
constraint Jacobian Jk are available. An exact solution of (5) may be expensive to obtain. Fortunately,
however, our algorithm merely requires that the normal component vk ∈ Rn is feasible for problem (5), lies
in Range(JTk ), and satisfies the Cauchy decrease condition

‖ck‖2 − ‖ck + Jkvk‖2 ≥ εv(‖ck‖2 − ‖ck + αCk Jkv
C
k ‖2) (6)

5



for some user-defined parameter εv ∈ (0, 1]. Here, vCk := −JTk ck is the steepest descent direction for the
objective of problem (5) at v = 0 and the stepsize αCk ∈ R is the unique solution to the problem to minimize
1
2‖ck + αCJkv

C
k ‖22 over αC ∈ R≥0 subject to αC ≤ ω. Since this allows one to choose vk ← vCk , the normal

component can be computed at low computational cost. For a more accurate solution to (5), one can
employ a so-called matrix-free iterative algorithm such as the linear conjugate gradient (CG) method with
Steihaug stopping conditions [23] or GLTR [6], each of which is guaranteed to yield a solution satisfying the
aforementioned conditions no matter how many iterations (greater than or equal to one) are performed.

After the computation of the normal component, our algorithm computes the tangential component of
the search direction by minimizing a model of the objective function subject to remaining in the null space
of the constraint Jacobian. This ensures that the progress toward linearized feasibility offered by the normal
component is not undone by the tangential component when the components are added together. The
problem defining the computation of the tangential component is

min
u∈Rn

(gk +Hkvk)Tu+ 1
2u

THku s.t. Jku = 0, (7)

where gk ∈ Rn is a stochastic gradient estimate at least satisfying Assumption 2 below and the real symmetric
matrix Hk ∈ Sn satisfies Assumption 3 below. (Specific additional requirements for {gk} are stated separately
for each case in our convergence analysis.)

Assumption 2. For all k ∈ N, the stochastic gradient estimate gk ∈ Rn is an unbiased estimator of ∇f(xk),
i.e., Ek[gk] = ∇f(xk), where Ek[·] denotes expectation conditioned on the event that the algorithm has reached
xk as the kth iterate. In addition, there exists a positive real number M ∈ R>0 such that, for all k ∈ N, one
has Ek[‖gk −∇f(xk)‖22] ≤M .

Assumption 3. The matrix Hk ∈ Sn is chosen independently from gk for all k ∈ N, the sequence {Hk} is
bounded in norm by κH ∈ R>0, and there exists ζ ∈ R>0 such that, for all k ∈ N, one has uTHku ≥ ζ‖u‖22
for all u ∈ Null(Jk).

In our context, one can generate gk in iteration k ∈ N by independently drawing bk realizations of the
random variable ι, denoting the mini-batch as Bk := {ιk,1, . . . , ιk,bk}, and setting

gk ←
1

bk

∑
ι∈Bk

∇f(xk, ι). (8)

It is a modest assumption about the function f and the sample sizes {bk} to say that {gk} generated in this
manner satisfies Assumption 2. As for Assumption 3, the assumptions that the elements of {Hk} are bounded
in norm and that Hk is sufficiently positive definite in Null(Jk) for all k ∈ N are typical for the constrained
optimization literature. In practice, one may choose Hk to be (an approximation of) the Hessian of the
Lagrangian at (xk, yk) for some yk, if such a matrix can be computed with reasonable effort in a manner that
guarantees that Assumption 3 holds. A simpler alternative is that Hk can be set to some positive definite
diagonal matrix (independent of gk).

Under Assumption 3, the tangential component uk solving (7) can be obtained by solving[
Hk JTk
Jk 0

] [
uk
yk

]
= −

[
gk +Hkvk

0

]
. (9)

Even if the constraint Jacobian Jk does not have full row rank, the linear system (9) is consistent since
it represents sufficient optimality conditions (under Assumption 3) of the linearly constrained quadratic
optimization problem in (7). Under Assumption 3, the solution component uk is unique, although the
component yk might not be unique (if Jk does not have full row rank).

Upon computation of the search direction, our algorithm proceeds to determining a positive stepsize. For
this purpose, we employ the merit function φ : Rn × R≥0 → R defined by

φ(x, τ) = τf(x) + ‖c(x)‖2 (10)
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where τ is a merit parameter whose value is set dynamically. The function φ is a type of exact penalty
function that is common in the literature [8, 9, 18]. For setting the merit parameter value in each iteration,
we employ a local model of φ denoted as l : Rn × R≥0 × Rn × Rn → R and defined by

l(x, τ, g, d) = τ(f(x) + gT d) + ‖c(x) + J(x)d‖2.

Given the search direction vectors vk, uk, and dk ← vk + uk, the algorithm sets

τ trial
k ←


∞ if gTk dk + uTkHkuk ≤ 0

(1− σ)(‖ck‖2 − ‖ck + Jkdk‖2)

gTk dk + uTkHkuk
otherwise,

(11)

where σ ∈ (0, 1) is user-defined. The merit parameter value is then set as

τk ←

{
τk−1 if τk−1 ≤ τ trial

k

min{(1− ετ )τk−1, τ
trial
k } otherwise,

(12)

where ετ ∈ (0, 1) is user-defined. This rule ensures that {τk} is monotonically nonincreasing, τk ≤ τ trial
k for

all k ∈ N, and, with the reduction function ∆l : Rn × R≥0 × Rn × Rn → R defined by

∆l(x, τ, g, d) = l(x, τ, g, 0)− l(x, τ, g, d) = −τgT d+ ‖c(x)‖2 − ‖c(x) + J(x)d‖2 (13)

and Assumption 3, it ensures the following fact that is critical for our analysis:

∆l(xk, τk, gk, dk) ≥ 1
2τku

T
kHkuk + σ(‖ck‖2 − ‖ck + Jkvk‖2). (14)

Similar to the algorithm in [1], our algorithm also adaptively sets other parameters that are used for
determining an allowable range for the stepsize in each iteration. For distinguishing between search directions
that are dominated by the tangential component and others that are dominated by the normal component,
the algorithm adaptively defines sequences {χk} and {ζk}. (These sequences were not present in the algorithm
in [1]; they are newly introduced for the needs of our proposed algorithm.) In particular, in iteration k ∈ N,
the algorithm employs the conditions

‖uk‖22 ≥ χk−1‖vk‖22 and 1
2d
T
kHkdk <

1
4ζk−1‖uk‖22 (15)

in order to set

(χk, ζk)←

{
((1 + εχ)χk−1, (1− εζ)ζk−1) if (15) holds

(χk−1, ζk−1) otherwise,
(16)

where εχ ∈ R>0 and εζ ∈ (0, 1) are user-defined. It follows from (16) that {χk} is monotonically nonde-
creasing and {ζk} is monotonically nonincreasing. It will be shown in our analysis that {χk} is bounded
above by a positive real number and {ζk} is bounded below by a positive real number, where these bounds
are uniform over all runs of the algorithm; i.e., these sequences are bounded deterministically. This means
that despite the stochasticity of the algorithm iterates, these sequences have (χk, ζk) = (χk−1, ζk−1) for all
sufficiently large k ∈ N in any run of the algorithm.

Whether ‖uk‖22 ≥ χk‖vk‖22 (i.e., the search direction is tangentially dominated) or ‖uk‖22 < χk‖vk‖22 (i.e.,
the search direction is normally dominated) influences two aspects of iteration k ∈ N. First, it influences
a value that the algorithm computes to estimate a lower bound for the ratio between the reduction in the
model l of the merit function and a quantity involving the squared norm of the search direction. (A similar,
but slightly different sequence was employed for the algorithm in [1].) In iteration k ∈ N of our algorithm,
the estimated lower bound is set adaptively by first setting

ξtrial
k ←


∆l(xk, τk, gk, dk)

τk‖dk‖22
if ‖uk‖22 ≥ χk‖vk‖22

∆l(xk, τk, gk, dk)

‖dk‖22
otherwise,

(17)
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then setting

ξk ←

{
ξk−1 if ξk−1 ≤ ξtrial

k

min{(1− εξ)ξk−1, ξ
trial
k } otherwise,

(18)

for some user-defined εξ ∈ (0, 1). The procedure in (18) ensures that {ξk} is monotonically nonincreasing
and ξk ≤ ξtrial

k for all k ∈ N. It will be shown in our analysis that {ξk} is bounded away from zero
deterministically, even though in each iteration it depends on stochastic quantities. To achieve this property,
it is critical that the denominator in (17) is different depending on whether the search direction is tangentially
or normally dominated; see Lemma 3 later on for details. The second aspect of the algorithm that is affected
by whether a search direction is tangentially or normally dominated is a rule for setting the stepsize; this
will be seen in (22) later on.

We are now prepared to present the mechanism by which a positive stepsize is selected in each iteration
k ∈ N of our algorithm. We present a strategy that allows for our convergence analysis in Section 4 to be as
straightforward as possible. In Section 5, we remark on extensions of this strategy that are included in our
software implementation for which our convergence guarantees also hold (as long as some additional cases
are considered in one key lemma).

We motivate our strategy by considering an upper bound for the change in the merit function corre-
sponding to the computed search direction, namely, dk ← vk + uk. In particular, under Assumption 1, in
iteration k ∈ N, one has for any nonnegative stepsize α ∈ R≥0 that

φ(xk + αdk, τk)− φ(xk, τk)

= τkf(xk + αdk)− τkf(xk) + ‖c(xk + αdk)‖2 − ‖ck‖2
≤ ατk∇f(xk)T dk + ‖ck + αJkdk‖2 − ‖ck‖2 + 1

2 (τkL+ Γ)α2‖dk‖22
≤ ατk∇f(xk)T dk + |1− α|‖ck‖2 − ‖ck‖2 + α‖ck + Jkdk‖2 + 1

2 (τkL+ Γ)α2‖dk‖22.

(19)

This upper bound is a convex, piecewise quadratic function in α. In a deterministic algorithm in which the
gradient ∇f(xk) is available, it is common to require that the stepsize α yields

φ(xk + αdk, τk)− φ(xk, τk) ≤ −ηα∆l(xk, τk,∇f(xk), dk), (20)

where η ∈ (0, 1) is user-defined. However, in our setting, (20) cannot be enforced since our algorithm avoids
the evaluation of ∇f(xk) and in lieu of it only computes a stochastic gradient gk. The first main idea of
our stepsize strategy is to determine a stepsize such that the upper bound in (19) is less than or equal
to the right-hand side of (20) when the true gradient ∇f(xk) is replaced by its estimate gk. Since (14),
the orthogonality of vk ∈ Range(JTk ) and uk ∈ Null(Jk), and the properties of the normal step (which, as
shown in Lemma 1 later on, include that the left-hand side of (6) is positive whenever vk 6= 0) ensure that
∆l(xk, τk, gk, dk) > 0 whenever dk 6= 0, it follows that a stepsize satisfying this aforementioned property is
given, for any βk ∈ (0, 1], by

αsuff
k ← min

{
2(1− η)βk∆l(xk, τk, gk, dk)

(τkL+ Γ)‖dk‖22
, 1

}
∈ R>0. (21)

The sequence {βk} referenced in (21) is chosen with different properties—namely, constant or diminishing—
depending on the desired type of convergence guarantee. We discuss details of the possible choices for {βk}
and the consequences of these choices along with our convergence analysis.

Given that the stepsize αsuff
k in (21) has been set based on a stochastic gradient estimate, a safeguard

is needed for our convergence guarantees. For this purpose, the second main idea of our stepsize selection
strategy is to project the trial stepsize onto an interval that is appropriate depending on whether the
search direction is tangentially dominated or normally dominated. In particular, the stepsize is chosen as
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αk ← Projk(αsuff
k ) where

Projk(·) :=


Proj

(
·

∣∣∣∣∣
[

2(1− η)βkξkτk
τkL+ Γ

,
2(1− η)βkξkτk

τkL+ Γ
+ θβ2

k

])
if ‖uk‖22 ≥ χk‖vk‖22

Proj

(
·

∣∣∣∣∣
[

2(1− η)βkξk
τkL+ Γ

,
2(1− η)βkξk
τkL+ Γ

+ θβ2
k

])
otherwise.

(22)

Here, Proj(·|I) denotes the projection onto the interval I ⊂ R. Motivation for the difference in the interval
depending on whether the search direction is tangentially or normally dominated can be seen Lemma 15
later on, where it is critical that the stepsize for a normally dominated search direction does not necessarily
vanish if/when the merit parameter vanishes, i.e., {τk} ↘ 0.

Overall, our stepsize selection mechanism can be understood as follows. First, the algorithm adaptively
sets the sequences {χk}, {ζk}, and {ξk} in order to estimate bounds that are needed for the stepsize selection
and are known to exist theoretically, but cannot be computed directly. By the manner in which these
sequences are set, our analysis shows that they remain constant for sufficiently large k ∈ N in any run of the
algorithm. With these values, our stepsize selection strategy aims to achieve a reduction in the merit function
in expectation, with safeguards since the computed values are based on stochastic quantities. One finds by
the definition of the projection interval in (22) that the stepsize for a tangentially dominated search direction
may decrease to zero if {τk} ↘ 0; this is needed in cases when the problem is degenerate or infeasible,
and the algorithm wants to avoid long steps in the tangential component that may ruin progress toward
minimizing constraint violation. Otherwise, for a normally dominated search direction, the stepsize would
remain bounded away from zero if βk = β ∈ (0, 1] for all k ∈ N; i.e., it can only decrease to zero if {βk} is
diminishing. If our algorithm did not make this distinction between the projection intervals for tangentially
versus normally dominated search directions, then the algorithm would fail to have desirable convergence
guarantees even in the deterministic setting. (In particular, our proof in Appendix A of Theorem 1, which
is upcoming in Section 4, would break down.)

Our complete algorithm is stated as Algorithm 1 on page 10.

4 Convergence Analysis

In this section, we prove convergence guarantees for Algorithm 1. To understand the results that can be
expected given our setting and the type of algorithm that we employ, let us first present a set of guarantees
that can be proved if Algorithm 1 were to be run with gk = ∇f(xk) and βk = β for all k ∈ N, where β ∈ R>0

is sufficiently small. For such an algorithm, we prove the following theorem in Appendix A. The theorem is
consistent with what can be proved for other deterministic algorithms in our context; e.g., see Theorem 3.3
in [5].

Theorem 1. Suppose Algorithm 1 is employed to solve problem (1) such that Assumption 1 holds, gk =
∇f(xk) for all k ∈ N, {Hk} satisfies Assumption 3, and βk = β for all k ∈ N where

β ∈ (0, 1] and
2(1− η)βξ−1 max{τ−1, 1}

Γ
∈ (0, 1]. (23)

If there exist kJ ∈ N and σJ ∈ R>0 such that the singular values of Jk are bounded below by σJ for all
k ≥ kJ , then the merit parameter sequence {τk} is bounded below by a positive real number and

0 = lim
k→∞

∥∥∥∥[∇f(xk) + JTk yk
ck

]∥∥∥∥
2

= lim
k→∞

∥∥∥∥[ZTk ∇f(xk)
ck

]∥∥∥∥
2

. (24)

Otherwise, if such kJ and σJ do not exist, then it still follows that

0 = lim
k→∞

‖JTk ck‖2, (25)
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Algorithm 1 Stochastic SQP Algorithm

Require: L ∈ R>0, a Lipschitz constant for ∇f ; Γ ∈ R>0, a Lipschitz constant for c; {βk} ⊂ (0, 1]; x0 ∈ Rn;
τ−1 ∈ R>0; χ−1 ∈ R>0; ζ−1 ∈ R>0; ω ∈ R>0; εv ∈ (0, 1]; σ ∈ (0, 1); ετ ∈ (0, 1); εχ ∈ R>0; εζ ∈ (0, 1);
εξ ∈ (0, 1); η ∈ (0, 1); θ ∈ R≥0

1: for k ∈ N do
2: if ‖JTk ck‖2 = 0 and ‖ck‖2 > 0 then
3: terminate and return xk (infeasible stationary point)
4: end if
5: Compute a stochastic gradient gk at least satisfying Assumption 2
6: Compute vk ∈ Range(JTk ) that is feasible for problem (5) and satisfies (6)
7: Compute (uk, yk) as a solution of (9), and then set dk ← vk + uk
8: if dk = 0 then
9: Set τ trial

k ←∞ and τk ← τk−1

10: Set (χk, ζk)← (χk−1, ζk−1)
11: Set ξtrial

k ←∞ and ξk ← ξk−1

12: Set αsuff
k ← 1 and αk ← 1

13: else
14: Set τ trial

k by (11) and τk by (12)
15: Set (χk, ζk) by (15)–(16)
16: Set ξtrial

k by (17) and ξk by (18)
17: Set αsuff

k by (21) and αk ← Projk(αsuff
k ) using (22)

18: end if
19: Set xk+1 ← xk + αkdk
20: end for

and if {τk} is bounded below by a positive real number, then

0 = lim
k→∞

‖∇f(xk) + JTk yk‖2 = lim
k→∞

‖ZTk ∇f(xk)‖2. (26)

Based on Theorem 1, the following aims—which are all achieved in certain forms in our analyses in
Sections 4.1 and 4.2—can be set for Algorithm 1 in the stochastic setting. First, if Algorithm 1 is run and the
singular values of the constraint Jacobians happen to remain bounded away from zero beyond some iteration,
then (following (24)) one should aim to prove that a primal-dual stationarity measure (recall (3)) vanishes
in expectation. This is shown under certain conditions in Corollary 1 (and the subsequent discussion) on
page 17. Otherwise, a (sub)sequence of {Jk} tends to singularity, in which case (following (25)) one should at
least aim to prove that {‖JTk ck‖2} vanishes in expectation, which would mean that a (sub)sequence of iterates
converges in expectation to feasibility or at least stationarity with respect to the constraint infeasibility
measure ϕ (recall (4)). Such a conclusion is offered under certain conditions by combining Corollary 1 (see
page 17) and Theorem 3 (see page 19). The remaining aim (paralleling (26)) is that one should aim to prove
that even if a (sub)sequence of {Jk} tends to singularity, if the merit parameter sequence {τk} happens to
remain bounded below by a positive real number, then {‖ZTk ∇f(xk)‖2} vanishes in expectation. This can
also be seen to occur under certain conditions in Corollary 1 on page 17.

In addition, due to its stochastic nature, there are events that one should consider in which the algorithm
may exhibit behavior that cannot be exhibited by the deterministic algorithm. One such event is when the
merit parameter eventually remains fixed at a value that is not sufficiently small. We show in Section 4.3
that, under certain conditions in a run of the algorithm, the probability of the occurrence of this event is
zero, and discuss what it means to assume that the total probability of this event (over all possible runs) is
zero. We complete the picture of the possible behaviors of our algorithm by discussing remaining possible
(practically irrelevant) events in Section 4.4.

Let us now commence our analysis of Algorithm 1. If a run terminates finitely at iteration k ∈ N, then
an infeasible stationary point has been found. Hence, without loss of generality throughout the remainder
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of our analysis and discussions, we assume that the algorithm does not terminate finitely, i.e., an infinite
number of iterates are generated. As previously mentioned, for much of our analysis, we merely assume that
the stochastic gradient estimates satisfy Assumption 2. This is done to show that many of our results hold
under this general setting. However, we will ultimately impose a stronger condition on {gk} that is needed
for cases when {τk} ↘ 0; see Section 4.2.

We build to our main results through a series of lemmas. Our first lemma has appeared for various
deterministic algorithms in the literature. It extends easily to our setting since the normal component
computation is deterministic conditioned on the event that the algorithm reaches xk.

Lemma 1. There exist κv ∈ R>0 and ω ∈ R>0 such that, in any run of the algorithm,

‖ck‖2(‖ck‖2 − ‖ck + Jkvk‖2) ≥ κv‖JTk ck‖22
and ω‖JTk ck‖22 ≤ ‖vk‖2 ≤ ω‖JTk ck‖2 for all k ∈ N with ‖ck‖2 > 0.

Proof. Proof. The proof follows as for Lemmas 3.5 and 3.6 in [5].

Our second lemma shows that the procedure for setting {χk} and {ζk} guarantees that these sequences
are constant deterministically for sufficiently large k ∈ N.

Lemma 2. There exist (χmax, ζmin) ∈ R>0 × R>0 such that, in any run, there exists kχ,ζ ∈ N such that
(χk, ζk) = (χkχ,ζ , ζkχ,ζ ) for all k ≥ kχ,ζ , where (χkχ,ζ , ζkχ,ζ ) ∈ (0, χmax]× [ζmin,∞).

Proof. Proof. Consider arbitrary k ∈ N in any run. If dk = 0, then the algorithm sets (χk, ζk) = (χk−1, ζk−1).
Otherwise, under Assumption 3, it follows for any χ ∈ R>0 that ‖uk‖22 ≥ χ‖vk‖22 implies

1
2d
T
kHkdk = 1

2u
T
kHkuk + uTkHkvk + 1

2v
T
kHkvk

≥ 1
2ζ‖uk‖

2
2 − ‖uk‖2‖Hk‖2‖vk‖2 − 1

2‖Hk‖2‖vk‖22 ≥
(
ζ

2
− κH√

χ
− κH

2χ

)
‖uk‖22.

Hence, for sufficiently large χ ∈ R>0, one finds that ‖uk‖22 ≥ χ‖vk‖22 implies 1
2d
T
kHkdk ≥ 1

4ζ‖uk‖
2
2. The

conclusion follows from this fact and the procedure for setting (χk, ζk) in (15)–(16).

We now prove that the sequence {ξk} is bounded below deterministically.

Lemma 3. There exists ξmin ∈ R>0 such that, in any run of the algorithm, there exists kξ ∈ N such that
ξk = ξkξ for all k ≥ kξ, where ξkξ ∈ [ξmin,∞).

Proof. Proof. Consider arbitrary k ∈ N in any run. If dk = 0, then the algorithm sets ξk = ξk−1. If dk 6= 0
and ‖uk‖22 ≥ χk‖vk‖22, then it follows from (13)–(14) and (17)–(18) that either ξk = ξk−1 or

ξk ≥ (1− εξ)ξtrial
k = (1− εξ)

(
∆l(xk, τk, gk, dk)

τk‖dk‖22

)
≥ (1− εξ)

1
2τkζ‖uk‖

2
2

τk(1 + χ−1
k )‖uk‖22

≥ (1− εξ)
1
2ζ

(1 + χ−1
−1)

.

If dk 6= 0 and ‖uk‖22 < χk‖vk‖22, then by (13)–(14), (17)–(18), and Lemmas 1–2 either ξk = ξk−1 or

ξk ≥ (1− εξ)ξtrial
k = (1− εξ)

(
∆l(xk, τk, gk, dk)

‖dk‖22

)
≥ (1− εξ)

σκvκ
−1
c ‖JTk ck‖22

(χk + 1)ω2‖JTk ck‖22
≥ (1− εξ)

σκvκ
−1
c

(χmax + 1)ω2
.

Combining these results, the desired conclusion follows.

Our next two lemmas provide useful relationships between deterministic and stochastic quantities con-
ditioned on the event that the algorithm has reached xk as the kth iterate. The first result is similar to [1,
Lemma 3.6], although the proof presented here is different in order to handle potential rank deficiency of the
constraint Jacobians. Here and throughout the remainder of our analysis, conditioned on the event that the
algorithm reaches xk as the kth iterate, we denote utrue

k as the tangential component of the search direction
that would be computed if ∇f(xk) were used in place of gk in (9), and similarly denote dtrue

k := vk + utrue
k .

11



Lemma 4. For all k ∈ N in any run, Ek[uk] = utrue
k and Ek[‖dk − dtrue

k ‖2] ≤ ζ−1
√
M .

Proof. Proof. Consider arbitrary k ∈ N in any run. Under Assumption 3, it follows from (9) that there
exist wk and wtrue

k such that uk = Zkwk and utrue
k = Zkw

true
k where wk = −(ZTk HkZk)−1ZTk (gk + Hkvk)

and wtrue
k = −(ZTk HkZk)−1ZTk (∇f(xk) + Hkvk). Since (ZTk HkZk)−1ZTk and Zk are linear operators, it

follows that Ek[wk] = wtrue
k and hence Ek[uk] = utrue

k , as desired. Then, it follows from consistency and
submultiplicity of the spectral norm, orthonormality of Zk, Jensen’s inequality, concavity of the square root
operator, and Assumptions 2 and 3 that

Ek[‖dk − dtrue
k ‖2] = Ek[‖uk − utrue

k ‖2] = Ek[‖Zk(wk − wtrue
k )‖2]

= Ek[‖Zk(ZTk HkZk)−1ZTk (gk −∇f(xk))‖2]

≤ Ek[‖Zk(ZTk HkZk)−1ZTk ‖2‖gk −∇f(xk)‖2]

= ‖(ZTk HkZk)−1‖2Ek[‖gk −∇f(xk)‖2]

≤ ζ−1Ek[‖gk −∇f(xk)‖2]

≤ ζ−1
√

Ek[‖gk −∇f(xk)‖22] ≤ ζ−1
√
M,

which is the final desired conclusion.

Our next result is part of [1, Lemma 3.9]; we provide a proof for completeness.

Lemma 5. For all k ∈ N in any run, ∇f(xk)T dtrue
k ≥ Ek[gTk dk] ≥ ∇f(xk)T dtrue

k − ζ−1M .

Proof. Proof. Consider arbitrary k ∈ N in any run. The arguments in the proof of Lemma 4 give

gTk uk = −gTk Zk(ZTk HkZk)−1ZTk (gk +Hkvk)

and ∇f(xk)Tutrue
k = −∇f(xk)TZk(ZTk HkZk)−1ZTk (∇f(xk) +Hkvk).

On the other hand, under Assumptions 2 and 3, it follows that

ζ−1M ≥ Ek[‖ZTk (gk −∇f(xk))‖2(ZTk HkZk)−1 ] ≥ 0,

where

Ek[‖ZTk (gk −∇f(xk))‖2(ZTk HkZk)−1 ]

= Ek[‖ZTk gk‖2(ZTk HkZk)−1 ]− 2Ek[gTk Zk(ZTk HkZk)−1ZTk ∇f(xk)] + ‖ZTk ∇f(xk)‖2(ZTk HkZk)−1

= Ek[‖ZTk gk‖2(ZTk HkZk)−1 ]− ‖ZTk ∇f(xk)‖2(ZTk HkZk)−1 .

Combining the facts above and again using Assumption 2, it follows that

∇f(xk)T dtrue
k − Ek[gTk dk] = ∇f(xk)T vk +∇f(xk)Tutrue

k − Ek[gTk vk + gTk uk]

= ∇f(xk)Tutrue
k − Ek[gTk uk]

= −∇f(xk)TZk(ZTk HkZk)−1ZTk (∇f(xk) +Hkvk)

+ Ek[gTk Zk(ZTk HkZk)−1ZTk (gk +Hkvk)]

= − ‖ZTk ∇f(xk)‖2(ZTk HkZk)−1 + Ek[‖ZTk gk‖2(ZTk HkZk)−1 ] ∈ [0, ζ−1M ],

which gives the desired conclusion.

In the subsequent subsections, our analysis turns to offering guarantees conditioned on each of a few
possible events that occur in a run of the algorithm, two of which involve the merit parameter sequence
eventually remaining constant in a run of the algorithm. Before considering these events, let us first prove
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under certain circumstances that such behavior of the merit parameter sequence would occur. As seen in
Theorem 1, it is worthwhile to consider such an occurrence regardless of the properties of the sequence of
constraint Jacobians. That said, one might only be able to prove that it occurs when the constraint Jacobians
are eventually bounded away from singularity.

Our first lemma here proves that if the constraint Jacobians are eventually bounded away from singularity,
then the normal components of the search directions satisfy a useful upper bound. The proof is essentially
the same as that of [5, Lemma 3.15], but we provide it for completeness.

Lemma 6. If, in a run of the algorithm, there exist kJ ∈ N and σJ ∈ R>0 such that the singular values of
Jk are bounded below by σJ for all k ≥ kJ , then there exists κω ∈ R>0 such that

‖vk‖2 ≤ κω(‖ck‖2 − ‖ck + Jkvk‖2) for all k ≥ kJ .

Proof. Proof. Under the conditions of the lemma, ‖JTk ck‖2 ≥ σJ‖ck‖2 for all k ≥ kJ . Hence, along with
Lemma 1, it follows that ‖ck‖2(‖ck‖2 − ‖ck + Jkvk‖2) ≥ κv‖JTk ck‖22 ≥ κvσ2

J‖ck‖2 for all k ≥ kJ . Combining
this again with Lemma 1, it follows with the Cauchy-Schwarz inequality and (2) that

‖vk‖2 ≤ ω‖JTk ‖2‖ck‖2 ≤
ωκJ
κvσ2

J

(‖ck‖2 − ‖ck + Jkvk‖2) for all k ≥ kJ ,

from which the desired conclusion follows.

We now prove that if the differences between the stochastic gradient estimates and the true gradients
are bounded deterministically, then the sequence of tangential components is bounded. We remark that it is
possible for the tangential component sequence to remain bounded even if such a condition on the stochastic
gradient estimates does not hold.

Lemma 7. If, in a run of the algorithm, the sequence {‖gk−∇f(xk)‖2} is bounded by a positive real number
κg ∈ R>0, then the sequence {‖uk‖2} is bounded by a positive real number κu ∈ R>0.

Proof. Proof. Under Assumption 1, the sequence {‖∇f(xk)‖2} is bounded; recall (2). Hence, under the
conditions of the lemma, {‖gk‖2} is bounded. The first block of (9) yields uTkHkuk = −uTk (gk + Hkvk),
which under Assumption 3 yields ζ‖uk‖22 ≤ −uTk gk − uTkHkvk ≤ (‖gk‖2 + ‖Hk‖2‖vk‖2)‖uk‖2. Hence, the
conclusion follows from these facts, Assumption 1, Assumption 3, and Lemma 1.

By combining the preceding two lemmas, the following lemma indicates certain circumstances under
which the sequence of merit parameters will eventually remain constant. We remark that it is possible for
the merit parameter sequence to remain constant eventually even if the conditions of the lemma do not
hold, which is why our analyses in the subsequent subsections do not presume that these conditions hold.
That said, to prove that there exist settings in which the merit parameter is guaranteed to remain constant
eventually, we offer the following lemma.

Lemma 8. If, in a run, there exist kJ ∈ N and σJ ∈ R>0 such that the singular values of Jk are bounded
below by σJ for all k ≥ kJ and {‖gk −∇f(xk)‖2} is bounded by a positive real number κg ∈ R>0, then there
exist kτ ∈ N and τmin ∈ R>0 such that τk = τmin for all k ∈ N with k ≥ kτ .

Proof. Proof. Observe that the algorithm terminates if ‖JTk ck‖2 = 0 while ‖ck‖2 > 0. Let us now show that
if ‖ck‖2 = 0, then the algorithm sets τk ← τk−1. Indeed, ‖ck‖2 = 0 implies vk = 0 by Lemma 1. If uk = 0
as well, then dk = 0 and the algorithm explicitly sets τk ← τk−1. Otherwise, if vk = 0 and uk 6= 0, then (9)
yields gTk uk + uTkHkuk = gTk dk + uTkHkuk, in which case (11)–(12) again yield τk ← τk−1. Overall, it follows
that τk < τk−1 if and only if one finds ‖JTk ck‖2 > 0, gTk dk + uTkHkuk > 0, and τk−1(gTk dk + uTkHkuk) >
(1 − σ)(‖ck‖2 − ‖ck + Jkvk‖2). On the other hand, from the first equation in (9), the Cauchy-Schwarz
inequality, (2), and Lemmas 6 and 7, it holds that

gTk dk + uTkHkuk = (gk −Hkuk)T vk = (gk −∇f(xk) +∇f(xk)−Hkuk)T vk

≤ (κg + κ∇f + κHκu)‖vk‖2
≤ (κg + κ∇f + κHκu)κω(‖ck‖2 − ‖ck + Jkvk‖2).
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Combining these facts, the desired conclusion follows.

4.1 Constant, Sufficiently Small Merit Parameter

Our goal in this subsection is to prove a convergence guarantee for our algorithm in the event Eτ,low, which
is defined formally in the assumption below. In the assumption, similar to our notation of utrue

k and dtrue
k ,

we use τ trial,true
k to denote the value of τ trial

k that, conditioned on xk as the kth iterate, would be computed
in iteration k ∈ N if the search direction were computed using the true gradient ∇f(xk) in place of gk in (9).

Assumption 4. In a run of the algorithm, event Eτ,low occurs, i.e., there exists an iteration number kτ ∈ N
and a merit parameter value τmin ∈ R>0 such that

τk = τmin ≤ τ trial,true
k , χk = χk−1, ζk = ζk−1, and ξk = ξk−1 for all k ≥ kτ .

In addition, along the lines of Assumption 2, {gk}k≥kτ satisfies Ek,τ,low[gk] = ∇f(xk) and Ek,τ,low[‖gk −
∇f(xk)‖22] ≤ M , where Ek,τ,low denotes expectation with respect to the distribution of ι conditioned on the
event that Eτ,low occurs and the algorithm has reached xk in iteration k ∈ N.

Recall from Lemmas 2 and 3 that the sequences {χk}, {ζk}, and {ξk} are guaranteed to be bounded
deterministically, and in particular will remain constant for sufficiently large k ∈ N. Hence, one circumstance
in which Assumption 4 may hold is under the conditions of Lemma 8. A critical distinction in Assumption 4
is that the value at which the merit parameter eventually settles is sufficiently small such that τk ≤ τ trial,true

k

for all sufficiently large k ∈ N. This is the key distinction between the event Eτ,low and some of the events
we consider in Sections 4.3 and 4.4.

For the sake of brevity in the rest of this subsection, let us temporarily redefine Ek := Ek,τ,low.
Our next lemma provides a key result that drives our analysis for this subsection. It shows that as long

as βk is sufficiently small for all k ∈ N (in a manner similar to (23)), the reduction in the merit function in
each iteration is at least the reduction in the model of the merit function corresponding to the true gradient
and its associated search direction minus quantities that can be attributed to the error in the stochastic
gradient estimate.

Lemma 9. Suppose that {βk} is chosen such that

βk ∈ (0, 1] and
2(1− η)βkξk max{τk, 1}

τkL+ Γ
∈ (0, 1] for all k ∈ N. (28)

Then, for all k ∈ N in any such run of the algorithm, it follows that

φ(xk, τk)− φ(xk + αkdk, τk)

≥ αk∆l(xk, τk,∇f(xk), dtrue
k )− (1− η)αkβk∆l(xk, τk, gk, dk)− αkτk∇f(xk)T (dk − dtrue

k ).

Proof. Proof. Consider arbitrary k ∈ N in any run. From (21)–(22) and the supposition about {βk}, one
finds αk ∈ (0, 1]. Hence, with (19) and Jkdk = Jkd

true
k (since Jkuk = Jku

true
k = 0 by (9)), one has

φ(xk, τk)− φ(xk + αkdk, τk)

≥ − αk(τk∇f(xk)T dk − ‖ck‖2 + ‖ck + Jkdk‖2)− 1
2 (τkL+ Γ)α2

k‖dk‖22
= − αk(τk∇f(xk)T dtrue

k − ‖ck‖2 + ‖ck + Jkd
true
k ‖2)− 1

2 (τkL+ Γ)α2
k‖dk‖22 − αkτk∇f(xk)T (dk − dtrue

k )

= αk∆l(xk, τk,∇f(xk), dtrue
k )− 1

2 (τkL+ Γ)α2
k‖dk‖22 − αkτk∇f(xk)T (dk − dtrue

k ). (29)

By (21), it follows that αsuff
k ≤ 2(1−η)βk∆l(xk,τk,gk,dk)

(τkL+Γ)‖dk‖22
. If ‖uk‖22 ≥ χk‖vk‖22, then it follows from (17)–(18) that

ξk ≤ ξtrial
k = ∆l(xk,τk,gk,dk)

τk‖dk‖22
and 2(1−η)βk∆l(xk,τk,gk,dk)

(τkL+Γ)‖dk‖22
≥ 2(1−η)βkξkτk

τkL+Γ . On the other hand, if ‖uk‖22 < χk‖vk‖22,

then it follows from (17)–(18) that ξk ≤ ξtrial
k = ∆l(xk,τk,gk,dk)

‖dk‖22
and 2(1−η)βk∆l(xk,τk,gk,dk)

(τkL+Γ)‖dk‖22
≥ 2(1−η)βkξk

τkL+Γ . It
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follows from these facts and the supposition about {βk} that the projection in (22) never sets αk > αsuff
k .

Thus, αk ≤ αsuff
k ≤ 2(1−η)βk∆l(xk,τk,gk,dk)

(τkL+Γ)‖dk‖22
. Hence, by (29),

φ(xk, τk)− φ(xk + αkdk, τk)

≥ αk∆l(xk, τk,∇f(xk), dtrue
k )− 1

2αk(τkL+ Γ)
(

2(1−η)βk∆l(xk,τk,gk,dk)
(τkL+Γ)‖dk‖22

)
‖dk‖22 − αkτk∇f(xk)T (dk − dtrue

k )

= αk∆l(xk, τk,∇f(xk), dtrue
k )− (1− η)αkβk∆l(xk, τk, gk, dk)− αkτk∇f(xk)T (dk − dtrue

k ),

which completes the proof.

Our second result in this case offers a critical upper bound on the final term in the conclusion of Lemma 9.
The result follows in a similar manner as [1, Lemma 3.11].

Lemma 10. For any run under Assumption 4, it follows for any k ≥ kτ that

Ek[αkτk∇f(xk)T (dk − dtrue
k )] ≤ β2

kθτminκ∇fζ
−1
√
M.

Proof. Proof. Using (2) and Lemma 4, the result follows in the same manner as [1, Lemma 3.11] since, under
Assumption 4, the stepsize αk for all k ≥ kτ is contained within an interval of the form[

min

{
2(1− η)βk ξ̂minτmin

τminL+ Γ
,

2(1− η)βk ξ̂min

τminL+ Γ

}
,max

{
2(1− η)βk ξ̂minτmin

τminL+ Γ
,

2(1− η)βk ξ̂min

τminL+ Γ

}
+ θβ2

k

]
,

where, for a given run of the algorithm, ξ̂min ∈ [ξmin,∞) is the positive real number such that ξk = ξ̂min for
all k ≥ kτ whose existence follows from Lemma 3 and Assumption 4.

Our next result in this case bounds the middle term in the conclusion of Lemma 9.

Lemma 11. For any run under Assumption 4, it follows for any k ≥ kτ that

Ek[∆l(xk, τmin, gk, dk)] ≤ ∆l(xk, τmin,∇f(xk), dtrue
k ) + τminζ

−1M.

Proof. Proof. Consider arbitrary k ≥ kτ in any run under Assumption 4. By Assumption 4, it follows from
the model reduction definition (13) and Lemma 5 that

Ek[∆l(xk, τk, gk, dk)] = Ek[−τming
T
k dk + ‖ck‖2 − ‖ck + Jkdk‖2]

≤ −τmin∇f(xk)T dtrue
k + τminζ

−1M + ‖ck‖2 − ‖ck + Jkd
true
k ‖2

= ∆l(xk, τmin,∇f(xk), dtrue
k ) + τminζ

−1M,

as desired.

We now prove our main theorem of this subsection, where Eτ,low[ · ] := E[ · | Assumption 4 holds].

Theorem 2. Suppose that Assumption 4 holds and the sequence {βk} is chosen such that (28) holds for all

k ∈ N. For a given run of the algorithm, define ξ̂min ∈ R>0 as the value in Assumption 4 such that ξk = ξ̂min

for all k ≥ kτ and define

A := min
{

2(1−η)ξ̂minτmin

τminL+Γ , 2(1−η)ξ̂min

τminL+Γ

}
, A := max

{
2(1−η)ξ̂minτmin

τminL+Γ , 2(1−η)ξ̂min

τminL+Γ

}
,

and M := τminζ
−1((1− η)(A+ θ)M + θκ∇f

√
M).

If βk = β ∈ (0, A/((1− η)(A+ θ))) for all k ≥ kτ , then

Eτ,low

 1

k + 1

kτ+k∑
j=kτ

∆l(xj , τmin,∇f(xj), d
true
j )


≤ βM

A− (1− η)(A+ θ)β
+

Eτ,low[φ(xkτ , τmin)]− φmin

(k + 1)β(A− (1− η)(A+ θ)β)

k→∞−−−−→ βM

A− (1− η)(A+ θ)β
,

(30)
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where, in the context of Assumption 1, φmin ∈ R>0 is a lower bound for φ(·, τmin) over X . On the other
hand, if

∑∞
k=kτ

βk =∞ and
∑∞
k=kτ

β2
k <∞, then

lim
k→∞

Eτ,low

 1

(
∑kτ+k
j=kτ

βj)

kτ+k∑
j=kτ

βj∆l(xj , τmin,∇f(xj), d
true
j )

 = 0. (31)

Proof. Proof. Consider arbitrary k ≥ kτ in any run under Assumption 4. From the definitions of A and
A in the statement of the theorem, the manner in which the stepsizes are set by (22), and the fact that
βk ∈ (0, 1], it follows that Aβk ≤ αk ≤ (A + θ)βk. Hence, it follows from Lemmas 9–11 and the conditions
of the theorem that

φ(xk, τmin)− Ek[φ(xk + αkdk, τmin)]

≥ Ek[αk∆l(xk, τmin,∇f(xk), dtrue
k )− (1− η)αkβk∆l(xk, τmin, gk, dk)− αkτmin∇f(xk)T (dk − dtrue

k )]

≥ βk(A− (1− η)(A+ θ)βk)∆l(xk, τmin,∇f(xk), dtrue
k )− β2

kM.

If βk = β ∈ (0, A/((1− η)(A+ θ))) for all k ≥ kτ , then total expectation under Assumption 4 yields

Eτ,low[φ(xk, τmin)]− Eτ,low[φ(xk + αkdk, τmin)]

≥ β(A− (1− η)(A+ θ)β)Eτ,low[∆l(xk, τmin,∇f(xk), dtrue
k )]− β2M for all k ≥ kτ .

Summing this inequality for j ∈ {kτ , . . . , kτ + k}, it follows under Assumption 1 that

Eτ,low[φ(xkτ , τmin)]− φmin

≥ Eτ,low[φ(xkτ , τmin)]− Eτ,low[φ(xkτ+k+1, τmin)]

≥ β(A− (1− η)(A+ θ)β)Eτ,low

kτ+k∑
j=kτ

∆l(xj , τmin,∇f(xj), d
true
j )

− (k + 1)β2M,

from which (30) follows. On the other hand, if {βk} satisfies
∑∞
k=kτ

βk = ∞ and
∑∞
k=kτ

β2
k < ∞, then it

follows for sufficiently large k ≥ kτ that βk ≤ ηA/((1 − η)(A + θ)); hence, without loss of generality, let us
assume that this inequality holds for all k ≥ kτ , which implies that A− (1− η)(A+ θ)βk ≥ (1− η)A for all
k ≥ kτ . As above, it follows that

Eτ,low[φ(xk, τmin)]− Eτ,low[φ(xk + αkdk, τmin)]

≥ (1− η)AβkEτ,low[∆l(xk, τmin,∇f(xk), dtrue
k )]− β2

kM for all k ≥ kτ .

Summing this inequality for j ∈ {kτ , . . . , kτ + k}, it follows under Assumption 1 that

Eτ,low[φ(xkτ , τmin)]− φmin ≥ Eτ,low[φ(xkτ , τmin)]− Eτ,low[φ(xkτ+k+1, τmin)]

≥ (1− η)AEτ,low

kτ+k∑
j=kτ

βj∆l(xj , τmin,∇f(xj), d
true
j )

−M kτ+k∑
j=kτ

β2
j .

Rearranging this inequality yields

Eτ,low

kτ+k∑
j=kτ

βj∆l(xj , τmin, gj , d
true
j )

 ≤ Eτ,low[φ(xkτ , τmin)]− φmin

(1− η)A
+

M

(1− η)A

kτ+k∑
j=kτ

β2
j ,

from which (31) follows.
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We end this subsection with a corollary in which we connect the result of Theorem 2 to first-order
stationarity measures (recall (3)). For this corollary, we require the following lemma.

Lemma 12. For all k ∈ N, it holds that ‖utrue
k ‖2 ≥ κ−1

H ‖ZTk (∇f(xk) +Hkvk)‖2.

Proof. Proof. Consider arbitrary k ∈ N in any run. As in the proof of Lemma 4, ZTk HkZkw
true
k =

−ZTk (∇f(xk) +Hkvk), meaning with Assumption 3 that ‖utrue
k ‖2 ≥ κ−1

H ‖ZTk (∇f(xk) +Hkvk)‖2.

Corollary 1. Under the conditions of Theorem 2, the following hold true.

(a) If βk = β ∈ (0, A/((1− η)(A+ θ))) for all k ≥ kτ , then

Eτ,low

 1

k + 1

kτ+k∑
j=kτ

(
‖ZTj (∇f(xj) +Hjvk)‖22

κ2
H

+
κv‖JTj cj‖22

κc

)
≤ βM

A− (1− η)(A+ θ)β
+

Eτ,low[φ(xkτ , τmin)]− φmin

(k + 1)β(A− (1− η)(A+ θ)β)

k→∞−−−−→ βM

A− (1− η)(A+ θ)β
.

(b) If
∑∞
k=kτ

βk =∞ and
∑∞
k=kτ

β2
k <∞, then

lim
k→∞

Eτ,low

 1(∑kτ+k
j=kτ

βj

) kτ+k∑
j=kτ

βj

(
‖ZTj (∇f(xj) +Hjvj)‖22

κ2
H

+
κv‖JTj cj‖22

κc

) = 0,

from which it follows that

lim inf
k→∞

Eτ,low

[
‖ZTk (∇f(xk) +Hkvk)‖22

κ2
H

+
κv‖JTk ck‖22

κc

]
= 0.

Proof. Proof. For all k ∈ N, it follows under Assumption 4 that (14) holds with ∇f(xk) in place of gk and
utrue
k in place of uk. The result follows from this fact, Theorem 2, and Lemmas 1 and 12.

Observe that if the singular values of Jk are bounded below by σJ ∈ R>0 for all k ≥ kJ for some kJ ∈ N,
then (as in the proof of Lemma 6) it follows that ‖JTk ck‖2 ≥ σJ‖ck‖2 for all k ≥ kJ . In this case, the results
of Corollary 1 hold with σJ‖ck‖2 in place of ‖JTk ck‖2. Overall, Corollary 1 offers results for the stochastic
setting that parallel the limits (24) and (26) for the deterministic setting. The only difference is the presence
of ZTk Hkvk in the term involving the reduced gradient ZTk ∇f(xk) for all k ∈ N. However, this does not
significantly weaken the conclusion. After all, it follows from (5) (see also Lemma 1) that ‖vk‖2 ≤ ω‖JTk ck‖2
for all k ∈ N. Hence, since Corollary 1 shows that at least a subsequence of {‖JTk ck‖2} tends to vanish
in expectation, it follows that {‖vk‖2} vanishes in expectation along the same subsequence of iterations.
This, along with Assumption 3 and the orthonormality of Zk, shows that {‖ZTk Hkvk‖2} exhibits this same
behavior, which means that from the corollary one finds that a subsequence of {‖ZTk ∇f(xk)‖2} vanishes in
expectation.

Let us conclude this subsection with a few remarks on how one should interpret its main conclusions.
First, one learns from the requirements on {βk} in Lemma 9 and Theorem 2/Corollary 1 that, rather than

employ a prescribed sequence {βk}, one should instead prescribe {β̂j}∞j=0 ⊂ (0, 1] and for each k ∈ N set βk
based on whether or not an adaptive parameter changes its value. In particular, anytime k ∈ N sees either
τk < τk−1, χk > χk−1, ζk < ζk−1, or ξk < ξk−1, the algorithm should set βk+j ← λβ̂j for j = 0, 1, 2, . . .

(continuing indefinitely or until k̂ ∈ N with k̂ > k sees τk̂ < τk̂−1, χk̂ > χk̂−1, ζk̂ < ζk̂−1, or ξk̂ < ξk̂−1), where
λ ∈ R>0 is chosen sufficiently small such that (28) holds. Since such a “reset” of j ← 0 will occur only a finite
number of times under event Eτ,low, one of the desirable results in Theorem 2/Corollary 1 can be attained

if {β̂j} is chosen as an appropriate constant or diminishing sequence. Second, let us note that due to the
generality of Assumption 4, it is possible that for different runs of the algorithm the corresponding terminal
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merit parameter value, namely, τmin, in Assumption 4 could become arbitrarily close to zero. (This is in
contrast to the conditions of Lemma 8, which guarantee a uniform lower bound for the merit parameter over
all runs satisfying these conditions.) Hence, while our main conclusions of this subsection hold under looser
conditions than those in Lemma 8, one should be wary in practice if/when the merit parameter sequence
reaches small numerical values.

4.2 Vanishing Merit Parameter

Let us now consider the behavior of the algorithm in settings in which the merit parameter vanishes; in
particular, we make Assumption 5 below.

Assumption 5. In a run of the algorithm, event Eτ,zero occurs, i.e., {τk} ↘ 0. In addition, along the lines of
Assumption 2, the stochastic gradient sequence {gk} satisfies Ek,τ,zero[gk] = ∇f(xk) and ‖gk −∇f(xk)‖22 ≤
M , where Ek,τ,zero denotes expectation with respect to the distribution of ι conditioned on the event that
Eτ,zero occurs and the algorithm has reached xk in iteration k ∈ N.

Recalling Theorem 1 and Lemma 8, one may conclude in general that the merit parameter sequence may
vanish for one of two reasons: a (sub)sequence of constraint Jacobians tends toward rank deficiency or a
(sub)sequence of stochastic gradient estimates diverges. Our assumption here assumes that the latter event
does not occur. (In our remarks in Section 4.4, we discuss the obstacles that arise in proving convergence
guarantees when the merit parameter vanishes and the stochastic gradient estimates diverge.) Given our set-
ting of constrained optimization, it is reasonable and consistent with Theorem 1 to have convergence toward
stationarity with respect to the constraint violation measure as the primary goal in these circumstances.

For the sake of brevity in the rest of this subsection, let us temporarily redefine Ek := Ek,τ,zero.
Our first result in this subsection is an alternative of Lemma 9.

Lemma 13. Under Assumption 5 and assuming that {βk} is chosen such that (28) holds for all k ∈ N, it
follows for all k ∈ N that

‖ck‖2 − ‖c(xk + αkdk)‖2
≥ αk(1− (1− η)βk)∆l(xk, τk, gk, dk)− τk(fk − f(xk + αkdk))− αkτk(∇f(xk)− gk)T dk.

Proof. Proof. Consider arbitrary k ∈ N in any run under Assumption 5. As in the proof of Lemma 9, from
(21)–(22) and the supposition about {βk}, one finds αk ∈ (0, 1]. Hence, with (19), one has

φ(xk, τk)− φ(xk + αkdk, τk) ≥ − αk(τk∇f(xk)T dk − ‖ck‖2 + ‖ck + Jkdk‖2)− 1
2 (τkL+ Γ)α2

k‖dk‖22
= αk∆l(xk, τk, gk, dk)− 1

2 (τkL+ Γ)α2
k‖dk‖22 − αkτk(∇f(xk)− gk)T dk.

Now following the same arguments as in the proof of Lemma 9, it follows that − 1
2 (τkL + Γ)α2

k‖dk‖22 ≥
−(1− η)αkβk∆l(xk, τk, gk, dk), which combined with the above yields the desired conclusion.

Our next result yields a bound on the final term in the conclusion of Lemma 13.

Lemma 14. For any run under Assumption 5, there exists κβ ∈ R>0 such that

αkτk(∇f(xk)− gk)T dk ≤ βkτk−1κβ for all k ∈ N.

Proof. Proof. The existence of κd ∈ R>0 such that, in any run under Assumption 5, one finds ‖dk‖2 ≤ κd for
all k ∈ N follows from Assumption 5, the fact that ‖dk‖22 = ‖vk‖22 +‖uk‖22 for all k ∈ N, Lemma 7, Lemma 1,
and Assumption 1. Now consider arbitrary k ∈ N in any run under Assumption 5. If (∇f(xk)− gk)T dk < 0,
then the desired conclusion follows trivially (for any κβ ∈ R>0). Hence, let us proceed under the assumption
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that (∇f(xk) − gk)T dk ≥ 0. It follows from (22), the facts that 0 ≤ τk ≤ τk−1, τk ≤ τ−1, ξk ≤ ξ−1, and
βk ≤ 1 for all k ∈ N, the Cauchy-Schwarz inequality, and Assumption 5 that

αkτk(∇f(xk)− gk)T dk ≤
(

2(1− η)βkξk
τkL+ Γ

max{τk, 1}+ θβ2
k

)
τk‖∇f(xk)− gk‖2‖dk‖2

≤
(

2(1− η)βkξ−1

Γ
max{τ−1, 1}+ θβk

)
τk−1

√
Mκd,

from which the desired conclusion follows with κβ :=
(

2(1−η)ξ−1

Γ max{τ−1, 1}+ θ
)√

Mκd.

Our third result in this subsection offers a formula for a positive lower bound on the stepsize that is
applicable at points that are not stationary for the constraint infeasibility measure. For this lemma and its
subsequent consequences, we define for arbitrary γ ∈ R>0 the subset

Xγ := {x ∈ Rn : ‖J(x)T c(x)‖2 ≥ γ}. (32)

Lemma 15. There exists α ∈ R>0 such that αk ≥ αβk for each k ∈ N such that ‖uk‖22 < χk‖vk‖22. On the
other hand, for each γ ∈ R>0, there exists εγ ∈ R>0 (proportional to γ2) such that

xk ∈ Xγ implies αk ≥ min{εγβk, εγβkτk + θβ2
k} whenever ‖uk‖22 ≥ χk‖vk‖22.

Proof. Proof. Define Kγ := {k ∈ N : xk ∈ Xγ}. By Lemma 1, it follows that ‖vk‖2 ≥ ω‖JTk ck‖22 ≥ ωγ2 for
all k ∈ Kγ . Consequently, by Lemma 7, it follows that

‖uk‖2 ≤
κu
ωγ2
‖vk‖2 for all k ∈ Kγ . (33)

It follows from (22) that αk ≥ 2(1 − η)βkξk/(τkL + Γ) whenever ‖uk‖22 < χk‖vk‖22. Otherwise, whenever
‖uk‖22 ≥ χk‖vk‖22, it follows using the arguments in Lemma 9 and (22) that

αk = min

{
2(1− η)βk∆l(xk, τk, gk, dk)

(τkL+ Γ)‖dk‖22
,

2(1− η)βkξkτk
τkL+ Γ

+ θβ2
k, 1

}
,

which along with (14), Lemma 1, (2), and (33) imply that

αk ≥ min

{
2(1− η)βkσ(‖ck‖2 − ‖ck + Jkvk‖2)

(τkL+ Γ)(‖uk‖22 + ‖vk‖22)
,

2(1− η)βkξkτk
τkL+ Γ

+ θβ2
k, 1

}

≥ min

 2(1− η)βkσκv‖JTk ck‖2

(τkL+ Γ)(
κ2
u

ω2γ4 + 1)ω2‖ck‖‖JTk ck‖2
,

2(1− η)βkξkτk
τkL+ Γ

+ θβ2
k, 1


≥ min

{
2(1− η)βkσκvω

2γ4

(τkL+ Γ)κcω2(κ2
u + ω2γ4)

,
2(1− η)βkξkτk

τkL+ Γ
+ θβ2

k, 1

}
.

Combining the cases above with Lemma 3 yields the desired conclusion.

We now prove our main theorem of this subsection, where Eτ,zero[ · ] = E[ · | Assumption 5 holds].

Theorem 3. Suppose that Assumption 5 holds and that βk = β for all k ∈ N, where β ∈ (0, 1) is chosen
such that (28) holds for all k ∈ N. Then, lim infk→∞ ‖JTk ck‖2 = 0.

Proof. Proof. To derive a contradiction, suppose that there exists kγ ∈ N and γ ∈ R>0 such that xk ∈ Xγ
for all k ≥ kγ . By Lemmas 13–15, (2), (14), the fact that β ∈ (0, 1), Lemma 1, and Assumption 1, it follows
that there exists εγ ∈ R>0 such that

‖ck‖2 − ‖c(xk + αkdk)‖2
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≥ αk(1− (1− η)β)∆l(xk, τk, gk, dk)− τk(fk − f(xk + αkdk))− αkτk(∇f(xk)− gk)T dk

≥ εγβησ(‖ck‖2 − ‖ck + Jkvk‖2)− τk−1(fsup − finf)− βτk−1κβ

≥ εγβησκvκ
−1
c ‖JTk ck‖22 − τk−1(fsup − finf + βκβ) for all k ≥ kγ . (34)

Since ‖JTk ck‖2 ≥ γ for all k ≥ kγ and {τk} ↘ 0 under Assumption 5, it follows that there exists kτ ≥ kγ
such that τk−1(fsup − finf + βκβ) ≤ 1

2εγβησκvκ
−1
c ‖JTk ck‖22 for all k ≥ kτ . Hence, summing (34) for j ∈

{kτ , . . . , kτ + k}, it follows with (2) that

κc ≥ ‖ckτ ‖2 − ‖ckτ+k+1‖2 ≥
1

2
εγβησκvκ

−1
c

kτ+k∑
j=kτ

‖JTj cj‖2.

It follows from this fact that {JTk ck}k≥kτ → 0, yielding a contradiction, as desired.

4.3 Constant, Insufficiently Small Merit Parameter

Our goal now is to consider the event that the algorithm generates a merit parameter sequence that eventually
remains constant, but at a value that is too large in the sense that the conditions of Assumption 4 do not
hold. Such an event for the algorithm in [1] is addressed in Proposition 3.16 in that article, where under a
reasonable assumption (paralleling (37a), which we discuss later on) it is shown that, in a given run of the
algorithm, the probability is zero of the merit parameter settling on too large of a value. The same can be
said of our algorithm, as discussed in this subsection. That said, this does not address what might be the
total probability, over all runs of the algorithm, of the event that the merit parameter remains too large. We
discuss in this section what it means to assume that this total probability is equal to zero, and how such an
assumption may be justified in general.

For our purposes in this section, we make some mild simplifications. First, as shown in Lemmas 2 and 3,
each of the sequences {χk}, {ζk}, and {ξk} has a nontrivial, uniform bound that holds over any run of the
algorithm. Hence, for simplicity, we shall assume that the initial values of these sequences are chosen such
that they are constant over k ∈ N. (Our discussions in this subsection can be generalized to situations when
this is not the case; the conversation merely becomes more cumbersome, which we have chosen to avoid.)
Second, it follows from properties of the deterministic instance of our algorithm (recall Theorem 1) that if a

subsequence of {τ trial,true
k } converges to zero, then a subsequence of the sequence of minimum singular values

of the constraint Jacobians {Jk} vanishes as well. Hence, we shall consider in this subsection events in which

there exists τ trial,true
min ∈ R>0 such that τ trial,true

k ≥ τ trial,true
min for all k ∈ N in any run of the algorithm. (We

will remark on the consequences of this assumption further in Section 4.4.) It follows from this and (12)
that if the cardinality of the set of iteration indices {k ∈ N : τk < τk−1} ever exceeds

s(τ trial,true
min ) :=

⌈
log(τ trial,true

min /τ−1)

log(1− ετ )

⌉
∈ N, (35)

then for all subsequent k ∈ N one has τk−1 ≤ τ trial,true
min ≤ τ trial,true

k . This property of s(τ trial,true
min ) is relevant

in our event of interest for this subsection, which we now define.

Definition 1. The event Eτ,big(τ trial,true
min ) for some τ trial,true

min ∈ R>0 occurs in a run if and only if τ trial,true
k ≥

τ trial,true
min for all k ∈ N and there exists an infinite index set K ⊆ N such that

τ trial,true
k < τk−1 for all k ∈ K. (36)

Considering a given run of our algorithm in which it is presumed that τ trial,true
k ≥ τ trial,true

min for some

τ trial,true
min ∈ R>0 and for all k ∈ N, one has under a reasonable assumption (specifically, that (37a) in the

lemma below holds for all k ∈ N) that the probability is zero that Eτ,big(τ trial,true
min ) occurs. We prove this

now using the same argument as in the proof of [1, Proposition 3.16]. For this, we require the following
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lemma, proved here for our setting, which is slightly different than for the algorithm in [1] (due to the slightly
different formula for setting the merit parameter).

Lemma 16. For any k ∈ N in any run of the algorithm, it follows for any p ∈ (0, 1] that

Pk[gTk dk + uTkHkuk ≥ ∇f(xk)T dtrue
k + (utrue

k )THku
true
k ] ≥ p (37a)

implies Pk[τk < τk−1|τ trial,true
k < τk−1] ≥ p. (37b)

Proof. Proof. Consider any k ∈ N in any run of the algorithm such that τ trial,true
k < τk−1 ∈ R>0. Then, it

follows from (11) that τ trial,true
k <∞, ∇f(xk)T dtrue

k + (utrue
k )THku

true
k > 0, and

τ trial,true
k =

(1− σ)(‖ck‖2 − ‖ck + Jkd
true
k ‖2)

∇f(xk)T dtrue
k + (utrue

k )THkutrue
k

< τk−1,

from which it follows that

(1− σ)(‖ck‖2 − ‖ck + Jkd
true
k ‖2) < (∇f(xk)T dtrue

k + (utrue
k )THku

true
k )τk−1. (38)

If, in addition, a realization of gk yields

gTk dk + uTkHkuk ≥ ∇f(xk)T dtrue
k + (utrue

k )THku
true
k , (39)

then it follows from (38) and the fact that Jkd
true
k = Jkdk that

(1− σ)(‖ck‖2 − ‖ck + Jkdk‖2) < (gTk dk + uTkHkuk)τk−1.

It follows from this inequality and Lemma 1 that gTk dk + uTkHkuk > 0, and with (12) it holds that

τk ≤ τ trial
k =

(1− σ)(‖ck‖2 − ‖ck + Jkdk‖2)

gTk dk + uTkHkuk
< τk−1.

Hence, conditioned on the event that τ trial,true
k < τk−1, one finds that (39) implies that τk < τk−1. Therefore,

under the conditions of the lemma and the fact that, conditioned on the events leading up to iteration
number k one has that both τ trial,true

k and τk−1 are deterministic, it follows that

Pk[τk < τk−1|τ trial,true
k < τk−1]

≥ Pk[gTk dk + uTkHkuk ≥ ∇f(xk)T dtrue
k + (utrue

k )THku
true
k |τ trial,true

k < τk−1]

= Pk[gTk dk + uTkHkuk ≥ ∇f(xk)T dtrue
k + (utrue

k )THku
true
k ] ≥ p,

as desired.

We can now prove the following result for our algorithm. (We remark that [1] also discusses an illustrative
example in which (37a) holds for all k ∈ N; see Example 3.17 in that article.)

Proposition 1. If, in a given run of our algorithm, there exist τ trial,true
min ∈ R>0 and p ∈ (0, 1] such that

τ trial,true
k ≥ τ trial,true

min and (37a) hold for all k ∈ N, then the probability is zero that the event Eτ,big(τ trial,true
min )

occurs in the run.

Proof. Proof. Under the conditions of the proposition, the conclusion follows from Lemma 16 using the same
argument as in the proof of [1, Proposition 3.16].
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The analysis above shows that if {τ trial,true
k } is bounded below uniformly by a positive real number, then

the probability is zero that Eτ,big(τ trial,true
min ) occurs in a given run. From this property, it follows under this

condition that the probability is zero that Eτ,big(τ trial,true
min ) occurs in a countable number of runs. However,

this analysis does not address what may be the total probability, over all possible runs of the algorithm,
that Eτ,big(τ trial,true

min ) may occur. Determining this total probability would require careful consideration of
the distributions of the stochastic gradient estimates at each possible iterate that go beyond our scope. To
assume that the total probability of this event is zero amounts to making the following assumption, for which
we define the (random) index sets

Kshould
τ := {k ∈ N : τ trial,true

k < τk−1}

and Kactual
τ := {k ∈ N : τ trial,true

k < τk−1 and τk < τk−1} ⊆ Kshould
τ .

Assumption 6. Given τ trial,true
min ∈ R>0 and s := s(τ trial,true

min ) defined in (35), one has that

lim
s→∞

P
[(
|Kshould
τ | ≥ s

)
∧
(
|Kactual
τ | < s

)]
= 0. (40)

(Here, as earlier in the paper, P[·] denotes total probability over all runs of the algorithm.)

Let us now present an argument as to how Assumption 6 may be justified. The index set Kshould
τ denotes

iterations in which computing a search direction with the true gradient of the objective would lead to a
merit parameter decrease, whereas the subset Kactual

τ denotes such iterations in which computing a search
direction with the stochastic gradient does indeed lead to a merit parameter decrease. Put another way, the
former set represents iterations in which the algorithm should decrease the merit parameter, whereas the
latter set represents iterations in which it should and actually does decrease it. Assumption 6 essentially
states that as s → ∞, the probability vanishes that the algorithm encounters s ≥ s iterations in which the
merit parameter should be decreased, yet it is actually decreased fewer than s times. This assumption may
be seen as strong since it makes this statement in terms of total probability over all runs of the algorithm,
rather than with respect to the state of the algorithm in a given run. To argue how such an assumption may
be justified, let us use the following consequence of Chernoff’s bound for a specific example.

Proposition 2. Given s ∈ N, suppose that {Zj}sj=0 is a sequence of independent Bernoulli random variables

with sp =
∑s
j=0 PZj [Zj = 1] for some p ∈ (0, 1]. Then, for any s ∈ N with s ≤ sp,

PZ0,...,Zs

 s∑
j=0

Zj ≤ s

 ≤ exp

(
−(sp− s)2

2sp

)
. (41)

Proof. Proof. By the multiplicative Chernoff bound with factor δ = (sp− s)/(sp) ∈ [0, 1], it follows that

PZ0,...,Zs

 s∑
j=0

Zj ≤ s

 = PZ0,...,Zs

 s∑
j=0

Zj ≤ (1− δ)sp

 ≤ exp

(
−δ2sp

2

)
= exp

(
−(sp− s)2

2sp

)
,

which is the desired conclusion.

For casting Lemma 2 in our context, let {Zj}sj=0 be a sequence where, for all j ∈ [s], one has PZj [Zj = 1]
equal to the probability that the merit parameter is actually decreased in the jth iteration in which it should
be decreased; in other words, Zj = 1 if and only if τk < τk−1, where k ∈ N corresponds to the jth iteration in

which τ trial,true
k < τk−1. Lemma 2 shows that if these random variables exhibit the behavior of independent

Bernoulli random variables, then if the probability of a successful decrease on a decrease opportunity is
bounded below by a positive number (i.e., P[τk < τk−1|τ trial,true

k < τk−1] ≥ p, a total probability extension of
(37b)), then one finds that if the number of decrease opportunities s is large enough such that sp ≥ s, then
the probability that the number of actual decreases stays below s vanishes exponentially as s → ∞. The
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challenge of employing this result to the actual behavior of our algorithm is that the elements of {Zj}sj=0

defined in this manner are not independent, since in each run the probability of a merit parameter decrease
in each subsequent iteration depends on whether each given decrease opportunity is successful.

Overall, while our analysis here has not provided a priori assumptions about the distributions of the
stochastic gradients that guarantee that Eτ,big(τ trial,true

min ) for a given τ trial,true
min ∈ R>0 occurs with probability

zero—which, in general, may not be possible due to the stochastic nature of our algorithm and our loose
assumptions about the nonlinear and potentially nonconvex problem (1)—we have shown that in a given
run of the algorithm such an event occurs with probability zero, and discussed what it may mean to assume
that the total probability of the event is zero.

4.4 Complementary Events

Our analyses in Sections 4.1, 4.2, and 4.3 do not cover all possible events. Ignoring events in which the
stochastic gradients are biased and/or have unbounded variance, the events that complement Eτ,low, Eτ,zero,
and Eτ,big are the following:

• Eτ,zero,bad: {τk} ↘ 0 and for all M ∈ R>0 there exists k ∈ N such that ‖gk −∇f(xk)‖22 > M ;

• Eτ,big,bad: {τ trial,true
k } ↘ 0 and there exists τbig ∈ R>0 such that τk = τbig for all k ∈ N.

The event Eτ,zero,bad represents cases in which the merit parameter vanishes while the stochastic gradient
estimates do not remain in a bounded set. The difficulty of proving a guarantee for this setting can be seen as
follows. If the merit parameter vanishes, then this is an indication that less emphasis should be placed on the
objective over the course of the optimization process, which may indicate that the constraints are infeasible
or degenerate. However, if a subsequence of stochastic gradient estimates diverges at the same time, then
each large (in norm) stochastic gradient estimate may suggest that a significant amount of progress can be
made in reducing the objective function, despite the merit parameter having reached a small value (since it is
vanishing). This disrupts the balance that the merit parameter attempts to negotiate between the objective
and the constraint violation terms in the merit function. Our analysis of the event Eτ,zero in Section 4.2 shows
that if the stochastic gradient estimates remain bounded, then the algorithm can effectively transition to
solving the deterministic problem of minimizing constraint violation. However, it remains an open question
whether it is possible to obtain a similar guarantee if/when a subsequence of stochastic gradient estimates
diverges. Ultimately, one can argue that scenarios of unbounded noise, such as described here, might only
be of theoretical interest rather than real, practical interest. For instance, if f is defined by a (large) finite
sum of component functions whose gradients (evaluated at points in a set containing the iterates) are always
contained in a ball of uniform radius about the gradient of f—a common scenario in practice—then Eτ,zero,bad

cannot occur.
Now consider the event Eτ,big,bad. We have shown in Section 4.3 that if {τ trial,true

k } is bounded below

by τ trial,true
min ∈ R>0, Assumption 6 holds, and the sequences {χk}, {ζk}, and {ξk} are constant, then Eτ,big

occurs with probability zero. However, this does not account for the fact that over different realizations
of the algorithm the lower bound for {τ trial,true

k } may be arbitrarily small. Nonetheless, we contend that
Eτ,big,bad can be ignored for practical purposes since the adverse effect that it may have on the algorithm is
observable. In particular, if the merit parameter remains fixed at a value that is too large, then the worst that
may occur is that {‖JTk ck‖2} does not vanish. A practical implementation of the algorithm would monitor
this quantity in any case (since, by Corollary 1, even in Eτ,low one only knows that the limit inferior of the
expectation of {‖JTk ck‖2} vanishes) and reduce the merit parameter if progress toward reducing constraint
violation is inadequate. Hence, Eτ,big,bad (and Eτ,big for that matter) is an event that at most suggests
practical measures of the algorithm that should be employed for Eτ,low in any case.

5 Numerical Experiments

The goal of our numerical experiments is to compare the empirical performance of our proposed stochastic
SQP method (Algorithm 1) against some alternative approaches on problems from a couple of test set
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collections. We implemented our algorithm in Matlab. Our code is publicly available.1 We first consider
equality constrained problems from the CUTEst collection [7], then consider two types of constrained logistic
regression problems with datasets from the LIBSVM collection [3]. We compare the performance of our
method versus a stochastic subgradient algorithm employed to minimize the exact penalty function (10)
and, in one set of our logistic regression experiments where it is applicable, versus a stochastic projected
gradient method. These algorithms were chosen since, like our method, they operate in the highly stochastic
regime. We do not compare against the aforementioned method from [14] since, as previously mentioned,
that approach may refine stochastic gradient estimates during each iteration as needed by a line search.
Hence, that method offers different types of convergence guarantees and is not applicable in our regime of
interest.

In all of our experiments, results are given in terms of feasibility and stationarity errors at the best
iterate, which is determined as follows. If, for a given problem instance, an algorithm produced an iterate
that was sufficiently feasible in the sense that ‖ck‖∞ ≤ 10−6 max{1, ‖c0‖∞} for some k ∈ N, then, with
the largest k ∈ N satisfying this condition, the feasibility error was reported as ‖ck‖∞ and the stationarity
error was reported as ‖∇f(xk) + JTk yk‖∞, where yk was computed as a least-squares multiplier using the
true gradient ∇f(xk) and Jk. (The multiplier yk and corresponding stationarity error are not needed by
our algorithm; they are computed merely so that we could record the error for our experimental results.) If,
for a given problem instance, an algorithm did not produce a sufficiently feasible iterate, then the feasibility
and stationarity errors were computed in the same manner at the least infeasible iterate (with respect to the
measure of infeasibility ‖ · ‖∞).

5.1 Implementation Details

For all methods, Lipschitz constant estimates for the objective gradient and constraint Jacobian—playing
the roles of L and Γ, respectively—were computed using differences of gradients near the initial point. Once
these values were computed, they were kept constant for all subsequent iterations. This procedure was
performed in such a way that, for each problem instance, all algorithms used the same values for these
estimates.

As mentioned in Section 3, there are various extensions of our stepsize selection scheme with which one
can prove, with appropriate modifications to our analysis, comparable convergence guarantees as are offered
by our algorithm. We included one such extension in our software implementation for our experiments. In
particular, in addition to αsuff

k in (21), one can directly consider the upper bound in (19) with the gradient
∇f(xk) replaced by its estimate gk, i.e.,

ατkg
T
k dk + |1− α|‖ck‖2 − ‖ck‖2 + α‖ck + Jkdk‖2 + 1

2 (τkL+ Γ)α2‖dk‖22
= − α∆l(xk, τk, gk, dk) + |1− α|‖ck‖2 − (1− α)‖ck‖2 + 1

2 (τkL+ Γ)α2‖dk‖22,

and consider the stepsize that minimizes this as a function of α (with scale factor βk), namely,

αmin
k := max

{
min

{
βk∆l(xk, τk, gk, dk)

(τkL+ Γ)‖dk‖22
, 1

}
,
βk∆l(xk, τk, gk, dk)− 2‖ck‖2

(τkL+ Γ)‖dk‖22

}
. (42)

(Such a value is used in [1].) The algorithm can then set a trial stepsize as any satisfying

αtrial
k ∈ [min{αsuff

k , αmin
k },max{αsuff

k , αmin
k }] (43)

and set αk as the projection of this value, rather than αsuff
k , for all k ∈ N. (The projection interval in (22)

should be modified, specifically with each instance of 2(1 − η) replaced by min{2(1 − η), 1}, to account for
the fact that the lower value in (43) may be smaller than αsuff

k . A similar modification is needed in the
analysis, specifically in the requirements for {βk} in Lemma 9.)

One can also consider rules that allow even larger stepsizes to be taken. For example, rather than consider
the upper bound offered by the last expression in (19), one can consider any stepsize that ensures that the

1https://github.com/frankecurtis/StochasticSQP
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penultimate expression in (19) is less than or equal to the right-hand side of (20) with ∇f(xk) replaced by
gk. Such a value can be found with a one-dimensional search over α with negligible computational cost. Our
analysis can be extended to account for this option as well. However, for our experimental purposes here,
we do not consider such an approach.

For our stochastic SQP method, we set Hk ← I and αtrial
k ← max{αsuff

k , αmin
k } for all k ∈ N. Other

parameters were set as τ−1 ← 1, χ−1 ← 10−3, ζ−1 ← 103, ξ−1 ← 1, ω ← 102, εv ← 1, σ ← 1/2, ετ ← 10−2,
εχ ← 10−2, εζ ← 10−2, εξ ← 10−2, η ← 1/2, and θ ← 104. For the stochastic subgradient method, the merit
parameter value and stepsize were tuned for each problem instance, and for the stochastic projected gradient
method, the stepsize was tuned for each problem instance; details are given in the following subsections. In
all experiments, both the stochastic subgradient and stochastic projected gradient method were given many
more iterations to find each of their best iterates for a problem instance; this is reasonable since the search
direction computation for our method is more expensive than for the other methods. Again, further details
are given below.

5.2 CUTEst problems

In our first set of experiments, we consider equality constrained problems from the CUTEst collection.
Specifically, of the 136 such problems in the collection, we selected those for which (i) f is not a constant
function, and (ii) n+m+ 1 ≤ 1000. This selection resulted in a set of 67 problems. In order to consider the
context in which the LICQ does not hold, for each problem we duplicated the last constraint. (This does
not affect the feasible region nor the set of stationary points, but ensures that the problem instances are
degenerate.) Each problem comes with an initial point, which we used in our experiments. To make each
problem stochastic, we added noise to each gradient computation. Specifically, for each run of an algorithm,
we fixed a noise level as εN ∈ {10−8, 10−4, 10−2, 10−1}, and in each iteration set the stochastic gradient
estimate as gk ← N (∇f(xk), εNI). For each problem and noise level, we ran 10 instances with different
random seeds. This led to a total of 670 runs of each algorithm for each noise level.

We set a budget of 1000 iterations for our stochastic SQP algorithm and a more generous budget of
10000 iterations for the stochastic subgradient method. We followed the same strategy as in [1] to tune the
merit parameter τ for the stochastic subgradient method, but also tuned the stepsizes through the sequence
{βk}. Specifically, for each problem instance, we ran the stochastic subgradient method for 11 different
values of τ and 4 different values of β, namely, τ ∈ {10−10, 10−9, . . . , 100} and β ∈ {10−3, 10−2, 10−1, 100},
set the stepsize as βτ

τL+Γ , and selected the combination of τ and β for that problem instance that led to
the best iterate overall. (We found through this process that the selected (τ, β) pairs were relatively evenly
distributed over their ranges, meaning that this extensive tuning effort was useful to obtain better results for
the stochastic subgradient method.) For our stochastic SQP method, we set βk ← 1 for all k ∈ N. Overall,
between the additional iterations allowed in each run of the stochastic subgradient method, the different
merit parameter values tested, and the different stepsizes tested, the stochastic subgradient method was
given 440 times the number of iterations that were given to our stochastic SQP method for each problem.

The results of this experiment are reported in the form of box plots in Figure 1. One finds that the best
iterates from our stochastic SQP algorithm generally correspond to much lower feasibility and stationarity
errors for all noise levels. The stationarity errors for our method degrade as the noise level increases, but
this is not surprising since these experiments are run with {βk} being a constant sequence. It is interesting,
however, that our algorithm typically finds iterates that are sufficiently feasible, even for relatively high noise
levels. This shows that our approach handles the deterministic constraints well despite the stochasticity
of the objective gradient estimates. Finally, we remark that for these experiments our algorithm found
τk−1 ≤ τ trial,true

k to hold in roughly 98% of all iterations for all runs (across all noise levels), and found this
inequality to hold in the last 50 iterations in 100% of all runs. This provides evidence for our claim that the
merit parameter not reaching a sufficiently small value is not an issue of practical concern.
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Figure 1: Box plots for feasibility errors (left) and stationarity errors (right) when our stochastic SQP method
and a stochastic subgradient method are employed to solve equality constrained problems from the CUTEst
collection.

5.3 Constrained Logistic Regression

In our next sets of experiments, we consider equality constrained logistic regression problems of the form

min
x∈Rn

f(x) =
1

N

N∑
i=1

log
(

1 + e−yi(X
T
i x)
)

s.t. Ax = b, ‖x‖22 = 1, (44)

where X ∈ Rn×N contains feature data for N data points (with Xi representing the ith column of X),
y ∈ {−1, 1}N contains corresponding label data, A ∈ R(m+1)×n and b ∈ Rm+1. For instances of (X, y), we
consider 11 binary classification datasets from the LIBSVM collection [3]; specifically, we consider all of the
datasets for which 12 ≤ n ≤ 1000 and 256 ≤ N ≤ 100000. (For datasets with multiple versions, e.g., the
{a1a, . . . , a9a} datasets, we consider only the largest version.) The names of the datasets that we used and
their sizes are given in Table 1. For the linear constraints, we generated random A and b for each problem.
Specifically, the first m = 10 rows of A and first m entries in b were set as random values with each entry
being drawn from a standard normal distribution. Then, to ensure that the LICQ was not satisfied (at
any algorithm iterate), we duplicated the last constraint, making m + 1 linear constraints overall. For all
problems and algorithms, the initial iterate was set to the vector of all ones of appropriate dimension.

Table 1: Names and sizes of datasets. (Source: [3].)

dataset dimension (n) datapoints (N)

a9a 123 32, 561
australian 14 690
heart 13 270
ijcnn1 22 49, 990
ionosphere 34 351
madelon 500 2, 000
mushrooms 112 8, 124
phising 68 11, 055
sonar 60 208
splice 60 1, 000
w8a 300 49, 749

For one set of experiments, we consider problems of the form (44) except without the norm constraint. For
this set of experiments, the performance of all three algorithms—stochastic SQP, subgradient, and projected
gradient—are compared. For each dataset, we considered two noise levels, where the level is dictated by
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Table 2: Average feasibility and stationarity errors, along with 95% confidence intervals, when our stochastic
SQP method, a stochastic subgradient method, and a stochastic projected gradient method are employed
to solve logistic regression problems with linear constraints (only). The results for the best-performing
algorithm are shown in bold.

Stochastic
Subgradient

Stochastic
Projected Gradient

Stochastic
SQP

dataset batch Feasibility Stationarity Stationarity Feasibility Stationarity

a9a 16 8.30e − 03 ± 2.32e − 03 1.64e − 01 ± 3.55e − 03 3.64e − 02 ± 2.95e − 03 1.22e − 15 ± 2.18e − 161.22e − 15 ± 2.18e − 161.22e − 15 ± 2.18e − 16 9.99e − 03 ± 6.92e − 039.99e − 03 ± 6.92e − 039.99e − 03 ± 6.92e − 03

a9a 128 1.16e − 02 ± 4.60e − 05 1.69e − 01 ± 2.51e − 02 1.69e − 02 ± 2.79e − 03 1.64e − 15 ± 4.00e − 161.64e − 15 ± 4.00e − 161.64e − 15 ± 4.00e − 16 7.33e − 03 ± 4.68e − 057.33e − 03 ± 4.68e − 057.33e − 03 ± 4.68e − 05

australian 16 7.94e − 02 ± 1.60e − 05 7.94e − 02 ± 1.60e − 05 9.17e − 02 ± 4.32e − 04 5.72e − 06 ± 1.56e − 065.72e − 06 ± 1.56e − 065.72e − 06 ± 1.56e − 06 2.67e − 02 ± 6.43e − 042.67e − 02 ± 6.43e − 042.67e − 02 ± 6.43e − 04

australian 128 5.02e − 01 ± 7.04e − 05 5.02e − 01 ± 7.04e − 05 1.11e − 02 ± 7.19e − 05 6.58e − 05 ± 7.90e − 076.58e − 05 ± 7.90e − 076.58e − 05 ± 7.90e − 07 5.50e − 02 ± 1.08e − 035.50e − 02 ± 1.08e − 035.50e − 02 ± 1.08e − 03

heart 16 3.66e − 01 ± 4.37e − 03 3.28e + 01 ± 7.02e + 00 3.17e + 01 ± 6.72e + 003.17e + 01 ± 6.72e + 003.17e + 01 ± 6.72e + 00 8.83e − 03 ± 2.77e − 038.83e − 03 ± 2.77e − 038.83e − 03 ± 2.77e − 03 3.39e + 01 ± 9.85e + 00

heart 128 1.52e + 00 ± 4.96e − 02 1.23e + 01 ± 1.40e + 011.23e + 01 ± 1.40e + 011.23e + 01 ± 1.40e + 01 3.29e + 01 ± 3.21e + 00 1.26e − 01 ± 7.86e − 041.26e − 01 ± 7.86e − 041.26e − 01 ± 7.86e − 04 3.24e + 01 ± 1.76e + 00

ijccn1 16 3.58e − 03 ± 2.00e − 05 4.70e − 02 ± 6.45e − 07 7.41e − 02 ± 3.33e − 07 3.03e − 15 ± 6.20e − 163.03e − 15 ± 6.20e − 163.03e − 15 ± 6.20e − 16 1.93e − 03 ± 4.07e − 061.93e − 03 ± 4.07e − 061.93e − 03 ± 4.07e − 06

ijccn1 128 3.90e − 02 ± 4.01e − 06 5.17e − 02 ± 1.65e − 07 3.88e − 02 ± 6.15e − 07 2.16e − 09 ± 2.62e − 092.16e − 09 ± 2.62e − 092.16e − 09 ± 2.62e − 09 1.70e − 02 ± 5.19e − 051.70e − 02 ± 5.19e − 051.70e − 02 ± 5.19e − 05

ionosphere 16 5.41e − 01 ± 8.80e − 05 5.41e − 01 ± 8.80e − 05 9.77e − 01 ± 8.55e − 03 9.61e − 07 ± 2.77e − 099.61e − 07 ± 2.77e − 099.61e − 07 ± 2.77e − 09 4.17e − 02 ± 1.08e − 034.17e − 02 ± 1.08e − 034.17e − 02 ± 1.08e − 03

ionosphere 128 5.76e + 00 ± 3.76e − 05 5.76e + 00 ± 3.76e − 05 5.98e + 00 ± 3.21e − 03 1.31e − 05 ± 1.14e − 091.31e − 05 ± 1.14e − 091.31e − 05 ± 1.14e − 09 1.55e − 01 ± 2.61e − 031.55e − 01 ± 2.61e − 031.55e − 01 ± 2.61e − 03

madelon 16 3.06e − 02 ± 1.85e − 02 5.46e + 01 ± 1.25e + 01 2.11e + 01 ± 2.72e + 00 2.88e − 08 ± 5.51e − 082.88e − 08 ± 5.51e − 082.88e − 08 ± 5.51e − 08 1.09e + 01 ± 3.00e + 001.09e + 01 ± 3.00e + 001.09e + 01 ± 3.00e + 00

madelon 128 1.87e + 00 ± 7.62e − 01 2.21e + 01 ± 1.55e + 01 2.16e + 01 ± 4.17e + 002.16e + 01 ± 4.17e + 002.16e + 01 ± 4.17e + 00 5.81e − 01 ± 1.63e − 025.81e − 01 ± 1.63e − 025.81e − 01 ± 1.63e − 02 4.81e + 01 ± 4.75e + 00

mushrooms 16 2.19e − 01 ± 6.55e − 04 2.19e − 01 ± 6.55e − 04 7.31e − 03 ± 3.21e − 06 2.08e − 15 ± 3.28e − 162.08e − 15 ± 3.28e − 162.08e − 15 ± 3.28e − 16 5.95e − 03 ± 3.21e − 055.95e − 03 ± 3.21e − 055.95e − 03 ± 3.21e − 05

mushrooms 128 4.73e − 01 ± 4.37e − 05 4.73e − 01 ± 4.37e − 05 3.31e − 02 ± 7.13e − 05 1.66e − 09 ± 6.20e − 141.66e − 09 ± 6.20e − 141.66e − 09 ± 6.20e − 14 3.28e − 02 ± 9.15e − 043.28e − 02 ± 9.15e − 043.28e − 02 ± 9.15e − 04

phishing 16 2.67e − 02 ± 2.76e − 07 3.47e − 02 ± 1.39e − 09 2.20e − 05 ± 9.29e − 062.20e − 05 ± 9.29e − 062.20e − 05 ± 9.29e − 06 4.26e − 15 ± 1.27e − 154.26e − 15 ± 1.27e − 154.26e − 15 ± 1.27e − 15 3.37e − 03 ± 1.27e − 06

phishing 128 3.06e − 01 ± 1.13e − 06 3.06e − 01 ± 1.13e − 06 2.29e − 01 ± 8.88e − 03 1.83e − 15 ± 4.99e − 161.83e − 15 ± 4.99e − 161.83e − 15 ± 4.99e − 16 2.20e − 02 ± 7.29e − 032.20e − 02 ± 7.29e − 032.20e − 02 ± 7.29e − 03

sonar 16 1.33e + 00 ± 1.08e − 04 1.33e + 00 ± 1.08e − 04 6.13e − 01 ± 2.22e − 03 7.02e − 07 ± 1.60e − 077.02e − 07 ± 1.60e − 077.02e − 07 ± 1.60e − 07 2.34e − 02 ± 2.03e − 042.34e − 02 ± 2.03e − 042.34e − 02 ± 2.03e − 04

sonar 128 1.33e + 01 ± 1.48e − 04 1.33e + 01 ± 1.48e − 04 6.46e − 02 ± 4.73e − 03 2.07e − 06 ± 6.70e − 102.07e − 06 ± 6.70e − 102.07e − 06 ± 6.70e − 10 2.98e − 02 ± 1.71e − 032.98e − 02 ± 1.71e − 032.98e − 02 ± 1.71e − 03

splice 16 2.56e − 03 ± 3.39e − 04 4.56e − 01 ± 3.55e − 02 9.65e − 01 ± 3.19e − 03 7.49e − 14 ± 1.03e − 137.49e − 14 ± 1.03e − 137.49e − 14 ± 1.03e − 13 2.19e − 02 ± 4.33e − 032.19e − 02 ± 4.33e − 032.19e − 02 ± 4.33e − 03

splice 128 3.14e − 01 ± 1.09e − 04 4.83e − 01 ± 4.65e − 05 1.23e + 00 ± 9.44e − 05 3.54e − 08 ± 5.74e − 093.54e − 08 ± 5.74e − 093.54e − 08 ± 5.74e − 09 1.07e − 02 ± 3.16e − 041.07e − 02 ± 3.16e − 041.07e − 02 ± 3.16e − 04

w8a 16 2.38e − 02 ± 1.75e − 03 1.47e − 01 ± 1.89e − 06 9.85e − 04 ± 3.31e − 05 7.35e − 15 ± 6.98e − 167.35e − 15 ± 6.98e − 167.35e − 15 ± 6.98e − 16 6.07e − 05 ± 6.46e − 056.07e − 05 ± 6.46e − 056.07e − 05 ± 6.46e − 05

w8a 128 1.79e − 02 ± 1.25e − 03 1.49e − 01 ± 4.64e − 03 3.41e − 02 ± 7.43e − 03 5.96e − 15 ± 5.67e − 165.96e − 15 ± 5.67e − 165.96e − 15 ± 5.67e − 16 1.20e − 03 ± 1.85e − 031.20e − 03 ± 1.85e − 031.20e − 03 ± 1.85e − 03

the mini-batch size of each stochastic gradient estimate (recall (8)). For the mini-batch sizes, we employed
bk ∈ {16, 128} for all problems. For each dataset and mini-batch size, we ran 5 instances with different
random seeds.

A budget of 5 epochs (i.e., number of effective passes over the dataset) was used for all methods. For
our stochastic SQP method, we used βk = 10−1 for all k ∈ N. For the stochastic subgradient method, the
merit parameter and stepsize were tuned like in Section 5.2 over the sets β ∈ {10−3, 10−2, 10−1, 100} and
τ ∈ {10−3, 10−2, 10−1, 100}. For the stochastic projected gradient method, the stepsize was tuned using
the formula β

L over β ∈ {10−8, 10−7, . . . , 101, 102}. Overall, this meant that the stochastic subgradient
and stochastic projected gradient methods were effectively run for 16 and 11 times the number of epochs,
respectively, that were allowed for our method.

The results for this experiment are reported in Table 2. For every dataset and mini-batch size, we report
the average feasibility and stationarity errors for the best iterates of each run along with a 95% confidence
interval. The results show that our method consistently outperforms the two alternative approaches despite
the fact that each of the other methods were tuned with various choices of the merit and/or stepsize param-
eter. For a second set of experiments, we consider problems of the form (44) with the norm constraint. The
settings for the experiment were the same as above, except that the stochastic projected gradient method is
not considered. The results are stated in Table 3. Again, our method regularly outperforms the stochastic
subgradient method in terms of the best iterates found. For the experiments without the norm constraint,
our algorithm found τk−1 ≤ τ trial,true

k to hold in roughly 98% of all iterations for all runs, and found this
inequality to hold in all iterations in the last epoch in 100% of all runs. With the norm constraint, our algo-
rithm found τk−1 ≤ τ trial,true

k to hold in roughly 97% of all iterations for all runs, and found this inequality
to hold in all iterations in the last epoch in 99% of all runs.

6 Conclusion

We have proposed, analyzed, and tested a stochastic SQP method for solving equality constrained optimiza-
tion problems in which the objective function is defined by an expectation of a stochastic function. Our
algorithm is specifically designed for cases when the LICQ does not necessarily hold in every iteration. The
convergence guarantees that we have proved for our method consider situations when the merit parameter
sequence eventually remains fixed at a value that is sufficiently small, in which case the algorithm drives
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Table 3: Average feasibility and stationarity errors, along with 95% confidence intervals, when our stochastic
SQP method and a stochastic subgradient method are employed to solve logistic regression problems with
linear constraints and a squared `2-norm constraint. The results for the best-performing algorithm are shown
in bold.

Stochastic
Subgradient

Stochastic
SQP

dataset batch Feasibility Stationarity Feasibility Stationarity

a9a 16 4.62e − 03 ± 3.27e − 04 1.24e − 01 ± 7.52e − 02 5.52e − 05 ± 5.04e − 095.52e − 05 ± 5.04e − 095.52e − 05 ± 5.04e − 09 6.07e − 03 ± 2.32e − 056.07e − 03 ± 2.32e − 056.07e − 03 ± 2.32e − 05

a9a 128 4.27e − 03 ± 3.92e − 04 1.90e − 01 ± 3.03e − 03 6.38e − 05 ± 1.12e − 086.38e − 05 ± 1.12e − 086.38e − 05 ± 1.12e − 08 4.40e − 03 ± 1.41e − 054.40e − 03 ± 1.41e − 054.40e − 03 ± 1.41e − 05

australian 16 1.51e − 01 ± 1.07e − 05 1.51e − 01 ± 1.07e − 05 1.52e − 04 ± 5.58e − 061.52e − 04 ± 5.58e − 061.52e − 04 ± 5.58e − 06 5.65e − 03 ± 3.73e − 055.65e − 03 ± 3.73e − 055.65e − 03 ± 3.73e − 05

australian 128 3.96e − 01 ± 1.87e − 04 3.96e − 01 ± 1.87e − 04 3.83e − 04 ± 5.45e − 053.83e − 04 ± 5.45e − 053.83e − 04 ± 5.45e − 05 1.68e − 02 ± 3.29e − 031.68e − 02 ± 3.29e − 031.68e − 02 ± 3.29e − 03

heart 16 1.57e + 00 ± 5.76e − 01 2.86e + 01 ± 1.00e + 01 9.29e − 01 ± 3.47e − 029.29e − 01 ± 3.47e − 029.29e − 01 ± 3.47e − 02 2.65e + 01 ± 1.81e + 012.65e + 01 ± 1.81e + 012.65e + 01 ± 1.81e + 01

heart 128 1.33e + 00 ± 6.69e − 011.33e + 00 ± 6.69e − 011.33e + 00 ± 6.69e − 01 1.69e + 01 ± 2.23e + 001.69e + 01 ± 2.23e + 001.69e + 01 ± 2.23e + 00 1.88e + 00 ± 1.42e − 01 2.93e + 00 ± 1.26e + 00

ijcnn1 16 5.36e − 02 ± 9.37e − 07 5.36e − 02 ± 9.37e − 07 3.70e − 02 ± 9.24e − 053.70e − 02 ± 9.24e − 053.70e − 02 ± 9.24e − 05 4.60e − 02 ± 8.32e − 034.60e − 02 ± 8.32e − 034.60e − 02 ± 8.32e − 03

ijcnn1 128 5.41e − 02 ± 1.04e − 06 5.41e − 02 ± 1.04e − 06 3.64e − 02 ± 1.06e − 043.64e − 02 ± 1.06e − 043.64e − 02 ± 1.06e − 04 3.64e − 02 ± 1.06e − 043.64e − 02 ± 1.06e − 043.64e − 02 ± 1.06e − 04

ionosphere 16 3.35e − 01 ± 1.06e − 03 3.35e − 01 ± 1.06e − 03 5.79e − 03 ± 1.44e − 045.79e − 03 ± 1.44e − 045.79e − 03 ± 1.44e − 04 1.21e − 02 ± 4.96e − 031.21e − 02 ± 4.96e − 031.21e − 02 ± 4.96e − 03

ionosphere 128 8.70e − 01 ± 1.43e − 03 8.70e − 01 ± 1.43e − 03 5.92e − 03 ± 2.18e − 055.92e − 03 ± 2.18e − 055.92e − 03 ± 2.18e − 05 4.31e − 02 ± 3.52e − 044.31e − 02 ± 3.52e − 044.31e − 02 ± 3.52e − 04

madelon 16 2.66e + 00 ± 6.84e − 01 3.86e + 01 ± 3.28e + 01 3.74e − 01 ± 8.55e − 023.74e − 01 ± 8.55e − 023.74e − 01 ± 8.55e − 02 4.70e − 01 ± 3.27e − 024.70e − 01 ± 3.27e − 024.70e − 01 ± 3.27e − 02

madelon 128 2.21e + 01 ± 4.90e − 012.21e + 01 ± 4.90e − 012.21e + 01 ± 4.90e − 01 4.77e + 01 ± 4.84e + 004.77e + 01 ± 4.84e + 004.77e + 01 ± 4.84e + 00 7.21e + 01 ± 5.28e + 00 7.21e + 01 ± 5.28e + 00

mushrooms 16 1.01e − 01 ± 5.79e − 05 1.55e − 01 ± 8.22e − 06 4.06e − 04 ± 8.76e − 094.06e − 04 ± 8.76e − 094.06e − 04 ± 8.76e − 09 4.65e − 03 ± 3.65e − 054.65e − 03 ± 3.65e − 054.65e − 03 ± 3.65e − 05

mushrooms 128 9.72e − 01 ± 9.94e − 06 9.72e − 01 ± 9.94e − 06 6.96e − 04 ± 1.52e − 096.96e − 04 ± 1.52e − 096.96e − 04 ± 1.52e − 09 3.34e − 03 ± 2.35e − 073.34e − 03 ± 2.35e − 073.34e − 03 ± 2.35e − 07

phishing 16 1.30e − 01 ± 1.61e − 06 1.30e − 01 ± 1.61e − 06 3.65e − 05 ± 2.44e − 083.65e − 05 ± 2.44e − 083.65e − 05 ± 2.44e − 08 8.17e − 03 ± 2.43e − 058.17e − 03 ± 2.43e − 058.17e − 03 ± 2.43e − 05

phishing 128 1.53e − 01 ± 3.37e − 08 1.53e − 01 ± 3.37e − 08 1.26e − 04 ± 3.30e − 091.26e − 04 ± 3.30e − 091.26e − 04 ± 3.30e − 09 8.45e − 04 ± 2.73e − 078.45e − 04 ± 2.73e − 078.45e − 04 ± 2.73e − 07

sonar 16 6.45e − 01 ± 5.62e − 04 6.45e − 01 ± 5.62e − 04 3.38e − 03 ± 8.81e − 063.38e − 03 ± 8.81e − 063.38e − 03 ± 8.81e − 06 1.48e − 02 ± 2.58e − 041.48e − 02 ± 2.58e − 041.48e − 02 ± 2.58e − 04

sonar 128 5.04e + 00 ± 4.44e − 03 5.04e + 00 ± 4.44e − 03 5.71e − 03 ± 8.61e − 065.71e − 03 ± 8.61e − 065.71e − 03 ± 8.61e − 06 2.16e − 02 ± 8.48e − 052.16e − 02 ± 8.48e − 052.16e − 02 ± 8.48e − 05

splice 16 1.96e − 03 ± 1.78e − 041.96e − 03 ± 1.78e − 041.96e − 03 ± 1.78e − 04 4.94e − 01 ± 7.35e − 03 3.96e − 03 ± 7.12e − 07 1.03e − 02 ± 1.14e − 051.03e − 02 ± 1.14e − 051.03e − 02 ± 1.14e − 05

splice 128 1.40e + 00 ± 7.90e − 05 1.40e + 00 ± 7.90e − 05 5.52e − 03 ± 3.72e − 065.52e − 03 ± 3.72e − 065.52e − 03 ± 3.72e − 06 1.04e − 02 ± 1.06e − 041.04e − 02 ± 1.06e − 041.04e − 02 ± 1.06e − 04

w8a 16 1.32e − 02 ± 6.83e − 04 1.15e − 01 ± 1.33e − 02 2.15e − 04 ± 2.24e − 092.15e − 04 ± 2.24e − 092.15e − 04 ± 2.24e − 09 1.83e − 03 ± 8.90e − 071.83e − 03 ± 8.90e − 071.83e − 03 ± 8.90e − 07

w8a 128 5.35e − 02 ± 7.79e − 02 1.33e − 01 ± 1.74e − 07 1.67e − 04 ± 6.01e − 091.67e − 04 ± 6.01e − 091.67e − 04 ± 6.01e − 09 1.00e − 03 ± 1.01e − 061.00e − 03 ± 1.01e − 061.00e − 03 ± 1.01e − 06

stationarity measures for the constrained optimization problem to zero, and situations when the merit param-
eter vanishes, which may indicate that the problem is degenerate and/or infeasible. Numerical experiments
demonstrate that our algorithm consistently outperforms alternative approaches in the highly stochastic
regime.

A Deterministic Analysis

In this appendix, we prove that Theorem 1 holds, where in particular we consider the context when gk =
∇f(xk) and βk = β satisfying (23) for all k ∈ N. For this purpose, we introduce a second termination
condition in Algorithm 1. In particular, after line 7, we terminate the algorithm if both ‖gk + JTk yk‖2 = 0
and ‖ck‖2 = 0. In this manner, if the algorithm terminates finitely, then it returns an infeasible stationary
point (recall (4)) or primal-dual stationary point for problem (1) and there is nothing left to prove. Hence,
without loss of generality, we proceed under the assumption that the algorithm runs for all k ∈ N.

Throughout our analysis in this appendix, we simply refer to the tangential direction as uk, the full
search direction as dk = vk + uk, etc., even though it is assumed throughout this appendix that these are
the true quantities computed using the true gradient ∇f(xk) for all k ∈ N.

It follows in this context that both Lemma 1 and Lemma 2 hold. In addition, Lemma 3 holds, where, in
the proof, the case that dk = 0 can be ignored due to the following lemma.

Lemma 17. For all k ∈ N, one finds that dk = vk + uk 6= 0.

Proof. Proof. For all k ∈ N, the facts that vk ∈ Range(JTk ) and uk ∈ Null(Jk) imply dk = vk + uk = 0
if and only if vk = 0 and uk = 0. Since we suppose in our analysis that the algorithm does not terminate
finitely with an infeasible stationary point, it follows for all k ∈ N that ‖JTk ck‖2 > 0 or ‖ck‖2 = 0. If
‖JTk ck‖2 > 0, then Lemma 1 implies that vk 6= 0, and the desired conclusion follows. Hence, we may proceed
under the assumption that ‖ck‖2 = 0. In this case, it follows under Assumption 3 that gk + JTk yk = 0 if
and only if uk = 0, which under our supposition that the algorithm does not terminate finitely means that
uk 6= 0.

We now prove a lower bound on the reduction in the merit function that occurs in each iteration. This
is a special case of Lemmas 9 and 13 for the deterministic setting.
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Lemma 18. For all k ∈ N, it holds that φ(xk, τk)− φ(xk + αkdk, τk) ≥ ηαk∆l(xk, τk, gk, dk).

Proof. Proof. For all k ∈ N, it follows by the definition of αsuff
k that (recall (20))

φ(xk + αdk, τk)− φ(xk, τk) ≤ −ηα∆l(xk, τk, gk, dk) for all α ∈ [0, αsuff
k ].

If ‖uk‖22 ≥ χk‖vk‖22, then the only way that αk > αsuff
k is if

2(1− η)βξkτk
τkL+ Γ

> min

{
2(1− η)β∆l(xk, τk, gk, dk)

(τkL+ Γ)‖dk‖22
, 1

}
.

By (23), the left-hand side of this inequality is less than 1, meaning αk > αsuff
k only if

2(1− η)βξkτk
τkL+ Γ

>
2(1− η)β∆l(xk, τk, gk, dk)

(τkL+ Γ)‖dk‖22
⇐⇒ ξkτk >

∆l(xk, τk, gk, dk)

‖dk‖22
.

However, this is not true since ξk ≤ ξtrial
k for all k ∈ N. Following a similar argument for the case when

‖uk‖22 < χk‖vk‖22, the desired conclusion follows.

For our purposes going forward, let us define the shifted merit function φ̃ : Rn × R≥0 → R by

φ̃(x, τ) = τ(f(x)− finf) + ‖c(x)‖2.

Lemma 19. For all k ∈ N, it holds that φ̃(xk, τk)− φ̃(xk+1, τk+1) ≥ ηαk∆l(xk, τk, gk, dk).

Proof. Proof. For arbitrary k ∈ N, it follows from Lemma 18 that

τk+1(f(xk + αkdk)− finf) + ‖c(xk + αkdk)‖2 ≤ τk(f(xk + αkdk)− finf) + ‖c(xk + αkdk)‖2
≤ τk(f(xk)− finf) + ‖ck‖2 − ηαk∆l(xk, τk, gk, dk),

from which the desired conclusion follows.

We now prove our first main result of this appendix.

Lemma 20. The sequence {‖JTk ck‖2} vanishes. Moreover, if there exist kJ ∈ N and σJ ∈ R>0 such that
the singular values of Jk are bounded below by σJ for all k ≥ kJ , then {‖ck‖2} vanishes.

Proof. Proof. Let γ ∈ R>0 be arbitrary. Our aim is to prove that the number of iterations with xk ∈ Xγ
(recall (32)) is finite. Since γ has been chosen arbitrarily in R>0, the conclusion will follow. By Lemma 15
and the fact that {βk} is chosen as a constant sequence, it follows that there exists α ∈ R>0 such that αk ≥ α
for all k ∈ Kγ (regardless of whether the search direction is tangentially or normally dominated). Hence,
using Lemmas 1 and 19, it follows that

φ̃(xk, τk)− φ̃(xk+1, τk+1) ≥ ηα∆l(xk, τk, gk, dk) ≥ ηασ(‖ck‖2 − ‖ck + Jkvk‖2) ≥ ηασκvκ−1
c γ2.

Hence, the desired conclusion follows since {φ̃(xk, τk)} is monotonically nonincreasing by Lemma 19 and is
bounded below under Assumption 1.

We now show a consequence of the merit parameter eventually remaining constant.

Lemma 21. If there exists kτ ∈ N and τmin ∈ R>0 such that τk = τmin for all k ≥ kτ , then

0 = lim
k→∞

‖uk‖2 = lim
k→∞

‖dk‖2 = lim
k→∞

‖gk + JTk yk‖2 = lim
k→∞

‖ZTk gk‖2.

Proof. Proof. Under Assumption 1 and the conditions of the lemma, Lemmas 15 and 19 imply that
∆l(xk, τk, gk, dk)} → 0, which with (14) and Lemma 1 implies that {‖uk‖2} → 0, {‖vk‖2} → 0, and
{‖JTk ck‖2} → 0. The remainder of the conclusion follows from Assumption 3 and (9).

The proof of Theorem 1 can now be completed.

Proof. Proof of Theorem 1. The result follows from Lemmas 8, 20, and 21.
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