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Abstract

Constrained combinatorial optimization problems can be reformulated as a quadratic binary
unconstrained optimization (QUBO) problems using reformulation and constraint penalization
techniques. This allows the use of quantum computers, both gate and annealing based, to
obtain approximate solutions of the problems. However, depending on how the reformulation
and constraint penalization is done, different penalization constants need to be used; additional
binary variables need to be added, and the binary length of the coefficients in the penalization
functions may vary considerably. All of these features have an impact on the efficiency with
which any current quantum computer solves the aforementioned reformulations. Most of the
literature regarding QUBO reformulations for constrained optimization problems is centered
around equality constrained problems. Here, we focus on the “simplest” inequality constrained
problem in this class: the knapsack problem (KP). Specifically, we derive different QUBO for-
mulations for the KP, characterize the range of their associated penalty constants, as well as
computationally benchmark them through experiments using the quantum aproximate opti-
mization algorithm (QAOA) on a gate based quantum computer. As a byproduct, we correct
some erroneous results regarding QUBO reformulations for the KP reported in the literature.

1 Introduction

Quantum computing (QC) has the potential of transforming our capabilities to solve difficult opti-
mization problems for which no traditional numerical or theoretical efficient solution algorithms are
known to exist [14]. Within this framework, the category of combinatorial optimization problems
(COPT) are of special interest; that is, optimization problems whose feasible set S ⊆ {0, 1}n (or
equivalently, {−1, 1}n) for some positive integer n [16]. It is well known that many COPT problems
are NP-hard to solve [see, e.g., 10]. Here, we will consider one of the “simplest” NP-hard COPT
problems: the knapsack problem (KP) [18], since it maximizes a linear objective function subject
to a single linear inequality constraint and to binary variable constraints.

The KP together with many famous COPT problems can be reformulated as a quadratic un-
constrained binary optimization (QUBO) problem, which allows the use of both quantum annealing
devices [see, e.g., 11, 13] and quantum gate based devices to solve them [see, 4, 23].

For some COPT feasibility problems (i.e., without an objective) that can be formulated using
linear equality constraints, the desired QUBO reformulation can be obtained using any positive
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penalty parameter (to penalize the constraints’ violations). For example, consider the QUBO
reformulations of the number partitioning problem [11, 15], the graph isomorphism problem [2],
the exact cover problem [11], and some planning problems [20], to name a few. However, when
the COPT problem formulation requires (or uses) nonlinear constraints and/or an objective func-
tion, the desired QUBO reformulation is only guaranteed to be obtained for values of the penalty
parameter(s) that are larger than a known, and potentially large, lower bound. For example,
consider the QUBO reformulations for the maximum clique problem [11], the traveling salesman
problem [11, 15], and the minimax matching problem [11]. Worst, in some cases, the desired
QUBO reformulation is only guaranteed to be obtained for an unknown large enough value of the
penalty parameter(s). For example, consider the QUBO reformulations of the job shop scheduling
problem [25], the de-conflicting optimal trajectories problem [24], the traveling salesman problem
with time windows [17], and some of the problems discussed in [6]. Additionally, when the COPT
problem formulation requires (or uses) linear inequality constraints, a potentially large number of
auxiliary (i.e., slack) binary variables need to be introduced to obtain the desired QUBO reformu-
lation. For example, consider the maximum clique QUBO reformulation provided in [11], and the
COPT problems considered in [28].

The fact that large (or unknowingly large) penalty parameters, and additional binary variables
might be needed to obtain the desired QUBO reformulation can hinder the ability of quantum
computers to more efficiently solve COPT problems [see, e.g., 5, 22, 28]. As the results in [7]
highlight, this efficiency is key towards the goal of using noisy intermediate scale quantum (NISQ)
devices to solve COPT problems more efficiently than with classical computers. Not surprisingly,
recent articles look beyond obtaining QUBO reformulations of COPT problems such as the graph
isomorphism problem as well as tree and cycle elimination problems, to look for improved QUBO
reformulations of these problems for NISQ devices [see, e.g., 2, 5, 9, 26, 27]. That is, QUBO
reformulations that are tailored to be more efficiently used in NISQ devices.

Along this lines, we consider the problem of characterizing the lowest penalty constants that
can be used when different QUBO formulations as considered to obtain a QUBO reformulation of
the KP. Regarding QUBO reformulations of the KP, in [11, Section 5.2] a QUBO formulation of the
KP is given that was used in [19] together with adiabatic computing to solve the KP. In this work,
we go deeper into this characterization, since the range of the penalty constants proposed in [19]
and [11] does not produce, in general, exact reformulations of the KP. We give penalty constants
that correspond with reformulations of the KP, and also provide another characterization of the
KP that uses the same amount of binary variables as the one in [11], but with a much smaller input
length of the penalty constants and the coefficients in the penalty function.

The rest of the paper is organized as follows. In Section 2, we review the KP and the QUBO
reformulation considered in [11] and characterize the penalty constants associated with this QUBO
reformulation, as well as other alternative QUBO reformulations. In Section 3, we consider avenues
to improve the QUBO reformulations considered in Section 2, by considering unconstrained binary
optimization reformulations of the KP without the use of slack variables. To benchmark the QUBO
reformulations presented in Section 2, in Section 4, we use them to solve instances of the KP, using
the quantum approximate optimization algorithm (QAOA) on an IBM quantum simulator.

2 QUBO reformulations for knapsack problem

The KP can be stated as follows. Given n items, each of which has an associated profit ci ∈ Z++

and weight wi ∈ Z++ for i ∈ {1, . . . , n} := [n], and a knapsack with weight capacity W ∈ Z++,
where Z++ denotes the set of positive integers; the aim of the KP is to pack as many items as
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possible to maximize the value of the packed knapsack. The KP can be formulated as:

max

n∑

i=1

cixi

st.

n∑

i=1

wixi ≤W

x ∈ {0, 1}n.

(1)

Without loss of generality, we can assume that wi ≤W for every i ∈ [n]. Also, we can assume that
W <

∑n
i=1wi, since otherwise the solution to (1) is trivial. Note that with this assumption the

binary input length of W cannot grow arbitrary large. For ease of presentation, let us put all the
conditions on the data of the KP in a blanket assumption that applies to all the results presented
in the article.

Assumption 1. Throughout the article, it is assumed that the data of the KP instances satisfies:
c ∈ Zn++, w ∈ Zn++, W ∈ Z++, wi ≤W , for i ∈ [n], and W <

∑n
i=1wi.

Theoretically, it is well known that the decision knapsack problem is NP-complete [see, e.g.,
18, 29]. More speficially, the KP complexity is known to be weakly NP-hard, since it can be solved
in pseudo-polynomial time O(nW ) using dynamic programming [see, e.g., 18]. In practice, large
instances of the KP can be solved by exact methods in reasonable time. See [12], for a survey of
some techniques to deal with such instances.

Next, we derive the first QUBO reformulation of the KP considered in [see, e.g., 11, Sec. 5.2].
Note that (1) is equivalent to

max
n∑

i=1

cixi

st.
n∑

i=1

wixi + s = W

x ∈ {0, 1}n, s ∈ Z+.

(2)

If we rewrite (2) as follows

max
n∑

i=1

cixi

st.

n∑

i=1

wixi =

W∑

k=1

kyk

W∑

k=1

yk = 1

x ∈ {0, 1}n, y ∈ {0, 1}W ,

one can get a QUBO reformulation of (1) by defining a penalty function g : {0, 1}n+W → Z as

g(x, y) =

(
n∑

i=1

wixi −
W∑

k=1

kyk

)2

+

(
1−

W∑

k=1

yk

)2

,
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and, showing that for a large enough constant C, problem (1) is equivalent to

max
n∑

i=1

cixi − Cg(x, y)

s.t x ∈ {0, 1}n, y ∈ {0, 1}W .
(3)

In [11, Sec. 5.2], it is stated that for any constant C greater than max{ci : i ∈ [n]}, reformulation
(3) is equivalent to (1); however, this is not always the case, as illustrated in the next examples:

Example 1. Consider the following instance of the KP

max 5x1 + 3x2 + 4x3 + 5x4

st. 2x1 + x2 + 2x3 + 2x4 ≤ 4

x ∈ {0, 1}4
(4)

whose optimal solution is attained at x∗ = (1, 0, 0, 1) with optimal value z∗ := 10. Now, consider
the QUBO formulation

max 5x1 + 3x2 + 4x3 + 5x4 − 6

(
2x1 + x2 + 2x3 + 2x4 −

4∑

k=1

kyk

)2

− 6

(
1−

4∑

k=1

yk

)2

:= f(x, y)

st. x ∈ {0, 1}4, y ∈ {0, 1}4,
(5)

and note that

f ((1, 1, 1, 1), (0, 0, 1, 1)) = 17− 6(0)− 6(1) = 11 > 10 = z∗.

Then, the QUBO formulation (5) is not a reformulation of (4), even when the chosen penalty
constant C = 6 is greater than max{5, 3, 4, 5} = 5 (note that the example still works if one chooses
any penalty constant 5 < C < 7).

Now, let us make a similar analysis for a more general instance of the KP.

Example 2. For each m ∈ Z+, let Am = {c1, . . . , c2m+3} ⊂ Z+ be a set such that ci ≤ N for some
fixed N ∈ Z+, and every i ∈ [2m + 3]. In other words, Am is a bounded set whose upper bound is
independent of m. Let

Mm := max

{∑

i∈I
ci : I ⊂ [2m+ 3], |I| = m+ 2

}
,

and Jm be a (m+ 2)-subset of [2m+ 3] such that Mm =
∑

i∈Jm ci. By definition,

Mm = max
2m+3∑

i=1

cixi

st.
2m+3∑

i=1

cixi ≤Mm

x ∈ {0, 1}2m+3.

(6)
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Following (3), consider the QUBO formulation

z := max f(x, y) :=
2m+3∑

i=1

cixi − C
(

2m+3∑

i=1

cixi −
Mm∑

k=1

kyk

)2

− C
(

1−
Mm∑

k=1

yk

)2

st. x ∈ {0, 1}2m+3, y ∈ {0, 1}Mm ,

(7)

with C =
∑

i∈H ci, where H is a m-subset of [2m+3]\Jm. By construction of Mm, there are positive

integers α ≤Mm and β ≤Mm such that α 6= β, and αyα + βyβ =
∑2m+3

i=1 ci (for instance, we can
take α = Mm, and β =

∑2m+3
i=1 ci −Mm < Mm). Therefore, if we let x̂ = (1, 1, . . . , 1) ∈ Z2m+3,

and define ŷ ∈ ZMm as

ŷk =

{
1, if h = α or h = β

0, otherwise
for all k ∈ [Mm].

Then, problem (7) satisfies

z ≥ f(x̂, ŷ) =
2m+3∑

i=1

ci − C =
2m+3∑

i=1

ci −
∑

i∈H
ci = Mm + cl > Mm

where l = [2m+ 3] \ (Jm ∪H). Thus, we conclude that (7) is not a reformulation of problem (6).
Note that since Am is bounded by N for every m ∈ Z+, and the sum C =

∑
i∈H ci → ∞ as m

goes to infinity, we have just proved that using N as a penalty constant in (7) is not enough (and
neither was C), which contradicts the reformulation of the KP shown in [11, Sec. 5.2]. That is,
taking C = max{ci : i ∈ [n]} in (3) does not guarantee that (3) is a QUBO reformulation of (1).

Remark 1. In example 2, we have actually shown something stronger, namely, there is a family
of KPs {K(m) : m ∈ Z+} such that their associated penalty constant in problem (3) goes to infinity
as m increases to infinity.

Following up on Examples 1 and 2, we next characterize the range of the penalty constants that
ensures that (3) is a QUBO reformulation of (1). In what follows, we use e to denote the vector of
all ones in the appropriate dimension.

Theorem 1. For any constants C1 ≥ max{ci : i ∈ [n]} and C2 ≥
∑n

i=1 ci , the knapsack problem
(1) can be reformulated as the following QUBO problem:

max f(x, y) :=
n∑

i=1

cixi − C1

(
n∑

i=1

wixi −
W∑

k=1

kyk

)2

− C2

(
1−

W∑

k=1

yk

)2

st. x ∈ {0, 1}n, y ∈ {0, 1}W .
(8)

Proof. Let u ∈ {0, 1}n be an optimal solution for (1). Note that since u is feasible for (1), there exists
v ∈ {0, 1}W such that

∑W
k=1 vk = 1 and wTu −∑W

k=1 kvk = 0, which implies that f(u, v) = cTu.
Let (x∗, y∗) ∈ {0, 1}n+W be an optimal solution of (8). Then, f(x∗, y∗) ≥ f(u, v).

Conversely, we want to prove that f(x∗, y∗) ≤ f(u, v) by showing that x∗ must correspond to a
feasible solution for (1), or can be transformed into a feasible solution for (1).

If x∗ is feasible for (1), then there exists y′ ∈ {0, 1}W such that wᵀx∗ =
∑W

k=1 ky
′
k and eᵀy′ = 1.

Thus,
f(x∗, y∗) = f(x∗, y′) = cᵀx∗ ≤ cᵀu = f(u, v).
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The first equality above follows from the fact that the max{f(x∗, y) : y ∈ {0, 1}W } is attained at
any y ∈ {0, 1}W satisfying wᵀx∗ =

∑W
k=1 kyk, e

ᵀy = 1. Further, the inequality above follows since
x∗ is feasible for (1).

If x∗ is not feasible for (1); that is, wTx∗ −W > 0, then, it must hold true y∗W = 1 and y∗k = 0

for every k ∈ [W − 1], since at y = (0, . . . , 1), the difference wTx∗ −∑W
k=1 kyk is minimized for

every y ∈ {0, 1}W such that eᵀy = 1.
Let j ∈ supp(x∗) and define x̂ ∈ {0, 1}n by letting

x̂i =

{
x∗j , if i 6= j

0, if i = j
for all i ∈ [n].

We consider two cases:

(i) wT x̂−W > 0 : Then, by defining ŷ := y∗ = (0, . . . , 1), we get that
∑W

k=1 ky
∗
k =

∑W
k=1 kŷk =

W , and:

f(x∗, y∗) = cTx∗ − C1

(
n∑

i=1

wix
∗
i −

W∑

k=1

ky∗k

)2

− C2

(
1−

W∑

k=1

y∗k

)2

= cT x̂+ cj − C1

(
n∑

i=1

wix̂i + wj −W
)2

= cT x̂+ cj − C1

(
n∑

i=1

wix̂i −W
)2

− 2C1wj

(
n∑

i=1

wix̂i −W
)
− C1w

2
j

< cT x̂− C1

(
n∑

i=1

wix̂i −W
)2

= f(x̂, ŷ);

which contradicts the optimality of (x∗, y∗) for (8), so this case cannot happen.

(ii) wT x̂−W ≤ 0 : Then, let ŷ ∈ {0, 1}W be defined by

ŷk =

{
1, if k = wT x̂

0, otherwise
for all k ∈ [W ].

Thus,

f(x∗, y∗) = cTx∗ − C1

(
n∑

i=1

wix
∗
i −

W∑

k=1

ky∗k

)2

− C2

(
1−

W∑

k=1

y∗k

)2

= cT x̂+ cj − C1

(
n∑

i=1

wix
∗
i −W

)2





< cT x̂ = cT x̂− C1

(∑n
i=1wix̂i −

∑W
i=1 kŷk

)2
= f(x̂, ŷ) if C1 < max{ci : i ∈ [n]}

≤ cT x̂ = cT x̂− C1

(∑n
i=1wix̂i −

∑W
i=1 kŷk

)2
= f(x̂, ŷ) if C1 = max{ci : i ∈ [n]}.

Thus, if C1 > max{ci : i ∈ [n]}, this case cannot happen as we reach a contradiction on the
optimality of (x∗, y∗) for (8). Therefore, if C1 > max{ci : i ∈ [n]}, then x∗ is feasible for (1). If
C1 = max{ci : i ∈ [n]}, either the same conclusion above is reached or f(x∗, y∗) = f(x̂, ŷ); that
is, (x̂, ŷ) is optimal for (8) too, and since x̂ is feasible for (1), f(x∗, y∗) = cT x̂ ≤ cᵀu = f(u, v).
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Therefore, we have concluded that if (x∗, y∗) is optimal for (8), and u is optimal for (1), then
f(x∗, y∗) = cᵀu and x∗ is feasible for (1), or from x∗ one can construct a feasible solution x̂ for (1),
with and associate ŷ ∈ {0, 1}W , satisfying f(x∗, y∗) = f(x̂, ŷ) = cᵀu.

Another QUBO reformulation for the KP (Corollary 1) can be obtained if we write the constraint
wTx+s = W in (2) as wTx =

∑W
i=1 yk, for some y ∈ {0, 1}W . Note that in this reformulation of the

knapsack capacity constraint, the coefficients of yk are all equal to one, whereas in Theorem 1, each
yk has a coefficient equal to k for every k ∈ [n]. One consequence of this is that as W increases, the
binary input length of the coefficients of the penalty function in (8) goes to infinity. This is relevant
since the binary input length that current quantum computers can handle is very limited [see, e.g.,
28]. Also, as we will see next (Corollary 2), the reformulation of the knapsack capacity constraint
allows the use of a lower penalty constant C = max{ci : i ∈ [n]}, and to reduce the number of
logical binary variables used in the QUBO reformulation using a logarithmic representation of the
slack variable in the knapsack capacity constraint [see, e.g., 3].

Corollary 1. For any constant C ≥ max{ci : i ∈ [n]}, the knapsack problem (1) can be reformulated
as the following QUBO problem:

max cTx− C
(
wTx−

W∑

k=1

yk

)2

st. x ∈ {0, 1}n, y ∈ {0, 1}W .
(9)

Proof. The result follows from taking C1 = 0 in Theorem 2.

In practice, we can decrease the number of binary variables used in the formulation of Corollary 1
by using the binary representation of

∑W
k=1 yk [see, e.g., 11, Sec. 2.4] and [3, Sec. 3.2]) . On the

other hand, note that contrary to the discussion in [11, Sec. 5.2], one can not take advantage of
this type of binary representation in the QUBO reformulation (8). As a consequence of corollary 1,
in corollary 2 we see that the penalty constant used in [3] can be significantly tighten from cT e to
max{ci : i ∈ [n]}.

Corollary 2. For any constant C ≥ max{ci : i ∈ [n]}, the knapsack problem (1) can be reformulated
as the following QUBO problem:

max

n∑

i=1

cixi − C
(

n∑

i=1

wixi −
M−1∑

k=0

2kyi −
(
W + 1− 2M

)
yM

)2

st. x ∈ {0, 1}n, y ∈ {0, 1}M+1,

where M = blogW c.

The QUBO reformulation of the KP in Corollary 2 is well-known and has been used in the
literature [see, e.g., 3]. However, Corollary 2 shows that the penalty associated with the QUBO
problem can be reduced from the commonly used C =

∑n
i=1 ci to C = max{ci : i ∈ [n]. Further, it

is worth mentioning that the QUBO reformulation in Corollary 1 allows to obtain the reduction on
binary variables in Corollary 2 using a binary representation of the slack variable in the knapsack
capacity constraint. This type of reduction cannot be obtained using the QUBO reformulation in
Theorem 1, as incorrectly pointed out in [11, Sec. 5.2].

The reformulations of the KP in Corollaries 1 and 2 can be cast as special cases of a more
general reformulation, an augmented Lagrangian QUBO formulation of the KP, where not only the
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quadratic violation of the knapsack capacity constraint is penalized, but also its linear violation. In
classical optimization, this type of constraint relaxation is referred as and augmented Lagrangian
of the original problem [see, e.g., 21]. Augmented Lagrangian algorithms have been studied in
continuous constrained optimization in detail [see, e.g., 1]. This type of augmented Lagrangian
QUBO formulation has been considered in [30] as a means to solve the KP using a quantum
annealer. Below, the aim is to characterize the range of penalties that can be used for the augmented
Lagrangian QUBO formulation to be indeed a QUBO reformulation of the KP.

Theorem 2. For any constants C1 ∈ R, and C2 ≥ |C1|+max{ci : i ∈ [n]}, the knapsack problem (1)
can be reformulated as the following QUBO problem:

max f(x, y) :=
n∑

i=1

cixi + C1

(
wTx−

W∑

k=1

yk

)
− C2

(
wTx−

W∑

k=1

yk

)2

st. x ∈ {0, 1}n, y ∈ {0, 1}W .
(10)

Proof. The proof is similar to that of Theorem 1. For each x ∈ {0, 1}n, y ∈ {0, 1}W , we denote by
h(x, y) := wTx− eᵀy. Note that after completing the square, we can rewrite f(x, y) as

f(x, y) =
n∑

i=1

cixi − C2

(
h(x, y)− C1

2C2

)2

+
C2
1

4C2
. (11)

Let u ∈ {0, 1}n be an optimal solution for (1). Note that since u is feasible for (1), there exists
v ∈ {0, 1}W such that eᵀv = wTu, which implies that f(u, v) = cTu. Let (x∗, y∗) ∈ {0, 1}n+W be
an optimal solution of (10). Then, f(x∗, y∗) ≥ f(u, v).

Conversely, we want to prove that f(x∗, y∗) ≤ f(u, v) by showing that x∗ must correspond to a
feasible solution for (1), or can be transformed into a feasible solution for (1).

If x∗ is feasible for (1) then there exists y′ ∈ {0, 1}W such that wᵀx∗ = eᵀy′. Thus,

f(x∗, y∗) = f(x∗, y′) = cᵀx∗ ≤ cᵀu = f(u, v).

The first equality above follows from the fact that the max{f(x∗, y) : y ∈ {0, 1}W } is attained at
any y ∈ {0, 1}W satisfying wᵀx∗ = eᵀy. Further, the inequality above follows since x∗ is feasible
for (1).

If x∗ is not feasible for (1); that is, wTx∗ > W , then note that
(
wTx∗ − eT y − C1

2C2

)2
viewed as

a function of y ∈ {0, 1}W is minimized when y = e. Thus, we must have that y∗ = e.
Let j ∈ supp(x∗) and define x̂ ∈ {0, 1}n by letting

x̂i =

{
x∗i , if i 6= j

0, if i = j
for all i ∈ [n].

We consider two cases:
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(i) wT x̂−W > 0 : Then, by defining ŷ := y∗ = e, we have that

f(x∗, y∗) = cTx∗ − C2

(
wTx∗ −

W∑

k=1

y∗k −
C1

2C2

)2

+
C2
1

4C2

= cT x̂+ cj − C2

(
wT x̂+ wj −

W∑

k=1

ŷk −
C1

2C2

)2

+
C2
1

4C2

= cT x̂− C2

(
wT x̂−

W∑

k=1

ŷk −
C1

2C2

)2

+ cj − 2C2wj

(
wT x̂−

W∑

k=1

ŷk −
C1

2C2

)
− C2w

2
j +

C2
1

4C2

< cT x̂− C2

(
wT x̂−

W∑

k=1

ŷk −
C1

2C2

)2

+
C2
1

4C2
= f(x̂, ŷ)

where the last inequality follows from the fact that cj ≤ C2wj and wT x̂−eᵀŷ− C1
2C2

> 0. This
implies that f(x∗, y∗) < f(x̂, ŷ), which contradicts the optimality of (x∗, y∗) for (10). Thus,
this case can not happen.

(ii) wT x̂−W ≤ 0 : Then, let ŷ ∈ {0, 1}W be defined by

ŷk =

{
1, if

∑k
l=1 l ≤ wT x̂

0, otherwise
for all k ∈ [W ].

Thus, using the fact that wTx∗ − eT y∗ ≥ 1,

f(x∗, y∗) = cTx∗ − C2

(
wTx∗ −

W∑

k=1

y∗k −
C1

2C2

)2

+
C2
1

4C2

≤ cT x̂+ cj − C2

(
1− C1

2C2

)2

+
C2
1

4C2

= cT x̂+ (cj − C2 + C1)− C2

(
C2
1

4C2
2

)
+

C2
1

4C2



< cT x̂− C2

(
wT x̂− eᵀŷ − C1

2C2

)2
+

C2
1

4C2
= f(x̂, ŷ) if C2 > |C1|+ max{ci : i ∈ [n]}

≤ cT x̂− C2

(
wT x̂− eᵀŷ − C1

2C2

)2
+

C2
1

4C2
= f(x̂, ŷ) if C2 = |C1|+ max{ci : i ∈ [n]}

Thus, if C2 > |C1| + max{ci : i ∈ [n]}, this case cannot happen as we reach a contradiction
on the optimality of (x∗, y∗) for (10). Therefore, if C2 > |C1| + max{ci : i ∈ [n]}, then x∗ is
feasible for (1). If C2 = |C1|+ max{ci : i ∈ [n]}, either the same conclusion above is reached
or f(x∗, y∗) = f(x̂, ŷ); that is, (x̂, ŷ) is optimal for (10) too, and since x̂ is feasible for (1),
f(x∗, y∗) = cT x̂ ≤ cᵀu = f(u, v).

Therefore, we have concluded that if (x∗, y∗) is optimal for (10), and u is optimal for (1), then
f(x∗, y∗) = cᵀu and either x∗ is feasible for (1), or from x∗ one can construct a feasible solution x̂
for (1), with and associate ŷ ∈ {0, 1}W , satisfying f(x∗, y∗) = f(x̂, ŷ) = cᵀu.
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Remark 2. When C2 = C1 + max{ci : i ∈ [n]}, the proof of Theorem 2 tells us what conditions
an optimal solution (x∗, y∗) for (10) must satisfy if x∗ is not feasible for (1). Namely, it must
hold true that wTx∗ − eT y∗ = wTx∗ −W = 1 and ci = C2 − C1 = max{ci : i ∈ [n]}, for every
i ∈ supp(x∗), otherwise we can always construct a better optimal solution (x̂, ŷ) for (10).

After the characterization of the penalties associated with the QUBO reformulations of the KP
discussed in this section, the question is what are the pros and cons of these QUBO reformulations
when used to solve the KP using a quantum computer. That analysis is done in Section 4.

3 About removing the slack variable

One common feature of the QUBO reformulations of the KP discussed in the last section is that
in order to handle the knapsack capacity inequality constraint in (1), a slack variable is introduced
that is then represented as a sum of binary variables in different ways. This actually a common
way to handle inequality constraints to obtain QUBO reformulations of inequality constrained
combinatorial optimization problems [see, e.g., 5, 11, 24]. However, this approach adds a substantial
number of binary variables to the QUBO reformulation, with respect to the number of variables in
the original problem, that make the solution of these QUBO formulations, in noisy intermediate-
scale quantum (NISQ) devices, very challenging.

One way in which one can avoid the use of the slack variable for the knapsack capacity inequality
constraint in (1), is to consider a piecewise linear penalization, instead of a quadratic penalization.
The cost however is this way, rather than a QUBO reformulation of the KP, one obtains piece-wise
linear unconstrained binary optimization (PLQUBO) of the knapsack problem. Although it is still
an open matter how could one efficiently use quantum computers to solve such reformulation, next
we characterize the penalty constant associated to such reformulation. In what follows, for any
x ∈ Rn, supp(x) = {i ∈ [n] : xi 6= 0}.
Theorem 3. For any constant C ≥ max{ci : i ∈ [n]}, the knapsack problem (1) can be reformulated
as the following PLUBO problem:

max f(x) := cTx+ C min{0,W − wTx}
st. x ∈ {0, 1}n

(12)

Proof. The proof is similar to that of Theorem 1. Let u ∈ {0, 1}n be an optimal solution for (1).
Let x∗ ∈ {0, 1}n be and optimal solution for (12). Hence, since every feasible solution for (1) is
feasible for (12), it follows that f(x∗) ≥ f(u).

Conversely, we want to prove that f(x∗) ≤ f(u) by showing that x∗ must correspond to a
feasible solution for (1), or can be transformed into a feasible solution for (1).

If x∗ is feasible for (1), it clearly follows that f(x∗) = cᵀx∗ ≤ cᵀu = f(u). Now assume that x∗

is infeasible for (1). Let j ∈ supp(x∗), and define x̂ ∈ {0, 1}n by letting

x̂i :=

{
x∗i , if i 6= j

0, if i = j
for all i ∈ [n]. (13)

We consider two cases:

(i) wT x̂−W > 0: Then, we have that

f(x∗) = cTx∗ + C(W − wTx∗) = cT x̂+ ci + C(W − wT x̂− wi)

= f(x̂) + ci − Cwi
{
< f(x̂) if C > max{ci : i ∈ [n]}
≤ f(x̂) if C = max{ci : i ∈ [n]}.
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(ii) wT x̂−W ≤ 0: Then, we have that

f(x∗) = cT x̂+ ci + C(W − wTx∗)
{
< cT x̂ = f(x̂) if C > max{ci : i ∈ [n]}
≤ cT x̂ = f(x̂) if C = max{ci : i ∈ [n]}.

Thus, if C > max{ci : i ∈ [n]}, neither case can happen as we reach a contradiction on the
optimality of x∗ for (12). Therefore, if C > max{ci : i ∈ [n]}, then x∗ is feasible for (1). If
C = max{ci : i ∈ [n]}, in both cases, either the same conclusion above is reached or f(x∗) = f(x̂);
that is, x̂ is optimal for (12) too. Thus, in case (ii), since x̂ is feasible for (1), f(x∗) = cT x̂ ≤ cᵀu =
f(u). In case (i), after repeating as many times as necessary the process (13) after setting x∗ = x̂
(this algorithm is formally described in Algorithm 1), we arrive eventually (abusing notation) to
an optimal solution x̂ for (12) that is feasible for (1), and the statement above for case (ii) follows.

Therefore, we have concluded that if x∗ is optimal for (12), and u is optimal for (1), then
f(x∗) = cᵀu and x∗ is feasible for (1), or from x∗ one can construct a feasible solution x̂ for (1),
satisfying f(x∗) = f(x̂) = cᵀu.

Remark 3. Similarly, as we did in Remark 2, note that when C = max{ci : i ∈ [n]}, the proof of
Theorem 3 gives us information about what properties any optimal solution x∗ for (12) must satisfy
if it is not feasible for (1). Namely, if wTx∗ > W , it must hold for every i ∈ supp(x) that either
ci = Cwi (case (i) in the proof), equivalently, ci = C and wi = 1; or, ci = C(wTx∗ −W ), which is
equivalent to ci = C and wTx∗ −W = 1 (case (ii) in the proof).

We note that a PLUBO similar to (12) is considered in [30], in which instead of the penalty
function min{0, x}, the penalization function is the indicator function IR+(x), defined by IR+(x) = 1
if x ≥ 0, and IR+(x) = 0 if x < 0.

Although it is likely not possible to obtain a general QUBO reformulation of the KP in which a
slack variable associated with the inequality knapsack capacity constraints, it might be possible to
obtain such QUBO reformulation for certain classes of KPs. To motivate this possibility, consider
the following result, which shows that any optimal solution of the KP has a particular QUBO
reformulation, without the use of the slack variable of the knapsack capacity constraint.

Algorithm 1 Knapsack feasibility from (12) to (1)

1: Input: (w1, . . . , wn), W , x ∈ {0, 1}n optimal for (12), supp(x).
2: A → supp(x)
3: while wTx > W do
4: Choose i ∈ A
5: xi → 0
6: A → A \ {i}
7: end while
8: Output: x optimal for (12) with x feasible for (1).

Theorem 4. Let x∗ ∈ {0, 1}n. There exist constants C1 ∈ R and C2 ∈ R such that x∗ is an optimal
solution of the QUBO problem:

max f(x) :=

n∑

i=1

cixi + C1

(
n∑

i=1

wixi −W
)
− C2

(
n∑

i=1

wixi −W
)2

st. x ∈ {0, 1}n,
(14)

if and only if x∗ is an optimal solution of the KP (1).
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Proof. Let x∗ ∈ {0, 1} be an optimal solution for (1). Also, let C2 be a constant satisfying the
property that for every z ∈ {0, 1}n and y ∈ {0, 1}n such that wT z < wTx∗ and wT y > wTx∗,

(wT y − wT z)C2 ≥
cTx∗ − cT z
wT z − wTx∗ −

cTx∗ − cT y
wT y − wTx∗ (15)

and define the following constants

a := max

{
cTx∗ − cT z
wT z − wTx∗ + C2(w

Tx∗ + wT z − 2W ) : z ∈ {0, 1}n, wT z < wTx∗
}

and

b := min

{
cTx∗ − cT y
wT y − wTx∗ + C2(w

Tx∗ + wT y − 2W ) : y ∈ {0, 1}n, wT y > wTx∗
}

By construction of C2, we have that a ≤ b. If we take C1 ∈ [a, b] and C2 satisfying (15), we claim
that x∗ ∈ argmax{f(x) : x ∈ {0, 1}n}. Let x ∈ {0, 1}n, we consider three cases

(i) If wTx = wTx∗, we have that

f(x∗) = cTx∗ + C1(w
Tx∗ −W )− C2(w

Tx∗ −W )2 = cTx∗ + C1(w
Tx−W )− C2(w

Tx−W )2

≥ cTx+ C1(w
Tx−W )− C2(w

Tx−W )2 = f(x)

(ii) If wTx < wTx∗, we have that

f(x∗)− f(x) = cTx∗ + C1(w
Tx∗ −W )− C2(w

Tx∗ −W )2 −
(
cTx+ C1(w

Tx−W )− C2(w
Tx−W )2

)

= cTx∗ − cTx+ C1(w
Tx∗ − wTx)− C2(w

Tx∗ − wTx)(wTx∗ + wTx− 2W )

= cTx∗ − cTx+ (wTx∗ − wTx)
(
C1 − C2(w

Tx∗ + wTx− 2W )
)

≥ cTx∗ − cTx+ (wTx∗ − wTx)

(
cTx∗ − cTx
wTx− wTx∗ + C2(w

Tx∗ + wTx− 2W )− C2(w
Tx∗ + wTx− 2W )

)

= cTx∗ − cTx− (cTx∗ − cTx) = 0

where the inequality follows from the fact that wTx∗−wTx > 0 and C1 ≥ a ≥
cTx∗ − cTx
wTx− wTx∗ +

C2(w
Tx∗ + wTx− 2W ).

(iii) If wTx > wTx∗, we have that

f(x∗)− f(x) = cTx∗ + C1(w
Tx∗ −W )− C2(w

Tx∗ −W )2 −
(
cTx+ C1(w

Tx−W )− C2(w
Tx−W )2

)

= cTx∗ − cTx+ C1(w
Tx∗ − wTx)− C2(w

Tx∗ − wTx)(wTx∗ + wTx− 2W )

= cTx∗ − cTx+ (wTx∗ − wTx)
(
C1 − C2(w

Tx∗hf + wTx− 2W )
)

≥ cTx∗ − cTx+ (wTx∗ − wTx)

(
cTx∗ − cTx
wTx− wTx∗ + C2(w

Tx∗ + wTx− 2W )− C2(w
Tx∗ + wTx− 2W )

)

= cTx∗ − cTx− (cTx∗ − cTx) = 0

where the inequality follows from the fact that wTx∗−wTx < 0 and C1 ≤ b ≤
cTx∗ − cTx
wTx− wTx∗ +

C2(w
Tx∗ + wTx− 2W ).
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This shows that x∗ is an optimal solution of (14). Finally, note that if we take C2 so that a < b
and C1 ∈ (a, b), then, f(x) = f(x∗) if and only if wTx = wTx∗ and cTx = cTx∗, if and only if x is
an optimal solution of (1).

Note that Theorem 4 would provide the desired QUBO reformulation of the KP, without the
use of a slack variable for the knapsack capacity constraint, if one could find appropriate bounds
for the constants a and b that are independent of an optimal solution of the KP. Although it is
likely impossible to do this for all instances of the KP, it might be possible to obtain such bounds
for certain classes of KP problems.

4 Benchmarking

Below, in Table 1, we can see a comparison of the number of binary variables used by each of
the QUBO reformulations, and the range of the coefficients in their objective functions, where we
assume without loss of generality that w1 ≤ · · · ≤ wn.

Reformulation Logical Qubits Range of Coefficients (approx.)

Theorem 1 n+W [c1 − C1W
2 − C2, 2C1wnW ]

Corollary 1 n+W [−cn(w2
n − 1), 2wn]

Corollary 2 n+ log2W
[
−cn(w2

n − 1), 2wn max{2M−1,W + 1− 2M}
]

Theorem 2 n+W
[
min{c1 + C1w1 − C2w

2
n,−C1 − C2}, 2wnC2

]

Table 1: Benchmarking of QUBO reformulation in terms of binary variables and coefficient ranges.

Two clear conclusions can be drawn from Table 1. First, it is clear that the range of the objective
coefficients in the QUBO reformulation given in Corollary 1 is smaller than the range of the objective
coefficients in the QUBO reformulation given in Theorem 1. It is thus expected that the QUBO
reformulation given in Corollary 1 will produce better results than the QUBO reformulation given
in Theorem 1 when one tries to solve the KP via these QUBO reformulations in a NISQ device.
Second, it is clear that the range of the objective coefficients in the QUBO reformulation given
in Corollary 1 is smaller than the range of the objective coefficients in the augmented Lagrangian
QUBO reformulation given in Theorem 2. It is thus expected that the QUBO reformulation given
in Corollary 1 will produce better results than the QUBO reformulation given in Theorem 2 when
one tries to solve the KP via these QUBO reformulations in a NISQ device. Thus, from the point
of view of range of coefficients, it doesn’t seem to be useful to consider an augmented Lagragian
approach to construction a QUBO reformulation for the KP.

Next we benchmark the different QUBO reformulations presented in the article using some
preliminary numerical results. As stated above, when running the numerical experiments, we
assume without loss of generality that the items are sorted by weight, namely, w1 ≤ w2 ≤ . . . wn,
so, any optimal solution (x∗, s∗) of (2) satisfies s∗ ≤ W − w1, since w1 + s∗ ≤ wTx∗ + s∗ ≤ W .
Moreover, sinceW ≤ w1+. . .+wn, we must have s∗ ≤ wn, otherwise, we can construct a new feasible
solution (x̂, ŝ) from (x∗, s∗) that attains a better objective value than (x∗, s∗) by adding an item
j ∈ [n] \ supp(x) to the knapsack. As a result, it can be concluded that s∗ ≤ min{W − w1, wn}.
Thus, instead of using W slack variables in Theorems 1, and Corollaries 1 and 2, we only use
min{W − w1, wn}. A similar analysis for bounding s can be found in [8].

We consider the following basic instance of the Knapsack problem:
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max 6x1 + 2x2 + 4x3 + 5x4

subject to 4x1 + 1x2 + 2x3 + 2x4 ≤ 4

x ∈ {0, 1}4.
(16)

After running ten times the QAOA algorithm on this instance, we get the following results:

Objective value Optimal Sol (x) Mean time to solution (sec)

Thm. 1 9.0 [0, 0, 1, 1] 32.9354

Cor. 1 9.0 [0, 0, 1, 1] 38.1678

Cor. 2 9.0 [0, 0, 1, 1] 27.3654

If we change the coefficients of the objective function in (16) by larger ones, for instance, if we try
to solve

max 16x1 + 10x2 + 12x3 + 13x4

subject to 4x1 + 1x2 + 2x3 + 2x4 ≤ 4

x ∈ {0, 1}4,
(17)

we obtain the following results after five runs:

Objective value Optimal Sol Mean time to solution (sec)

Thm. 1 25.0 [0, 0, 1, 1, 0, 0, 0, 1] 161.3289

Cor. 1 25.0 [0, 0, 1, 1, 1, 1, 1, 1] 152.8471

Cor. 2 25 [0, 0, 1, 1, 1, 1, 1] 144.4432

Now, if we change slightly the weigths of the items in the Knapsack problem, for instance to

max 6x1 + 2x2 + 4x3 + 5x4

subject to 4x1 + 1x2 + 3x3 + 2x4 ≤ 8

x ∈ {0, 1}4,
(18)

we obtain the following results

Objective value Optimal Sol Time to solution (sec)

Thm. 1 −− −− −−
Cor. 1 13.0 [1, 1, 0, 1] 1306.6719

Cor. 2 13.0 [1, 1, 0, 1] 113.13737

To draw conclusions on the numerical behavior of the different QUBO reformulations when NISQ
devices are used to solve the KP, substantial numerical experiments need to and will be done in
the near future.
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