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Abstract

A worst-case complexity bound is proved for a sequential quadratic optimization (commonly
known as SQP) algorithm that has been designed for solving optimization problems involving
a stochastic objective function and deterministic nonlinear equality constraints. Barring addi-
tional terms that arise due to the adaptivity of the monotonically nonincreasing merit parameter
sequence, the proved complexity bound is comparable to that known for the stochastic gradi-
ent algorithm for unconstrained nonconvex optimization. The overall complexity bound, which
accounts for the adaptivity of the merit parameter sequence, shows that a result comparable to
the unconstrained setting (with additional logarithmic factors) holds with high probability.

1 Introduction

We present a worst-case complexity analysis of an algorithm for minimizing a smooth objective func-
tion subject to nonlinear equality constraints. (Due to the nature of the algorithm, this worst-case
complexity analysis holds in terms of iterations, function evaluations, and derivative evaluations.)
Problems of this type arise in various important applications throughout science and engineering,
including optimal control, PDE-constrained optimization, and resource allocation [3, [4], 15, 22].
However, unlike the vast majority of the literature on equality constrained optimization, the al-
gorithm that we consider has been designed to solve problems in which the objective function is
stochastic, in the sense that it is defined by the expectation of a function that has a random vari-
able argument. The algorithm that we consider assumes that evaluations of the objective function
and its gradient are intractable to obtain, but that it has access to (unbiased) stochastic gradient
estimates.

A few algorithms have been proposed recently for solving problems of this type. These ap-
proaches fall into two categories: penalty methods [7), 19, 23] (which includes the class of augmented
Lagrangian methods) and sequential quadratic optimization (commonly known as SQP) methods
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[1, 18]. Penalty methods aim to solve the constrained optimization problem by adding a term to
the objective function, weighted by a penalty parameter, that penalizes constraint violation. Un-
constrained optimization techniques are then applied to minimize the resulting penalty function,
after which the penalty parameter may be modified and the minimization is performed again in an
iterative manner until a solution is obtained that (approximately) satisfies the original constraints.
Methods of this type perform well in some situations, but in others they perform poorly, e.g., due
to ill-conditioning and/or nonsmoothness of the subproblems. Such methods also often suffer due
to their sensitivity to the particular scheme used for updating the penalty parameter.

In practice in both deterministic and stochastic optimization contexts, penalty methods are
frequently outperformed by SQP methods. Indeed, it is commonly accepted in the deterministic
optimization literature that a state-of-the-art algorithm is an SQP method that chooses stepsizes
based on a line search applied to a merit function. In this deterministic setting, such an algorithm
is intimately connected with applying Newton’s method to the first-order primal-dual necessary
conditions for optimality of the problem [25].

In this paper, we present a worst-case complexity analysis of the SQP method proposed in
[1], which can be seen as an extension of an SQP method from the deterministic to the stochastic
setting. A consequence of our analysis is that, in an idealized setting in which one knows a threshold
for the merit parameter beyond which the merit function is ezact [13], the number of iterations
required until the method generates a point at which first-order necessary conditions for optimality
hold in expectation with accuracy ¢ € (0,00) is O(¢~%). This is arguably the best result that
one can expect given this is the same bound proved to hold for a stochastic gradient method
employed to solve an unconstrained nonconvex problem [I1]. However, our analysis does not only
consider this idealized setting; we go further and prove a worst-case complexity bound for the
algorithm when the merit parameter threshold is unknown and the algorithm adaptively updates
a monotonically nonincreasing merit parameter sequence. We prove under reasonable assumptions
that the aforementioned worst-case bound, with additional logarithmic factors, holds with high
probability. The high-probability aspect of this result arises purely due to the uncertainty of the
behavior of the adaptive merit parameter sequence, and does not reflect any uncertainty of the
behavior of the method during situations in which the merit parameter sequence remains constant.

To the best of our knowledge, ours is the first worst-case complexity result for an SQP algo-
rithm that operates in the highly stochastic regime (where one merely presumes that the stochastic
gradient estimates have bounded variance) for solving stochastic optimization problems involving
deterministic nonlinear equality constraints. Prior to this work, the only known complexity re-
sults for stochastic constrained optimization were for algorithms for solving problems with simple
constraint sets that enable projection-based methods [11], 12] and Frank-Wolfe type methods [14].
(One exception is a complexity bound proved for the SQP algorithm proposed in [18], although
that result only holds for the idealized setting in which the algorithm has a priori knowledge of a
threshold for the merit function parameter.) Our analysis focuses a great deal on the complications
that arise due to the adaptivity of the merit parameter sequence, which essentially means that
the algorithm in our consideration is aiming to reduce a merit function that changes during the
optimization process. Hence, many aspects of our analysis are quite distinct from the analyses that
have been presented for stochastic gradient methods in the context of unconstrained optimization
or optimization over simple constraint sets, for which the tool for measuring the progress of an
algorithm—mnamely, the objective function itself—remains the same throughout the optimization.



1.1 Problem formulation

The algorithm that we consider is designed to solve problems of the form

m}%n f(z) st. c(x)=0, with f(z)=E[F(z,w)], (1)
zER™

where f : R" - R, ¢ : R" — R™, w is a random variable with associated probability space (2, F, P),
F:R" x Q — R, and E represents expectation with respect to P. In particular, following [1], we
make the following assumption about problem and the algorithm that we analyze (stated as
Algorithm |1| on page @, which in any run generates a sequence of iterates {z;} C R™.

Assumption 1. Let X C R" be an open convex set that contains {x} for all realizations of
Algorithm [1. The objective function f : R™ — R is continuously differentiable and bounded below
by fiow € R over X and the corresponding gradient function V f : R™ — R™ is bounded and Lipschitz
continuous with constant L € (0,00) over X. The constraint function ¢ : R™ — R™ (where m < n)
and the corresponding Jacobian function J := Ve! : R™ — R™*™ are bounded over X, each gradient
function Ve; : R™ — R™ is Lipschitz continuous with constant ~; over X for alli € {1,...,m}, and
the singular values of J = Ve are bounded below and away from zero over X .

A consequence of Assumption [1]is that there exists x4 € R. such that
|V f(x)|| < kg for any k € N in any realization of Algorithm (2)

Defining the Lagrangian £ : R™ x R™ — R corresponding to by £(z,y) = f(z) + c(z)Ty,
first-order primal-dual stationarity conditions for ([1)), which are necessary for optimality under
Assumption |1} are given by

0— [%(x, y)] _ [Vf(w) +V

c(z)y
() () ] ' )

1.2 Notation

We adopt the notation that || - || denotes the fo-norm for vectors and the vector-induced fo-norm
for matrices. We denote by S™ the set of n x n dimensional real symmetric matrices. The set of
nonnegative integers is denoted as N := {0,1,2,...,}. For any integer k£ € N, we use [k] to denote
the subset of nonnegative integers up to k, namely, [k] := {0,...,k}. Correspondingly, to represent
a set of vectors {v, ..., vx}, we define vy := {vo,..., vx}.

Given ¢ : R — R and ¢ : R — [0,00), we write ¢(-) = O(p(+)) to indicate that |¢(-)]
for some ¢ € (0,00). Similarly, we write ¢(-) = O(¢(+)) to indicate that |¢(-)| < cp(+)| log®(- )\ for
some ¢ € (0,00) and ¢ € (0,00). In this manner, one finds that O(¢(-)|log®(-)|) = O(p(+)) fo

€ (0,00).

Algorithm [1] is iterative, generating in each realization a sequence {zj}. (See Section for a
complete description of the stochastic process generated by the algorithm.) For our analysis, we also
append the iteration number to other quantities corresponding to each iteration, e.g., fi := f(zx)
for all k£ € N.

When discussing stochastic quantities, we use capital letters to denote random variables and
corresponding lower case letters to denote a realization of a random variable. For example, a
stochastic gradient in iteration & € N is denoted as G, a realization of which is written as gy.



1.3 Outline

Section [2] provides a worst-case complexity result for the algorithm from [I] for the deterministic
setting, and uses this result and further commentary to provide an overview of our main result for
the stochastic setting. Details of the algorithm for the stochastic setting are presented in Section
followed by our main result and analysis, which are provided in Section [ Finally, we provide
concluding thoughts and mention future directions in Section

2 Outline of Main Results

Our algorithm of consideration, namely, Algorithm 3.1 in [1], is derived from Algorithm 2.1 in
[1], which is proposed and analyzed for the deterministic setting as a precursor for the stochastic
setting (of Algorithm 3.1 in [I]). In the deterministic algorithm, the kth search direction dj € R™
is computed by solving an optimization subproblem defined by a quadratic approximation of the
objective function and an affine approximation of the constraints using derivative information at
the current iterate x;, € R™. This computation also results in a Lagrange multiplier vector y; € R™.
The subsequent iterate is set by xp41 < x + apdy, where a € (0,00) is a stepsize determined by
a procedure to reduce the merit function ¢ : R™ x (0,00) — R defined by

¢z, 7) = 7f(x) + [le(@)]]1- (4)

In particular, based on properties of the search direction dj, a value of the merit parameter 7 €
(0, 7k—1] is set by the algorithm, after which aj € (0,00) is computed to ensure that ¢(xy,7%) —
d(xp41, r) is sufficiently positive.

2.1 Complexity of the Deterministic Algorithm

To motivate our main result for the stochastic setting, it is instructive to state a worst-case com-
plexity bound for the deterministic algorithm. Such a result is the following; further details and a
proof are provided in Appendix [6]

Theorem 1. Consider Algorithm 2.1 in [1] and suppose that Assumption |1| holds along with As-
sumption 2.4 from [1]. Let 7_1 € Ry be the initial value of the merit parameter sequence and let
Tmin € (0,7—1] be a positive lower bound for the merit parameter sequence (the existence of which
follows from Lemma 2.16 in [1]). Then, for any € € (0,1), there exists (K1, k2) € Ryg X Ry such
that the algorithm reaches an iterate (zy,yr) € R™ x R™ satisfying

g+ JQ yel <& and /||exlls < e (5)

i a number of iterations no more than

<7—1(f0 — flow) + ||Co||1> 2.

min{ K1, Tmink2 }

(6)

Theorem [1] is not surprising. After all, such a complexity bound of O(¢72) is well-known for
gradient-based algorithms in unconstrained nonconvex optimization. Since Algorithm 2.1 in [I] and
its corresponding analysis do not exploit the use of exact higher-order derivative information, this
complexity bound is on the order of what could be expected for such a method.



2.2 Preview of the Complexity of the Stochastic Algorithm

Moving to the stochastic setting, there are a few major technical hurdles that need to be addressed,
all of which relate to the adaptivity of the merit parameter sequence. In particular, the analysis
for the deterministic setting relies heavily on the facts that (i) each step of the algorithm yields a
sufficient reduction in the merit function for the current value of the merit parameter, (i7) each such
reduction in the merit function can be tied to a first-order primal-dual stationarity measure for the
current iterate, and (7i7) under Assumption one can be certain of the existence of a positive lower
bound for the merit parameter sequence. This lower bound for the merit parameter is referenced
directly in the proof of the worst-case bound for the deterministic algorithm; in particular, it is
shown (see Lemma [14] and the beginning of the proof of Theorem [4]) that the improvement in the
merit function from any iterate that is not e-stationary is at least proportional to min{1, Tmin}€_2,
even if the current value of the merit parameter is greater than 7,;,. Unfortunately, these properties
of the steps and merit parameter sequence are not certain in the stochastic setting. For example,
as discussed in [I], it is possible—even under Assumption for the merit parameter sequence to
vanish or for it to eventually remain constant at a value that is not sufficiently small, and for there
to be iterations in which the expected reduction in the merit function cannot be tied to a first-order
primal-dual stationarity measure. As a result, we have had to devise new analytical approaches
that confront the fact that {7} is a random process, the ultimate behavior of which is uncertain.

To aid the reader, we provide here an overview and commentary about our ultimate complexity
bound; see Corollary [T on page [25] Our result is proved under Assumption [I] along with others
that are introduced in the subsequent sections. For one thing, as is common in SQP methods for
deterministic optimization, we assume that the subproblem defining the search direction in each
iteration is defined by a matrix that is positive definite in the null space of the constraint Jacobian;
see Assumption [2] on page [} We also assume, as is common for stochastic gradient methods, that
the stochastic gradient estimates are unbiased with variance bounded by M € (0, 00), along with
some related assumptions; see Assumption [3| on page Furthermore, our analysis conditions on
the occurrence of an event that we call E (see ); this event captures situations in which, over
a total of kpax + 1 € N iterations, the merit parameter is reduced at most Smax € [kmax] times
and the merit parameter is bounded below by 7y, € (0,00). Under these conditions, our main
complexity result shows that, within kmax + 1 iterations, it holds with probability 1 — ¢ € (0,1)
that the algorithm generates xp~ € R™ corresponding to which there exists an associated Lagrange
multiplier y;5"® € R™ such that

E[IV fir + Tyl + llews 1] E]

— 0 T—l(f() - flow) + ”00”1 + M
Fmax +1

(7a)

(T-1 = Timin) ($max 10g(Fmax) +10g(1/9))

+ ) . (7b)

Fmax +1

This form of the result is commonly called a convergence rate since it bounds the expected station-
arity error from above by a function that decreases with the number of iterations performed,
namely, kmax + 1. This bound can be used to form a worst-case complexity result. Specif-
ically, the result above and Jensen’s inequality imply that, within kpa.x + 1 iterations and as
long as Smax = O(log(kmax)) (more on this below), it holds with probability 1 — § that the al-



gorithm requires at most (5(5_4) iterations to generate zy+ with corresponding yii"® such that
E[|[V fi- + 1.y ]||E] < ¢ and E[\/[leg- 11 E] < <.

The first three quantities on the right-hand side of the convergence rate, namely, in ,
representing the initial objective function gap, initial constraint violation, and the variance of the
stochastic gradient estimates, mirror the presence of similar terms that appear for comparable
results for the stochastic gradient method in an unconstrained or simple-constraint-set setting.
The final term in , on the other hand, as well as the fact that the result is stated as a high-
probability result, are unique to our setting and arise due to the adaptivity of the merit parameter
sequence. If one were to have prior knowledge of Ty, then one could set 7_1 = 7in (and disable
the update mechanism for the merit parameter in the algorithm), in which case our analysis would
show that the expected stationarity error is bounded above by (surely, not only with high
probability).

In the context of an adaptive merit parameter sequence, the particular form of our complexity
result depends on the magnitude of syax relative to kyax + 1, i.e., the bound on the number of
times that the merit parameter is decreased relative to the total number of iterations performed.
One setting in which our result is relatively straightforward is when, over all realizations of the
algorithm, the differences between the stochastic gradient estimates and the true gradients are
bounded deterministically, in which case smax is bounded by a value that is independent from
kmax + 1; this follows from a deterministic lower bound on 7y, [I, Proposition 3.18] and the fact
that whenever the merit parameter is decreased, it is done so by a constant factor. Beyond this
setting, for another concrete example of a situation in which sy .y is guaranteed to be sufficiently
small relative to kmax, We prove in Section that if the distributions of the stochastic gradient
estimates are sub-Gaussian, then with probability 1 — ¢ one finds that spax = (’)(log(log(k‘“@%))),
meaning that our proved convergence rate is not ruined by the term in ((7bj).

3 Algorithm

For ease of reference, in this section we present Algorithm 3.1 from [I], which is designed to solve
problems of the form and is our focus for the remainder of the paper. In the spirit of an
SQP method, the algorithm computes a search direction dj and Lagrange multiplier vector y; in
iteration k£ € N by solving

min fi, + gnd+Yd"Hyd st. o+ Jyd =0, (8)

where Hy € S™ is chosen independently from gi, and we remind the reader that g is a realization
of the stochastic gradient Gy. Under Assumption [1| and the following Assumption [2| (that we
make throughout the remainder of the paper), the solution of can be obtained from the unique

solution of
Jk 0 Yk Ci

Assumption 2. The sequence {||Hy||} is bounded by ky € Ry . In addition, there exists ¢ € Ry
such that, for all k € [kmax), the matriz H), € S™ has the property that u' Hyu > (||lul|3 for all
u € R™ such that Jyu = 0.

After computation of (dj, yx), the remainder of the kth iteration involves (i) updating the merit
parameter, (i) updating an auxiliary parameter needed for the stepsize computation, and (i)



computing a positive stepsize. These algorithmic components are designed with the aim of yielding
a sufficiently positive reduction in a model of the merit function, which in turn is aimed at yielding
a sufficiently positive reduction in the merit function itself. The algorithm employs the model
q:R" xR, xR" x 8" x R" — R defined by
q(x,7,9,H,d) = 7(f(2) + g d + gmax{d' Hd,0}) + [|e(x) + J(z)d]1,
and the reduction function Ag : R® x R, x R" x §" x R" — R, for a given d € R" satisfying
c(x) + J(z)d = 0, defined by
Aq(.’lﬂ',T,g,H, d) = q(xaTagvH7 O) - q(.’ﬂ,T,g,H, d)

(10)
= — T(gTd + %max{dTHd, 0}) + |le(z)]]1-
Specifically, in order to ensure in iteration k that 7, < 7,1 and

Aq(xk, T, g Hi, i) > 37 max{d} Hydy, 0} + o|lcll1 > 0 (11)

holds for all 7 < 7, the algorithm sets, for user-defined o € (0, 1), the value
il | © if g dy + max{d,] Hydy,0} <0 9
7] — (1=o)llekllx otherwise (12)

g;dk—i-max{d;cerdk,O} ’

and then sets, for some e, € (0, 1), the merit parameter value
Th— if 75,1 < rprial
T (13)
(1 — &)™ otherwise.
Then, for use in the stepsize computation (as motivated in [I]) it sets
Sk—1 if &, < girial
(1 — ee)étrial - otherwise

gl‘z:rial . Aq('rka Tks Gk Hka dk)
Tkl di||?

then & + { (14)

for some e € (0,1), which, for one thing, ensures &, < é,tcrial. The last component in the kth
iteration is to set the stepsize, the magnitude of which is controlled by prescribed {8} C (0,1],
which is employed in the following projection interval that is used in the stepsize computation:

Bréemi  BrékTr 2
|:TkL+F7T1€L—|—F+9ﬁk ’

Proj,(+) := Proj (

where Proj(- | Z) represents the projection operator onto the interval Z C R. As in other stochastic-
gradient-based methods, the convergence properties of the method depend on properties of {f},
which in many analyses is considered to be a constant or diminishing sequence. In our analysis, we
establish our result for the case of S, = O(1/vVkmax + 1) for all k € [kpax]-

Overall, the algorithm that we consider is stated as Algorithm The only changes from
Algorithm 3.1 in [I] are the fixed iteration limit (kmax), a slightly stronger decrease requirement for
the definition of 73, in when 7,1 > T,zrial, and the concluding step for producing the return value
(zg+). This method of sampling k£* to produce the return value is consistent with other approaches
in the literature on complexity analyses for algorithms for solving nonconvex optimization problems;
see, e.g., [L1]. It amounts to uniform sampling over the iterates when constant {/x} is considered,
as in our analysis. Finally, we remark that Algorithm [I] presumes knowledge of Lipschitz constants
for the objective and constraint gradients, although in practice one might only estimate these values
using standard procedures [10].



Algorithm 1 Stochastic SQP Algorithm

Require: g € R"; kpax € N; 721 € Ry 6, € (0,1); e € (0,1); 0 € (0,1); é&-1 € Ry
{Bk} € (0,1]; 6 € Ryy; L € (0,00), a Lipschitz constant for Vf; T' € [> 1", 74, 00), where
7; € (0,00) is a Lipschitz constant for Ve; for all i € [m]

1: for all k € [kpax] do

2 Compute (d,y) as the solution of (9]

3 if d;, =0 then

4 Set T,grial — 00, Tk < Th_1, 512“31 +— oo, and & + &p_q

5: Set ak’mit — 1, &k,init +—1,and ap <1

6: else (if di # 0)

7

8

9:

Set lerial by and 73 by
Set ggial and & by

Set

BrAQ(Tk Tk 9k, Hie»di) 4flex |l

Oinit < “C 1D dey A0 Qkinie  Ohinit ~ T 63
10: Set @y  Proj,(Qg init) and &y < Proj,(a init), then
ak if ak <1
ap < 41 ifa,<1<ay
ap fap>1
11: end if
12: Set Tht1 < Tk + apdy
13: end for
14: Sample k* € [kmax], where P[k* = k] = —2%— for all k € [kmay], then return z;

Sopmax gy

4 Complexity Analysis

We begin our complexity analysis by describing the algorithm as a stochastic process (Section ,
then formalizing the assumptions that we make about the stochastic gradient estimates (Section
. We then state, in some cases in a slightly modified form, some key lemmas from [I] that
are needed for our analysis (Section . Our generic complexity result, which has been outlined
in Section [2] is then stated and proved (Section . Consequences and extensions of our generic
complexity result are then discussed for some special cases of distributions for the stochastic gradient
estimates for which our required assumptions hold with high-probability (Section . Finally, we
conclude this section by outlining a form of our generic complexity result that relaxes one of our
minor simplifying assumptions (Section .

Similarly as for the convergence analysis in [I], our complexity analysis makes use of orthogonal
decompositions of the search directions computed by the algorithm; in particular, for all £ € N, we
express dp = uj + vk, where ug € Null(Jg) and vy € Range(J,:). We note here that conditioned
on the algorithm having reached xj at iteration k, the normal component vy is deterministic,
depending only on the constraint value c¢; and the Jacobian J.

In addition to the quantities that are computed explicitly in Algorithm ], our analysis also refers
to the quantities that would have been computed in each iteration k € N, conditioned on the event



that the algorithm has reached xj, as the kth iterate, if the true gradient V f(xy) is used in place of
the stochastic gradient gi. These quantities are denoted by a “true” superscript. For example, in
iteration k, the true search direction and corresponding true Lagrange multiplier estimate are the
solution of the linear system

[Hk Jﬂ [d}f“e] _ [Vf(xk)] 7 (15)

Jo 0] [y a

which may be decomposed as di™® = ul'"® + v, where ui™® € Null(.J;) and vy, € Range(J, ). Here,
we write vy (without a superscript) since the normal component of the search direction is defined
in a manner that makes it independent of the objective gradient (estimate). Similarly, the true
value of the merit parameter that would have been computed is denoted

trial,true
Tk (1—=a)llexllx

vf(l.k)Tdtkrue_i_max{(dirue)Tdeirue70} OtherWISe'

{oo i V£ () Tdie + max{(di®) T Hydi™e, 0} < 0

This definition of T,z”al’true guarantees that, for any 7 < T,z”al’tme, one finds

Aq(wy, 7,V f (2k), Hy, dif*®) = 57 max{(dy"™) " Hydif", 0} + ok 1. (16)

4.1 Stochastic Process

Henceforth, for the sake of formality, we shall refer in our analysis to the stochastic process generated
by Algorithm [I] Specifically, in terms of values that are computed by the algorithm itself, we have
the stochastic process

{(X, Gk, Dy, Yi, T, Ziy Ar) }

where, for all k£ € N, the random variables are: the algorithm iterate X}, stochastic gradient esti-
mate G, search direction Dy, Lagrange multiplier estimate Y}, merit parameter 7, ratio parameter
Zk, and stepsize Ai. For all k € N, a realization of the corresponding element of this process is
denoted (zg, gk, di, Yk, Tk, Ek, k). Similarly, in terms of “true” values and step decomposition values
that are not computed by the algorithm, but are defined for the sake of our analysis, we have the
simultaneously generated process

t t t trial,true
{(VkaUkarue;Ukrue; krue’/];C )}7

where, for all k¥ € N, the random variables are: the normal search direction component Vi, the
tangential search direction component Uy, the true search direction D™, the true tangential search
direction component U,zme, the true Lagrange multiplier estimate thme, and the true trial merit

ﬁrial’true. For all k € N, a realization of the corresponding element of this process is

denoted (vg, ug, d}f“e,u}irue,yltgme,T,Erial’true). Finally, for the sake of tracking the number of merit

parameter updates that occur during runs of the algorithm, we define the stochastic process {Sj},
where for all k£ € N the random variable Si represents the number of merit parameter decreases up
to the end of the kth iteration, i.e., the number of iterations in which 7 < Tz_1. For all k € N, a
realization of S is denoted sy.

In any run, the behavior of Algorithm [I] is dictated entirely by the initial conditions and the
sequence of stochastic gradient estimates that are generated. Let Fj denote the o-algebra generated

parameter

10



by the random variables {Go, ..., Gk_1}, a realization of which (along with all initial conditions of
the algorithm, including Xy = x¢) determines the realizations of

k = true true true trial,true k—1
{X;}j=1 and {(D;, Y5, 75, 55, A, Vy, U, D3 U YT, »Si)}i=o0-

For completeness, let Fy = o(x). As a result, {Fi}r>0 is a filtration. When conditioning on a
specific realization of Algorithm up to the beginning of iteration k € N, we condition on G,_q) =
9gik—1), since these stochastic gradients determine xy. (Recall our notation that gj,_;) represents
{90, --.,9k—1}.) Similarly, later in our analysis when we condition on Fj, we are conditioning on
all realizations of G,_y] that are measurable with respect to the filtration Fy.

4.2 Assumptions

Our analysis presumes certain good behavior of the sequences of merit and ratio parameters that
are set adaptively by the algorithm. Formally, given (kmax, Smax, Tmin, Emin) € N X N X R g x R,
our main result characterizes the worst-case behavior of Algorithm [I] conditioned on the event
denoted as

E := E(kmax; Smaxs Tmins §min ) (17)

which we define as the event such that, in every realization of the algorithm, the merit parameters
{Tr}pze and ratio parameters {y }; ™% satisfy

® Ti > Tiin > 0 for all k € [kmax],

Tbe > i > 0 for all k € [kmax),

o = &min > 0 for all k € [kpax], and
o |{k € [kmax) : Tk < Tk—1}] < Smax-

Consideration of this event as a focus for proving a worst-case complexity result for Algorithm [1] is
justifiable for the following reasons.

e The condition in F that the ratio parameter sequence is constant over all iterations is not
actually essential for our analysis; rather, it is made for the sake of simplicity. Indeed, in
Section [4.6] we present an extension of our main result to the setting in which this parameter
sequence is not constant. Observe that, as proved in [I, Lemma 3.5], the sequence {Zj} is
bounded below by a positive real number whose value is deterministic, i.e., it is independent
of the sequence of stochastic gradient estimates that are generated by the algorithm. Hence,
for the sake of simplicity, we assume for now that {Z;} is constant and leave the statement
of the more complicated version of our main result to a subsection at the end of our analysis.

e The conditions in E pertaining to the behavior of the merit parameter sequence are not
necessarily minor. That said, attention to this behavior of the algorithm is justified by
arguments made in [2] 1], which under the same kinds of assumptions made in this paper argue
that, in any run of the algorithm, the probability is zero that the merit parameter vanishes.
Furthermore, in Section we consider a particular setting in which the distributions of the
stochastic gradient estimates are sub-Gaussian over any run of the algorithm, in which case
we show that the merit parameter remains bounded below with high probability, meaning

11



that our main worst-case complexity bound—which holds with high probability due to the
adaptivity of the merit parameter sequence—remains essentially unchanged in this setting
when we do not presume upfront that the merit parameter sequence remains bounded above
a positive real number.

e The condition in F pertaining to the existence of sy ax is not actually an additional require-
ment beyond the existence of Tyi, in the event. After all, by the construction of Algorithm
it follows that when the merit parameter is decreased, it is decreased by at least a constant
factor, from which it follows (under the existence of Tiyin) that symax exists and satisfies

. 10g(7_min/7——1)
max < km X 17 . 18

o _mm{ et { log(1 — €r) (1%)
That said, for simplicity and generality in our analysis, we define spax as a quantity that is

decoupled from the above (conservative) inequality.

Conditioned on F, we assume the following about the stochastic gradient estimates. Such
an assumption, namely, that conditioned on the event that a given iterate has been reached the
stochastic gradient is unbiased and has bounded variance, is common in analyses of stochastic
optimization methods. Here and throughout the remainder of the paper, we let Py[-] (respectively,
E[]) denote probabilty (respectively, expectation) conditioned on event E and that G|_1] = g1
for a given gj,_q), i.e., we define

Pel] =P} E,Gg-1) = g—1)] and Eil] :==E[|E, Gp_1) = gp—1)]-

Assumption 3. There exists M € Ry such that, for all k € [kmax] and any realization gik—1] of
Gli—1), one finds that

Ex[Gr] = Vf(xx) and Ei[|Gy — Vf(zp)ll3) < M. (19)

In addition, there exists M, € R_ such that, for all k € [knax| and any realization gik—11 of Gl—1),
one finds that

either Pi[Vf(zr) " (Dy — di™®) < 0,Tp < 7h_1] =0
or Ey[l|Gr — Vf () 12V f(zr) T (Dy — dif"®) < 0, Th < 7] < M.

Observe that the inequality in can imply (20), such as when there exists p € (0, 1] such
that, for all k& € [kmax] and gjz_y], one finds that

(20)

Pe[Vf ()" (Dg — di™™) < 0,Tp < 7%1] > p

whenever this probability is nonzero. This occurs, for example, when the objective of is a
finite sum of N terms and each stochastic gradient estimate is computed as a so-called mini-batch
estimate through the uniform (random) selection of b indices, in which case the above holds with
p=>/N.

We make one additional assumption for our analysis, namely, the following.

Assumption 4. There exists p; € (0, 1] such that, for all k € [kmax| and any realization gik—1) of
Glx—1), one finds that

Py[G) Dy, + max{ D, Hy,Dy,0} > V f(zy) " di™ + max{(di™) " Hydi™,0}] > p,.
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Similar to [I, Proposition 3.16], Assumption 4] allows us to prove that, with high probability,
the number of iterations in which 7, > T,Erial’true is not too large. In [I, Example 3.17], it was shown
that the inequality in this assumption holds with p, = % when, conditioned on having reached xy,
the stochastic gradient G, has a Gaussian distribution. We show in Section that this result can

be extended to other settings as well.

4.3 Properties of Algorithm

In this section, we state key results from [1] that are needed for our analysis.

By [Il Lemma 2.10], there exists y, € Ry such that, for all k € [kmax], if [|[ulf"[|? > Kyollvk|?,
then %(dzr“e)Tdezrue > i( [[utrue||?, where ¢ is defined in Assumption 2| Correspondingly, let us
define

Sl el 3 el = ok
llck || otherwise.

The following lemma is stated using a different norm (for ¢;) than in [I, Lemma 2.11]. The

result holds in the same manner due to the norm-equivalence between || - || and || - ||; in R™. We

state the result in this manner for consistency in the measure of constraint violation stated in our
final complexity bound.

Lemma 1 ([T, Lemma 2.11]). Let Assumptions [1] and[4 hold. Then, there exists ky € Ry such
that, for all k € [kmax|, the true search direction and constraint violation satisfy ||di™®||? + [lcx |1 <
(Hq; + 1)\I/k.

Lemma 2 ([1, Lemma 2.12]). Let Assumptions 1] and[q hold. Then, there exists kq € Ry such

that, for all k € [kmax] and any 7 < T,i”al’tme, the true reduction in the merit model satisfies
Aq(.%'k,’i', Vf(xk),Hk,d}?ue) 2 HqT\I/k.

Lemma 3 (]I, Lemma 3.7]). Let Assumptions and@ hold and suppose that the sequence {f} is
chosen such that Brp&er/(ThL + T) € (0,1] for all k € [kmax]. Then, for all k € [kmax|, it follows
that

Py + ondy, i) — Gk, ) < —oxAq(xp, T, V f (1), Hy, dif™€)

+ s BrAq(zk, Ty Gy Hi, di) (21)
+ apeV f (zr) T (di — di™®).

Lemma 4. Let Assumptions [} [3, and[5 hold. Then, for all k € [kmax], it follows that Egx[Dy] =
dire, Eg[Ug] = uf™e, and Ep[Yy] = yi™"°. Moreover, there exists kg € Ry such that, for all
k € [kmax), one finds that

[di || < kallV f(a)]] < Katkg,
Erl|| D — di |l < 6aBi[||Gr — Vf(ap)|] € kaV M, and
E[|| Dy — di|||V £ (zx) T (Dy — diF®) < 0, Tp < Tp_1] < KM

Proof. Except for the final inequality, the result follows directly from [I, Lemma 3.8] (or the proof
therein) and (2)). As for the final inequality, observe by the arguments in [I, Lemma 3.8] that for
any realization of Gy and Dy, one finds ||d; — di™|| < kqllgr — V f(xk)]|, which combined with
gives

Ex[| D — di ||V f (zx) " (Dy, — djf™) < 0, Tp, < 1]
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< KkaBi[||Gr = V@)V f(zr) T (D — dif™) < 0, Ty, < m1] < kgMs,
as desired. O O

Lemma 5 ([I, Lemma 3.9]). Let Assumptions[1], [3, and[5 hold. Then, for all k € [kmax], it follows
that
V() di" = Be[Gr D] = V() di = CTIM

and Ek[D];erDk] > (dirue)Tde;Crue.

4.4 Complexity Result

In this section, we present our main complexity results. We derive our results in largely the same
manner as the global convergence result in [I], but with two major changes that stem from the
need to characterize the behavior of the algorithm in the context of an adaptive merit parameter
sequence. At a high level, the two modifications are as follows:

1. We derive, in Lemma |§|, an upper bound for the last term in , the derivation of which is
complicated by the fact that, conditioned on z being the kth iterate in a run of the algorithm,
this term is the product of three correlated random variables: Ag, T, and V f(zg) " (Dy —
dife). A critical aspect of our derived bound is that we isolate a term for the event when
Vf(xp) " (Dy — dif©) < 0 and Ty < T—1, since this happens to be an event that complicates
subsequent aspects of our analysis. In Lemma [0] we prove a high-probability bound on the
sum of the probabilities of the occurrences of this event over the entire run of the algorithm.

2. A critical aspect of the analysis in [I] for the deterministic setting is that one can always tie the
reduction in the model of the merit function to a first-order stationarity error measure (with
respect to the constrained optimization problem) due to the fact that lerial’true > 7, forall k €
N. Unfortunately, however, this inequality is not guaranteed to hold in the stochastic setting,
which is problematic for our purposes in this paper. To account for this issue, we define an
auxiliary sequence {73} (not generated by the algorithm) such that 7y, := min{7, 7."*""}
for all k € [kmax]. In Lemmas [7| and [8] we analyze behaviors of the algorithm with respect to
this auxiliary sequence, and in Lemma [I0] we provide a high-probability bound on the total
number of iterations in which ’7:“&1’““6 < Tr may occur. (More precisely, Lemma considers

a superset of the iterations in which this bound may occur, which serves our purposes just as
well.)

The first few results in this section consider properties of algorithmic quantities conditioned on
the algorithm having generated a certain sequence of stochastic gradient estimates through a given
iteration. In particular, given k € [kmax] and gp,_1), values generated by the algorithm have been
determined up to the beginning of iteration k, including x, d}g“e, and 7,_1. Given these quantities,
let us define three events:

e Ej.1, the event that Vf(zy) " (D — dir™) > 0;
e L} o, the event that Vf(xr) " (Dy — di™®) < 0 and Ty, = 74—1; and

e Ej 3, the event that Vf(xk)T(Dk - dgue) <0and Tj, < Th_1.
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We now derive an upper bound on the final term in . In the following lemma, we make use,
for given k € [kmax] and gx_qj, of the stepsize values

< BrEminTmin = BrEminTk—1
min,k * Toinl + T ) min,k * Tk—lL +T ) (22)

= 2
and Gmax i = Qppin kT 05

Q

The first value here represents a lower bound on the smallest stepsize that may be computed in the
event that 7 < 7,_1, while the second value is the smallest stepsize that may be computed in the
event that 7, = 7,_1; it is easily verified that a;in <«
bound on the largest stepsize that may be computea.

min k- Hence, Guax k represents an upper

Lemma 6. Suppose that Assumptions(1], [3, and[d hold, and let kq € R be defined by Lemma[f
Then, for all k € [kmax| and gy,—y), and with the stepsizes (Oin b Xamin ks Smax,k) defined as in ([22)),
one finds that
Er[ARTeV f(ax) T (Dg — dif™)]
< (gmax,ka—l - a;in,kTmin)ﬁg/’idMTPk [Ek73] + HBI%Tk—lﬁg’{d VM.
Proof. Consider arbitrary k € [kmax] and gy}, and for ease of exposition, let us denote Ey ; =

Ex[V f () " (Dy, — di™®)| By ;] for all j € {1,2,3}. By the Law of Total Expectation, the fact that

0 < Tmin < T < 7,1 under E, and the definitions of O‘;in,k’ X ko> and ¢pax,k, one finds that

Ex[Ax TV f(zk) T (Dy, — djf)]

= B[ A TiV f () | (Dy — dff*)| Ep 1 [Pr[Eg, 1]
+ Ex[AxTeV f(z) ' (Dy, — dif") | Eg 2| Pi [Eg 2]
+ Ex[AxTeV f(z) ' (Dy, — dif*)| Eg 3]Pr[Eg,3]

< Smax kTh—1Ex 1P [ Bk 1] + Qnin 1Tk 1Er 2Pr[Er 2] 4 i 1 Tmin B 3Pk [ B 3]

)T
)T

Using this inequality, the Law of Total Expectation, and Lemma {4| (Ex[Dy] = d}crue), one obtains
three upper bounds by adding and subtracting like terms:
Ex[Ac TV f (2) T (Dy — dif™)]
< Smax kTh—1Ek 1 Pe[Er 1] + Smax kTh—1Ex 2Pk [Er 2] — 082 7k— 1Bk 2Pk [ Ex 2]
+ Smax kTh— 1Bk 3Pk [Er 3] 4 (i 4 Tmin — Sma .k Th—1)Er 3Pk [ B 3]
= — 088 Tk—1Ek 2Pk[E o] + (Qpin pTmin — SmaxkTh—1)Ex, 3P [Ex 3]

and

Er[ARTeV f(ax) T (Dg — dif™)]
< Amin kTh—1Ee 1 Pe[Er 1] + 0877k 1B 1 PrlEra] + Omin xTh—1Er 2Pk [Er 2]
+ Cnin 1 Th—1Er 3Pk [ B 3] 4 (i 4 Tmin — Qnin 1 Tk—1) Ex 3Pk [ B 3]

= 0Bi k1B 1 Px[Er1] + (i i Tmin — Umin 1 Th—1) B 3Pk [ B 3]
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and

Ec[AcTeV f (24) " (Dy — )]
S O‘;in,kTminEk,lPk [Eka] + (Smax e Te—1 — a;ikamin)EkJPk (Ek ]
+ a;in,kTminEk,ZPk [Ek,2] + (Cin p Th—1 — a;in’kijn)Ek72]P>k [E2]
+ i & TminEk 3Pk [Eg 3]
= (SmaxkTh—1 = ariin,kTmin)EkJPk [Ek1] + (Cpin e Th—1 — Oérflikamin)Ek,sz [Ek 2.

Averaging these three upper bounds and the definition of ¢yax 1, one obtains

Ex[ArTeV f () T (Dy, — dj™)]
(0min g + 20B)Tk—1 — O xTmin)Er 1 Pk [ 1]
+ %((a;in,k — 0B TH—1 — a;ikamin)Ek,QPk [Ek 2]
+ 3 (20550 4 Tmin — (20min 1, + 087) 7h—1)Er 3Pk [ B 3]
= 5 ((mine + 2080)Tk—1 — iy xTmin) (Br 1Py [Br 1] + Bg 0P [ B 2])
— 0BET,_ 1By, 9Py [Ep 2]

— 5((2amn g + 080 Tk—1 — 20553, Tmin) i 3Pk [Er 3].

IN

This bound can be rewritten as follows. By the Law of Total expectation,
Ey 1P Ex1) + Eg oPr[Ey 2]
= Ex[Vf(xr) " (Dr — di*)] — BrsPr[Ep 3] = —Ep 3Px[Er3),
and along with Lemma (4| and one finds
~EioPr[Er o) = —Er[Vf(xr) " (Dr — dif®)| Eg 2|Py[Eg 2]
< Ei[V f(zx) || Dr — ||| Ex 2]Px[ Ex 2]
= Ex[[IVf () || Dx — di™|]
— Ex IV @) [ Dk — dif ||| Ex 1Pk [ B 1]
— B[V f (@) 11Dk — di || Bg 3]Px [ B 3]
S E[IV f (@)l Dy — di|l]
< KgB[|| Dy, — di|l] < kgraV M.

In addition, Lemma 4] and also yield that

~EkaPr[Ers] = —Ex[V (k)" (Dy — dif)| Ex 3]Px[Ek 3]
< Eil[|Vf(zi) || Dk — dif ||| Eg, 3] Pr[ Bk, 3]
< kgkaM;Py[E} 3].

Combining , , , and , the desired result follows. ]

Now, conditioned on given k € [kmax] and gj_1j, let us define

A . trial,t
Tpe := min{Tg, 7"}
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Lemma 7. Suppose that Assumptions[1} [3, and[3 hold and let kg € R be defined by Lemma 4}
Then, for all k € [kmax] and gji_y), one finds that

Ex[Aq(zk, Ty Gr, Hi, Dy)]
< Ek[AQ(xlw 77477 Vf(l‘k), Hk7 dijrue)] + %(Tk—l + Tmin)gilM
+ (Th—1 — Tmin) (KaV M (26 + VM) + krg(M + 357)).

Proof. By the definition of Aq in , one has that

Ex[Aq(xn, Tey Giy Hy,, Dy)]
= Ei[~T(G} Dy + 3 max{D;, HyDy,0}) + || cil1]
= Ei[~Ti(G} Dy — V f(ax) "™ + & max{D,] Hy Dy, 0}
— S max{(d}""®) " Hydi™*, 0})]
+ Er[=Te(V f (1) T + § max{(df) " Hyd™, 0}) + || cx||1]
= B [Tr(V f(2x) " — G Dy, + 5 max{(dj*) " Hpd}™, 0}
— L max{D}] HyDy, 0})] + Ex[Aq(xx, Tr, V f (1), Hy, ). (28)

Now, for simplicity of notation, define
Qr == Vf(xy) di™® — G} Dy,
+ L max{(d{™®) " Hidi™®,0} — 3 max{D} HyDy,0}.

Let Eg denote the event that @ > 0 occurs and let Eé denote the event that QQr < 0 occurs. By
the Law of Total Expectation, one has that

Ei[TkQx] = Ex[ToQrl EQIPk[Eq) + Ex[ThQr|EG|PL [ EY)]
< T 1 Br[Qr| EQIPLIEQ] + TminEr [Qr] EGIPR[EG)-

Therefore, by the Law of Total Probability, Lemma Jensen’s inequality, and convexity of max{-,0},
it follows that

Ei[TkQx] < 1Bk [Qu|EQIPk[EQ] + T 1 Er[Qr| B P E)
+ (Tmin — Th—1)Ex[Qr | EG Pk [EQ)]
= T 1B [Q] + (Tmin — T 1) Ex[Qr| EG] Pk [EQ)]
= 71V f () Ty — Bi Gy Dy
+ 1 max{(di™) " Hyd™™, 0} — AEy[max{D; Hy Dy, 0}))
+ (Tmin — To—1)Ex[Qk | EGIPE[EQ)
< o1 M 4 (Timin — Th—1)Ei [Qrl| EGIP[EG),

and by similar reasoning one finds that

Ex[TkQk) < TminEk[Qk| EQIPLIEQ] + TminEr [Qr| EG P [EQ)]
+ (k-1 — Tmin) Ex [Qk | EQ|Pk [Eq]
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TinEk [Qr] + (Th—1 — Tmin ) Ex [Qr | EQ|PL[E()]
TninC ™ M + (Th—1 — Tin) Ex[Qr| EQPk[Eq).

IN

Averaging these two upper bounds, one finds that
Ex[TrQk] < (ko1 + Toin) M + 3(Thm1 — Tonin) Ex[Qk| Eo)Px[Eq)]
+ 5 (Tmin — Th—1)Ex [Qk| EGPx[EG)- (29)

Our goal now is to bound the latter two terms in . Toward this end, observe that by the triangle
and Cauchy-Schwarz inequalities, the proof of Lemma [4] Assumption [3] Jensen’s inequality, and
concavity of the square root over R, one finds that

Ei[|V f(zk) " di™ — GJ. Dy|]
< Bi[|V £ () Tdi — Gl ™[] + Ex[| G di™ — G, Dyl]

VAN

i BRIV f (k) — Gill) + Ex[IGr ||| — Dyl
< karig VER[[V f (2x) — Gill?] + kaBi[l| GellIIV f (z1) — G ll]
< Katig VER[|V f (2x) — Gl]?]
+ kaBr[(1Ge = V(@) + IV F @) DIV f(zr) — Gll]
< KakigVM + kg(M + kgVM) = kqV'M (26, + VM). (30)

In addition, by the Cauchy-Schwarz inequality, the proof of Lemma 4, and Assumption [3} and the
fact that ||al|? < 2(||a — b]|? + ||b]|?) for any (a,b) € R™ x R", one finds

Ey[|$ max{ (i) " Hydi™®,0} — & max{D,] HyDy,0}]

1L max{(djr) T Hydf™, 0}] + By[|3 max{D] HyDy, 0}

s + 51 H B[l Dy 1]

s HEl A2 + 33| HellEx[|Grll”)

IR + /I HRNELIGr = V f () |2 + 1V f () [I]

skrkghy + kakg(M + K2) < kgrj(M + 3K2). (31)

VAN VAN VAN VAN VAN

By the Law of Total Expectation, , and , it follows that

Ex Qx| EQIPr[Eq] = Ex[|Qk| | EQ|Pr[Eq)]
= Ex[|Qk[] — Ex[|Qkl| EGIPk[EG]
< kaVM (265 + VM) + rkpr2(M + %“3),

and by a similar argument, one finds that

—Ex[Qr| EQIP[EG] = Ex[|Qk || EQIPL[EG)]
= Ex[|Qkl] — Ex[|Qkl| EQPk[Eq]
< kaVM (28, + VM) + kgr3(M + %K,E]).

The conclusion follows by combining these equations, , and . ] ]
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Our next lemma bounds differences between expected reductions in the model of the merit
function that account for cases when T < 7.

Lemma 8. Let Assumptions [l [, and|[3 hold and let kq € Ry be defined by Lemmaly. Then, for

all k € [kmax] and gpy,_q), with (aéin,k’a;in,k7§max,k> defined as in and Ty, defined in , one
finds that

Ex[AcAq(zy, Tr, V f (21), Hi, dif")] — Ee[AxAq(zp, T, V f (x1), Hy, dif™)]
< (gmax,ka—l - a;ikamin)ﬁdﬁZ(l + %KHﬁd)
and
Ek[AkAQ(xka 7767 Gk‘a Hk‘v Dk)] - ]Ek‘[Ak‘AQ(:Ek‘? 77€> Gka Hka Dk‘)]
< (SmaxkTh—1 = Qi g Tmin)Kd(2 + £rrra) (M + Kig)-

Proof. Under the stated assumptions, it follows from the stated lemma and definitions, along with
the definition of Agq in , that
Er[AcAq(@r, Tr, V f(@k), Hi, dif*)] — Ex[AxAq(ar, Tr, V f (2x), Hi, dif™)]
= Ex[Ap(Ti — To)(Vf (1) "di + 5 max{(dj™) T Hydi™, 0})]
(SmaxkTh—1 — i o Tonin) | V.f () Tl + § max{ (™) T Hydi™, 0}

< 2 1 2.2
< (§max,k7_k—1 - amikamin)(de/fg + §/€H’€d/€g)a

AN

and, along with ||al|? < 2(||a — b||? + ||b]|?) for any (a,b) € R™ x R™, one finds

Ex[ArAq(zg, Te, G, Hi, Di)] — Ex[ArAq(zr, T, G, Hi, Dy)]
Ex[Ax(Tr — Te)(Gy Dg + 3 max{D,, HyDy,0})]
;in,kTmin)EkHGl—chk + %max{D,ijDk, 0}]

<

IN

(§max,k:7-k—l

IN

-«

(Smax kTh—1 — Qpyin 5 Tmin) (Kd + 3 gk ) ER[|Gr’]

< (SmaxkTh—1 — Cpyin & Tmin) (K + srarm)(2(M + k7)),

which together are the desired conclusions. O O

Our next two lemmas are critical elements of our analysis. For both lemmas, we define, for any
s €N and § € (0,1), the quantities

A 1)
0= (32)
max{Smax—1,0} (kmax
Drr ()
and
((s,8) = 5 +10g(1/8) + \/10g(1/8)2 + 25 10g(1/5). (33)

The first of these lemmas bounds, with high probability, the sum of the probabilities of the occur-
rences of event FEj, 3 over the run of the algorithm.
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Lemma 9. Suppose Assumptions @ and@ hold. Then, for any 6 € (0,1),

%(P[Ek,gw,}"k] < W(Smaxs0) + 1|E| >1—4. (34)
k=0
Proof. This result is proved in Appendix O O
For our next lemma, let us define the random index set
Ky o= {k € [ma] :72:rial,true < Tir). (35)

By the manner in which {7}, {Trbey Cand {73} are defined, this set is always a superset
of the iterations in which 75 < T: hence, by bounding the cardinality of ., one bounds the
cardinality of the set of iterations in whlch 7. < T, which is needed for our main theorem. The
reason that we consider the set K, in is the fact that, conditioned on the algorithm having
generated a particular set of stochastic gradients up to the beginning of iteration %, whether or
not T,:rlal true 11 holds has already been determined; in other words, the occurrence of this
inequality does not depend on (GGj. This means that GG is conditionally independent of the event

ﬁrial’true < Tr—1 given gpp_q) and E, which is a fact that is exploited in the proof of the lemma.

Lemma 10. Suppose Assumptz’ons @ @ and hold and let IC; be defined as in . Then, for
any ¢ € (0,1), it follows that

>1-09. 36
pr (36)

I, | < F(Sma’“ o)+ ﬂ

Proof. This result is proved in Appendix [7} O
We are now prepared to prove a convergence rate result.

Theorem 2. Suppose Assumptions[1], [ [3 and [4] hold, let smax > 1, let kg € R be defined by
Lemmal[]], define

gminTmin 5—17-—1
Amin = d Am = )
T 4 L+T

suppose that By, = B for all k € [kmax] where

8= 7#@; = for some ~ € (0, Aijii 9] (37)
define
M = %(Amax + QB)(Tfl + 7_min)c_lj\4
+ 2(Amax +08) (11 — Tnin) (KaV M (264 + VM) + rkprr2(M + %/{3))
+ 97'_1I<Jg/£d\/M
kg = ((Amax + 08)7—1 — AminTmin)Kgka M,

Kag1 = ((Amax + 96)7-71 - AmlnTmm)Hd"f (1 + /‘iHl‘id) and
KAg2 = ((Amax + eﬂ)T—l - AminTmin)ﬁd(l + §:‘€H/€d)(M + fﬁg),
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and, for all k € [kmax] and gp_y), let T be defined as in 7). Then, for any § € (0, 1) it follows
with K* having a discrete uniform distribution over [kmax] and 5 and ¢ defined as in ) and .
that, with probability at least 1 — 6,

E[Aq(Xfes, Ticr, V(X k=), Her, DE) | E]

<9 T—l(f() - fmin) + HCOHI + M’Y + HEgV(e(smaxa 8/2) + 1)/\/ kmax + 1
n Amin'}/\/ kmax + 1

2(”Aq,17 + KAq,Z’YQ/ V kmax + 1) g(smaxy 8/2) +1
+ ) (38)
Amin’)/(kmax + 1) Dr
Proof. First, consider arbitrary k € [kmax]. By Lemmas [3] and [6] one has that

Ex[p(zr + Ar Dy, Tr)] — Exlo(xr, Tr)]

< Ei[—ArAq(ay, Ty, V f(xr), Hi, dif) + 5 AkBAq(xk, T, Grs Hi, D)
+ ATV f(an) T (Dy — )]

< Ex[-ArAq(xk, Ti, Vf(l‘k) Hy,, i) + 3 ApBAq(2k, Thy G, Hi, Dyy))
+ (gmax,ka—l — Oin kTmm)’QngM Py [Ek 3] + QB Tk—1Kgkd VM (39)

Our next aim is to prove that, roughly speaking, one in fact finds that

Ex(p(zr + Ak Di, Tr.)] — Exlo(z, Tr)]
< _%AminﬁEk [AQ(xk, 774:7 vf(xk’)a Hk’7 d‘]ncrue)] + “noise.” (40)
Such a bound does not follow directly from since the first term on the right-hand side in
involves a model reduction with respect to T (which cannot be tied to a stationarity measure),
whereas the first term on the right-hand side of the bound in involves a model reduction with

respect to T (which can be tied to a stationarity measure). Toward the aim of proving a bound of
the form in , first observe that it follows with Lemma m that

Ek[—AkAQ(iL‘k,ﬁ,Vf(wk) Hy, d) + S ABAq(k, Tr, Gi, Hi, D))

+ (Smax kTh—1 — Qi Tmin) Kgha Mo Py [ By 3] + 0% _1kgkaV M

Amin BER[Aq(zk, T, V f (1), Hy, dif™)]

2 (AmaxB + 08%) BER[Aq(ak, Tr, G, Hi, Dy)]

((AmaxB + 08%) 71 — AminBTmin ) Kgha M, Py Ej 3] + 08> _16gkaV M
— (Amin — 3(Amax + 08)B)BEL[Aq(zk, Te, V f (zk), Hi, di*)]

H(Amax + 08) 8% (Th—1 + Tmin) M

2(Amax + 08)B%(Th—1 — Tmin) (kaVM (2654 + VM) + kg r3(M + 352))
((Amax + 08)Th—1 — AminTmin) BgkaM-Pi[Ey 3] + 082mi_1kgraV M

— 3 Avin BER[Aq(2r, i, V f (21), Hi, dj)]

+ kg, BPL[Ers] + MB?, (41)

IN

_|_
_|_

IN

+
+
_|_

IN
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where the final inequality follows due to the fact that (Amax +65)8 < Amin holds by the definitions
of B, v, Amin, and Apax.

Let us now combine and to prove a bound of the form in by considering two
complementary events. In particular, let Ej - be the event that 'Ttrial’true < Tr—1 and let Eg
be the complementary event that Tmal e > 1. Observe that whether By, or Ef  occurs is
determined by the condition that G[k 1] = 9gk—1. Hence, the bound in Lemma |7/|—and in Lemma
as well, which is used below—holds even if one conditions on the occurence of Ej . or of Ej
Consequently, the bounds in and hold even if one also conditions on the occurrence 7of
Ej,  or of E,ﬁjT. Let us now consider E,iT and Ej - in turn. Conditioning on E,iT, one finds from

(39, (A1), and the fact that ’Etrial’true > 751 > T = Tr (by 7)) in Ef . that

Exlp(zk + ax Dy, Te)| B ] — Ex[d(z, Te)| £ -]

]Ek[ AkAQ(xka 77€a vf($k) Hy, dtrue) %AkﬁAQ(.Ik, 77€7 Gka Hy, Dk)‘Eli,T]
+ (gmax kTk—1 — min kTmin)KJg’fdM Py [Ek,3‘E]§,7—] + 9527—k—1’ig”€d v M
= Ex[-AxAq(zr, T, V f (2r), Hi, d") + 3 ArBAG(xk, T, G, Hy, Dy)| Ef 1]

+ (Smax b Th—1 = Opyip ; Tmin ) Kighid M P By 3| EX, 7] + 08> 1rgraV M
— 3 Auin BEL[Aq(zk, Te, V f (21,), H, di®)| EX ]
+ K, OPy [ By 3| B ;) + M B2,
On the other hand, one finds from , , and Lemma [8| that
Ex[p(xr + Ak Dy, Te) | EBr 7] — Exlo(wr, Te)| Eg, ]
< Eg[—AeAq(zp, Te, V f (zk), Hy, di°) + 3 AkBAG(zk, Ti, Giy Hy, Die) | Er 7]
+ B[~ ArAq(wg, Tr, Vf (1), Hy, diF®) + SALBAq(xy, Tr, Gry Hi, Di) | Ex 7]
— B[~ AxAq(ak, Ti V f(xx), Hi, dir™®) + 2 ALBAG(2g, Try Gy Hi, Dip)| Eg 7]
+ (SmaxkTh—1 — Vi o Tmin) Kgia M Pi[Ep 3| B 7] + 08°Te_1kgkgV/ M
< B[~ AxAq(zy, Te, V f (2k), Hi, di) + 2 A BAq(2k, Ty Giy Hi, Dig) | By 7]
— 3 Anin BE[Aq(zk, T, V f (21), Hy, i) | By 7]
— Ei[~AsAq(z, Te, V f (x5), H, diF™°) + 3 A8 2k, Try Giy Hy, D)| By 7]
+ K, 8P [Er 3| Err) + MB°
Amin BER[Aq(zk, T, V f (@r), Hi, dif )| B 7]
+ (Smax,kTh—1 — a;in,kTmin)ﬂdﬁg(l + SKHEKQ)
+ 5 (SmaxkTh—1 — Qi Tmin)5d(2 + £rrka) (M + £2)3
+ K, 8P [Er 3| Err) + MB®
— 3 Avin BER[Aq(zk, Tr, V f (1), Hy, diF®)| By 7]
+ K5, BPL[Er 3| Ere] + MB? + kg1 B + Kag 2B,

IN

IN

IN

Hence, by the laws of total probability and expectation, one finds that
Eg[p(zr + ArDy, Tr)] — Ex[d(zr, Tr)]
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= (Exlo(zx + A Dy, Te) | Bk 7] — Exl[o(zk, Te) | Ek 7 |)Pr[ Bk 7]

+ (Ex[p(xr + ArDi, Te) | B, ;] — Exlo(wk, Te)| Ex - ])Pr[Ef ;]
< — LA BEL[Aq(zy, Try V f (1), H, di7)]

+ ks SP[Br 3] + MB® + (kag1B + kag2B”)Pe[Er 7).

Summing this inequality for all k € [kyax] yields

kmax

> (Exld(wr + AxDy, To)] — Ex[b(zr, Ta)])
k=0

kmax

Z (_%AminﬂEk [Aq(Ik, 7;’ Vf(mk)’ Hy, d‘]cfrue)])
k=0

IN

kmax

+ Z (KB BPe[Ers] + (kag1B + £ag28°)PrErr]) + (kmax + 1) MB2.
k=0

Let us now turn to analyzing the overall behavior of the algorithm through iterations k € [kpax]-
Let fG[kmax] denote the probability density function of G, and observe that, for all k € [kmax],
one finds Py[E) ;] € {0, 1} since, when conditioned on E and Fj, the event Ej, ; is independent of
Gy Therefore, by the bound above, the law of total expectation, Lemma [0, Lemma and the

union bound, it follows that, with probability at least 1 — d, one finds

kmax
(Elp(Xk + Ap Dy, To)|E, Fig1] — E[p( Xy, Ti) | Es Frsa])
k=0
kmax
N / > Bl + AxDk, Ti) = 6@k, To) By Glae] = G
g[kmax]e‘rkmax+1 k=0

kmax
S / < - %Aminﬁ Z E[AQ('xkv 7767 vf(xk)a Hk? d}grue)|E7 G[kmax] = g[kmax]]
g[kmax]e‘rkmax+1 k=0
kmax
+ 68 Y PEs|E, Gl = o]
k=0

kma,x
+ (kag1B + £ag2B?) Y PlErr|E, G = g[kmaxﬂ)
k=0

: fG[k?max] (g[kmax] )dg[kmax]
+ (kmax + 1) MPB?

kmax
= — %Aminﬁ Z E[Aq(X}g, 773, Vf(X]C), H/C; Dgue”E,}—k]
k=0
kmax o
+ b5, ) PlER|E, Fil + (kg8 + kag2B)ENKE] + (kmax + 1) M5
k=0
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kmax

< — LAwinB Y E[AG(Xk, T, V F(Xi), Hy, DY)| B, F
k=0

+ ’QE35(£(5maXa 5/2) =+ 1)
{(Smax, 0/2) + 1
Dr

+ (’qu,lﬁ + KAq,QBQ) |V “ + (kmax + 1)M62 (42)

The left-hand side of this inequality satisfies

kmax

(E[p(Xk + Ak D, Te) | By Frv1] — E[¢(Xk, Te) | E, Fret1])

(]

= Z (E[E(f(Xk + Ak Dy) = fmin) + [[c(Xk + ApDi)[[1| B, Freq1]

— E[7:(f (X&) = fmin) + |C(Xk)||1|Ea]:k+1]>- (43)

By the merit parameter updating strategy and the definition of the filtration (which guarantees
that 71 and Xy are fully determined by G[_1j, and are therefore conditionally independent of
Fiy1) that, for all k € [kpax], one finds

— E[Te(f(Xk) = fuin) + |c(Xe) 1| E, Fria]
— E[Te—1(f(Xk) = fmin) + [|c(Xp) 111 E, Fri1]
= —E[Ti—1(f(Xk) = fumin) + [|c«(Xi) |1 E, Fr].

AV

Thus, from , it follows that

o

ma.

»®

(E[¢(Xk + Ax Dy, Ti) |E, Fis1] — Elo( Xk, T) | E, Frt1])
k=0
> E[Tkmax (f (Xbmax+1) = fmin) + 16X kpmax+ D1 ES Fraxr1] — 7-1(fo — fmin) — llcoll1
>

—7-1(fo — fmin) — l|col1-

Combining this with , one obtains that

kmax
L E[AQ(X]{))77<Hvf(Xk)7Hk7Dlt<;rue)’Ea~Fk]

_, <7_1(fo — fnin) + llcoll1 + (R + DI + 15 B({(maxs 3/2) + 1))
n AminEZEBX ﬁ
2(kag1B + kag2B?) |V€(smax, 5/2) + 1-‘

Aminzzz?)x Pr ‘

Hence, by the definitions of K* and (3, the desired conclusion follows. ] ]

_|_
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The following corollary translates the result of the preceding theorem to a result pertaining to
a stationary measure of ; recall .

Corollary 1. Under the assumptions, conditions, and definitions of Theorem [J, it holds with
probability at least 1 — 6 € (0,1) that

V(X e _|_JT*Yt7’*ue 2
Ka
7——1(]00_fmin)"‘||COH1"‘]W’y2
< 2(ky +1
o ( v )< RquinAmin’Y\/ kmax+1

HEs’V(z(smaxa 3/2) + 1)
2 1
* (I{‘I’ * ) (’iquinAmin’V VEmax + 1

2("5Aq,1’Y + “Aq,2’72/\/ Fmax + 1)) £(Smax, 5/2) +1
KquinAmin'Y(k‘max + 1) pr ‘

+(ff\1/+1)<

Hence, the complexity bound described in Section 2.9 (see (7)) holds.

Proof. The result follows by Lemma Lemma Theorem and , which implies that
IV f(Xk+) + T Yiue|| = || Hy D) < kg || Di4e||. The worst-case complexity bound described
in Section follows by combining this result with the definitions of kKg,, Kaq,1, KAg,2, and Lemma
in Appendix [7] O O

This result, as well as that of Theorem [2| is proven under the assumption that syax > 1. When
Smax = 0, this result simplifies to a deterministic complexity bound with the terms dependent on
Smax and ¢ ommitted. Under the condition smax = 0, the proof follows by noting that Py[E) 3] =
Py[E) -] = 0 for all k € [kmax] (where Ej, ; is defined in the proof of Theorern along with a similar
argument to the proof of Theorem

Again, we remark that this result, when viewed in terms of the squared norm of the gradient
of the Lagrangian, matches the worst-case complexity of the stochastic gradient method for the
unconstrained setting [11].

4.5 Complexity Result for Symmetric Sub-Gaussian Distributions

In this section, we show that Assumption |3 Assumption |4, and the event E in occur with
high probability when each stochastic gradient is unbiased and has a symmetric, sub-Gaussian
distribution and the ratio parameter sequence remains constant. For these purposes, we make the
following assumption.

Assumption 5. There exists M € Ry, such that, for all k € [kmax] and any realization 9ik—1) of
Glx—1), one finds that

E[GL|Gle—1) = gi—11] = V f (1)
and Elexp(||Gr — V f(2x)|1?/M)|G ) = gpe—y)] < exp(1), (44)

and the random vectors Gy, — V f(xr) and Vf(xg) — Gy have equal distributions. Finally, for all
k € [kmax], the ratio parameter Zj satisfies E = Emin -
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Our first lemma shows that, under Assumption [3, Assumption [4] holds.

Lemma 11. Under Assumptions @ and@ it follows for all k € [kmax| and any realization 9ik—1]
Of G[kfl] that

P[G Dy + max{D} HyDy,, 0} > V f(x) Tdi/™ + max{(dj™®) " Hpdi™™®, 0}|gp—1] > 3

Proof. Consider arbitrary k € [kmax]. Let Zy be a basis for the null space of Ji, which un-
der Assumption [1] is a matrix in R"*(»=")  Then, let W), € R™ ™ be a random vector such
that Uy = Z,Wj, and let wi™® € R™™ be such that uf’"® = Zyw{™. By (), ZxW; =
—Zk(Z;Hka)_lZ;(Gk + Hyvy), so that
G} Dy + D} HyDj,

= of HY*(I — H'? Z(Z] B, 2) " 2] HY ) (H, G + HY Pop)
and similarly

Vf(:nk)ngue + (dﬁrue)Tde};rue

= of H2(I — H}? Zu(2{ Hy ) 2 HY ) (H, PV f () + H o).
Hence, the random variables
G} Dy, + max{D} H,Dy,0} — Vf(xp) " di — max{(di™®) " Hpd™, 0}
— ol H)*(I = H.? 2 (2] H Zy) " 2 HYP)(H V(G = V f(21))

and
Vf () " di + max{(di®) " Hdi™e, 0} — G} Dy — max{D/ H;.Dy,0}

— ol H)*(I — H.? 22} H,Z) " 2 HY ) (H, V(Y f (k) — Gi)
are equivalent in distribution by Assumption [5] Therefore,
P[G;Dk + maX{D,;erDk, 0} — Vf(xk)—rd%rue — max{(d}crue)Tdegue, 0} > O|g[k_1]]
= P[Vf(:ck)—rd};ue + max{(dzme)Tdegue, 0} — G,;'—Dk — max{D,ijDk, 0} > 0[gp—y]

and
1 = P[G} Dy + max{D] HyDy,, 0} — V f(z) "dif"® — max{(dj’™) " Hydi™™®, 0} > 0|gps,—1]
+ PV f(5) "™ + max{(d}/"®) " Hydj™, 0} — Gy Dy, — max{Dy HyDy, 0} > 0|g_y]]
— P[V f(zx) "dj™ + max{(dy™) " Hydj™, 0} — G} Dy, — max{D;, HyDy,0} = 0|ggs_)],
which combined leads to the desired conclusion. O O

Next, we state a result based on well-known properties of sub-Gaussian random variables. This
lemma follows in the same manner as [16, Lemma 5.

Lemma 12. Suppose Assumption@ holds. Then, for any 6 € (0,1),

P | max ]HGk—Vf(Xk)H < \/M <1+log (W))

kelk

>1-6.

26



We conclude this subsection by showing that, under Assumption [5 both Assumption [3] and
event E occur with high probability.

Lemma 13. Suppose that Assumptions @, and@ hold, let K, be defined as in [1, Lemma 2.9),
let k¢ be an upper bound for ||cx||2 for all k € [kmax] (the existence of which follows under Assump-
tion , and define

o = (110 (B2 )
+%H <\/M (1+log (kma’;H» +I€g+C+I€HI€v/<LC> )

Then, for any § € (0,1), it follows with probability at least 1 —0 that the conditions in Assumptz’on@
and event E hold with

M:¢M@H%c@g§)7m:ujyb@x
T-1RTmin
log ((1_0)(1_67))
log (1—157 >

Proof. By Lemma the event considered in that lemma holds with probability at least 1 — 4.
Hence, for the purposes of this proof, suppose that event holds. By Jensen’s inequality, convexity
of exp(-), and (44)), it follows that

and Spmax = min < kpax + 1,

ElGr = V£ (2e)*|Gp-1) = gpp—1] < M.

In addition, it follows from the event in Lemma |12 that holds with M. as stated in the lemma.
This accounts for Assumption |3] Now consider event E. First, it follows from the arguments of [,
Lemma 2.15 and 2.16] combined with the event in Lemma [12[ that Ty > 7y and ’Ectrial’true > Trin
for all k& € [kmax] for Tmin as stated in the lemma. Second, it follows from the stated value of Ty
and that |[{k € [kmax] : Tk < Tk—1}| < Smax fOr Smax as stated in the lemma. Finally, the
desired behavior of {Ej} follows from Assumption O O

4.6 Adaptive Ratio Parameter

In this section, we state a convergence rate result, which can be translated to a worst-case complex-
ity result, that relaxes the definition of the event E considered in prior sections. In particular, we
remove the assumption that Zp = &nin € (0,00) for all k € [kmax]. Importantly, it has been proved
in [I, Lemma 3.5] that, under our remaining assumptions, there still exists &pin € (0, 00) such that
Ek > &min for all k € [kpax|. Therefore, by the manner in which the ratio parameter sequence is
set, it follows that there exists a maximum number of k € [kpax] such that Z; < Z;_;. Denoting
this limit as rmax € N, it follows (for the same reasons as the bound for spax in (18])) that

10g(§min/§—1)w } '

Tmax < min {kmax +1, ’V log(l — 65)
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To formalize our new assumption, we define

Eg = E(kmam Smax "'max; Tmin> gmin)
as the event such that, in every realization of the algorithm, the merit parameters {73 };™% and
ratio parameters {{ }; ™ satisfy

® T > Tmin > 0 for all k € [kpax],

trial,true

o7 > Tmin > 0 for all k € [kpax],

o & > Emin > 0 for all k € [kpax],
° |{k‘ S [kmax] T < Tk—1}| < Smax; and

i |{k € [kmax] :ék < &kfl}‘ < Tmax-

Since {Z} is bounded below deterministically, this event is identical to the event E defined in ,
except that one may have & > &nin.
For the purposes of this section, redefining

P[] :=P[|Ee, Gy = gpe—y] and Eg[] :=P[|E¢, Gp—1) = gpp—1))
our analysis of this case considers the following replacement of Assumption
Assumption 6. There exists M € Ry such that, for all k € [kmax] and any realization 9ik—1) of
Glx—1), one finds that
Ep[Gi] = V(z) and Ei[|Gr = Vf(xp)|3] < M.
In addition, there exist My € Ry, My € Ry, and M3 € Ry, such that, for all k € [kmax| and any
realization gy,_1) of G_q), one finds that
either PV f(x) " (Dy — di™)) < 0, T < Th—1,Ek = &e—1] =0
or ExlllGi — V F(@) 1V F(a) T (D — df™)) < 0Tk < 71, g = €] <
either P[Vf(zr) (Dy — di™®) < 0,Tr = Th_1,Zk < Er1
or B[l G — V(@) 1V £ (o) (Dy — df™))
()T (Di — diF™))
(

<0,Tk =Tk-1,Z < &-1] <k
and either Pu[V f(xp)" <0,Tp < The1, 2 < &1] =0
or Ex[|Gr = V(@) |IVf(2r) (D — dif*)) < 0, T < 71,5k < &

We claim that this assumption holds with high probability under Assumption |5| (without the
assumption that Zj = &y for all k € [kmax]), a result that can be derived by modification of the
techniques used in Section

The complexity analysis for this case follows by essentially the same arguments as those used
to derive a complexity result under Assumption [3] A slight modification of Lemma [] is needed
to include the three events related to the sign of V f(zz) " (Dy — di™®) that appear in Assumption
|§| (as opposed to the one in Assumption , which yields a result in terms of the probabilities of
these three events. Then, a slightly modified Lemma [9] and the union bound can be applied two
additional times to derive a complexity result. Since the analysis is a straightforward, but tedious
extension of the results in Section we simply state the extension of to this case without
proof.
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Theorem 3. Suppose that Assumptions @, and @ hold and consider arbitrary 6 € (0,1).
Then, within knax + 1 iterations, it holds with probability at least 1 —§ that the algorithm generates
zg= € R™ corresponding to which there exists an associated Lagrange multiplier yi*¢ € R™ such
that

E[IV fer + Tyl + llew- || Be)

_ o 100 = fiow) +lloll + M
Vs 1

(7_—15—1 - Tmingmin)((smax + Tmax) log(kmax) + log(1/5))
kmax +1 .

_.I_

5 Conclusion

We proved a worst-case complexity bound (in terms of iterations, function evaluations, and (stochas-
tic) derivative evaluations) for the stochastic sequential quadratic optimization method for solving
optimization problems involving a stochastic objective function and deterministic equality con-
straints proposed in [I]. While key to the practical performance of the algorithm, the adaptivity
of the merit parameter introduced a number of theoretical challenges to overcome. Under mostly
standard assumptions, we proved that, with high probability, a measure of primal-dual stationarity
decays at a rate of k~* (ignoring log factors), which translates into a worst-case complexity bound
on par with the stochastic gradient method in the unconstrained setting.

While our analytical approach has been developed for an SQP method that uses the merit
function in , it may be applicable to a wide variety of algorithmic frameworks for constrained
stochastic optimization. For example, our approach may be modified to apply to methods that
adaptively update critical parameters at each iteration, such as adaptive penalty methods [5, 6] 17],
adaptive augmented Lagrangian methods [9], adaptive barrier methods [20], and penalty-interior
point methods [§]. In addition, many constrained optimization algorithms generate (often uncon-
strained) subproblems defined by an auxilliary parameter sequence that is updated dynamically
based off of the solution to the previous subproblem. Algorithms of this type include penalty meth-
ods, augmented Lagrangian methods, and interior point methods [2I]. In cases when the objective
is stochastic, this auxilliary sequence would also be a random process, in which case analyzing the
behavior of such a process would be paramount to proving a complexity result for such a method.
We believe that the techniques that we have devised for this paper are broadly applicable and foun-
dational for performing complexity analyses of deterministically constrained stochastic optimization
methods.
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6 Proof of Theorem (1| (Deterministic Algorithm Complexity)

In this appendix, we prove Theorem (I, which states a worst-case complexity bound for Algorithm
2.1 of [1]. We refer to quantities defined and employed in the analysis in [I]. In particular, in this
appendix, for all k& € N, we suppose that g, = Vf(x) and dy = uy + vg with uy € Null(Jg) and
v, € Range(J ,I ) is the search direction computed by solving the SQP subproblem with gi, = V f(zy).
As seen in [I], the convergence properties of Algorithm 2.1 in that paper are driven by reductions
in a model of the merit function in each iteration. Our first lemma proves a useful lower bound for
such a reduction.

Lemma 14. Define (Kuyy, KH, Ko, Tmin, ¢, 0) € (0,00)% x (0,1) as in [1] and let

1

A := min {1, (]-—’_K/U’U)K/UKI%J} and K := %CHU’UH’U’%' (45)

Then, for any ¢ € (0,1), if ||gr + J, yk|l > & and/or \/|[ck|l1 > €, then
AQ($vakagk7Hkadk) > min {O”%aTmin’%} 52' (46)

Proof. Consider arbitrary (g, k) € (0,1) x N such that ||gr + J; yx| > € and/or \/|[ck|li > . Let
us consider two cases. First, suppose that |cl1 > #g2. Then, by [I, equation (2.9)],

Aq(@g, Tr Gios Hiey die) > 37 max{dy, Hedp0} + ol|cgll1 > ollexlls > oke?,

which implies ([46]), as desired. Second, suppose that |lcx[1 < ke? < €2, which by the definition
of (e,k) implies that ||gx + J yk|| > e. It follows from this fact that |dg| > e/kpy; indeed, if
|ldi|| < e/km, then by [Il, equation (2.6) and Assumption 2.4] one would find

gk + Ji yell = || Hidg|| < srlldi]| < e,
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which is a contradiction. Hence, ||dy|| > €/km, and by [I, Lemma 2.9], it follows that |jv[|? <
Kvller|l < koller|l1 < Koke?, which combined shows that

e /wh < lldil® = llurll® + llowll* < ugl® + mohe®.
From this fact and the definition of &, it follows that
2 2 2
2 € . 2 € 1 Ruv€ \ 2 2
> — — > — |1 = > > ,
] K% e = K2 < (1+ muv)> (14 Kuw)K% FuokoRe” 2 Ko [VK

which along with [, Lemma 2.10] implies d;} Hydy, > 3¢|lug||* > 2Chuvkvie?. Thus,
Aq(zg, T, Gy Hi, di) > L7, max{d; Hyd,0} + o||cg |1 > 3 mminCruvkivie?,
which implies , as desired. O O
We now prove Theorem |1}, further details of which are provided in the statement below.

Theorem 4. Define (7_1, fiows Cmins Tmin, 7, 0) € (0,00)% x (0,1)? as in [1] and (k, &) € (0,1] x
(0,00) as in . Then, for any € € (0,1), Theorem holds with @ given by

K. = (T—l(fo — flow) + HCo||1> 2

NOin MIN{ R, Tiink }

Proof. To derive a contradiction, suppose does not hold for all k € {0,...,K.}. Then, along
with Lemma [14] and [Il equation (2.10) and Lemma 2.17], it follows for all such & that

Ok + apdy, 1) — Gk, ) < —narAq(xy, Tk, gk Hi, di) < —10min min{o&, Tmink }e?.
By the definition of ¢, this means for all such k that
Tifrr1 + ekl < 7efe + llerlln — nomin min{af%,Tmin/%}€2.

Summing this inequality for all k£ € {0, ..., K.}, one can deduce that

K
lee. 1Ml = licolls + & fre 1 = T0fo+ Y fu(mer = k) < —(Ke + Dnamin min{o&, Tminf}e’.

k=1

Since {7} } is monotonically nonincreasing, ||cz_,[l1 > 0, and fi > fiow for all k € N,

—[lcolls + 7%, fiow — T0fo 4 frow(T0 — T.) < —(K: + 1)namin min{ok, Tminf }€2.
Rearranging this inequality, one arrives at the conclusion that

70(fo — fiow) + [lcoll1 ) 2 < (T—l(fo — fiow) + ||00||1> 2

Nmin MIn{o R, Tmink } NOin MIN{ R, Tiink }

Ks+1§< EF&

which is a contradiction. Therefore, one arrives at the desired conclusion that Algorithm 2.1 yields
an iterate satisfying in at most K. iterations. O O
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7 Proofs of Lemmas [9 and 10

In this appendix, we prove Lemmas |§| and Toward this end, we prove for any § € (0,1) with )

~

as defined in and ((smax, 0) as defined in ([33)), one finds

kmax

P Z P[Z < 7;*1’Ea G[z—l]] < E(Smaxa 8) +1
i=0

E|>1-6. (47)

We build to this result, ultimately proved as Lemma [5] with a series of preliminary lemmas.
As our first preliminary result, we state a particular form of Chernoff’s bound in the following
lemma, which will prove instrumental in deriving .

Lemma 15. For any k € N, let {Yy,...,Yr} be independent Bernoulli random variables. Then,
for any s € N and § € (0,1), it follows that

k k
pi=> PY;=1>L(s,6) = P|Y V;<s|<d (48)
§=0 §=0

Proof. Suppose that p > £(s,6). By the multiplicative form of Chernoff’s bound, it follows for
p:=1—s/p (which is in the interval (0,1) by (48)) that

2

k
1 1
P ZYJ <s| <ezr’ o~ 2h(1=s/1)?
=0

1 -
Hence, to prove the result, all that remains is to show that e 3H(1=s/1)’ < 4, i.e., that —%u(l —
s/p)? <log(8). Using log(d) = —log(1/6), this inequality is equivalent to

0 < 5u(l — s/u)* —log(1/8) = 5 (n — 5)* — log(1/3),

which holds if and only if 2 —2u(s+1og(1/d))+s% > 0. Viewing the left-hand side of this inequality
as a convex quadratic function in p, one finds that the inequality holds as long as u is greater than
or equal to the positive root of the quadratic, i.e.,

s +10g(1/3) + \/ (s +0g(1/8))2 — 52 = 5 + log(1/5) + /log(1/3)” + 2s log(1/3).
This holds since p > £(s,d); hence, the result is proved. O O

Now, we turn our attention to proving . For any realization of a run of the algorithm up
to iteration k € [kmax], let wg denote the number of times that the merit parameter has been
decreased up to the beginning of iteration k& and let p; denote the probability that the merit
parameter is decreased during iteration k. The signature of a realization up to iteration k£ € N is
(Pos - - - s Pi» WO, - - - , Wk ), which encodes all of the pertinent information regarding the behavior of
the merit parameter sequence up to the start of iteration k.

One could imagine using all possible signatures to define a tree whereby each node contains a
subset of all realizations of the algorithm. To construct such tree, one could first consider the root
node, which could be denoted by N (P, wo), where py is uniquely defined by the starting conditions
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of our algorithm and wy = 0. All realizations of our algorithm follow the same initialization, so p,
and wy would be in the signature of every realization. Now, one could define a node N (p[k], w[k]) at
depth k € [kmax| (where the root node has a depth of 0) in the tree as the set of all realizations of
our algorithm for which the signature of the realization up to iteration k is (P, - - - , P, W0, - - - , Wk)-
One could then define the edges in the tree by connecting nodes at adjacent levels, where node
N (Ppiy» wiwy) is connected to node N (pix), Prr1, Wik]> Wk+1) for any pry € [0, 1] and w41 € {wg, wy+
1,... }.

Unfortunately, the construction described in the previous paragraph may lead to nodes in the
tree representing realizations with probability zero occurrence. In order to remedy this, we instead
construct a tree where the nodes contain all realizations whose probability signatures fall within
specified intervals. To define such intervals, consider arbitrary B € N \ {0} and let us restrict the
sequence of values pp) used to define our nodes as those with

_1vk+1
p[k]:(po,...,pk)E{O,%,...,%} . (49)

For p € {0,1/B,...,(B — 1)/B}, these define the open probability intervals ¢(p) given by

p+ L) ifpefo, L, ... B2,
W(p) = [p_l 7) ?p_{B—lB el
%5, 1] ifp= 5

Now, we can construct our tree as follows. As before, first consider the root node, which
we denote by N(pg,wp), where pg € {0,1/B,...,(B —1)/B} is uniquely defined by the starting
conditions of our algorithm so that P[7y < 7_1|E] € t(pg) and wy = 0. All realizations of our
algorithm follow the same initialization, so with pp = P[7Ty < 7_1|E] one finds that py € ¢(pg) and
wp are in the signature of every realization. We define a node N (pp, wy) at depth &k € [kmax] as
the set of all realizations for which the signature of the realization at iteration k exactly matches
wp) and has probabilities that fall within the intervals defined by py); i.e., a realization with
signature (P, wi) is a member of N(ppy, wy) if and only if, for all j € [k], one finds that
p; € t(p;). The edges in the tree connect nodes in adjacent levels, where N (pj, wy)) is connected
to N(p[k},pk_;,_l, w[k],wk+1) for any pr+1 € {0, 1/B, ey (B - 1)/3} and W41 S {wk, Wk + 1, “en }

Notationally, since the behavior of a realization of the algorithm up to iteration £ € N is com-
pletely determined by the initial conditions and the realization of G|;_y), we say that a realization
described by G,_y) belongs in node N (pj), wy) by writing that

Gir—1) € NP> wi)-

The initial condition, denoted for consistency as G|_; € N (po, wp), occurs with probability one.
Based on the description above, the nodes of our tree satisfy: For any node at a depth of k > 2,
the event G,_1) € N(pp), wy) occurs if and only if

P[ﬁ < 776—1|EaG[k—1]] € L(pk)7
-1
Sk—1:= 21[72 < Ti—1]) = wy, (50)
i=0
and Gp_9 € N(p—1] W-1])-
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Let us now define certain important sets of nodes in the tree. First, let

k

Egood = {N<p[k]7w[k}) : (sz < E(Smaxyg) + 1> A (wk = Smax V k = kmax)}

=0

be the set of nodes at which the sum of the elements of py is sufficiently small and either wy has
reached sp.x or k has reached k.. Second, let

k
Lhad = {N(p[k},wm) D pi > USmaxs 0) + 1}
i=0
be the nodes in the complement of Lg50q at which the sum of the elements of py has exceeded the

N

threshold ¢(smax,d) + 1. Going forward, we restrict attention to the tree defined by the root node
and all paths from the root node that terminate at a node contained in Lgo0q U Lpag- It is clear
from this restriction and the definitions of Lg50q4 and Lyaq that this tree is finite with the elements
of Lgo0d U Lpaq being leaves.

Let us now define relationships between nodes. The parent of a node is defined as

P(N(pp), wiry)) = N (P—1]> Wip—1))-

On the other hand, the children of node N (p, wy) are defined as

{N (P Prr1 Wi, wier1)} i N(ppg, wing) € Lgood U Liad
C(N(p[k}’w[kw) - {@ Otherwise. ’

This ensures that paths down the tree terminate at nodes in Lg40q U Lpaq, making these nodes the
leaves of the tree. For convenience in the remainder of our discussions, let C(0) = 0.

We define the height of node N (pp), wy) as the length of the longest path from N (pj), wyy) to
a leaf node, i.e., the height is denoted as

h(N (pgy, wiy)) == (min{j € N\ {0} : C7(N (pyy, wpy)) = 0}) — 1,

where C/(N (Pk), wiy)) is shorthand for applying the mapping C(-) consecutively j times. From
this definition, h(N(p[k], w[k])) =0 for all N(p[k],w[k]) S Egood U Lpad-

Next, let us define two more sets of nodes that will be useful later. Let Cyec(N (ppi), wiiy)) denote
the set of children of N (pj), wi)) such that the merit parameter decreases and let Cg.. (N (pjx], wi)))
denote set of children of N(py,wy)) such that it does not decrease, so

Caec(N (D), wiy)) = {N(D[k)s P41, W) We1)
(N (P} P15, W), wt1) € C(N (Ppigs winy)))
A (w1 = wg + 1)} (51)

and

Clec (N Py wig)) = {N (Plr] Pr+1, Wik}, Wt 1) -
(N (ppg]s Pr+1> W), Wt 1) € C(N (P, wigg)))
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AN (wk_H = wk)} (52)

Finally, let us define the event Eyp,q p as the event that for some j € [kmax| one finds

J
(Z IP)W; < ﬁ—l’Ea G[z—l]] > E(Smaxv 5) + % + 1) . (53)

1=0

With respect to our goal of proving , the event Fy,q p is of interest since it is the event that
the given probabilities accumulated up to iteration j € [kmax] (and beyond) exceed the threshold
found in plus a factor that is inversely proportional to B.

Let us now prove some properties of the leaf nodes.

Lemma 16. For any k € [kmax] and (p), wiy)) with N(pp, wi) € Lgood, one finds
PlGe—1] € NP, W) A Evaa,B|E] = 0.
On the other hand, for all k € [kmax] and (p), i) with N(pp), wik) € Lpad, one finds

P[G[k 1] € NP wik)) A Evad,B|F]

H P[T; < Tic1|E, Gji—1)) € u(pi)|E, Si—1 = wi, Gji—g) € N (ppi—1), wii—1))] -

Proof. Consider an arbitrary index k € [kmax] and an arbitrary pair (pj), wi)) such that N (py, wiy) €
Lgood- By the definition of Lgg0q, it follows that

k
D pi < USmax: ) + 1. (54)
=0

Since the maximum depth of a node is kpax, it follows from that

k
P [Z PITi < Ti1| B, Gji—y)] > £(Smax, 0) + Emastd 4 1‘E, Gli-1) € N(p[k],w[k})]

i=0
k
<P Z ) > £ Smax,5)+%+l‘E7G[k—1} € N(p[k]aw[k})]
1=0
<P [é(smax, 8) + Bl 41 > U(Smax, ) + Kmaxtl 4 1‘E, Gle-1) € N(p[k],w[k})} = 0.

Therefore, for any j € {1,...,k}, one finds from conditional probability that
P [Gy_y € N(py), wyy) A (53) holds| E]

J
=P [Z P['ﬁ < Ti-1|E, G[i—l]} > {(Smax,0) + % + 1‘E, G[j_” € N(p[j], wm)]
=0
P [Glj1y € Nlpy), w))| E] = 0.

In addition, cannot hold for j = 0 since ¢(Smax, 5) + 1 > 1. Hence, along with the conclusion
above, it follows that FEj.q p does not occur in any realization whose signature up to iteration
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J € {1,...,k} falls into a node along any path from the root note to N(pj,wy)). Now, by the
definition of Lg604, at least one of wy, = spax Or k = kpax holds. Let us consider each case in turn.
If & = kmax, then it follows by the preceding arguments that

kmax

P Z P[?; < 7;_1’E, G[’L—l]] S E(Smax, 8) + % + 1‘E, G[k—l] S N(p[k],w[k]) =1.
=0

Otherwise, if wy = Smax, then it follows by Assumption [3| that P[T; < T;_1|E,G_y] = 0 for
all i € {k,..., kmax}, and therefore the equation above again follows. Overall, it follows that
]P)[G[k,” S N(p[k],w[k,u) A Ebad,B‘E] = 0, as desired.

Now consider arbitrary k& € N and (pj), wiy) with N (pp, wig)) € Lbaqa- One finds

PGr—1] € N(pr), wik)) A Epad,B| E]
= P[Evaq,B|E, G—1] € N(ppy wig)] - PIGe—1) € NPy, wiy) | E]
< P[Gr—1) € N(pp)» wig)| £]-

Hence, using the initial condition that G|_1; € N(po,wo), it follows that

PIG_1) € N(pjeg, wsg) A Foaa 5l E]
< P[Gr—1) € N(pp), wi)) | E] = P [(50) holds|E}
=P [P[Ty < Te-1|E, Glr-1]] € t(pr !E, Sk—1 = wy, Gp—g) € N(p[k,l],w[k,l])]
P [Sk—1 = wi A Gpe—g) € N(ppe—1), wie—1)) | E]
= P [P[Th < Te1|E, Gpe—y)) € ()| E, Sk—1 = wi, Gpp—g) € N(ppe—1) wipe—1))]
P [Sk—1 = wi| E, Gp—g) € N(ppe—1)s wie—1)) | P [Gp—z) € N (ppe—1)s wie—1)) | E]
=P[G_1 € N(po,wo)]

k

11 (]P’ [P[T; < Tie1|E, Gpi—1)) € v(pi)|E, Sic1 = wi, Gji—g) € N (pji—1), wii—1))]
=1

P [Sic1 = wi| B, Gj_g) € N(pp—1), wi—1))] )

I

I
_

(P [P[T: < Tica|E, Gpi—1)) € u(pi)|E, Si1 = wi, Gji—g) € N(ppi—1), wii—1])]

(]

P [Si—1 = wi| B, Gjj_9) € N(pp—_1), wi—1))] ) (55)
Our goal is to bound . Toward this end, define
Toec :={i € {1,...,k} rw; =w;—1 + 1} and ZG,. :={ie{l,....k}:w; =w;i_1},
which by the definition of wy, form a partition of {1,...,k}. For any i € Zgec,

P[Si—1 = wi|E, G|i_g) € N(pji—1), wji—1))]
= P[Ti-1 < Ti2|E, Gji—g) € N(pp—1), wi—2)] < pic1 + 5-
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On the other hand, for any i € Z§

P[Si—1 = wi| B, Gji_g) € N(pji—1), wji—1)]
= P[Ti-1 = Ti-2|E, Gji—g € N(pi—1), wji-1))]
=1=P[Ti-1 < Ti-2|E,G}i—g € N(pji—1}, wi—1))] <1 —pi-1.
Thus, it follows that the latter term in satisfies

k
H]P’[Si—l = wi|E, Gli_g) € N(pi—1), wi—1))] < H (pic1 + 3) H (1—-pi-1)

i=1 1€T4ec i€Ts,,

Now let us bound this term. By the definition of L}.4, one finds that

k k—1
D pi > Usmax:0) +1 = > pi > L(Smax, 0). (56)
=0 1=0

In addition, by the definition of Spyax, it follows that wy < spmax for all k € [kpax|, from which
it follows that |Zgec| < Smax- Now, let {Zy, ..., Zk_1} be independent Bernoulli random variables
such that, for all ¢ € {0,...,k — 1}, one has

1 g
+ 5 if 1eZ
pizi— 1= Pt Hitlel
i ifi+1eZg,.

By (56)), it follows from the definition of these random variables that Zf:_ol P[Z; = 1] > £(Smax, 0)-
Then, it follows by Lemma [15| and the preceding argument that

11 <pi1 + ;) I a=pi-n)

1€ qec €L

dec

=P {(Zi—l =1forallie Idec) VAN (Zi—l =0 forallie Igec)]

k—1
P [(Z Z; < smax> A(Zi—1 =1 for all i € Tyee) A (Zi—1 = 0 for all i € Z5,.)
=0

<P

k—1
ZZZ < Smax] < 4.
=0

Combining this with , the desired conclusion follows. O O

Next, we present a lemma about nodes in the sets defined in and . The lemma
essentially states that a certain probability of interest, defined as the product of probabilities along
a path to a child node, can be reduced to a product of probabilities to the child’s parent node by
partitioning the childen into those at which a merit parameter decrease has occurred and children
at which a merit parameter decrease has not occurred.
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Lemma 17. For all k € [kmax| and (pp), wp), one finds that

D

{(Pr+1,wk+1): N (Ple41),wk+1)) €Cdec (N (Pr)wik)) }
k+1

HP T < Ti- 1’E G[z 1] SN2 pz ‘E Si—1 = wl,G[i_Q] S N(p[i_l},w[i_l])]

P[Ti < Ti-1|E, Gpi—v)] € u(pi)|E, Si—1 = wi, Gi_g) € N(pp_1), wii—1))]

||E?r

and, similarly, one finds that

>

{@r+1,0541):N P[p+1)Wk+1]) €C5ec (N (P wir)) }
k+1

HP [Ti < Tic1|E, Gji—1)] € u(pi)|E, Sic1 = wi, Gli—g) € N(ppi—1], wii—1])]

k

= HIP’ [P[T; < Tic1|E, Gji—1)] € u(pi)|E, Sic1 = wi, Gli—g) € N(p—1j, wi-11)]
i1

where by the definitions of Cyec and Cg,, it follows that the value of wi41 in the sum in the former
equation is one greater than the value of wii1 in the sum in the latter equation.

Proof. One finds that

2.

{@+1)Wk+1) N @41 Wk +1]) ECdee (N (Prr) Wik ) }
k+1

H]P’ [Ti < Tic1|E, Gpi—1)) € upi)|E, Sic1 = wi, Gli—g) € N(ppi—1), wii—1])]

P[T; < Tic1|E, Gji—1)] € u(pi)|E, Sic1 = wi, Gji—g) € N(ppi—1), wii—1))]

2.

{111 wk411) N @1, Wk +1)) ECdec (N (Pr) wik)) }
P [P[Tit1 < Til B, Gpy) € t(prs1)|E, Sk = wit1, Ge—1] € N(ppi, wig)] -

H::v

The desired conclusion follows since, by the definition of Cyec(N(pjr), wi))), all elements in the
latter sum have Sy = wgy1 = wy + 1, meaning that the sum on the right-hand side is the sum of
all conditional probabilities with the same conditions, and hence the sum is 1.

The proof of the second desired conclusion follows in the same manner with C_. in place of
Cgec and Sy = wg1 = wy, in place of S = wy = w1 + 1. ] O

Next, we derive a result for certain nodes containing realizations with wg = Smax — 1.
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Lemma 18. For any k € [kmax] and (pj), wiy)) such that wy = smax — 1 and N (ppy, wik)) € Lgood,
it follows that

PG r—1) € N(pr), wig)) A Ebad,B|E]

k
< (5HP []P’['E < 7;_1’E, G[ifl]] S L(pi)‘E, Si—1 = w;, G[i,g] S N(p[iflbw[ifl])] . (57)
=1

Proof. By the supposition that N (pp, wik)) & Lgood, it follows that any (pyx), wix)) with A(N (pp, wi)) =
0 has N(pjx), wix)) € Lbad, in which case the desired conclusion follows from Lemma With this
base case being established, we now prove the result by induction. Suppose that the result holds for

all (pir), wiy) such that wg = Smax—1, N (P, wiy) € Lgood, and (N (piy, wiy)) < j for some j € N.
Our goal is to show that the same statement holds with j replaced by j + 1. For this purpose, con-
sider arbitrary (pjx], wi)) such that wy, = smax—1, N (P}, W) € Leood, and h(N (pp, wiy))) = j+1.
Observe that by the definition of the child operators C', Cqec, and Cf,., it follows that

P[Gr—1] € N(pp), wig) A Evad,B|E]

= PG € N(P+1), Wie41) AN Fad,B|E]
{(Pr+1,wk+1): N (Pre41)Wik+1)) EC(N (i) wirg )

= Z PG € N(P+1)> Wikt1) A Ebad,B|E]
{(Pr+1,Wk41):N (P41 Wik+1)) ECdec (N (Pl)wir))) }

+ PG € N(Pp+1), Wik+1) N Eoad, 5| E].
{@k+1,wE4+1): N Pr41)Wik+1)) ECGec (NP1 wik))) }

Since wg = Smax—1, it follows from the definition of Cye. that for any (pg11, wgr1) With N (pry1), wirt1)) €
Caee(N (P, wiiy)), one finds that w1 = wg + 1 = Smax. By the definition of spax, this im-
plies that P[Tp11 < T|E, Gyl = 0, so pgy1 = 0. In addition, since N(pj), wi)) & Lbaa since
C(N(ppy, wig))) # 0, it follows that S50 pry1 < €(Smax, 0) + 1, meaning N (pjs 1), wiks1]) € Legood-
Consequently, from above and Lemma one finds

P[Gi—1) € N(pp), win) A Ebad,B|E]

= > PG € N(Ppr+1) Wik+1)) A Evad, B E].
{(Pr+1,0E+1):N Ple41]Wik+1]) €CGec (N (Pr] wir)) }

Since h(N (pp), wix)) = j + 1, it follows that A(N (py1), Wit1))) < J for any (pir1), Wiks1)) with
h(N (Ppr41]> Wikt1))) € Cee (N (Ppr)s wiry))- Therefore, by the induction hypothesis and the result of
Lemma [T7] it follows that

PG —1) € N(pja), wig]) A Ebad,B|E]

{(Pr+1,WE+1): N Plet1) Wik+1]) ECGec (N (Pr]wik)) }
A k+1

J H P [P[T; < Tic1|E, Gpi—1j] € u(pi)|E, Si1 = wi, Gji_g) € N (ppi—1), wii—1j)]
1=1

k
< 5]__[19’ [P[T; < Tic1|E, Gpi—1)] € u(pi)|E, Si—1 = wi, Gi—g) € N(pp—1}, wi—1])]
-1
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which completes the proof. O O

Using the preceding lemma as a base case, we now perform induction on the difference syax — wg
to prove a similar result for arbitrary spax.

Lemma 19. For any k € [kmax] and (pp), wig)) with N(pp, wix) € Leood, it follows that

PG -1 € N(pp), wik)) A Evad, Bl E]
min{smax—wg—1,A(N (P[], wix))) }
<5 3 <h(N(p[@],w[k]))>
< 2 j
7=0
k
P [PITi < Tia|E, Gpi_)] € e(pi)| B, Si—1 = wi, Gpi_g) € N(ppi—1) wii—yy)] -
i=1
Proof. For all (pj,wy)) such that N(pp, wir)) € Lgooa and h(N (pp, wyy)) = 0, it follows that
N (p[k],w[k}) € Lpaq- The result holds in this case according to Lemma since one finds that

S e TP D (NG vy (9 = 1. On the other hand, for all (pyy, wyy) such
that N(pp), wi) € Lgood and Smax — wg = 1, the result follows from Lemma Hence, to prove
the remainder of the result by induction, one may assume that it holds for all (p[k},w[k]) such that
N (ppgs win)) € Lgoods MN (P, wig)) < t for some t € N, and spmax — wi = 7 for some r € N\ {0},
and show that it holds for all (pp,wy)) such that N(ppj, wix) € Leood, N (P, wiy)) =t + 1,
and Spax — W =T

Consider arbitrary (pp,wis)) such that N(pp), wp) € Lgoods R(N(Pg),wpy)) = t + 1, and
Smax — Wi = r. By the definitions of C', Cyec, and C¢__, it follows that

dec?

PlGp—1] € NP, win) AN Evaa,BIE]

= Z PGk € N(Pr+1), Wik+1)) A Ebaa,B|E]
{1 Wik+1) N @t1) Wik +1) ECN P wirg ) }
= > PGy € N(Ppes1), Wiet1]) A Evaa,B|El
{@r+1)Wk+1)):N @r+1]Wk+1]) €ECdec (N (Ppr] wik)))
+ Z PG € NPp+1)> Wikt1) A Evad,BE].
{@r+1)Wk41)): N @r41)Wk+1]) EC§ec (N (Pr] wik)))
Further by the definition of Cyec, it follows that wg11 = wg + 1 (thus spax — w1 =7 — 1) for all
terms in the former sum on the right-hand side, whereas by the definition of Cg,, it follows that
W41 = Wi (thus spmax — wi4q1 = r) for all terms in the latter sum on the right-hand side. Moreover,

from h(N(pp), wy)) = t+ 1, it follows that A(N (pj41]; Wik+1))) < t for all terms on the right-hand
side. Therefore, by the induction hypothesis, it follows that

P[Gr—1] € N(pi), wi)) A Epad,B| E]

min{r—2,¢} ‘
< 6 :
a , 2 Z (J)
{@w+10r+17): N P41 Wk+1]) ECdec (N (Pr)wir) ) } =0

ket
: H P [P[T; < Tic1|E, Gpi—1)] € u(pi)|E, Si-1 = wi, Gi—g) € N(pp—1], wii—1])]
=1
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min{r—1,t}

t
. )3 i > ()
{Pr+11Wk4+11) N Ple41)Wk+1]) EC§ec (N (Pr] wik))) } =0 J

k+1
' H P [P[T; < Tic1|E, Gi—1j] € u(pi)|E, Si-1 = wi, Gji_a) € N(ppi—1), wii—g))]
i=1

which by Lemma [17] implies that

PlGe—1] € N(pp)> wiky) A Ebad,B| E]

min{r—2,t} ¢ min{r—1,t} "
<ol > <> + > <> (58)
=V =V

!
P [PIT: < Tica|E, Gy_)) € u(pi)| B, Si—1 = wi, Gpi_g) € N(ppi—1j, wii—yy)] -
=1

To complete the proof, we need only consider two cases on the relationship between ¢ and r. First,
if t <r — 2, then Pascal’s rule implies that

min{r—2,t} min{r—1,t}

5 075 050

Since t < r — 2, it follows that h(Np[k],w[k]) =t+1<7—1= 8pmax — wj — 1, which combined with
proves the result in this case. Second, if t > r — 2, then similarly

min{r—2,t} ¢ min{r—1,t} " r—2 " r—1 +
> () x ()-2()+=x0)
=0 =0 =0 =0



Since t > r — 2, h(Np[kpw[k]) =t+1>r—1=snax — Wr_1 — 1, which combined with proves
the result for this case as well. O O

We now prove our first main result of this section.

Theorem 5. For any § € (0,1) with & as defined in and {(smax, ) as defined in [33), one
finds that holds.

Proof. First, consider the case where sy.x = 0. Then, by the definition of syax,
P[ﬁ < 77{3—1|E7 G[k—l]] = 01

for all k = [kmax], so the result holds trivially.

Now, let spmax € Ny By construction of our tree and the definitions of Lgo0q4 and Lpaq,
one finds that h(N(po,wp)) < kmax- In addition, by the definition of Smax, Smax — 1 < Kmax, SO
min{smax — wo — 1, A(N (po, wo))} = Smax — 1 > 0. Consider arbitrary B € N\ {0} (see (53)). By
Lemma |19 and ,

min{smaxflykmax}
< kmax
P[Evaq,8|E] = P[G|_1] € N(po, wo) A Epaa,B|E] < 6 < > = 0.
7=0

Therefore, by the definition of Ey.qp (see (p3))), it follows that

kmax
P> PITi < T B, Giy)] < smax, 0) + Poggtt 41
1=0

E|>1-4.

Now, let us define the event Ego0q,p for B € N\ {0} as the event that

kmax

S"PIT; < Tl By Glpaj) < Usmax, 6) + Bmagtl 41,
=0

One sees that Egood,B 2 Egood,B+1 for all such B. Therefore, by the properties of a decreasing
sequence of events (see, for example [24, Section 1.5]), it follows that

ktnax
P [Z ]P’['E < ﬁ_l‘E, G[z—l]] < K(Smax, 8) +1|F

=0

Km:
i Y N kmax +1
kmax A k + 1
Ea !z; P[T: < Tt |B, Gpimy] < Usmax, 0) + —5— + 1|B| =134,
as desired. - :

Now, we are prepared to prove Lemma [9}
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Lemmald Observe that, for any k € [kmax), by the defintion of Ej 3, the event Ty < Tp—1 must
occur whenever Ej, 3 occurs. Therefore, for any k € [kmax, one finds

P[Tk < Te—1|E, Fi] > PlEy 3| E, Fl.
The result then follows directly from Theorem O O

Now, we turn our attention to Lemma[I0] Let a realization of the random index set K, defined
in be denoted by k;. Our next lemma shows an important property about any iteration
k € [kmax) in which k € k; for a given realization k.

Lemma 20. For any k € [kmax| and gik—1] such that k € k; for some realization k; of the random
index set K, one finds that P[Ty, < 11|E, gjp—1], k € k-] > pr.

trial,true trial,true

Proof. In any iteration during which 7, < Tk—1, it follows that 7 < 00, SO
Ttrial,true _ (1 — O—)HCkHl
k vf(xk)'l'd;grue + max{(dtkrue)Tdeirue70}

and thus
(1 =0)lerlls < (Vf(x) " di™® + max{(dj"™) " Hdj™, 0}) 751

By the definition of 7, if

gp dj, + max{d;, Hydy,0} > V f(z1) " di 4+ max{(di™®) " Hpdi™e, 0}

in an iteration such that T,Erlal’true < Tr_1, then

(1 —0)lekllr < (g2 di. + max{d,, Hdy, 0})7s_1,

meaning that 7, < 7,_1. Noting that the event k£ € k. is conditionally independent of Gy, given F
and gp,_qj, it follows from Assumption {f that

P[,]Z: < Tk,1|E,g[k,1},k' S k’?’]
> P[G}. Dy, + max{D} HyDj,0} > V f(xy) " dj® + max{(d};"®) " Hyd}"®, 0} E, gp—1), k € k7]
= P[G}, Dy, + max{D}, H,Dy,0} > V f(zx) " dj™ + max{(d}"**) " Hpd}j™™, 0}|E, ge—1)] = pr

as desired. O O

The previous lemma guarantees that in any iteration in which T,Erial’true < Tp_1, the probability

is at least p; that the merit parameter decreases. By scheme for setting 7y,

P[Tirial,true < Tk|E, g[k_”,T]zrial,true > Tk—l] — 0’ (59)

trial,t . . . . )
so one must have 7,"*""" < 7,_; in any iteration when 75 < 7. Thus, we can obtain a bound

on the number of iterations at which T,Erial’true < 71 by bounding the number of iterations at which

T,Zrial’true < Tg—1. Now we prove a result relating |KC;| to the probabilities of decreasing the merit

paremeter over all iterations.

44



Lemma 21. One finds that

kmax

> P[Ti < Tia|E, Fi] > |Krps-
k=0

Proof. Consider arbitrary gp,,..] and the corresponding realization k; of the random index set /C;.
By Lemma it follows for all k € [kpax| that

P[Tr < Th1|E, gpp—1]] = P[Te < o1 Ak € k7| E, gpie—1)]

[
= ]P’[E < Tk_1|E,g[k,1], ke kT] : P[k S kT|E79[k71}]
=P[Ty < 76-1|E, g1}, k € k-] - Z[k € k7]
ZI[k € kT]pTa

where Z[k € k] is the indicator function for the event k € k, and the second equality follows due
to the fact that the event k € k; is deterministically known when conditioned on gp,_y). Summing
this inequality over k € [kpax], one finds that

kmax kmax
Z P[Ty < Tk_1|E7g[k_1ﬂ > Z Ik € krlpr = |k-|pr.
k=0 k=0

Letting f(;[kmx] denote the probability density function of G, ..}, the fact that the bound above
holds deterministically for any realization gy . | that

kmax
P [Z P[E < 77@—1’E7Jrk—1] Z |’C7|p—r E

k=0

_ / P
Ilkmax] E‘7:kmax+1

- / 1 ’ fG[kmax] (g[kfl})dg[kma’(} = 1
g[kmax]efkmax‘i’l

kmax

Z P[Te < mk-1|E, gjp—1)] > |k D~
k=0

(91=1)) G rman]

kmax]|

E, g[kmax}] fe

Therefore, the desired result holds as well. ] ]
We now claim that Lemma [10] follows.
Lemma[Id. The proof follows by combining Theorem [5] and Lemma O O

We conclude this appendix by showing that the order notation result in and holds, as
required in the proof of Corollary

Lemma 22. Let § € (0,1), 6§ be defined in (32), smax € Nyg and ((Smax, 0) be defined in ([33).
Then, X
£(8max; ) = O (8max 10g(kmax) + log(1/0)) .
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Proof. Since spmax € Ny g, it follows

maX{Smax—LO} Smax—1
kmax (kmax)!
R e I D e

— !
= J = I (kmax = J)!

s —1
max (kmax) '

=0 max ~ .7)‘

Smax—1 kmax

:1+Z 7

]:1 i:kmax+l_j

1+ (Smax - 2)(kmax)sma)(7l
(Smax - 1)(kmax)smax_1-

Then, by the definitions of #(smax,0) and 4, it follows that

{($max, 8) = O (smax + 1og(1/8))

= O (Smax + 1Og(smax - 1) + (Smax - 1) log(kmaX) + log(l/é))
=0 (Smax 10g(k7max) + log(l/é)) ’

as desired. O
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