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Abstract

Two-level stochastic optimization formulations have become instrumental in a number of
machine learning contexts such as continual learning, neural architecture search, adversarial
learning, and hyperparameter tuning. Practical stochastic bilevel optimization problems
become challenging in optimization or learning scenarios where the number of variables is
high or there are constraints.

In this paper, we introduce a bilevel stochastic gradient method for bilevel problems with
lower level constraints. We also present a comprehensive convergence theory that covers all
inexact calculations of the adjoint gradient (also called hypergradient) and addresses both the
lower-level unconstrained and constrained cases. To promote the use of bilevel optimization
in large-scale learning, we introduce a practical bilevel stochastic gradient method (BSG-1)
that does not require second-order derivatives and, in the lower-level unconstrained case,
dismisses any system solves and matrix-vector products.

1 Introduction

Many real-world applications are naturally formulated using hierarchical objectives, which are
organized into different nested levels. In the bilevel case, the main goal is placed into an upper
optimization level, while the lower optimization level aims to determine the best response to
a decision made in the upper level. Bilevel optimization has a rich literature of algorithmic
development and theory (see [1, 11, 14, 50, 55] for extensive surveys and books on this topic).
The main applications are found in game theory, defense industry, and optimal structural design,
and one has recently seen a surge of contributions to machine learning (ML) (see, e.g., [17, 28],
and the recent review [29]).
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In this paper, we consider the following nonlinear bilevel optimization problem (BLP) for-
mulation

min
x∈Rn, y∈Rm

fu(x, y)

s.t. x ∈ X

y ∈ argmin
y∈Y (x)

fℓ(x, y).

BLP

The goal of the upper level (UL) problem is to determine the optimal value of the UL function
fu : Rn × Rm → R, where the UL variables x are subjected to UL constraints (x ∈ X) and
the LL variables y are subjected to being an optimal solution of the lower level (LL) problem.
In the LL problem, the LL function fℓ : Rn×Rm → R is optimized in the LL variables y, subject
to the LL constraints y ∈ Y (x). Since the goal of this paper is to propose and analyze a general
optimization methodology for a stochastic BLP, the LL problem is assumed to be well-defined,
in the sense of having a unique solution y(x) for all x ∈ X. Hence, problem BLP is equivalent
to a problem posed solely in the UL variables:

min
x∈Rn

f(x) = fu(x, y(x)) s.t. x ∈ X. (1.1)

Also, note that the UL constraints (x ∈ X) are only posed in the UL variables x as otherwise
problem BLP could become intractable due to a disconnected feasible region in the (x, y)–space.
Whenever applying orthogonal projections within stochastic gradient type methods, the sets X
and Y (x) will be assumed closed and convex.

Under appropriate smoothness and non-singularity assumptions, the gradient of f at x, when
Y (x) = Rm, is given by the well-known so-called adjoint gradient (also called hypergradient in
the ML community)

∇f = ∇xfu −∇2
xyfℓ∇2

yyf
−1
ℓ ∇yfu, (1.2)

where all gradients and Hessians on the right-hand side are evaluated at (x, y(x)). We denote
the steepest descent direction for f at x as d(x, y(x)) = −∇f(x). One arrives at the adjoint
formula by first applying the chain rule to fu(x, y(x))

∇f = ∇xfu +∇y∇yfu. (1.3)

Then, the Jacobian ∇y(x)⊤ of y(x) can be calculated through the (sensitivity)
equations ∇yfℓ(x, y(x)) = 0. In particular, by taking the derivative of both sides of the equa-
tion with respect to x, utilizing the chain rule and the implicit differentiation theorem, we
obtain ∇2

yxfℓ +∇2
yyfℓ∇y⊤ = 0 (all Hessians are evaluated at (x, y(x))) which yields

∇y = −∇2
xyfℓ∇2

yyf
−1
ℓ . (1.4)

Two approaches have been proposed in the literature to deal with ∇2
yyf

−1
ℓ in (1.2). One

option is to compute the adjoint gradient by first solving the linear system given by the adjoint
equation ∇2

yyfℓ λ = ∇yfu for the adjoint variables λ = λ(x, y(x)), and then calculating ∇xfu −
∇2

xyfℓ λ. The second option is to truncate the Neumann series given by ∇2
yyf

−1
ℓ =

∑∞
i=0(I −

∇2
yyfℓ)

i.
When Y (x) ̸= Rm, it is still possible to use an adjoint formula to compute the gradient of f

at x by using sensitivity arguments from nonlinear programming. Such an LL constrained case
will be addressed in Section 2.2.
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1.1 Bilevel machine learning

A variety of problems arising in machine learning can be formulated in terms of bilevel optimiza-
tion: continual learning, neural architecture search, adversarial training, and hyperparameter
tuning are among the most popular examples (see [29] for a review on this topic).

Continual Learning (CL) aims to train ML models when the static task usually considered in
learning problems (classification, regression, etc.) is replaced by a sequence of tasks that become
available one at a time [31], and for which training and validation datasets are increasingly
larger. For each task, a CL instance is formulated as a bilevel problem, where at the UL
problem one minimizes the validation error on a subset of model parameters (which includes
all hyperparameters), and at the LL problem the training error is minimized on the remaining
parameters. Then, a sequence of bilevel problems (one for each task) is solved. In a sense, CL
is close to meta-learning [24], where the goal is to determine the best learning process. The
increasing interest in CL is motivated by the demand for approaches that help neural networks
to learn new tasks without forgetting the previous ones, a phenomenon which is referred to as
catastrophic forgetting [18, 22, 35, 52]. Another relevant ML area where bilevel optimization
is used is Neural Architecture Search (NAS) for Deep Learning. The goal of this problem
is to automate the task of designing Deep Neural Networks (DNNs) such that the network’s
prediction error is minimized. In recent years, NAS has been proposed in a bilevel optimization
formulation [28].

Finally, two other popular classes of ML problems that can be formulated by using bilevel
optimization are adversarial training and hyperparameter tuning. Adversarial training aims to
robustly address adversarial examples [53] which cannot be correctly classified by ML models
once a small perturbation is applied. The adversarial training problem is handled by solving
a min-max problem [26], which can be reformulated as a bilevel one. The max/LL problem is
posed on the variables which perturb the data in a worst-case fashion, where the min/UL problem
attempts to minimize the training error on the ML model parameters [21, 34]. Hyperparameter
tuning aims to find the best value for the hyperparameters used in a ML model in order to
increase its generalization capability [3, 6, 15, 17]. In the bilevel formulations proposed in the
literature, the UL problem optimizes the validation error over the hyperparameters, while the
LL problem has the goal of finding the ML model parameters (e.g., NN weights) that minimize
the training error.

1.2 Bilevel stochastic descent

In bilevel stochastic optimization, fu and fℓ can be interpreted as expected values, namely,
fu = E[fu(x, y, ϑu)] and fℓ = E[fℓ(x, y, ϑℓ)], where ϑu and ϑℓ are random variables defined in a
probability space (with probability measure independent from x and y) such that i.i.d. samples
can be observed or generated. The same applies to the functions possibly defining Y (x). (To
keep notation simple, we are using the same fu and fℓ for deterministic and random variants.)

Having in mind the ML context, the methods that we are considering are Stochastic Ap-
proximation (SA) techniques, of the type of the stochastic gradient (SG) method [10, 44, 46] for
single-objective optimization. In fact, the bilevel stochastic gradient (BSG) method can be seen
as a SG method applied to (1.1), which leads to xk+1 = xk − αkg

BSG
k , where αk is the stepsize

or learning rate and gBSG
k is a stochastic gradient of f . Such a stochastic gradient is obtained

by sampling the gradients and Hessians in (1.2) at (xk, ỹk), with ỹk denoting an approximation
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to the LL optimal solution. The stochastic gradient gBSG
k is inexact when ỹk ̸= y(xk), even in

the full-batch (deterministic) case.
In general, BSG methods have only been considered for the LL unconstrained case (i.e.,

Y (x) = Rm) and are commonly classified according to the approach used to compute the BSG
direction gBSG

k [29]. In particular, a first category, referred to as implicit differentiation, is
composed of algorithms that compute the BSG direction by applying the implicit function
theorem and either solving the adjoint equation [40] or using a truncated Neumann series to
approximate the inverse Hessian ∇2

yyf
−1
ℓ [32]. A second category, referred to as iterative dif-

ferentiation, includes all the approaches based on automatic differentiation through dynamic
systems [16, 17, 33]. Since computing the BSG by using automatic differentiation can be less
computationally efficient than using an implicit differentiation method [25], we will focus on
the first category, which has been promoted in [9, 12, 13, 20, 23, 51] (see also [7, 29] for recent
reviews). These existing approaches either focus on a specific problem structure or require the
LL problem to be solved to optimality at each iteration or rely on a truncated Neumann series
for the inverse Hessian approximation in the adjoint gradient. Moreover, none of them considers
the LL constrained case.

DARTS [28] is an optimization technique related to the BSG method, which has enjoyed
great popularity in NAS. It always considers an inexact solution to the LL problem, and it
starts an iteration by applying one step of SG to the LL problem, ỹk = yk − η∇yfℓ(xk, yk),
where η is a fixed stepsize. Then, it displaces the UL variables using xk+1 = xk − η gDARTS

k ,
where gDARTS

k is computed by applying the chain rule to ∇xfu(x, y − η∇yfℓ(x, y)), leading to
(when using full-batch gradients)

gDARTS
k = ∇xfu(xk, ỹk)− η∇2

xyfℓ(xk, yk)∇yfu(xk, ỹk). (1.5)

However, in the full-batch (deterministic) case, gDARTS
k may not be a descent direction. The

matrix-vector product in (1.5) is approximated by finite differences, rendering DARTS free of
both second-order derivatives and matrix-vector products (see Section 5.2).

1.3 Contributions of the paper

A first contribution of this paper is a general framework for the BSG method that applies to
both the LL unconstrained (Y (x) = Rm) and constrained (Y (x) ̸= Rm) cases. In particular,
our paper represents the first work∗ that proposes a method to address the LL constrained
case, which has not been covered elsewhere, neither algorithmically nor theoretically, although
important ML problems give rise to bilevel problems with LL constraints.

The convergence theory developed in this paper for the BSG method applies to both the LL
unconstrained and constrained cases and is grounded on sensitivity principles of nonlinear op-
timization. Our theory also comprehensively covers all possible inexact settings such as the
inexact solution of the LL problem, inexact computation of the adjoint formula (due to the in-
exact solution of the adjoint equation or use of a truncated Neumann series), and noisy estimates
of the gradients, Jacobians, and Hessians involved. Since the convergence analysis proposed is
abstracted from the specifics of the approach used to compute the inverse matrix in the adjoint
formula (1.2), our theory unifies two different classes of BSG methods, i.e., the ones based on

∗Very recently, we came across an approach [54] where a similar derivation has been proposed for bilevel
problems with linear LL constraints.

4



the adjoint equation and the ones based on the truncated Neumann series, which have been
studied separately [20, 40].

To approximate the second-order derivatives in the adjoint formula and avoid explicitly
solving the adjoint equation or computing the truncated Neumann series (also dismissing any
matrix-vector products), we propose a practical implementation of the BSG method, referred
to as BSG-1, which uses rank-1 Hessian approximations. Such approximations are inspired by
Gauss-Newton methods for nonlinear least-squares problems (see, e.g,. [39]) and also from the
fact that the empirical risk of misclassification in ML is often a sum of non-negative terms
matching a function to a scalar which can then be considered in a least-squares fashion [4, 19].
The BSG-1 method can be effectively applied to solve large-scale bilevel ML problems (in both
the LL unconstrained and constrained cases), as proved by our numerical results.

We present and discuss a variety of numerical experiments that compare different versions
of the BSG methods against DARTS on a synthetic quadratic bilevel problem and a continual
learning problem (with and without LL constraints). The numerical results demonstrate that
the BSG-1 method performs better than DARTS.

1.4 Organization of this paper

This paper is organized as follows. In Section 2, we describe the BSG method for the LL
unconstrained case and introduce it for the LL constrained case. The assumptions on the prob-
lem functions and inexact calculations required for the convergence analysis of the method are
reported in Section 3. Section 4 presents the convergence rates for the nonconvex, strongly con-
vex, and convex cases. Numerical results for a synthetic quadratic bilevel problem and continual
learning instances are analyzed in Section 5, which also describes the practical implementations
of both the BSG-1 and DARTS methods. Finally, in Section 6 we draw some concluding remarks
and we propose ideas for future work. By default, all norms ∥ · ∥ used in this paper are the
ℓ2 ones.

2 The bilevel stochastic gradient method

In this section, we introduce the bilevel stochastic gradient (BSG) method for solving stochastic
BLPs. Let {ϑℓ

k}k≥0 and {ςℓk}k≥0 be sequences of random variables for the LL gradient and
Hessian evaluations, and the Jacobian evaluations, respectively. Similarly, let {ϑu

k}k≥0 be a
sequence of random variables for UL gradient evaluations. A realization of ϑℓ

k, ς
ℓ
k, and ϑu

k can
be interpreted as a single sample or a batch of samples for mini-batch SG. For compactness of
notation, let us set ξk = (ϑu

k , ϑ
ℓ
k) in the LL unconstrained case (Y (x) = Rm), and ξk = (ϑu

k , ϑ
ℓ
k, ς

ℓ
k)

in the LL constrained case (Y (x) ̸= Rm).

2.1 The unconstrained lower level case

Given (xk, ỹk), we denote by gux(xk, ỹk, ϑ
u
k), g

u
y (xk, ỹk, ϑ

u
k), and gℓy(xk, ỹk, ϑ

ℓ
k) the stochastic gradi-

ent estimates that approximate ∇xfu(xk, ỹk), ∇yfu(xk, ỹk), and ∇yfℓ(xk, ỹk), respectively. The
same notation applies to the stochastic Hessian estimates: Hℓ

xy(xk, ỹk, ϑ
ℓ
k) and Hℓ

yy(xk, ỹk, ϑ
ℓ
k)

approximate, respectively, ∇2
xyfℓ(xk, ỹk) and ∇2

yyfℓ(xk, ỹk).
In the LL unconstrained case (Y (x) = Rm), an approximate (negative) BSG (denoted
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as −gBSG
k in Subsection 1.2) can be computed directly from the adjoint formula (1.2), as follows:

d(xk, ỹk, ξk) = −
(
gux(xk, ỹk, ϑ

u
k)−Hℓ

xy(xk, ỹk, ϑ
ℓ
k)H

ℓ
yy(xk, ỹk, ϑ

ℓ
k)

−1guy (xk, ỹk, ϑ
u
k)
)
. (2.1)

The data in the formula (1.2) is referred to as D(x, y) or D(x, y(x)), depending on the point
where the gradients and Hessians are evaluated:

D(x, y) =
(
∇xfu(x, y),∇yfu(x, y),∇2

xyfℓ(x, y),∇2
yyfℓ(x, y)

)
. (2.2)

The data in the calculation (2.1) is referred to as D(xk, ỹk, ξk):

D(xk, ỹk, ξk) =
(
gux(xk, ỹk, ϑ

u
k), g

u
y (xk, ỹk, ϑ

u
k), H

ℓ
xy(xk, ỹk, ϑ

ℓ
k), H

ℓ
yy(xk, ỹk, ϑ

ℓ
k)
)
. (2.3)

As we have said before, our practical implementation of BSG will use rank-one approximations
for Hℓ

xy(xk, ỹk, ϑ
ℓ
k) and Hℓ

yy(xk, ỹk, ϑ
ℓ
k), and then solve Hℓ

yy(xk, ỹk, ϑ
ℓ
k)λ = guy (xk, ỹk, ϑ

u
k) in the

least-squares sense.

2.2 The constrained lower level case

Let us now handle the LL constrained case, in which we consider

Y (x) = {y ∈ Rm | ci(x, y) ≤ 0, i ∈ I, and ci(x, y) = 0, i ∈ E},

where I and E are two finite sets of indices. For the LL problem, assume that at y(x), the
gradients of the active constraints are linearly independent (LICQ), the strict complementarity
condition holds, and the sufficient second-order optimality conditions are satisfied [39]. De-
noting cI(x, y) = (ci(x, y), i ∈ I) and cE(x, y) = (ci(x, y), i ∈ E), the Lagrangian function of
the LL problem is defined as Lℓ(x, y, z) = fℓ(x, y) + cI(x, y)

⊤zI + cE(x, y)
⊤zE , where zI and

zE are Lagrange multipliers. Assuming that the second-order necessary conditions hold at y(x)
with unique Lagrange multipliers zI(x) and zE(x) under the LICQ, we can write the following
first-order KKT system for the LL problem





∇yfℓ(x, y(x)) +∇ycI(x, y(x)) zI(x) +∇ycE(x, y(x)) zE(x) = 0,

zI(x) ◦ cI(x, y(x)) = 0,

cE(x, y(x)) = 0,

where ◦ is the element-wise multiplication operation of two vectors.
Now, given any x, define v(x) = (y(x), zI(x), zE(x))

⊤. We can rewrite the KKT system
above as G(x, v(x)) = 0 by introducing a corresponding vector function G. Now, applying the
chain rule to G(x, v(x)) = 0, we obtain ∇vG

⊤∇v⊤ = −∇xG
⊤, with

∇xG
⊤ =




∇2
yxLℓ

zI ◦ ∇xc
⊤
I

∇xc
⊤
E


 and ∇vG

⊤ =




∇2
yyLℓ ∇ycI ∇ycE

zI ◦ ∇yc
⊤
I CI 0

∇yc
⊤
E 0 0


 , (2.4)

where the Hessian of Lℓ is evaluated at (x, y(x), zI(x), zE(x)), the Jacobian matrices ∇xc
⊤
I ,

∇xc
⊤
E , ∇yc

⊤
I , ∇yc

⊤
E are evaluated at (x, y(x)), and CI is a diagonal matrix whose elements are

given by cI(x, y(x)).
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Since under the assumptions stated at the beginning of this section, the Jacobian ∇vG
⊤ is

nonsingular at (x, v(x)) [36, 39], we obtain

∇v =
(
∇y,∇zI ,∇zE

)
= −∇xG∇vG

−1.

We can now pull out the columns of this system that correspond to the ∇y(x) term by intro-

ducing an appropriate matrix L =
(
Im 0

)⊤
, where Im is an identity matrix of size m and 0 is

a null matrix of size m× |I|+ |E|

∇y(x) = −∇xG∇vG
−1L. (2.5)

Substituting (2.5) into (1.3), we obtain the adjoint gradient for the LL constrained case

∇f = ∇xfu −∇xG∇vG
−1L∇yfu, (2.6)

where the gradients of fu with respect to x and y are evaluated at (x, y(x)), while the Jacobians
of G with respect to x and v are evaluated at (x, v(x)). The negative adjoint gradient provides
the steepest descent direction for f at x in the deterministic case.

Similar to the notation used for the LL unconstrained case in Subsection 2.1, given (xk, ṽk),
with ṽk = (ỹk, (z̃I)k, (z̃E)k), the Jacobian estimates Gx(xk, ṽk, ς

ℓ
k)

⊤ and Gv(xk, ṽk, ς
ℓ
k)

⊤ approxi-
mate ∇xG(xk, ṽk)

⊤ and ∇vG(xk, ṽk)
⊤, respectively. The data in (2.6) is referred to as D(x, v)

or D(x, v(x)), depending on the point where the gradients, Hessians, and Jacobians are evalu-
ated:

D(x, v) = (∇xfu(x, y), L∇yfu(x, y), ∇xG(x, v), ∇vG(x, v)) . (2.7)

An approximate (negative) BSG can be computed directly from the adjoint formula (2.6),
as follows:

d(xk, ṽk, ξk) = −
(
gux(xk, ỹk, ϑ

u
k)− Gx(xk, ṽk, ς

ℓ
k)Gv(xk, ṽk, ς

ℓ
k)

−1Lguy (xk, ỹk, ϑ
u
k)
)
, (2.8)

where the data in calculation (2.8) is now referred to as D(xk, ṽk, ξk):

D(xk, ṽk, ξk) =
(
gux(xk, ỹk, ϑ

u
k), L guy (xk, ỹk, ϑ

u
k), Gx(xk, ṽk, ς

ℓ
k), Gv(xk, ṽk, ς

ℓ
k)
)
. (2.9)

It is worth mentioning that an alternative approach to obtain a direction colinear with the
negative gradient of f in the LL constrained case was proposed in [48]. However, such an
approach requires solving an auxiliary linear-quadratic bilevel problem, which is not practical
in terms of solving large-scale machine learning problems. Also, the approach in [48] does not
yield the exact size of the gradient.

2.3 A unified notation

Our goal is to propose a general algorithm that applies to both the LL unconstrained and
constrained cases. For each case, one can denote the BSG directions used in the deterministic
setting (i.e., (1.2) and (2.6)) and stochastic one (i.e, (2.1) and (2.8)) by using the following
unified notation

d(D) = −(a−AB−1b), (2.10)

where D = (a, b, A,B). In particular, in the LL unconstrained case, when the adjoint for-
mula (1.2) or (2.1) is used, the data D is either the deterministic one (2.2) or the stochastic
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one (2.3), respectively. Similarly, in the constrained case, when the adjoint formula (2.6) or (2.8)
is used, the data D is again either the deterministic one (2.7) or the stochastic one (2.9), re-
spectively. Moreover, we use the following notation to encapsulate the LL variables in the two
cases

w =

{
y when Y (x) = Rn,

v when Y (x) ̸= Rn,
(2.11)

i.e., w is equal to y in the unconstrained case and v in the constrained case.

2.4 The BSG method

The schema of the BSG method is presented in Algorithm 1. An initial point (x0, w̃0) and a
sequence of positive scalars {αk} are required as input. In Step 1, any arbitrary optimization
method can be applied to approximately solve the LL problem, regardless of being unconstrained
or constrained. In Step 2, one computes an approximate (negative) BSG, which will be denoted
by d(xk, w̃k, ξk) and computed through (2.1) or (2.8). Finally, at Step 3, the vector x is updated
by using a proper step size taken from the sequence of positive scalars. When X is a closed
and convex constrained set different from Rn, we need to compute the orthogonal projection
of xk+αk d(xk, w̃k, ξk) onto X (note that such a projection can be computed by solving a convex
optimization problem).

Algorithm 1 Bilevel Stochastic Gradient (BSG) Method

Input: (x0, w̃0), {αk}k≥0 > 0.

For k = 0, 1, 2, . . . do
Step 1. Obtain an approximation w̃k to the LL optimal solution w(xk).
Step 2. Compute a (negative) stochastic gradient approximation d(xk, w̃k, ξk).
Step 3. Compute xk+1 = PX(xk + αk d(xk, w̃k, ξk)).

End do

We point out that as is usual in the literature related to SG methods, a stopping criterion
is not considered due to a lack of reasonable criteria and for the need to study the asymptotic
convergence properties.

2.5 Computing the BSG direction inexactly

The two approaches proposed in the literature to deal with the inverse matrix B−1 in (2.10)
consist of either solving the adjoint equation or using a truncated Neumann series. In particular,
the first approach requires solving the adjoint equation B λ = b for the adjoint variables λ.
The BSG direction can thus be calculated by a − Aλ. The residual error due to the inexact
solution of the adjoint equation is denoted by r̃, i.e., r̃ = B λ − b. Note that the previous
expression can be written as B λ = b + r̃, where the right-hand side can be interpreted as a
perturbation of the right-hand side in the adjoint equation. Since λ = B−1(b + r̃), the BSG
direction becomes

−(a−AB−1(b+ r̃)) (2.12)
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in the inexact adjoint solve case. Given a positive scalar q > 0, the second approach is based on
the Neumann series as follows:

B−1 =
∞∑

i=0

(I −B)i = B + R̃,

where B =
∑q

i=0(I−B)i and R̃ =
∑∞

i=q+1(I−B)i. Note that the accuracy of the approximation

is an increasing function of q. An approximation to B−1 is given by B, i.e., B−1 ≃ B. Therefore,
the BSG direction becomes

−(a−A (B + R̃) b) (2.13)

in the inexact Neumann series case.

3 Assumptions, sensitivity, and smoothness

In this section, we introduce the assumptions used in the convergence analysis of the BSG
method, which extends the convergence theory of the SG method to the bilevel case when
the stepsize is assumed to be decaying. Using the notation introduced in (2.10)–(2.11), the
convergence theory developed in this section covers both the LL unconstrained and constrained
cases. The solution of the LL problem is assumed inexact. Our theory also applies when
the BSG direction (2.10) is computed inexactly by using the approaches in Subsection 2.5,
which comprehensively generalizes all existing approaches in the literature.

Given that we consider the application of the stochastic gradient method (or a similar SA
technique) to solve the LL problem (see Step 1 of Algorithm 1), we will denote by ξS1k the set of
random variables for all combined iterations of the LL solution process at iteration k. Moreover,
we will denote by ξallk the set of all random variables for both the LL and UL solution processes
at iteration k. Therefore, noticing that ξk denotes the set of random variables used at Step 2 of
Algorithm 1, let us set ξallk = (ξS1k , ξk). At each iteration, the iterate xk is completely determined
by the realizations of the independent random variables ξS1k and ξk.

3.1 General assumptions

Let us recall that f(x) = fu(x, y(x)). The true function f will later be assumed sufficiently
smooth (Assumption 3.7 below). For the moment we need to impose a certain smoothness on
the BLP gradients, Hessians, and Jacobians involved in the computation of the BSG direction
(Assumption 3.1 below).

Assumption 3.1 (Lipschitz continuity of gradients, Hessians, and Jacobians)
The gradients ∇xfu and ∇yfu are Lipschitz continuous in (x, y). In the LL unconstrained case,
the Hessians ∇2

xyfℓ and ∇2
yyfℓ are Lipschitz continuous in (x, y). In the LL constrained case, the

Jacobians ∇xc
⊤
I , ∇xc

⊤
E, ∇yc

⊤
I , and ∇yc

⊤
E and the Hessians ∇2

yxci and ∇2
yyci, for all i ∈ I∪E, are

Lipschitz continuous in (x, y). Further, D(·, ·, ξ) is Lipschitz continuous in the second argument.

We point out that the assumption on D(·, ·, ξ) is met in finite-sum ML of the type
∑N

i=1 hi(x)
if all functions hi are Lipschitz continuous. In this case, the randomness ξ consists of drawing a
batch, which trivially renders the assumption true.

We require the BSG direction d(xk, w(xk), ξk) to satisfy Assumption 3.2 below, which is a
classical assumption [5]. Such an assumption will be used to derive a bound on the second
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moment of the approximate BSG direction at the end of Section 3.2. The expected value
with respect to the probability distributions of ξk and ξS1k are denoted by Eξk [·] and EξS1k

[·],
respectively. The expected value with respect to the joint distribution of ξk and ξS1k is denoted
by Eξallk

= Eξk [EξS1k
[·]].

Assumption 3.2 (Bound on the second moment of the BSG direction) There exists a
positive scalar Vd such that the vector d(xk, w(xk), ξk) satisfies the following condition:

Eξk [∥d(xk, w(xk), ξk)∥2] ≤ Vd.

3.2 Sensitivity of the approximated bilevel stochastic gradient direction

To bound the second moment of the approximate BSG direction d(xk, w̃k, ξk) and the expectation
of the error between the negative gradient −∇f(xk) and d(xk, w̃k, ξk), we will need to apply
sensitivity analysis arguments from nonlinear optimization. We start by assuming that the
calculation process of the BSG direction (2.10) is (approximately) Lipschitz continuous with
respect to changes in its data.

Assumption 3.3 (Sensitivity of the BSG direction) Given any pair of data D1 and D2,
there exists a constant LBSG > 0 such that

∥d(D1)− d(D2)∥ ≤ LBSG(∥D1 −D2∥+ ∥r1 − r2∥), (3.1)

where r1 and r2 are the residual errors in the inexact computations of d(D1) and d(D2).

In Proposition 3.1 below (see Appendix A for the proof), it is shown that the inexact
ways (2.12) and (2.13) of calculating adjoint gradients or BSG directions do ensure that As-
sumption 3.3 is satisfied. Parts of the proof have been published elsewhere [13]. In fact, the
arguments used are the known facts that sum is Lipschitz continuous, multiplication is Lipschitz
continuous if the factors are bounded, and matrix inversion is Lipschitz continuous if its singular
values are bounded away from zero.

Proposition 3.1 Given any pair of data D1 and D2, let r1 and r2 be the residual errors incurred
when d(D1) and d(D2) are computed inexactly by either (2.12) (in which case r1, r2 are r̃1, r̃2)
or (2.13) (in which case r1, r2 are R̃1, R̃2). Assuming that b, A, and B are bounded in norm
and that the singular values of B are bounded away from zero, there exists a constant LBSG > 0
such that inequality (3.1) of Assumption 3.3 is satisfied.

We now introduce Assumption 3.4 on the absolute error of the LL optimal solution, whose
validity in practice is discussed in Subsection 4.4.

Assumption 3.4 There exists a positive scalar Cw such that

EξS1k
[∥w(xk)− w̃k∥2] ≤ (Cw αk)

2.

By applying Jensen’s inequality, one also has (EξS1k
[∥w(xk) − w̃k∥])2 ≤ EξS1k

[∥w(xk) − w̃k∥2],
thus

EξS1k
[∥w(xk)− w̃k∥] ≤ Cw αk. (3.2)

10



We also need Assumption 3.5 below to hold which essentially amounts to the sampling
error in the data. To enforce this assumption in practice, we refer the reader to the discussion
reported in Section 4.5. Recall that D(xk, w̃k) represents the deterministic data defining the
quantity d(xk, w̃k) (see (2.2) and (2.7)), and D(xk, w̃k, ξk) the stochastic data of the calculation
of d(xk, w̃k, ξk) (see (2.3) and (2.9)).

Assumption 3.5 There exists a positive scalar CD such that

Eξallk
[∥D(xk, w̃k)−D(xk, w̃k, ξk)∥] ≤ CD αk.

Finally, we need to bound the residual errors introduced in Assumption 3.3. In practice,
when the BSG direction is computed inexactly (see Subsection 2.5), this assumption can be
enforced by either increasing the accuracy in the inexact adjoint equation solve or increasing
the value of q used to truncate the Neumann series.

Assumption 3.6 There exists a positive scalar Ce such that, for all realizations of the algo-
rithm,

∥rk∥ ≤ Ce αk,

where rk is either (r1)k or (r2)k.

One is ready to establish the desired bounds (see Lemmas 3.1 and 3.2 below), for which the
constants will depend on the above-introduced constants.

Lemma 3.1 Under Assumptions 3.1–3.4 and 3.6, and assuming the stepsize sequence {αk}
bounded from above by a constant Cs > 0, one has

Eξallk
[∥d(xk, w̃k, ξk)∥2] ≤ Gd, (3.3)

where Gd = 2 (Ud+Vd), Ud = L2
BSGC

2
s (L

2
LLC

2
w+2CeCw+4C2

e ), and LLL > 0 is a constant only
dependent on the Lipschitz constants of the gradients and Hessians of Assumption 3.1.

Proof. By considering the data D1 = D(xk, w(xk), ξk) and D2 = D(xk, w̃k, ξk) in Assump-
tion 3.3, we obtain

∥d(xk, w(xk), ξk)− d(xk, w̃k, ξk)∥ ≤ LBSG∥D(xk, w(xk), ξk)−D(xk, w̃k, ξk)∥
+ LBSG∥r1 − r2∥.

(3.4)

Assumption 3.1 implies the existence of a constant LLL > 0 such that

∥D(xk, w(xk), ξk)−D(xk, w̃k, ξk)∥ ≤ LLL∥w(xk)− w̃k∥. (3.5)

From (3.4), (3.5), and Assumption 3.6, we obtain

∥d(xk, w(xk), ξk)− d(xk, w̃k, ξk)∥ ≤ LBSG(LLL∥w(xk)− w̃k∥+ 2Ceαk). (3.6)

By raising both sides of (3.6) to the second power, we have

∥d(xk, w(xk), ξk)−d(xk, w̃k, ξk)∥2 ≤ L2
BSG(L

2
LL∥w(xk)− w̃k∥2+2Ceαk∥w(xk)− w̃k∥+4C2

eα
2
k).
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Therefore, by taking expectations with respect to the distribution of ξallk , considering Assump-
tion 3.4, (3.2), and the bound on the stepsize sequence, and denoting Ud = L2

BSGC
2
s (L

2
LLC

2
w +

2CeCw + 4C2
e ), we obtain

Eξallk
[∥d(xk, w(xk), ξk)− d(xk, w̃k, ξk)∥2] ≤ Ud, (3.7)

where we have used that Eξallk
[∥w(xk)− w̃k∥i] = EξS1k

[∥w(xk)− w̃k∥i], with i ∈ {1, 2}.
From Assumption 3.2 and (3.7), we can obtain the desired bound on the second moment of

the approximate BSG direction by adding and subtracting d(xk, w(xk), ξk) and considering that
Eξallk

[∥d(xk, w(xk), ξk)∥2] = Eξk [∥d(xk, w(xk), ξk)∥2]. In particular, we have

Eξallk
[∥d(xk, w̃k, ξk)∥2] ≤ 2Eξallk

[∥d(xk, w̃k, ξk)− d(xk, w(xk), ξk)∥2]
+2Eξk [∥d(xk, w(xk), ξk)∥2]

≤ 2 (Ud + Vd).

□

Lemma 3.2 Under Assumptions 3.1 and 3.3–3.6

Eξallk
[∥ − ∇f(xk)− d(xk, w̃k, ξk)∥] ≤ Cd αk, (3.8)

where Cd = LBSG(LLLCw + CD + 4Ce), and LLL > 0 is a constant only dependent on the
Lipschitz constants of the gradients and Hessians of Assumption 3.1.

Proof. By adding and subtracting the term d(xk, w̃k) and using the triangle inequality, we have

Eξallk
[∥d(xk, w(xk))− d(xk, w̃k, ξk)∥] ≤ Eξallk

[∥d(xk, w(xk))− d(xk, w̃k)∥] (3.9)

+Eξallk
[∥d(xk, w̃k)− d(xk, w̃k, ξk)∥]. (3.10)

Now we derive a bound for the right-hand side in (3.9). By considering the data D1 =
D(xk, w(xk)) and D2 = D(xk, w̃k) in Assumption 3.3, and taking the expectation, we obtain

Eξallk
[∥d(xk, w(xk))− d(xk, w̃k)∥] ≤ LBSG Eξallk

[∥D(xk, w(xk))−D(xk, w̃k)∥] + 2LBSGCeαk,

(3.11)
where we have applied Assumption 3.6 on ∥(r1)k − (r2)k∥.

Note that the right-hand side of (3.11) contains exact BLP gradients and Hessians (or Ja-
cobians in the LL constrained case). Therefore, the Lipschitz continuity of those mappings
(Assumption 3.1) implies the existence of a constant LLL > 0 such that

∥D(xk, w(xk))−D(xk, w̃k)∥ ≤ LLL∥w(xk)− w̃k∥. (3.12)

Taking expectations with respect to the distribution of ξallk on both sides of (3.12), we can write

Eξallk
[∥D(xk, w(xk))−D(xk, w̃k)∥] ≤ LLL EξS1k

[∥w(xk)− w̃k∥], (3.13)

where we have used that Eξallk
[∥w(xk) − w̃k∥] = EξS1k

[∥w(xk) − w̃k∥]. Therefore, from (3.11),

(3.13), and (3.2), we obtain

Eξallk
[∥d(xk, w(xk))− d(xk, w̃k)∥] ≤ LBSG (LLLCw + 2Ce)αk. (3.14)
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Now we derive a bound for (3.10). By considering the data D1 = D(xk, w̃k) and D2 =
D(xk, w̃k, ξk) in Assumption 3.3 and applying Assumption 3.6, we have

∥d(xk, w̃k)− d(xk, w̃k, ξk)∥ ≤ LBSG∥D(xk, w̃k)−D(xk, w̃k, ξk)∥ + 2LBSGCeαk. (3.15)

Taking expectations with respect to the distribution of ξallk on both sides of (3.15), we obtain

Eξallk
[∥d(xk, w̃k)− d(xk, w̃k, ξk)∥] ≤ LBSG Eξallk

[∥D(xk, w̃k)−D(xk, w̃k, ξk)∥] + 2LBSGCeαk.

(3.16)
Hence, from (3.16) and Assumption 3.5, we obtain

Eξallk
[∥d(xk, w̃k)− d(xk, w̃k, ξk)∥] ≤ LBSG (CD + 2Ce)αk. (3.17)

The proof can be concluded from (3.9)–(3.10), (3.14), and (3.17). □

3.3 Smoothness of the true objective function

Our convergence theory requires an explicit assumption on the smoothness of the true function f .

Assumption 3.7 (Smoothness of f) The gradient ∇f is Lipschitz continuous in x with con-
stant L∇f > 0, i.e.,

∥∇f(x1)−∇f(x2)∥ ≤ L∇f∥x1 − x2∥ for all (x1, x2) ∈ Rn × Rn. (3.18)

In both the LL unconstrained and constrained cases, the Lipschitz continuity of ∇f can be
inferred from the Lipschitz continuity of y(x), w(x), and the gradients, Hessians, and Jacobians
involved (along with the boundedness away from singularity of Hessian or KKT matrices). Such
a result and its proof are given in Appendix B, and again part of the proof has been reported
in [13] and relies on elementary arguments.

An important and well-known consequence that follows from Assumption 3.7 is

f(x) ≤ f(x̄) +∇f(x̄)⊤(x− x̄) +
1

2
L∇f∥x− x̄∥2 for all (x, x̄) ∈ Rn × Rn. (3.19)

4 Convergence rate of the BSG method

In this section, we extend the convergence theory of the SG method to the bilevel case when the
stepsize is assumed to be decaying. The BLP objective function f is assumed to be nonconvex,
strongly convex (leading to a 1/k sublinear convergence rate), or simply convex (1/

√
k rate).

Using the notation introduced in (2.10)–(2.11), the convergence theory developed in this
section covers both the LL unconstrained and constrained cases. The BSG method under con-
sideration takes an inexact solution of the LL problem, for which the stochasticity is rigorously
included in the analysis for the first time. Moreover, such a theory also applies when the BSG
direction (2.10) is computed inexactly regardless of the approach used (see Subsection 2.5),
thus leading to an analysis that is considerably more general than the ones proposed in the
literature [20, 40].

13



4.1 Rate in the nonconvex case

In this section, the true objective function f is assumed to be possibly nonconvex. We now
present two lemmas that will allow us to prove the convergence result. Such lemmas and the
resulting theorem are based on the theory provided in [5], where the main differences lie in the
use of the projection operator to handle the upper-level constraints x ∈ X and, importantly, in
how inexactly d(xk, w̃k, ξk) approximates −∇f(xk) (see Lemmas 3.1 and 3.2). The first lemma
is just a Taylor bound derived as a result of Assumption 3.7.

Lemma 4.1 Under Assumption 3.7, the iterates of Algorithm 1 satisfy the following inequality
for all k ∈ N

Eξallk
[f(xk+1)]− f(xk) ≤ αk (PX∇f(xk))

⊤ Eξallk
[d(xk, w̃k, ξk)]

+
1

2
α2
kL∇fEξallk

[
∥d(xk, w̃k, ξk)∥2

]
.

(4.1)

Proof. From equation (3.19), the iterates generated by Algorithm 1 satisfy

f(xk+1)− f(xk) ≤ ∇f(xk)
⊤(xk+1 − xk) +

1

2
L∇f∥xk+1 − xk∥2.

Recalling that Algorithm 1 uses the update xk+1 = PX (xk + αkd(xk, w̃k, ξk)), and since xk is in
the feasible region X, we know that xk = PX(xk), which yields

f(xk+1)− f(xk) ≤ αk∇f(xk)
⊤PXd(xk, w̃k, ξk) +

1

2
α2
kL∇f∥PXd(xk, w̃k, ξk)∥2.

Since PX is an orthogonal projection, we know PX = P⊤
X = P 2

X and ∥PX∥ ≤ 1. Using this fact
and taking expectations with respect to the distribution of ξallk , we obtain (4.1). □

We now need to introduce Assumption 4.1, which states that the size of the gradient is
bounded by some constant (which is implied by the Lipschitz continuity of ∇f and the bound-
edness of X).

Assumption 4.1 The gradients generated by the sequence of iterates {xk}k≥0 are bounded, i.e.,

∥∇f(xk)∥ ≤ C∇f ,

for some constant C∇f > 0.

The following lemma further extends the result of Lemma 4.1 by using the inexactness
of d(xk, w̃k, ξk) and the bound on its second-order moment.

Lemma 4.2 Under Assumptions 3.1–3.7 and 4.1, the iterates generated by Algorithm 1 satisfy
the following inequality for all k ∈ N:

Eξallk
[f(xk+1)]− f(xk) ≤ −αk∥PX∇f(xk)∥2 + α2

kC∇fCd +
1

2
α2
kL∇fGd. (4.2)
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Proof. From inequality (4.1) and Lemma 3.1, we have

Eξallk
[f(xk+1)]− f(xk) ≤ αk (PX∇f(xk))

⊤ Eξallk
[d(xk, w̃k, ξk)] +

1

2
α2
kL∇fGd.

Adding and subtracting αk (PX∇f(xk))
⊤ Eξallk

[∇f(xk)] to the right-hand side and simplifying,

we obtain

Eξallk
[f(xk+1)]− f(xk) ≤ αk (PX∇f(xk))

⊤ Eξallk
[d(xk, w̃k, ξk) +∇f(xk)]

− αk (PX∇f(xk))
⊤∇f(xk) +

1

2
α2
kL∇fGd.

Applying the properties of orthogonal projections along with the Cauchy-Schwarz and Jensen’s
inequalities, we obtain

Eξallk
[f(xk+1)]− f(xk) ≤ αk∥PX∇f(xk)∥ Eξallk

[∥d(xk, w̃k, ξk) +∇f(xk)∥]

− αk∥PX∇f(xk)∥2 +
1

2
α2
kL∇fGd.

Finally, from Assumption 4.1 and inequality (3.8) along with the properties of orthogonal pro-
jections, we obtain the desired result. □

We will now introduce the final assumptions that are needed for the convergence result of
the nonconvex case. The first of these states that for Algorithm 1 to converge, the sequence of
function values must be bounded below by some minimum value.

Assumption 4.2 The sequence {f(xk)}k≥0 is bounded below by finf.

Lastly, we require the stepsize to be of decaying type.

Assumption 4.3 The sequence of decaying stepsizes {αk}k≥0 satisfies

∞∑

k=0

αk = ∞ and

∞∑

k=0

α2
k < ∞.

We can now establish the convergence result for the nonconvex case. We use E[·] to refer to
the total expectation of f , namely, the expected value with respect to the joint distribution of
all the random vectors ξallk .

Theorem 4.3 Under Assumptions 3.1–3.7, 4.1, and 4.2, suppose that Algorithm 1 is run with
a decaying stepsize sequence that satisfies Assumption 4.3. Then, with AK :=

∑K
k=0 αk,

lim
K→∞

E

[
K∑

k=0

αk∥PX∇f(xk)∥2
]
< ∞, (4.3)

and therefore

lim
K→∞

E

[
1

AK

K∑

k=0

αk∥PX∇f(xk)∥2
]
= 0. (4.4)
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Proof. The proof follows [5, Theorem 4.10] closely. Taking the total expectation of (4.2), we
have

E [f(xk+1)]− E [f(xk)] ≤ −αkE
[
∥PX∇f(xk)∥2

]
+ α2

kC∇fCd +
1

2
α2
kL∇fGd

Summing both sides of this inequality for k ∈ {0, 1, ...,K} and by Assumption 4.2, we have

finf − E [f(x0)] ≤ E [f(xK+1)]− E [f(x0)]

≤ −
K∑

k=0

αkE
[
∥PX∇f(xk)∥2

]
+ C∇fCd

K∑

k=0

α2
k +

1

2
L∇fGd

K∑

k=0

α2
k.

Rearranging, we obtain

K∑

k=0

αkE
[
∥PX∇f(xk)∥2

]
≤ E [f(x0)]− finf + C∇fCd

K∑

k=0

α2
k +

1

2
L∇fGd

K∑

k=0

α2
k.

Assumption 4.3 implies that the right-hand side of this inequality converges to a finite limit
when K increases, which proves (4.3). To obtain (4.4), we can divide by AK as follows

1

AK

K∑

k=0

αkE
[
∥PX∇f(xk)∥2

]
≤ E [f(x0)]− finf

AK
+

C∇fCd

AK

K∑

k=0

α2
k +

L∇fGd

2AK

K∑

k=0

α2
k.

Taking the limit as K → ∞, and noting Assumption 4.3, we obtain the desired result. □

4.2 Rate in the strongly convex case

In this subsection, we present the convergence rate of the BSG method when f is assumed to be
strongly convex. In practice, such a case occurs when the UL objective function fu is strongly
convex and y(x) is an affine function in x. Hence, imposing strong convexity of f is a strong
assumption in the sense of assuming in practice that the LL problem is a QP problem. Still, we
cover this case for completeness of our convergence theory and to address the case when an ℓ2
regularization term in y is added to fℓ.

Along with Assumption 3.7, we also need the iterates to lie in a bounded set, which could
be ensured by the boundedness of X in the BLP formulation.

Assumption 4.4 (Boundedness of the iterates) The sequence of iterates {xk}k≥0 yielded
by Algorithm 1 is contained in a bounded set.

Assumption 4.4 implies that there exists a positive constant Θ such that, for any (k1, k2),
we have

∥xk1 − xk2∥ ≤ Θ < ∞.

Finally, we assume that the true function f is strongly convex.

Assumption 4.5 (Strong convexity of f) The function f is strongly convex, namely, there
exists a constant c > 0 such that

f(x̄) ≥ f(x) +∇f(x)⊤(x̄− x) +
c

2
∥x̄− x∥2 for all (x̄, x) ∈ Rn × Rn. (4.5)
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A well-known equivalent condition to (4.5) (see, e.g., [38]) is given by

(∇f(x)−∇f(x̄))⊤(x− x̄) ≥ c∥x− x̄∥2 for all (x, x̄) ∈ Rn × Rn. (4.6)

Let x∗ be the unique minimizer of f onX, which implies that∇f(x∗)⊤(x−x∗) ≥ 0 for all x ∈ X.
Therefore, if in (4.6) we choose x = xk and x̄ = x∗, we obtain

∇f(xk)
⊤(xk − x∗) ≥ c∥xk − x∗∥2. (4.7)

The next theorem proves that under the assumption of strong convexity and decaying stepsize
(
∑∞

k=0 αk = ∞ and
∑∞

k=0 α
2
k < ∞), the sequence of points yielded by Algorithm 1 generates

a sequence of f values that decays sublinearly at the rate of 1/k. The proof of this theorem is
given in Appendix C.

Theorem 4.4 Let Assumptions 3.1–3.7 and 4.4–4.5 hold and x∗ be the unique minimizer of f
on X. Consider the schema given by Algorithm 1 and assume a decaying step size sequence of
the form αk = γ/k, where γ ≥ 1/(2c) is a positive constant. The sequence of iterates yielded by
Algorithm 1 satisfies

E[∥xk − x∗∥2] ≤ max{2 γ2M(2cγ − 1)−1, ∥x0 − x∗∥2}
k

E[f(xk)]− f(x∗) ≤ (L∇f/2)max{2 γ2M(2cγ − 1)−1, ∥x0 − x∗∥2}
k

,

where M = Gd + 2CdΘ.

4.3 Rate in the convex case

In this subsection, we state the convergence rate of the BSG method assuming that f is convex
and attains a minimizer x∗. The same comment about the lack of practicality applies to the
convex case: y(x) would need to be affine and that restricts considerably the choice of LL
problems.

Assumption 4.6 (Convexity of f) Given (ȳ, y) ∈ Rm×Rm, the (continuously differentiable)
function f is convex in x, namely,

f(x̄) ≥ f(x) +∇f(x)⊤(x̄− x) for all (x̄, x) ∈ Rn × Rn. (4.8)

Moreover, f attains a minimizer.

The next theorem states that the BSG method exhibits a sublinear convergence rate of 1/
√
k,

which implies that the convergence is slower than in the strongly convex case (Theorem 4.4).
The proof of this theorem is given in Appendix D.

Theorem 4.5 Let Assumptions 3.1–3.6, 4.4, and 4.6 hold. Consider the schema given by Al-
gorithm 1 and assume a decaying step size of the form αk = ᾱ/

√
k, with ᾱ > 0. Given a

minimizer x∗ of f , the sequence of iterates yielded by Algorithm 1 satisfies

min
s=0,...,k

E[f(xs)]− f(x∗) ≤
Θ2

2ᾱ + ᾱ(GdM + 2CdMΘ)√
k

.
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4.4 Imposing a bound on the distance from the LL optimal solution

In this subsection, we want to discuss a way to enforce Assumption 3.4 when using the stochastic
gradient (SG) method to solve the LL problem at xk. We focus on the LL unconstrained case.
Given an initial point ỹ0k and a sequence of stepsizes {βi}, such a SG method can be described
as

ỹi+1
k = ỹik − βig

ℓ
y(xk, ỹ

i
k, ξ

S1
k,i), i = 0, . . . , ik. (4.9)

We start by introducing the sampling assumptions that are standard in the literature related
to the SG method. First, suppose that the stochastic gradient gℓy(xk, ỹk, ξ

S1
k,i) is unbiased,

i.e., EξS1k,i
[gℓy(xk, ỹk, ξ

S1
k,i)] = ∇yfℓ(xk, ỹk), and there exists a positive constant Q > 0 such

that EξS1k,i
[∥gℓy(xk, ỹk, ξS1k,i)∥2] ≤ Q2. Also, suppose that fℓ is strongly convex in the y variables

with constant µ with a unique minimizer y(xk).
Recalling that the convergence rate of the SG method (4.9) with decaying stepsize isO(1/

√
i),

and by choosing ik equal to k2, one guarantees the existence of a positive constant Cy such
that Assumption 3.4 holds. In fact, by choosing a decaying step size sequence {βi} given
by βi = γ/i, where γ ≥ 1/(2µ) is a positive constant, and under the classical assumptions
stated in the previous paragraph, from [37, Equation (2.9)] it follows that the choice ik = k2

implies (with ỹk = ỹik+1
k )

EξS1k
[∥ỹk − y(xk)∥2] ≤ max{γ2Q(2µγ − 1)−1, ∥ỹ0k − y(xk)∥2}

k2
.

Such a result also holds in the LL constrained case when the scheme (4.9) incorporates a projec-
tion onto Y (xk), as long as Y (xk) is a bounded closed convex set. It is also possible to obtain an
inequality like (3.4) for the LL constrained case when using a primal-dual stochastic method [56].

4.5 Imposing a bound on dynamic sampling

In this subsection, we want to mention a dynamic sampling strategy to enforce the inequality in
Assumption 3.5 in both the LL unconstrained and constrained cases. For the sake of simplicity,
we will omit the subscript k in this subsection. Such a dynamic sampling strategy allows reducing
the level of noise by increasing the size of the batch. Recalling the definition of D(x,w) given
in (2.2) and (2.7), and the definition of D(x,w, ξ) given in (2.3) and (2.9), let us assume that
D(x,w, ξ) is normally distributed with mean D(x,w) and variance σ2 (and that the dimension
of the covariance matrix is ncov). Such an assumption implies that the stochastic estimates
in D(x,w, ξ) are unbiased estimates of the corresponding true gradients and Hessians/Jacobians.

To increase the accuracy ofD(x,w, ξ) as an estimator ofD(x,w), we can choose a larger batch
size, which is denoted by nD. Let D̄(x,w, ξ) = (1/nD)

∑nD
r=1D(x,w, ξr) be the corresponding

mini-batch stochastic estimate, where {ξr}nD
r=1 are values sampled from ξ. It is known that (for

details, see, for instance, [30, Section 5.3])

Eξk [∥D(x,w)− D̄(x,w, ξ)∥] ≤ σ
√
ncov√
nD

.

To guarantee that Assumption 3.5 holds, we need to choose a mini-batch size nD and a sample
standard deviation σ such that σ

√
ncov/nD ≤ CD αk. Therefore, when αk decreases, the

dynamic sampling strategy would increase nD.
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5 Numerical experiments

All tests were run using Google Colab (12.6GB of RAM, Intel(R) Xeon(R) processor running
at 2.00GHz, and GPU Tesla T4). We averaged all the results over 10 trials by using different
random seeds.

5.1 Our practical BSG methods (BSG-1)

A major difficulty in the adjoint formulas (1.2) and (2.6) is the use of second-order derivatives
of fℓ and Lℓ, respectively, and the need to solve the adjoint equation Bλ = b or use a truncated
Neumann series, which prevents its application to large-scale ML problems. We can get around
this problem by approximating the second-order derivatives with the outer products of the
corresponding gradients, i.e.,

∇2
xyfℓ ≃ ∇xfℓ∇yf

⊤
ℓ and ∇2

yyfℓ ≃ ∇yfℓ∇yf
⊤
ℓ , (5.1)

∇2
yxLℓ ≃ ∇yLℓ∇xL⊤

ℓ and ∇2
yyLℓ ≃ ∇yLℓ∇yL⊤

ℓ . (5.2)

As mentioned in Section 1.3, such approximations are inspired by Gauss-Newton methods for
nonlinear least-squares problems, where the Hessian matrix of the objective function

∑p
i=1(ri −

ai)
2 (in which each ri is a scalar function and ai a scalar) is approximated by

∑p
i=1∇ri∇r⊤i ,

and also from the fact that the empirical risk of misclassification in ML is often a sum of non-
negative terms matching a function to a scalar which can then be considered in a least-squares
fashion [4, 19].

In the LL unconstrained case, the resulting approximate adjoint equation (∇yfℓ∇yf
⊤
ℓ )λ =

∇yfu is most likely infeasible, and we suggest solving it in the least-squares sense. One solution
is λ = ∇yfu/(∇yf

⊤
ℓ ∇yfℓ). Plugging this and ∇2

xyfℓ ≃ ∇xfℓ∇yf
⊤
ℓ in the adjoint formula (1.2)

gives rise to our practical BSG calculation

∇f ≃ ∇xfu − ∇yf
⊤
ℓ ∇yfu

∇yf⊤
ℓ ∇yfℓ

∇xfℓ. (5.3)

This approximate BSG allows us to use the adjoint formula without computing Hessians or even
Hessian-vector products, which is prohibitively expensive for the large bilevel problems arising
in ML.

In the LL constrained case, we can use the outer products (5.2) to approximate the second-
order derivatives of Lℓ in the Jacobian matrices ∇xG

⊤ and ∇vG
⊤, introduced in (2.4), and

obtain approximate Jacobians G̃⊤
x and G̃⊤

v . The resulting approximate adjoint equation is
given by G̃vλ̃ = L∇yfu, where L is the matrix used in (2.6), and can be solved using an
iterative method for non-symmetric linear systems, e.g., GMRES [45]. Plugging a solution λ̃
into ∇xfu − G̃x λ̃, we obtain the practical BSG calculation

∇f ≃ ∇xfu − G̃x λ̃, where G̃vλ̃ = L∇yfu. (5.4)

Both of these rank-1 approaches for the unconstrained and constrained cases will be re-
ferred to as BSG-1, the “1” standing for first-order rank-1 approximations of the Hessian and
Jacobian matrices. In the numerical experiments considered for both LL unconstrained and
constrained BLPs, we are mainly interested in testing a practical BSG-1 method (Algorithm 2
below) as opposed to the standard BSG method (Algorithm 1). In the practical BSG-1 method,
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we will use the stochastic data defined by (2.3) and (2.9) (with the rank-1 approximations ap-
plied to the Hessians and Jacobians). We do not include the orthogonal projection operator PX

in Step 3 of Algorithm 2 because there are no UL constraints in the problems considered in the
numerical experiments (i.e., X = Rn).

Algorithm 2 BSG-1 Method

Input: (x0, w̃0), {αk}k≥0 > 0.

For k = 0, 1, 2, . . . do
Step 1. Obtain an approximation w̃k to the LL optimal solution w(xk).
Step 2. Draw the stochastic gradients and/or Jacobians from (5.3) or (5.4) to com-

pute d(xk, w̃k, ξk).
Step 3. Compute xk+1 = xk + αk d(xk, w̃k, ξk).

End do

In the numerical results for the LL unconstrained case, we will also test the BSG method with
stochastic Hessians, where the (negative) BSG direction d(xk, ỹk, ξk) is calculated from (2.1).
This version is referred to as BSG-H. The adjoint system Hℓ

yy(xk, ỹk, ϑ
ℓ
k)λ = guy (xk, ỹk, ϑ

u
k) is

solved by the linear conjugate gradient method until non-positive curvature is detected. In both
BSG-1 and BSG-H versions of the BSG method for the LL unconstrained case, we will apply
the SG method (4.9) in Step 1 of Algorithm 2 for a certain budget ik of iterations, obtaining an
approximation ỹk to the LL optimal solution y(xk).

In the LL constrained case, we will only consider the BSG-1 version of the BSG method. In
particular, given xk, to obtain an approximation w̃k to w(xk) in Step 1 of Algorithm 2, we will
first determine an approximation ỹk to y(xk) by minimizing the following exact penalty function
over y

Φ(xk, y;µ) = fℓ(xk, y) +
1

µ

∑

i∈I
max{0,−ci(xk, y)}+

1

µ

∑

i∈E
|ci(xk, y)| , (5.5)

where µ is a penalty parameter and the functions ci, with i ∈ I ∪ E, are the LL constraints
defined in Subsection 2.2. We recall that for sufficiently small and positive values of µ, the
minimization of such an unconstrained problem will yield the optimal solution y(xk) of the
constrained LL problem [39]. To minimize (5.5), which is a nonsmooth function, we will apply
a stochastic subgradient method. Then, given xk and ỹk, to determine approximations (z̃I , z̃E)
to the optimal multipliers (zI(xk), zE(xk)), we will solve the KKT system G(xk, (ỹk, zI , zE)) = 0
for the variables zI and zE , where G is the vector function introduced in Subsection 2.2.

We will consider two inexact schemes for the solution of the LL problem. The first one
(1 step) consists of obtaining ỹk by taking a single step of the stochastic gradient method
applied to fℓ (ik = 1, ∀k, in (4.9) for the LL unconstrained case) or stochastic subgradient
method applied to (5.5) (for the LL constrained case). In the second one (inc. acc.), the number
of steps of the stochastic gradient/subgradient method increases by 1 every time the difference of
the UL objective function between two consecutive iterations is less than a given threshold, thus
leading to an increasing accuracy strategy. In both the LL inexact schemes, ỹk is determined by
using the approximation ỹk−1 obtained at the previous iteration as a starting point. In the LL
constrained case, after each step of stochastic subgradient, a KKT system is solved by using a
conjugate gradient method to obtain approximate Lagrange multipliers.
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5.2 DARTS

DARTS was proposed in [28] for the solution of stochastic BLPs arising from NAS, and was
briefly mentioned in Section 1.2. Only the LL unconstrained case (Y (x) = Rm) has been consid-
ered. To avoid the computation of the second-order derivatives in (1.5), DARTS approximates
the matrix-vector product ∇2

xyfℓ(xk, yk)∇yfu(xk, ỹk) by a finite-difference scheme [28]:

∇2
xyfℓ(xk, yk)∇yfu(xk, ỹk) =

∇xfℓ(xk, y
+
k )−∇xfℓ(xk, y

−
k )

2ε
,

where
y±k = yk ± ε∇yfu(xk, ỹk) with ε = 0.01/∥∇yfu(xk, ỹk)∥. (5.6)

Algorithm 3 reports the schema of DARTS for the stochastic setting. In Step 1, a single step
of SG (with fixed stepsize η) is applied to the LL problem to obtain an approximation ỹk to
the LL optimal solution. Then, in Step 2, the UL variables are updated by moving along the
“approximated” descent direction using a stepsize αk.

Algorithm 3 Differentiable Architecture Search (DARTS)

Input: (x0, y0) ∈ Rn × Rm, {αk}k≥0 > 0, η > 0.

For k = 0, 1, 2, . . . do
Step 1. Compute ỹk = yk − η gℓy(xk, yk, ϑ

ℓ
k).

Step 2. Compute xk+1 = xk−αk

(
gux(xk, ỹk, ϑ

u
k)− η

2ε(g
ℓ
x(xk, y

+
k , ϑ

ℓ
k)− gℓx(xk, y

−
k , ϑ

ℓ
k))
)
,

with y±k and ε as in (5.6), with guy (xk, ỹk, ϑ
u
k) instead of ∇yfu(xk, ỹk), and set yk+1 = ỹk.

End do

5.3 Results for a synthetic quadratic bilevel problem

We first report results for a “synthetic” bilevel problem, where both levels are defined by
quadratic objective functions. Given h1 ∈ Rn, h2 ∈ Rm, symmetric positive definite matri-
ces H2 ∈ Rn×n and H3 ∈ Rm×m, and matrices H1 ∈ Rn×m and H4 ∈ Rn×m, we consider the
following problem

min
x∈Rn

fu(x, y) = h⊤1 x+ h⊤2 y +
1

2
x⊤H1y +

1

2
x⊤H2x,

y ∈ argmin
y∈Rm

fl(x, y) =
1

2
y⊤H3y − y⊤H4x.

(5.7)

In the numerical experiments, we considered a dimension of 50 at both the upper and lower
levels (i.e., n = m = 50), with H2 and H3 randomly generated and H1 and H4 set equal to
the identity matrix. Note that problem (5.7) is deterministic. To investigate the numerical
performance of the stochastic methods considered in the experiments, we computed stochastic
gradient and Hessian estimates by adding Gaussian noise with mean 0 to each corresponding
deterministic gradient (i.e., ∇xfu, ∇yfu, ∇xfℓ, ∇yfℓ) and Hessian (i.e., ∇2

xyfℓ, ∇2
yyfℓ). The

values of the standard deviation were chosen from the set {0, 0.05, 4, 20}. In the experiments,
we compared BSG-1 and BSG-H against DARTS using the best UL and LL fixed stepsizes (i.e.,
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αu and αℓ, respectively) found for each algorithm. Such stepsizes were chosen by performing
a grid search over the set {i × 10−su} for the UL stepsize and {i × 10−sℓ} for the LL stepsize,
with i ∈ {1, . . . , 9}, where su = 4 and sℓ = 3 for BSG-1 and DARTS and su = 3 and sℓ = 2
for BSG-H. Here we are not reporting numerical results for decaying stepsizes because that has
led to worse results in terms of function values, but the relative positions of the methods are the
same. When using the LL inc. acc. strategy, the threshold for increasing the number of LL steps
was set to 10−1. In all the figures considered in this subsection, we plot the true function f of
the BLP (f(xk) = fu(xk, y(xk))). It can be easily shown that f is actually a quadratic function
itself. The number of iterations and running time are both used as metrics for the comparison
of the algorithms.

From Figure 1, we can see that the BSG-H version of the BSG method performs significantly
better than BSG-1 and DARTS when the standard deviation of the stochastic gradient and
Hessian estimates is 0 or 0.05. Note that BSG-H yields the smallest objective function value
in the least number of iterations. However, this requires a worse performance in terms of time
due to the high computational cost of computing Hessian matrices. In this low-noise regime,
DARTS achieves a performance comparable to BSG-1. These findings are consistent with the
use of second-order derivatives by the three algorithms. When the standard deviation is 4 or 20,
we were unable to find stepsizes that ensure a performance of BSG-H comparable to the other
algorithms, and we omitted BSG-H from the corresponding plots. Overall, we can see that
as the standard deviation increases, the performance of BSG-H and DARTS gets worse, while
BSG-1 shows a higher robustness to the noise. The red dotted horizontal lines in all the figures
represent the optimal value of the true function f .

5.4 Continual learning

We are going to use instances of Continual Learning (CL) as practical stochastic bilevel problems
to test the performance of BSG and DARTS. CL was briefly described in Section 1, and is now
introduced in more detail. Let us denote a whole features/labels dataset by D = {(uj ,vj), j ∈
{1, . . . , N}}, consisting of N pairs of a feature vector uj and the corresponding true label vj .
For any data point j, the classification is deemed correct if the right label is predicted. To
evaluate the loss incurred when using the prediction function ϕ(u; θ), which in this section is
supposed to be a DNN, we use a loss function ℓ(ϕ(u; θ),v).

The goal of CL is to minimize the prediction error over a sequence of tasks that become
available one at a time. Among the many different formulations proposed for CL, hierarchical
objectives have been used in [41, 49]. In order to assess the performance of BSG against DARTS
on this class of problems, we adapt the formulation in [41] to an incremental setting where each
task is available as a subset of samples. Given t ∈ {1, . . . , T}, let Dt be the set of samples for a
new task Tt, which can be split into a training set Dt

tr and a validation set Dt
v. Moreover, let

us split the parameters θt of the model ϕ(u; θt) into two subvectors, λt and δt, whose roles are
to give us flexibility in minimizing the classification error on the training and validation data
along the sequence of tasks. According to [17], a reasonable strategy is to choose λt and δt as
the vectors of weights in the hidden and output layers, respectively.

To solve the overall CL problem, one starts from the first task T1 and, after an arbitrary
number of iterations or amount of time, we include in the problem the second task T2. One
reiterates this procedure until all the tasks have been added to the problem. Let us now suppose
that one has already added t tasks. At this stage, the goal of the UL and LL problems is to
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Figure 1: Comparison of different variants of the BSG method and DARTS on a synthetic
quadratic bilevel problem for different values of the standard deviation of the stochastic gradient
and Hessian estimates. The comparison is based on the number of iterations and time (in
milliseconds).
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determine the values of λt and δt that ensure a small classification error on Tt and on all the
previous tasks Ti, with i < t. To this end, the UL problem determines (λt, δt) by minimizing the
prediction error on Dt

val = ∪i≤tD
i
v, which is composed of the data sampled from the validation

sets associated with the current and previous tasks. Similarly, the LL problem determines δt by
minimizing the error on Dt

train = ∪i≤tD
i
tr. Note that at each stage one solves a different problem

since the objective functions of the UL and LL change as new tasks are included in the problem.
The formulation of the problem solved at stage t, with t ∈ {1, . . . , T}, can be written as follows

min
(λt, δt)

fu(λt, δt) =
1

|Dt
val|

∑

(u,v)∈Dt
val

ℓ(ϕ(u;λt, δt),v)

s.t. δt ∈ argmin
δt

fℓ(λt, δt) =
1

|Dt
train|

∑

(u,v)∈Dt
train

ℓ(ϕ(u;λt, δt),v).

(5.8)

We point out that the large dimension of the datasets usually considered in ML may prevent
the use of the whole sets Di

tr and Di
v from previous tasks i’s, where i < t and t is the current

task. In such cases, it may be necessary to resort to subsets D̄i
tr ⊂ Di

tr and D̄i
v ⊂ Di

v, which we
will not do in this paper given that our interest focuses on the solution of stochastic BLPs.

Once a new task is included in the problem, the classification accuracy of the DNN on the
previous tasks tends to deteriorate, thus resulting in the well-studied phenomenon of catastrophic
forgetting [22], which can be alleviated by adding LL inequality constraints to the lower level of
problem (5.8). Such inequality constraints are inspired by [31] and ensure that, at each stage,
the current model outperforms the old model on all the previous tasks, thus preventing the
deterioration of the classification accuracy when learning new tasks. In particular, for all i < t
and t ≥ 2, we have

∑

(u,v)∈Di
tr

ℓ(ϕ(u;λt, δt),v)−
∑

(u,v)∈Di
tr

ℓ(ϕ(u;λt−1, δt−1),v) ≤ 0. (5.9)

We point out that similar constraints were also used in the bilevel formulation proposed in [49],
where the violation of the constraints is penalized.

5.5 Results for continual learning instances

We now present numerical results comparing BSG-1 and DARTS on the CL problems (5.8)
that were posed in Section 5.4. In our implementation, we determine λt (the UL variables) on
the current problem by starting from the parameter values found from the previous problem.
However, since each consecutive task increases the output space of the DNN, we entirely re-
initialize δt (the LL variables) at the start of each new task (when first applying a LL step) so
that the model outputs are not biased from previous tasks.

In order to test our algorithm on a large-scale ML scenario, we chose the well-studied CIFAR-
10 dataset [27] that consists of a total of 60,000 colored images (32 × 23) of 10 different classes
(i.e., airplanes, automobiles, birds, cats, deer, dogs, frogs, horses, ships, and trucks). The dataset
is split into a training set that consists of 50,000 images and a testing set that consists of 10,000
images; however, for our experiments we only used the first set of images. We used a subset
of 40,000 images for training and the remaining 9,999 images for validation (since one of the
images had an issue, we removed it from the dataset). We solved five problems (5.8) with an
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Figure 2: Comparison of two variants of the BSG-1 method (1 step and inc. acc.) and DARTS
on a CL problem. The comparison is based on the number of iterations and time (in seconds).

increasing number of tasks from 1 to 5, where the first task datasets (D1
val and D1

train) consist
of only the images with class labels in {0, 1} (these correspond to airplanes and automobiles),
the second task datasets (D2

val and D2
train) consist of the images with class labels in {0, 1, 2, 3}

(airplanes, automobiles, birds, and cats), etc., until the final task datasets (D5
val and D5

train),
which are the original training and validation sets and consist of all the class labels {0, 1, ..., 9}.
Further, we implemented a DNN with two convolutional layers, a max-pooling layer, and one
linear fully-connected layer as our model. The network consisted of 19,392 and 163,840 weights
in the hidden and output layers, respectively. For the UL and LL problems, we have used batch
sizes equal to 0.05% and 0.01% of the sizes of the current task’s validation and training datasets,
respectively.

Figure 3: Performance of the BSG-1 method
(inc. acc.) on a CL problem with LL constraints.

The results for the unconstrained LL
case are reported in Figure 2, where we plot
the approximation fu of the true function f ,
as it is typically done in bilevel ML [23, 32,
40, 51, 57]. We are not reporting BSG-H be-
cause of the extremely high computational
cost of dealing with second-order deriva-
tives given the choices of DNN and dataset.
Two variants of BSG-1 are compared
against DARTS using the best UL decaying
stepsize sequence {αu

k}k∈N and the best LL
fixed stepsize αℓ found for each algorithm.
Such stepsizes were chosen by performing a
grid search over {0.001/k, 0.01/k, 0.1/k} for
the UL stepsize and {0.01, 0.05, 0.1, 1} for
the LL stepsize. For BSG-1, the results were
gathered when using in the LL problem either 1 step or an increasing accuracy strategy with
threshold for increasing the number of LL iterations equal to 10−2 (and maximum number of LL
iterations equal to 30). The number of iterations and running time (in seconds) were both used
as metrics for the comparison.

By the nature of the CL problem, we expect to see five separate “jumps” in the validation
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error (the UL objective function) indicating the start of a new task. As the tasks progress,
the BSG-1 variant using the increasing accuracy strategy converges faster than DARTS in terms
of iterations, despite some initial noise. In terms of running time, both DARTS and BSG-1 with
increasing accuracy achieve a comparable validation error as the number of tasks increases. We
point out that the observed noise for BSG-1 in the first task could be reduced by using a different
choice of the UL and LL stepsizes for that task but that would lead to a higher validation error
in the remaining ones. We also note that BSG-1 with increasing accuracy would perform even
better in terms of iterations the more accurately the LL problem is solved but it would lead to
an increase in time.

Figure 3 shows as a proof of concept the numerical results of the BSG-1 algorithm with
increasing accuracy on the CL problems (5.8) when considering LL constraints (5.9). In accor-
dance with the procedure illustrated in Subsection 5.1 for the LL constrained case, approximate
Lagrange multipliers are obtained at each iteration by solving the corresponding KKT system
with the linear conjugate gradient method (with maximum number of iterations equal to 100
and tolerance equal to 10−4). The system in (5.4) is solved by using 50 iterations of the GMRES
method.

6 Concluding remarks and future work

In this paper, we proposed a general framework for bilevel stochastic gradient (BSG) methods
that applies to both the LL unconstrained and constrained cases, we provided a corresponding
convergence theory that allows for full inexactness in the calculation of adjoint gradients which
also rigorously covers the inexact solution of the LL problem, and we introduced a practical BSG
method for large-scale bilevel optimization problems (called BSG-1).

The use of rank-1 Hessian approximations in our BSG-1 method allowed us to approximate
the second-order derivatives in the adjoint formula and, in the LL unconstrained case, avoid
explicitly solving the adjoint equation (also dismissing any matrix-vector products). Although
DARTS does not incorporate descent or first-order principles, it is commonly applied to solve
NAS problems due to its practical satisfactory performance. Our numerical experiments showed
that BSG-1 performs better than DARTS on the synthetic quadratic bilevel problem consid-
ered. On the continual learning instances, BSG-1 outperforms DARTS in terms of iterations
and achieves a comparable performance in terms of running time. Further exploration of im-
provements for BSG-1 and DARTS methods on other large-scale learning problems is left for
future work. Also left for future work are variance reduction techniques, which can be incorpo-
rated into the BSG method to ensure faster convergence, as already proposed in [8, 57].

The promising results on the ML instances considered in this proposal suggest that the
BSG-1 method has the potential to perform well on the unconstrained bilevel formulations of
NAS, which in the literature are still tackled by using DARTS when a continuous relaxation of the
(discrete) search space is used [43]. We point out that using the rank-1 Hessian approximations
is crucial to allow the application of the BSG method to NAS, which would not be possible
otherwise due to the extreme dimensions of the resulting bilevel problems. Moreover, the fact
that BSG can solve bilevel optimization problems with constrained LL problems paves the way
for the solution of new NAS formulations. In particular, one could think of including in the LL
problem constraints that help the model avoid overfitting [42] or constraints that depend on the
specific learning instances considered [47].
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A Proposition 3.1

Proof. There are two cases to consider (inexact adjoint system and truncated Neumann series).
In both we will use the fact that when B1 and B2 are nonsingular,

∥B−1
1 −B−1

2 ∥ ≤ ∥B−1
1 (B1 −B2)B

−1
2 ∥ ≤ ∥B−1

1 ∥∥B−1
2 ∥∥B1 −B2∥. (A.1)
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1) Inexact adjoint system.
The approximate BSG direction is d(D) = −(a−AB−1b̃), where b̃ = b+ r̃ and r̃ is the residual
error due to the inexact solution of the ajoint equation (see Subsection 2.5). Now, we have

∥d(D1)− d(D2)∥ = ∥ − a1 +A1B
−1
1 b̃1 + a2 −A2B

−1
2 b̃2∥.

Adding and subtracting A1B
−1
1 b̃2 and using the triangle inequality, we obtain

∥d(D1)− d(D2)∥ ≤ ∥a1 − a2∥+ ∥A1B
−1
1 ∥∥b̃1 − b̃2∥+ ∥b̃2∥∥A1B

−1
1 −A2B

−1
2 ∥.

Adding and subtracting A2B
−1
1 in the last norm on the right, we have

∥d(D1)− d(D2)∥ ≤ ∥a1 − a2∥+ ∥A1∥∥B−1
1 ∥∥b̃1 − b̃2∥

+ ∥b̃2∥∥A2∥∥B−1
1 −B−1

2 ∥+ ∥b̃2∥∥B−1
1 ∥∥A1 −A2∥.

From the assumptions of Proposition 3.1 and (A.1), and setting r1 = r̃1 and r2 = r̃2, there exist
positive constants Ci, with i ∈ {1, . . . , 5}, and L = max{1, C1, C2 + C3∥r2∥, C4 + C5∥r2∥}, such
that

∥d(D1)− d(D2)∥ ≤ ∥a1 − a2∥+ C1(∥b1 − b2∥+ ∥r1 − r2∥)
+ (C2 + C3∥r2∥) ∥B1 −B2∥+ (C4 + C5∥r2∥) ∥A1 −A2∥

≤ L(∥a1 − a2∥+ ∥b1 − b2∥+ ∥B1 −B2∥+ ∥A1 −A2∥) + L∥r1 − r2∥. (A.2)

Thus, the proof of Part 1) is completed, where LBSG can be easily obtained from L and equiv-
alence of norms.

2) Truncated Neumann series.
The approximate BSG direction is d(D) = −(a−ABb), where B = B−1−R̃ and R̃ is a residual
matrix (see Subsection 2.5). By repeating the reasoning used to prove Part 1) until (A.2), we
arrive at

∥d(D1)− d(D2)∥ ≤ ∥a1 − a2∥+ ∥A1∥ ∥B1∥ ∥b1 − b2∥
+ ∥b2∥ ∥A2∥ ∥B1 − B2∥+ ∥b2∥ ∥B1∥ ∥A1 −A2∥ .

Therefore, by using the same arguments as in Part 1), but now with r1 = R̃1 and r2 = R̃2, there
exist positive constants Ci, with i ∈ {1, . . . , 5} and L = max{1, C1 + C2∥r1∥, C3, C4 + C5∥r1∥},
such that

∥d(D1)− d(D2)∥ ≤ ∥a1 − a2∥+ (C1 + C2∥r1∥) ∥b1 − b2∥
+ C3(∥B1 −B2∥+ ∥r1 − r2∥) + (C4 + C5∥r1∥) ∥A1 −A2∥

≤ L(∥a1 − a2∥+ ∥b1 − b2∥+ ∥B1 −B2∥+ ∥A1 −A2∥) + L∥r1 − r2∥. (A.3)

Thus, the proof of Part 2) is completed, where again LBSG can be easily obtained from L and
equivalence of norms. □
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B Smoothness of f

Proposition B.1 Under Assumption 3.1, assuming ∇yfu bounded in norm, and

• either ∇2
xyfℓ and ∇2

yyfℓ (for the unconstrained case) or ∇xcI , ∇xcE, ∇ycI , ∇ycE, ∇2
yxci,

and ∇2
yyci with i ∈ I ∪ E (for the constrained case) bounded in norm,

• either ∇2
yyfℓ (for the unconstrained case) or ∇vG (for the constrained case) bounded away

from singularity,

there exists a constant L∇f > 0 such that inequality (3.18) of Assumption 3.7 is satisfied.

Proof. Taking the norm of equations (1.4) and (2.5) and from the boundedness of ∇2
yyfℓ

and ∇vG, there exist positive constants Ly and Lw such that ∥∇y(x)∥ ≤ Ly and ∥∇w(x)∥ ≤ Lw.
This implies that y(x) and w(x) are Lipschitz continuous in x with constants Ly and Lw,
respectively, i.e.,

∥y(x1)− y(x2)∥ ≤ Ly∥x1 − x2∥ and ∥w(x1)− w(x2)∥ ≤ Lw∥x1 − x2∥. (B.1)

To prove (3.18) for the LL unconstrained case, using the derivation followed for the proof of
Proposition 3.1 until (A.2)–(A.3) and considering r1 = r2 = 0, we have

∥∇f(x1)−∇f(x2)∥ ≤ L (∥a1 − a2∥+ ∥b1 − b2∥+ ∥B1 −B2∥+ ∥A1 −A2∥), (B.2)

with ai = ∇xfu(xi, y(xi)), bi = ∇yfu(xi, y(xi)), Bi = ∇2
yyfℓ(xi, y(xi)), andAi = ∇2

xyfℓ(xi, y(xi)),
i = 1, 2.

By the Lipschitz continuity of ∇xfu in (x, y) due to Assumption 3.1, we have

∥a1 − a2∥ = ∥∇xfu(x1, y(x1))−∇xfu(x2, y(x2))∥ ≤ L1∥(x1 − x2, y(x1)− y(x2))
⊤∥.

Squaring both sides and using (B.1), we obtain

∥a1 − a2∥2 ≤ L2
1(∥x1 − x2∥2 + L2

y∥x1 − x2∥2) = L2
1(1 + L2

y)∥x1 − x2∥2.

Taking the square root of both sides yields ∥a1 − a2∥ ≤ La∥x1 − x2∥, where La = L1(1 + L2
y)

1
2 .

Since ∇yfu is Lipschitz continuous in (x, y), after performing the same process as above, we
will obtain the following bound: ∥∇yfu(x1, y(x1))−∇yfu(x2, y(x2))∥ ≤ Lb∥x1 − x2∥. Simi-
larly, since ∇2

yyfℓ and ∇2
xyfℓ are Lipschitz continuous in (x,w), we have ∥∇2

yyfℓ(x1, y(x1)) −
∇2

yyfℓ(x2, y(x2))∥ ≤ LB∥x1 − x2∥ and
∥∥∇2

xyfℓ(x1, y(x1))−∇2
xyfℓ(x2, y(x2))

∥∥ ≤ LA∥x1 − x2∥.
Thus, substituting all of these into (B.2), we obtain

∥∇f(x1)−∇f(x2)∥ ≤ L∇f∥x1 − x2∥,

where L∇f = L (La + Lb + LA + LB). This concludes the proof for the LL unconstrained case.
The proof for the LL constrained case follows very similar steps. □
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C Theorem 4.4

Proof. For any k ∈ N, we can write

Eξallk
[∥xk+1 − x∗∥2] = Eξallk

[∥PX(xk + αk d(xk, w̃k, ξk))− x∗∥2]
≤ Eξallk

[∥xk + αk d(xk, w̃k, ξk)− x∗∥2]
= ∥xk − x∗∥2 + α2

kEξallk
[∥d(xk, w̃k, ξk)∥2]

+ 2αkEξallk
[d(xk, w̃k, ξk)]

⊤(xk − x∗).

Adding and subtracting the term 2αk(Eξallk
[d(xk, w(xk))])

⊤(xk −x∗), noting that d(xk, w(xk)) =

−∇f(xk), and applying the Cauchy-Schwarz and Jensen’s inequalities, we obtain

Eξallk
[∥xk+1 − x∗∥2] ≤ ∥xk − x∗∥2 + α2

kEξallk
[∥d(xk, w̃k, ξk)∥2]− 2αk∇f(xk)

⊤(xk − x∗)

+ 2αkEξallk
[d(xk, w̃k, ξk)− d(xk, w(xk))]

⊤(xk − x∗)

≤ ∥xk − x∗∥2 + α2
kEξallk

[∥d(xk, w̃k, ξk)∥2]− 2αk∇f(xk)
⊤(xk − x∗)

+ 2αkEξallk
[∥d(xk, w̃k, ξk)− d(xk, w(xk))∥]∥xk − x∗∥.

Then, by using Assumption 4.4 and inequalities (3.3), (3.8), and (4.7),

Eξallk
[∥xk+1 − x∗∥2] ≤ (1− 2cαk)∥xk − x∗∥2 + (Gd + 2CdΘ)α2

k.

Denoting M = Gd + 2CdΘ and taking the total expectation on both sides, one obtains

E[∥xk+1 − x∗∥2] ≤ (1− 2cαk)E[∥xk − x∗∥2] +Mα2
k.

Using αk = γ
k for some constant γ > 1

2 c , it follows by induction [37, Eq. (2.9) and (2.10)] that

E[∥xk − x∗∥2] ≤ max{2 γ2M(2cγ − 1)−1, ∥x0 − x∗∥2}
k

, (C.1)

which proves the first result.
From (3.19), one obtains (see, e.g., [2, Lemma 5.7] and PX(xk − x∗) = (xk − x∗))

f(xk) ≤ f(x∗) + (PX∇f(x∗))⊤(xk − x∗) +
1

2
L∇f∥xk − x∗∥2. (C.2)

From (C.1) and (C.2), by taking the total expectation and recalling PX∇f(x∗) = 0, one can
obtain the optimality gap in terms of function values

E[f(xk)]− f(x∗) ≤ 1

2
L∇fE[∥xk − x∗∥2]

≤ (L∇f/2)max{2 γ2M(2cγ − 1)−1, ∥x0 − x∗∥2}
k

.

□
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D Theorem 4.5

Proof. Assumption 4.6 implies that

∇f(xk)
⊤(xk − x∗) ≥ f(xk)− f(x∗). (D.1)

Repeating the same arguments that in the proof of Theorem 4.4 led to (C.1), but now using (D.1)
instead,

Eξallk
[∥xk+1 − x∗∥2] ≤ ∥xk − x∗∥2 + 2αk(f(x∗)− f(xk)) + (Gd + 2CdΘ)α2

k.

Letting M = Gd + 2CdΘ, we have

Eξallk

[
∥xk+1 − x∗∥2

]
≤ ∥xk − x∗∥2 + 2αk(f(x∗)− f(xk)) +Mα2

k.

Rearranging, taking total expectations, and dividing by αk, we obtain

2(E[f(xk)]− f(x∗)) ≤ E
[
∥xk − x∗∥2

]

αk
− E

[
∥xk+1 − x∗∥2

]

αk
+Mαk.

If we replace k by s and sum over s = 0, 1, . . . , k, we obtain

2
k∑

s=0

(E[f(xs)]− f(x∗)) ≤
k∑

s=0

(
E
[
∥xs − x∗∥2

]

αs
− E

[
∥xs+1 − x∗∥2

]

αs

)
+M

k∑

s=0

αs

=
E
[
∥x0 − x∗∥2

]

α0
+

k∑

s=1

(
1

αs
− 1

αs−1

)
E
[
∥xs − x∗∥2

]
+M

k∑

s=0

αs

=
E
[
∥xk − x∗∥2

]

αk
+M

k∑

s=0

αs.

Using Assumption 4.4 and repeating the same steps used in [30, Theorem 5.3], we can obtain
the desired result. □
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