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Abstract. Dynamical systems have a wide range of applications in mechanics, electrical engineering, chemistry,
and so on. In this work, we propose the adaptive spectral Koopman (ASK) method to solve nonlin-
ear autonomous dynamical systems. This novel numerical method leverages the spectral-collocation
(i.e., pseudo-spectral) method and properties of the Koopman operator to obtain the solution of a
dynamical system. Specifically, this solution is represented as a linear combination of the multiplica-
tion of Koopman operator’s eigenfunctions and eigenvalues, and these eigenpairs are approximated
using the spectral method. Unlike conventional time evolution algorithms such as Euler’s scheme
and the Runge-Kutta scheme, ASK is mesh-free, and hence is more flexible when evaluating the
solution. Numerical experiments demonstrate high accuracy of ASK for solving one-, two- and
three-dimensional dynamical systems.
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1. Introduction. The Koopman operator, introduced in 1931 by B. O. Koopman [11],
is an infinite-dimensional linear operator that describes the evolution of a set of observables
rather than the system state itself. The Koopman operator approach to nonlinear dynamical
systems has attracted considerable attention recently, as it provides a rigorous method for
globally linearizing the system dynamics. Specifically, because it is a linear operator, one
can define its eigenvalues, eigenfunctions, and modes, and use them to represent dynamically
interpretable low-dimensional embeddings of high-dimensional state spaces, which helps to
understand the behavior of the underlying system and construct solutions through linear
superposition [4]. In this procedure, the system dynamics is typically decomposed into linearly
independent Koopman modes even if the system is nonlinear. In particular, as pointed out
in [18, 12, 19], if the dynamics is ergodic but non-chaotic, the spectrum of the Koopman
operator in properly defined spaces does not contain continuous spectra, and the observable
of the system can be represented as a linear combination of eigenfunctions associated with
discrete eigenvalues of the Koopman operator.

The Koopman operator provides powerful analytic tools to understand behaviors of dy-
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namical systems. For example, dynamical evolution of a finite-dimensional system described
by ordinary differential equations (ODEs) can be studied by conducting Koopman mode analy-
sis. Such analysis starts with a choice of a set of linearly independent observables, and the
Koopman operator is then analyzed through its action on the subspace spanned by the chosen
observables [17]. Moreover, it is also shown that the Koopman operator approach can be for-
mally generalized to infinite-dimensional dynamical systems described by partial differential
equations (PDEs), providing new perspectives on the analysis and control of these nonlinear
spatiotemporal dynamics [35, 20, 22, 19]. In addition, ergodic quotients and eigenquotients
allow the Koopman operator to be used for the extraction and analysis of invariant and pe-
riodic structures in the state space [5]. Moreover, Mezi¢ provided a Hilbert space setting
for spectral analysis of disspative dynamical systems, and proved that the spectrum of the
Koopman operator on these spaces is the closure of the product of the “on-attractor” and
“off-attractor” spectra [18].

On the computational side, most existing numerical schemes motivated by the Koopman
operator are categorized as data-driven methods, as they use spatiotemporal data to approxi-
mate a few of the leading Koopman eigenvalues, eigenfunctions, and modes. In particular, the
emerging computational method dynamics mode decomposition (DMD) [24, 25, 30, 23, 14, 20,
1] as well as its variant such as extended DMD (EDMD) [34] uses snapshots of a dynamical
system to extract temporal features as well as correlated spatial activity via matrix decom-
position techniques. DMD and EDMD produce results for any appropriately formatted set of
data, but connecting these outputs to the Koopman operator requires additional knowledge
about the nature of the underlying system in that the system should be autonomous. Later, a
modified EDMD [33] was proposed to compensate for the effects of system actuation when it
is used to explore state space during the data collection, reestablishing the connection between
EDMD and the Koopman operator in this more general class of data sets. A review of many
of the DMD variants for approximating the Koopman operator can be found in Brunton et
al [4].

Our aim in this paper is to provide a numerical method based on the spectral-collocation
method (i.e., the pseudospectral method) to implement the Koopman-operator approach to
solving nonlinear ordinary differential equations (ODEs). Unlike the data-driven methods,
this approach is on the other end of the “spectrum” of numerical methods, as it is based on
the classical spectral method [8, 29]. The main idea is to approximate eigenvalues, eigenfunc-
tions, and modes of the Koopman operator based on its discretized form. Specifically, this
method uses the differentiation matrix in spectral method to approximate the generator of
the Koopman operator, and then conducts eigendecomposition numerically to obtain eigenval-
ues and eigenvectors that approximate Koopman operator’s eigenvalues and eigenfunctions,
respectively. Here, each element of an eigenvector is the approximation of the associated
eigenfunction evaluated at a collocation point. The modes are approximated using the com-
puted eigenvalues, eigenvectors, and the initial state (or observable). This work focuses on
autonomous systems, and it would serve as a starting point for a new framework of numerical
methods for dynamical systems.

The paper is organized as follows. Background topics are introduced in section 2. Then,
the adaptive spectral Koopman method is discussed in detail in section 3. We present the
experimental results in section 4, and the discussion and conclusions follow in section 5.
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THE ASK METHOD FOR DYNAMICAL SYSTEMS 3

2. Background.

2.1. Koopman operator. Borrowing notions from [13], we consider an autonomous system
described by the ordinary differential equations

dx
2.1 — =1
(2.1) 2 (),
where the state @ = (z1,22,...,74)" belongs to a d-dimensional smooth manifold .#, and the

dynamics f : # — .# does not explicitly depend on time t. Here, f is a possibly nonlinear
vector-valued smooth function, of the same dimension as . In many studies, we are concerned
with the behavior of observables on the state space. To this end, we define an observable to be
a scalar function g : .# — R, where g is an element of some function space G (e.g., G = L*(.#)
as in [17]). The flow map Fy : # — .# induced by the dynamical system (2.1) depicts the
evolution of the system as

(2.2) 2ty + 1) = Fula(to)) = a(to) + | :0” £(2(s)) ds.

Now we define the Koopman operator for continuous-time dynamical systems as follows [18]:

Definition 2.1. Consider a family of operators {Ki}is0 acting on the space of observables
so that

Kig(xo) = g(Fi(x0)),

where xg = x(tg). We call the family of operators Ky indexed by time t the Koopman operators
of the continuous-time system (2.1).

By definition, IC; is a linear operator acting on the function space G for each fixed t. Moreover,
{K:} form a semi-group.

2.2. Infinitesimal generator. The Koopman spectral theory [17, 24] reveals properties
that enable the Koopman operator to convert nonlinear finite-dimensional dynamics into linear
infinite-dimensional dynamics. A key component in such spectral analysis is the initesimal
generator (or generator for brievity) of the Koopman operator. Specifically, the generator of
the Koopman operator K;, denoted as K, is given by

o K-y
(2.3) Kg= %1_{% T
For any smooth function g, (2.3) implies that

dg(x) dx
24 K = - Rl
(2.4) g(@) == =Ve(@) -
Denoting ¢ an eigenfunction of I and A the eigenvalue associated with ¢, we have
(2.5) Ko(x) =Xp(x).
Thus,

de(x

(2.6 No(a) = Kp(a) = T2
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111 This implies that @(x(tg + 1)) = eMo(x(to)), i.e.,
112 (2.7) Kip(x(to)) = eMo(x(to)).

113 Therefore, ¢ is an eigenfunction of K; associated with eigenvalue A. Of note, following the
114 conventional notation, the eigenpair for K; is considered as (g, \) instead of (¢, e).

115 Now suppose g exists in the function space spanned by all the eigenfunctions ¢, (associated
116 with eigenvalues \;) of K, i.e., g(x) = ¥; ¢j ¢;(x), then

nr(28) Kulg(@(to)] = ki | e soj<w<to>>] - Y el (@(to))].
118 J J
119 Hence,
120 (2.9) g(x(to+1)) = Z cj goj(m(to))e’\jt.
J

121 Similarly, if we choose a vector-valued observable g : .# — R? with g := (g1 (), g2 (), . .., ga(x))" ]
122 the system of observables becomes

Kg1(x)
125 (2.10) dgd(f) - Kg(a) = | 92@) | > e5(x)e;,
124 Kga(z)
125 where ¢; € C? is called the jth Koopman mode with cj = (cjlv7 c?-, ... ,c;l)T. In general, there is

126 no universal guide for choosing observables as this choice is problem dependent. A good set of
127 observables can lead to a system that is significantly easier to solve. An example from [3, 16]
128 is illustrated in Appendix A.

129 We finalize the introduction of the Koopam operator with the following simple example.
130 Consider the system ‘é—’t” = px with z,4 € R and p # 0. Then, one can easily verify that

131 @n(x) = 2™ is an eigenfunction of the Koopman operator associated with this dynamical
132 system, and the corresponding eigenvalue is A, = nu with n € N* (a similar example is
133 presented in [6]). According to (2.9), by setting g(z) = 2 and let x(0) =z, we have

el el . .
134 z(t) =Y ¢ apj(xo)e’\jt = > cjadett.
j=1 J=1

135 Setting ¢t = 0 gives xg = z(0) = X7, cjxg, which indicates ¢; = 1 and ¢; = 0 when j # 1.
136 Therefore, we obtain the solution of the ODE as x(t) = zgett.

137 3. Adaptive Spectral Koopman Method. In this section, we introduce the adaptive spec-
138 tral Koopman (ASK) method, which is a numerical method based on the Koopman operator
139 and the spectral method to solve ODE systems. Before describing details of this method,
140 we introduce the notations used in this algorithm. Let a(t) denote the solution of an ODE
141 system with an initial condition x(tg) = xp. Assume ¢y = 0 in (2.2), we consider solutions
142 in time interval [0,7] with 7" > 0. Letter n denotes the number of “check points” (see de-
143 tails in subsection 3.4). The radius of the neighborhood of () is denoted by r while v is a
144 parameter that controls the update of the neighborhood.

This manuscript is for review purposes only.



145
146

147

148
149

173

THE ASK METHOD FOR DYNAMICAL SYSTEMS 5

3.1. Finite-dimensional approximation. Based on the preliminaries introduced in sub-
section 2.2, we aim to identify the following truncated approximation of (2.9)

N -
(3.1) g(x(t)) ~ gy (x(t)) = Zg)éjwﬁy(wo)ekjt-

where goé-v are polynomial approximations of ¢, 5\]' and ¢; approximate A; and c;, respectively.
Next, because ‘(ii—f =f(x), (2.4) and (2.6) indicate that for any eigenfunction ¢,

dyp 0y 8@)
=f. = —r — 4 ... —_—
Ke Ve (f1 Ox1 +f2 0xo T d@xd

0 0 0
—(fla—m+f28—@+~--+fda—xd)(90)-
Thus,
19} 0 0
2 = fi— — ... —_—
(3.2) K f1811+f28m2+ +fd8md

Here, we consider the case with d < 3, and adopt the approaches in the spectral-collocation
method. Specifically, our algorithm uses Gauss-Lobatto points for the interpolation of ¢ and
approximates (partial) derivatives with differentiation matrices (see e.g., [10, 26, 9]) in (3.2).
Consequently, the first step is to discretize K.
(1) When d = 1. Let {&}¥, be the Gauss-Lobatto points and the polynomial interpolation
of p(x) is

N
p(z) » o™ (2) = ZE)@N(&)Pi(m),

where the basis functions P; are Lagrange polynomials satisfying P;j(&;) = 0;; and 0;;
is the Kronecker delta function. Namely, o () is the projection of ¢(z) on the space
Span{PJ('r)}j]\iO Let LpN = [QON(&))? @N(gl)v B SON(gN)]Tv we have

(3.3) K™ = diag(£(&0), (&), ..., F(En))De™ = K™,

where D is the differentiation matrix associated with {&;}¥, and K is an (N +1) x (N +
1) matrix. Here, we abuse the notation to let Ko™ = [Kp™ (&), Ko™ (€1),. .., Ko™ (Ex)]T B
and similar notations are used in the following d = 2, 3 cases.

(2) When d = 2. Let {&}Y, and {nj}j]\io be the Gauss-Lobatto points of z; and g,
respectively. Every eigenfunction ¢ is now a bivariate function, whose polynomial
interpolation ¢ is

N N
p(x1,22) » o~ (21,22) = > O 0™ (&,m;) Pi(1) Pj (w2).

=0 j=0
Hence, we define a matrix ®" as
N N N
o (Co,m0) @ (Som) oo @ (0smv)
e _| N (Em) N Em) o M) |
e (Enomo) N Enm) o @M (En,w)
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Let D; and D3 be the differentiation matrices for x; and x2, respectively, and F; and
F3 be the matrices of f; and f> evaluated at (&;,7;). Also, we denote K®" the matrix
with elements (K®V);; = K8V (&,7n;). Then, K®" can be computed as

k&N =F; 0 (D®")+F,0 (2"D]),

where © denotes the Hadamard product. In the computation, we vectorize ®V (along
columns) to obtain

Kvec(®V) = vec(F;) ® ((I ® D) vec((I)N)) +vec(Fq) © ((Dg ®I) vec((I)N))
= [diag (Vec(Fl))(I ® D;) +diag ( VeC(FQ))(DQ ® I)]( Vec(<I>N))
= Kvec(®"),

where ® denotes the Kronecker product, I is the identity matrix, and K is an (N +
1) x (N +1)? matrix.

When d = 3. Let {&}Y,, {n; ]-]\io, and {¢;.}2, be the Gauss-Lobatto points of 1, o,
and x3, respectively. The collocation points are then (&;,n;,(x). In this case, ¢ is
approximated as

N
o(z1,72,33) » " (w1, 72,23) 1= 3 > > @ (&,mj, G) Pia1) Py (w2) Py(ws).
=0 j=0 k=0

=
(=}
b

Hence, the values of ¢V at the collocation points can be represented by a tensor ®V
whose frontal slices are written as

SON(é-OznOzCk) SDN(é-OznlzCk) @N(SOanNaCk)
&V (., k) - SON(&,.??O,Ck) SON(&,.T)th) SON(fl;‘WN;Ck) _
@N(&v.’ 105 Ck) (PN(&V.’ Mm,Ce) - QDN(gN;nNa Ck)

With the n-mode multiplication in tensor algebra, we arrive at a compact representa-
tion of the approximation,

IC‘I)N =F; @(@N X1 Dl) +Foy @((PN X9 Dg) +F3 Q(‘I’N X3 D3)’

where x;, denotes the mode-p tensor-matrix multiplication. Here, D1,D2, D3 are the
differentiation matrices, and F1,F9,F3 denote the tensors resulting from f1, fa, f3
evaluated at (&;,n;j,(z). Following the same idea of vectorization, we rewrite the

This manuscript is for review purposes only.
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THE ASK METHOD FOR DYNAMICAL SYSTEMS 7

tensor representation as

K vee(@™) = vec(F1) © ((I& 1@ Dy) vee(d™))
+vee(F2) © (19 Dy ® 1) vec(d))
+vec(F3) © (D3 @ 1o 1) vec(@))
= [ diag (vec(F1))(I® T Dy)
+ diag (vec(F2))(I® Dy ® I)
+diag (vee(Fy))(Ds @ I&T) | vec(@™))
= Kvec(®).

where K is an (N +1)3 x (N + 1)® matrix.
In all these cases, the discretized generator I can be represented as a matrix K. For d = 2 and
d = 3, the total number of eigenfuncitons used in (3.1) is (N + 1) and (N + 1)3, respectively,
instead of (N +1). For brevity, gy is still used to denote the approximated observable for
different d. The derivation of higher dimensional systems amounts to further extensions of
the three-dimensional case by the Kronecker product.

3.2. Eigen-decomposition. Now the eigenvalue problem of the Koopman operator in (2.5)
is discretized as the eigenvalue problem of matrix K, i.e., Kv = S\’U, where A € C and v is a
complex vector. The vector v is an approximation of ’s eigenfunction ¢ evaluated at the
collocation points and A is the approximation of the associated eigenvalue of K. The matrix
form of the eigenvalue problem is

(3.4) KV = VA,

where V consists of columns v; and the diagonal elements of A are ;\j. By construction, for
d=1, (vj); = gpév(fi) ~ ¢i(&), and for d = 2 or 3, v; = Vec('I>§-V), where <I>§-V approximates
the values of eigenfunction ¢; at the collocation points. Of note, the collocation points in
multi-dimensional cases are constructed by the tensor product of one-dimensional collocation
points, but we have not specified how to obtain such points, the details of which are given
in subsection 3.3. Also, we emphasize that these collocation points are related to @ instead of
t. In other words, ASK discretizes ¢(x) in space instead of discretizing x(¢) in time, which
is different from conventional spectral methods for ODEs.

3.3. Constructing the solution. Let us first consider d = 1. By the eigen-decomposition,
one can access values of eigenfunctions at the Gauss-Lobatto points = := {gi}ﬁo, where & <
&1 <...<&nN. Therefore, p(x) can be approximated when &y < xg < €. To avoid polynomial
interpolation, ASK uses an even number for N and sets {x/ = xo. Based on this setting, we
consider a neighborhood of xy with radius r, i.e., [xg — 7, g + r], where r is tunable. Gauss-
Lobatto points are then generated such that @o—r=E§ <& <...<Enp=To<...<E{n =To+7.
Thus, gy is constructed as

N - N - N -
(3.5) gn(®()) = 3 &0) (w0)e' = 3 &7 (Enpa)e™' = D &(v)) v jpe™",
j=0 j=0 Jj=0

This manuscript is for review purposes only.
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where v; are eigenvectors of matrix K computed in subsection 3.1.
To approximate Koopman modes c¢;, we set ¢t =0 in (3.5), which yields

N
9(xo) ~ gn(x0) = Y. &0 (20),
3=0
which holds for different initial state xg, e.g.,
z N
9(&) » gn (&) = Y gy (&), i=0,...,N,
3=0

where &; are the aforementioned Gauss-Lobatto points. Thus, we can obtain ¢; by solving
a linear system Ve = g(E), where V is defined in (3.4), g(E) = (9(&),--.,9(én))" and
c=(é,...,en)". As an example, if g(x) := x, then g(E) = (&,...,&n) "

For d = 2, we consider the neighborhood of zg = (z}, 23)" as [z} -, x +7] x [z -r, 23 +7].
Similarly, for d = 3, the neighborhood is [z} -7, z{ + 7] x [#3 = r, 23 + r] x [z -7, 2} + ], where
xo = (24,23, 23)T. We then generate (N +1) Gauss-Lobatto points in each direction and use the
tensor product rule to construct multi-dimensional collocation points. In practice, one can use
standard Gauss-Lobatto points in the spectral method such as Legendre-Gauss-Lobatto and
Chebyshev-Gauss-Lobatto points. Now the set of all collocation points is E = {(gi,nj)}%-:o

for d=2 and E = {(&,m,(k)}ﬁ[jzo for d = 3. Of note, the isotropic set up is applied here for
demonstration purpose, i.e., we use a fixed r in each direction and admit the same number
of Gauss-Lobatto points in each dimension. However, this is not necessarily the optimal
choice, and one can use different r and different numbers of Gauss-Lobatto points in different
directions.

Next, since we vectorize matrix (or tensor) ®V column by column (or slice by slice) as
shown in subsection 3.1, ¢;(xg) is again approximated by the “middle” element of vector

vec(®;), which leads to

(N+1)2-1 5
Z Cj (”j)[(N+1)2—1]/2 bt d=2

(3.6) v (@) = v

> ¢ () veryroayp €M, d=3.
=0

Here, each element of the modes ¢; = (5},---,6;[ T corresponds to a component of g, and

it is computed in the same manner as in the d = 1 case. For example, for d = 2, i.e.,
g(x) = (g1(x),92(x))" (correspondingly, gn(z) = (95 (), 93 (2))"), we have gy (z(t))

(N+1)2-1 by
Zj:O
g1(&,mj). The modes ¢' = (&,...,é\)7 are obtained by solving a linear system Ve' =
vec(g1(E)). Similarly, we can compute the modes for g% (x). In practice, our algorithm
solves the linear system VC = g(Z), where C = (c!, c?) and g(E) = (vec(g1(E)), vec(g1(E))).
The modes for d = 3 are computed in the same manner. In addition, a pseudocode is presented
in Appendix B to illustrate how the solution is constructed.

c} Vec(<I>j)[(N+1)2,1]/Qe>‘jt. Consider matrix g1 (Z) whose elements are (g1(Z));;

This manuscript is for review purposes only.
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3.4. Adaptivity. Since we apply a finite-dimensional approximation of the Koopman op-
erator and exploit the Lagrange interpolation to approximate the eigenfunctions, the accuracy
of the solution may decay as time evolves, especially for highly nonlinear systems. To further
improve the accuracy, we propose an adaptive approach to update V, A and ¢;. The main idea
is to identify the time to repeat the procedure described in subsection 3.1— subsection 3.3. To
this end, we set check points 0 < 71 < 79 < ... <7, <T to examine the “validity” of the neigh-

borhood of @ (7x). Specifically, the component of (1) = (21(7%),-..,xqa(7%))" is acceptable
if z;(7) € R; where
(3.7) R :=[Li +ri, Up = yri].

Here, L; and U; are the lower and upper bounds, r; is the radius in the ith direction, and
v € (0,1] is a tunable parameter. Recall that the isotropic setup is used in this work, thus
r; = r. In the initial step, L; := xy —r; and U; := 350 +7;, 1.e., v =1. In practice, one can fix v =1
(or other real number in (0,1]) and tune r; only. Hereby, we keep both v and r; for future
extension to anisotropic design and more advanced adaptivity criterion.

If z;(7) € R; for all 4, then Ry x...x Ry is a valid neighborhood of x(7x). Otherwise, we
update all L;, U; and reconstruct <,0§V, S\j, ¢; to obtain x(t) (t > 73) as follows:

1. Set L =x;(m) =7, Us = xi(71) + 15, 1 <1 < d.

2. Generate Gauss-Lobatto points and the differentiation matrix in each interval [L¥, U¥].

Repeat the procedure in subsection 3.1 to compute matrix K.
3. Repeat the eigendecomposition in subsection 3.2 to update V and A in (3.4).
4. Compute coefficient ¢; as in subsection 3.3 with the updated V.

5. Construct solution @(t) by replacing Mt with () in (3.5) (or (3.6) for d =2,3).
Note that the modification of constructing the solution in step 5 is necessary because when
an update is performed, we need to set tg = 7, and xg = x(to) = x(7%).

The parameter v decides how often we update the neighborhood and reconstruct the
solution. By construction, a larger v demands updating the eigendecomposition more fre-
quently. The extreme case 7 = 1 enforces the update at every check point. In this work, we
set Ty 1 — T = A7. Notably, since the solution is discretized in space instead of in time as
in conventional ODE solvers, the check points are different from time grids 0 < t; <9 < ...
in those solvers. If we set k = 0, then no update is made, which indicates that the solu-
tion @(t) only relies on the eigendecomposition based on xg (see the example pseudocode in
Appendix Appendix B).

3.5. Properties of the algorithm. In this work «x,f, g are real-valued functions. Now we
show that the solutions obtained by ASK are real numbers, although V, A, c; may contain
complex values. We start with reiterating a well-known conclusion:

Lemma 3.1. If a real matriz has complex eigenvalues, then they always occur in complex
congugate pairs. Furthermore, a complex conjugate pair of eigenvalues have a complex conju-
gate pair of associated eigenvectors.

Proof. Suppose the matrix K € R™" has an eigenpair v and A such that Kv = \v. Let

~ operator denote the complex conjugate. Taking the complex conjugate of both sides of the

equation, we have Ko = \o. However, K = K since K has real entries. Thus, Ko = Av. The
claim follows. [ ]
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Our main theorem is presented next:

Theorem 3.2. ASK yields real-valued solutions for dynamical systems with real-valued x, f
and g.

Proof. We only need to consider the d = 1 case since the solution for high-dimensional
cases are constructed in the same manner. Let v be a eigenvector, then it is a column of
matrix V in (3.4). It is only necessary to consider the case where v is not a real-valued
vector. According to Lemma 3.1, @ is also a column of V. Let u be a row of V™! such that
u-v=1and u-v =0, where v is any column of V other than v. It is clear that w-v =1 and
@-© = 0. Therefore, @ is also a row of V™1, Next, as shown in subsection 3.3, we compute
the modes ¢ as ¢ = V'1g(E). Let ¢, be the element of ¢ such that ¢, = u - g(Z), then
u-g(B)=u-g(E) = ¢y is also an element of c.

In the numerical solution, it suffices to consider ¢,,ve™ + cmye ¢ where v € C denotes the
middle element of the eigenvector v. For convenience, we dentoe v = A + Bi,A = C + Di, ¢y, =
FE + Fi. Here, A,B,C,D,E,F €R. Then,

e + e = (B + Fi)(A+ Bi)e'C*PDt 1 (B - Fi)(A - Bi)e(C~P)t
= (P+Qi)elCDDt L (P~ Qi)e(C-D
_ (PeCt N QeCti)eDti N (PeCt _ QeCti)ethi
= (PeCt +Qe’t i)[cos(Dt) + sin(Dt)i]
(PeCt Qe )[cos(Dt) - sin(Dt)i]
= 2Pe cos(Dt) + Z(QeCtz) sin(Dt)i
= 2Pe cos(Dt) - 2Qe“ sin(Dt) € R, [ |
among which P = AE - BF and Q = AF + BE.

3.6. Algorithm summary. As a summary, subsection 3.1 to subsection 3.3 present a
numerical scheme that solves an autonomous ODE system using the eigendecomposition and
a linear system solver. Subsection 3.4 introduces a heuristic adaptivity criterion to repeat the
aforementioned procedure at appropriate time points to further enhance the accuracy. We
conclude the algorithm in Algorithm 3.1.

In the ASK scheme, the neighborhood for all components must be updated in the adaptiv-
ity step. This is because we set the current state of each component to be the midpoint of the
corresponding neighborhood to avoid computing interpolation. Also, following the standard
practice in the spectral method, we generate Gauss-Lobatto points &; and the associated dif-

ferentiation matrix D; on [-1,1] first, and then scale them to [L;, U;] as M(& +1)+L; and

UQD to improve the computational efficiency. Moreover, it is worth emphasizing again that

the 1sotr0plc setup (i.e., using the same number of Gauss-Lobatto points in each direction and
fix r; =) is not necessamly the optimal choice, and that the adaptivity in different directions
may improve the efficiency of the algorithm. This is beyond the scope of this work and will
be included in the future study.

4. Numerical Results. This section presents the performance of ASK on six nonlinear
ODE systems including d = 1,2,3. In each example, we investigate the influence of num-
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Algorithm 3.1 Adaptive spectral Koopman method

Require: n,T, N, xy, 7,7
1: Set check points at 0 =19 <71 <...<7, <T.
2: Let L; = xf) -r;,U; = a:é +7; and set neighborhood R; as R; = [L; + vyr;,U; — yr;] for

1=1,2,...,d, where r; = r.

3: Generate Gauss-Lobatto points and differentiation matrix D; in [L;, U;] for i = 1,2, ..., d.
Construct collocation points Z for d > 1 using the tensor product rule. (For d = 1, E is
the set of the Gauss-Lobatto points.)

: Construct matrix K using the formulas in subsection 3.1

: Compute eigen-decomposition KV = VA

6: Solve linear system VC = g(E), where the Ith column of matrix g(E) consists of the ith

component of all collocation points (see subsection 3.3).
7. for k=1,2,3,...,n do
8:  Let v; be the middle element of the jth column of V. Construct solution at time 7 as
(1) = ZC(j,:)Vje’\j(T’“_kal), where C(j,:) is the jth row of C.

(S

J
9:  if (x(7g)); ¢ R; for any i then

10: Reset L; = x;i(1x) — 74, U; = (1) + r; and R; = [Lj + yry, Uy — yry].
11: Repeat steps 3 -6

12:  end if

13: end for

14: return =(T) = Zc(jvz)yjef\j(T—Tn).
J

ber of Gauss-Lobatto points N, number of check points n, and the radius r on the ac-
curacy. The reference solution is generated by Verner’s ninth order Runge-Kutta (RK9)
method [31] if a close-form solution is not available. We compare ASK with fourth order
Runge-Kutta (RK4) method [7] since it is the most widely used method in the Runge-
Kutta family. Throughout the numerical examples, ASK employs the Chebyshev-Gauss-
Lobatto points. Additionally, we also tested Legendre-Gauss-Lobatto points but there was
no significant difference. Moreover, in subsection 4.7 we compare the efficiency of ASK,
RK4, and RK9 based on number of function evaluations for systems with closed-form so-
lutions. Herein, the function refers to f in the ODE. (All the codes can be downloaded at
https://github.com/Navarro33/Adaptive-Spectral-Koopman-Method)

4.1. Cosine model. The cosine model is a synthetic model invented for our demonstrative

purposes. The governing ODE is written as
dz 9

— =-0.5cos”(z).
pp ()
We set £(0) = 7 and T' = 20 in this example. Despite the nonlinearity, the system has a closed-
form solution z(¢) = arctan(-0.5¢ + tan(zg)). We aim to compute the solution at T' = 20. The
three experiments use the following parameters:

(a) test of N: n =200, = 5;
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(b) test of n: N =9,7=5;

(c) test of : m=200,N =9.
In all these tests, we set v = 0.2. Figure 1 summarizes these results in plots (a), (b) and
(c), respectively. The first test shows the exponential convergence of ASK with respect to N,
which is similar to the conclusions in conventional spectral methods. Test (b) shows that the
accuracy does not change monotonically as n varies given the parameter setting in this work.
On the other hand, using no more than 100 check points is sufficient to obtain good accuracy.
The last test illustrates that the accuracy shows a “V shape” with respect to the radius, i.e.,
r can not be too large or too small.

10
102 1
-4
_ 10} 1.
o S
=i 240 7
= 5
10°f 1
108 1
: ; . : * 108 . : : * .
2 4 6 8 10 0 100 200 300 400 500
N n
(a) Gauss-Lobatto points (b) Check points
107
10°F 1
8
R | 1
1073y 1
10-1 5

0 0.02 0.04 0.06 0.08 0.1
r

(c) Radius

Figure 1: Cosine Model: (a) testing number of Gauss-Lobatto points NV; (b) testing number
of checck points n; (¢) testing radius r.
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4.2. Lotka-Volterra model. The Lotka-Volterra equations model the interactive evolution
of the population of prey and predators [2]. Specifically, it is defined by

d
% = 1.1z - 0.471 22,
d
% = 0.12129 — 0.425.

We set (0) = (10,5)" and T = 20 in this example. The parameters used in three different
tests are as follows:

(a) test of N: n=200,r = 1.5;

(b) test of n: N =5,r =1.5;

(c) test of : m =200, N =5.
In all the tests, «v is set to 0.5. Note that for multi-dimensional systems in the test of radius,
all components share the same radius. Figure 2 presents the results of these tests. Similar to
the cosine model, the error decreases exponentially with respect to V. The accuracy is quite
stable with respect to the number of check points in this case. Furthermore, Figure 2¢ shows
that the radius cannot not be too small as in the first example.

4.3. Simple pendulum. The simple pendulum is well studied in physics and mechanics.
The movement of the pendulum is described by a second order ordinary differential equation,

d?e g .
W = _Z 51n(9).

Here, 6 is the displacement angle, and L denotes the length of the pendulum. The parameter g
is the gravity acceleration. This second order equation can be converted to a two-dimensional
first-order ODE system. To keep the notations consistent, we define z1 := 0 and xo := %. Also,
we set L = g = 9.8 in our numerical experiments. Correspondingly,

dx1

— = ,

at P

dzo .
— = —SInx
dt !

We set (0) = (-5, )" and T' = 20. The parameters in the three tests are as follows:
(a) test of N: n =200, = g;
(b) test of n: N =7,7=%;
(c) test of r: m=200,N =17.
We set v = 0.2 in all these tests. The resutls are presented in Figure 3. Again, we observe
exponential convergence with respect to N in Figure 3a. Figure 3b implies that more check
points can improve the accuracy but the difference is not very large. Figure 3¢ indicates there

exists an “optimal” r as in the Lotka-Volterra example.
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0
10 T T T T T 10—6
102} 1
& 10_4[ 1 G\G—Q\SMO
2 | :
= 10°f { 810
108} | E\EW
1070} 1
: ; ' : * 108 : ; : ’
2 4 6 8 10 500 1000 1500 2000
N n
a) Gauss-Lobatto points eck points
G Lob i b) Check poi
1074] 1

10}

Error

0 0.2 0.4 0.6 0.8 1
r

(c) Radius

Figure 2: Lotka-Volterra Model: (a) testing number of Gauss-Lobatto points N (total number
of collocation points is (N + 1)2); (b) testing number of checck points n; (c) testing radius 7.
0,0 denote x71, xa, respectively.

4.4. Limit cycle. The limit cycle is applied to model oscillatory systems in multiple re-
search fields [32]. Here, we follow the definition,

d.%’1 X1
- T X2t Y,
2 2

dt x5 + 23

dajg €T9

— =2 -T2+ —.
2 2

dt Vs + o

The closed-form solution is z1(t) = cos(¢ + arcsin(x1(0))) and x2(¢) = sin(¢ + arcsin(x2(0))).
We set x(0) = (%5, —\/7§)T and T = 20 in this example. The parameters in the experiments
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100 — : : : : x108
102} 1 25}
1074] 1 2f
-6
§ 107°] 1 § e
@ 108f 1 4
10710} 1
1072} 1 1}
B . . . 1 _ _ _ :
2 4 6 8 10 500 1000 1500 2000
N n
(a) Gauss-Lobatto points (b) Check points
10°°
100} 1
- 7
g 107§ 1
=
109} 1
101} 1

0 0.2 0.4 0.6 0.8 1
r

(c) Radius

Figure 3: Simple Pendulum: (a) testing number of Gauss-Lobatto points N (i.e., (N + 1)?
collocation points in total); (b) testing number of checck points n; (c¢) testing radius r. 0,0
denote x1,x2, respectively.

are specified as follows:
(a) test of N: n=200,r = \/?5;

(b) test of n: N =7,r = \/Ti;
(c) test of r: m=200,N =17.
We set v =0.2 in all these tests. The results shown in Figure 4 reveal similar patterns to the
results of the simple pendulum, except that a very small r can still lead to accurate results.
For this example, we also compared ASK with RK4 at various time within [0, 7]. Given the

closed-form solution z¢ (), we computed the errors by |z a5k (t) —zc ()] and |zri4(t) -z o (t)].
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1 0_2 ; ; ; ; ; 12 x10
10F
8 L
10} 1
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g 6 8
Lﬂt 107°] 1 LE 4
108 1
2 3
10710 . . : : ; y y
2 4 6 8 10 500 1000 1500 2000
N n
(a) Gauss-Lobatto points (b) Check points
10
10* 1
8
bt -6k
& 10718 1
108 1
10710

0 0.1 0.2 0.3 0.4 0.5

(c) Radius

Figure 4: Limit Cycle: (a) testing number of Gauss-Lobatto points N (i.e., (N+1)? collocation
points in total); (b) testing number of checck points n; (c) testing radius r. 0,0 denote x1, z,
respectively.

Here, RK4 employed M = 200 equidistant time points on [0,7T]. As for ASK, we used N =

9,r = TQ,W = 0.2 and the check points are set to be the same as the time points in RK4.
With this set of parameters, ASK constantly outperforms RK4 significantly, as illustrated in
Figure 5. For both components x; and x5, the errors of ASK remain almost constant at the
level of 1071°. In comparison, the error of RK4 exhibited a periodic pattern, rising slowly
from 1075 to 107°. Moreover, Figure 6 illustrates the evolution of the limit cycle model along
time. The path decided by the two components elevates spirally as time goes. If seen from
above, the cross section is an exact circle.
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1072

1074} 1

x1 Error
x2 Error

-1 0 @ °
1 0 o % %5%‘&9%&3@ o @ W@%@!

0 5 10 15 20
t

(a) Error of x; (b) Error of x4y

Figure 5: Errors of the limit cycle solution on [0,7T]: O denotes ASK and A denotes RK4.

Figure 6: Limit cycle solution trajectory: O denotes ASK and — dentoes the closed-form

solutions.
141 4.5. Kraichnan-Orszag model. The Kraichnan-Orszag model comes from the problem
142 raised in [21]. This system is nonlinear and three-dimensional, defined by
44 dxl
3 — = Xox:s
dt 243,
144 dz
— =xz
dt 143,
dxg
445 — = -2z129.
146 dt 12
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We set £(0) = (1,2,-3)" and T = 20. In the three experiments, we employed the following
parameters:

(a) test of N: m=400,7 =0.1;

(b) test of n: N =3,r=0.1;

(c) test of r: m =400, N = 3.
Also, in all the tests, we set v = 0.15. The results are presented in Figure 7a. In particular,
different from previous examples, Figure 7b demonstrates that n significantly influences the
accuracy. This is because the Kraichnan-Orszag model exhibited strong oscillations, so it
requires more frequent update of eigenpairs to guarantee high accuracy. Figure 7c indicates
that there is an “optimal” r as in the Lokta-Volterra example.

: : : : 10°
10%F 1
102§ 1
102 1
2 S 4
ST | 1 51071 1
1078 : : . : 1078 : ; : ;
2 4 6 8 500 1000 1500 2000
N n
(a) Gauss-Lobatto points (b) Check points
10%F 1
51072 1
4
107 1
10°

(c) Radius

Figure 7: Kraichnan-Orszag model: (a) testing number of Gauss-Lobatto points N (i.e.,
(N +1)3 collocation points in total); (b) testing number of checck points n; (c) testing radius
r. 0,0, A denote x1,x9, 3, respectively
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4.6. Lorenz attractor. The Lorenz attractor was first introduced by Lorenz [15]. It is a
highly chaotic system that models the turbulence in dynamic flows. The governing equations
are as follows,

d

%=10($2—$1),
%:x1(28—m3)—x2,
dzs =x122 — 3T

TR 122 3.

We set (0) = (5,5,5)" and T = 20 in this example. Parameters used in the experiments are
listed here:

(a) test of N: n=>500,r=1;

(b) test of n: N =51 =4;

(c) test of : m =500, N =5.

In all the tests, we set v = 0.5. The results are summarized in Figure 8. As the Loren
attractor exhibits chaotic behaviour, it requires a greater number of check points. Meanwhile,
a relatively large radius favored the convergence of the algorithm.This is probably because the
eigenfunctions need to be approximated in a larger neighborhood of the solution to include
sufficient information of the dynamics.

Next we compare ASK and RK4 in a larger time span [0,20], where RK4 uses M = 2000
time steps, i.e., step size At = 0.01. Since the Lorenz attractor does not have closed-form
solutions, RK9 is used to compute the reference. To guarantee accuracy, RK9 used step size
At = 0.001, i.e., M = 20000 time steps. On the other hand, ASK was implemented with
n = 2000, N = 5, = (1,1,1),v = 0.75. For the aforementioned reason, we required a large
number of check points and small tolerance for the acceptable range. Figure 9 reveals the
accuracy of ASK in all three components. However, unlike the limit cycle case, the error
increases as time evolves. Although it rises to around 1072 at T = 20, ASK still yields an
acceptable accuracy for such a chaotic system. In comparison, RK4’s error ascends to a level
that makes it impractical. To obtain an insight of how the Lorenz system evolves, we plot each
of its component in Figure 10. Up to time T = 10, solutions given by ASK, RK4, and RK9
almost coincide. Nevertheless, RK4 deviates from the other two completely starting at t = 11.
The evolution vibrates violently and does not possess periodicity, which imposes difficulty on
numerical solvers.

The chaos can also be observed in a three-dimensional graph depicting the trajectory, using
the numerical solutions given by ASK. As in Figure 11, the lemniscate shape demonstrates
the complexity of the system.

4.7. Computational complexity. By construction, the computational complexity of con-
ventional ODE solvers that approximate time integral is O(M) where M is the number of
time steps. In other words, it is M multiplied by a constant that represents the number of
operations in each step and it varies according to the accuracy of the scheme. The computa-
tional complexity of ASK depends on the number of times that eigenfunctions are constructed
(and corresponding eigenvalues as well as coefficients are computed). In this construction pro-
cedure, ASK needs to perform the eigendecomposition and solve a linear system. For d =1
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Figure 8: Loren attractor: (a) testing number of Gauss-Lobatto points N (i.e., (N +1)3
collocation points in total); (b) testing number of checck points n; (c) testing radius r. 0,0, A
denote z1,x2, x3, respectively.

this is not costly because empirically we set 4 < N < 10, and the size of matrix in the eigen-
decomposition as well as the linear system is N x N. But when d > 1, the complexity will
increase exponentially with the dimension of the current setting because we use the tensor
product rule to construct the collocation points and the matrix size is (N + 1)% x (N + 1)<
Hence, ASK can be less efficient for high-dimensional systems.

However, compared with the Runge-Kutta methods, ASK has advantages when it is costly
to evaluate the dynamics f and when ASK only needs a small number of updates. Here, we
consider an evaluation of f as a function call, and compare the accuracy of ASK, RK4 and RK9
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Figure 9: Error of Lorenz attractor solutions on [0,7']: O denotes ASK and A dentoes RK4.

506 against number of function calls. The cosine model (d = 1) and the simple pendulum (d = 2)
507 exemplify the comparison and give the results in Figure 12. Here, the error in the simple
2, .2

508 pendulum case was computed by 61562, where e, eo are the errors in x1, xs, respectively.
509 The parameters in ASK are N = [4,6,8,10],n = 50,7 = 5 for the cosine model and N =
510 [2,4,6,8],n=60,7 = \1/—25 for the simple pendulum. ASK is superior to the other two methods
511 in the cosine model. For the simple pendulum, RK9 is the most efficient method, and ASK
512 outperforms RK4 when number of function calls is beyond 2000.

513 5. Conclusion and Discussion. The ASK method uses the spectral-collocation (i.e., pseudolj
514 spectral) method in the state space instead of in time to solve nonlinear autonomous dynamical
515 systems. It discretizes the generator of Koopman operator and employs the eigendecompo-
516 sition to obtain approximations of the eigenfunctions and eigenvalues to construct solutions.

This manuscript is for review purposes only.



517
518
519
520
521

ot
Do
Do

ot Ot
- W

D DN NN

22 BIAN LI, YI-AN MA, J. NATHAN KUTZ, XIU YANG

20 T T T 30
R R
‘ g 4 ﬁ a 9°$ 2 3 ° a
| ] 1 » 1
Loa fo??l i 20 \ ? v
1 L I s
10}, R ST I
i 4 t LI I FTH LIS i I I JMgplha o )
1 I 1§ 10} f) gt
1 ey ly i 0 a I I o
' ) AR AR LI, ! I Lo il ey
! ¢ £y 00! Yol s ' h PR IYALA L L P
— oF 3 f ? ! J N ok ?f| ]
N S PEL U OE i I PYSTT A PPTLIS TR Rt
t&gﬁﬁong? R TR YPPPPL LR W el 1'711 THER IOt
gl gpiefd g L8R8 T T | RTo] TTT S L S | PO R
Wi it g e e T tadd JSiugh g a0sat tal )
_10.§1!':‘.‘n| ML 1: |'MimA“AAAp,<'il“ “?%E‘i “!i' . “ AAM“E :::A
AA!%% l!i&[ ' I:AAAAAAAAAL! ‘54 20t ! g N I if
ey ! N i N l‘ !
-20 -30
0 5 10 15 20 0 5 10 15 20
t t
(b) 22
1 ! 3
IR
b0 i)
f, i
Iy %Ki
i )
ey
‘:!g% B
U
S
2
0 \
0 5 10 15 20
t
(c) 3

Figure 10: Lorenz Attractor Evolution: O and A denote ASK and RK4, respectively; ——
donotes the reference solutions given by RK9

Therefore, like the spectral method, ASK is an expansion-based method to solve ODE sys-
tems, in which the basis functions in the expansion are approximated eigenfunctions of the
Koopman operator. In each numerical example presented in this work, ASK exhibits expo-
nential convergence as the conventional spectral method. Therefore, it is suitable for the
circumstances where high-accuracy solutions are desired and f is expensive to evaluate. Dif-
ferent from existing ODE solvers that obtain solutions on mesh grids, ASK does not need a
time mesh and can evaluate the solution at any time. Hence, the resolution of the time mesh
which impacts the solutions of conventional ODE solvers like Runge-Kutta methods does not
influence ASK.

In the ASK algorithm, adaptively updating the eigenfunction approximations in the neigh-
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Figure 11: Lorenz Attractor 3D Visualization

10°°
104

= -8

g § 10

wi 10710 15
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102 103 10° 104
Number of function calls Number of function calls
(a) Cosine model (b) Simple Pendulum

Figure 12: Test of Complexity: O,0, and A denote ASK, RK4, and RK9, respectively.

borhood of the solution is necessary because it is challenging to obtain very accurate approxi-
mation of the eigenfunctions, eigenvalues and Koopman modes using the initial condition only,
especially for highly nonlinear systems. When no information (e.g., range of states, regularity
of the eigenfunctions) of the system is available a priori, the adaptivity criterion serves as a
updating step based on “posterior error estimates”. Furthermore, tunable parameters r and
~ affect the accuracy as they are related to eigenfunction approximations and the adaptivity
criterion. Numerical analysis based on the spectrum theorem as well as the spectral method
is required to systematically understand the convergence and the impact of all parameters on
the performance of ASK, which will be included in our future work.

Regarding the computational complexity, as indicated in subsection 4.7, ASK’s efficiency
decreases (compared with Runge-Kutta) as the system dimension increases since the ten-
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sor product rule is applied to construct high-dimensional collocation points. A possible way
of improving the efficiency is to leverage the sparse grid methods to construct collocation
points, which has shown success in solving partial differential equations with the spectral
method [27, 28]. Also, applying an anisotropic setting, e.g., different number of Gauss-
Lobatto points, different radius, different v in each direction, can potentially enhance the
computational efficiency.

Appendix A. An example of the obervable.
As an example, we consider the following nonlinear dynamical system [3, 16]:

d:El

— = ary,

dt

da?g

— = Pa2- ).

Here, a and (3 are the inherent parameters of the system. For such a system, appropriate
observables lead to a closed-form solution. In particular, let y := (xl,xg,ac%)T be a three-
dimensional observable. Then, the system can be converted to the following linear system,

dy a 0 0
il g =By
0 0 2«

For simplicity, assume x1(0) = 22(0) = 1. Then, we have the closed-form solution

1 -2 0 0 e
y=|0[e* + 5 2a e+ —55}2(1 et = _57—22% et + _B—%a ot
0 0 1 eQO{t
Equivalently,
r=e™, Tg = _2—aeﬂt + L620"5.

b -2« 8 -2«

Appendix B. An example pseudocode. We demonstrate a pseudo code (in MATLAB) of
solving ‘é—f = cosQ(x), which summarizes the steps presented in subsection 3.1-subsection 3.3.
The MATLAB code generating Chebyshev-Gauss-Lobatto points and the associated differen-
tiation matrix can be found in [29].

f = @(x) cos(x)."2; ¥% Function f

x0 = pi/4; % Initial condition

r=20.1; % Radius of the neighborhood (tunable)

N = 4; % Number of collocation points (N+1 in total)
T = 5; % Final time

% Generate collocation points and the differentiation matrix
% on [x0-r, x0+r]

[quad_pnt, diff_mat] cheb(N, x0-r, x0+r);

% Compute eigenpairs of the Koopman operator

This manuscript is for review purposes only.



583

584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620

THE ASK METHOD FOR DYNAMICAL SYSTEMS 25

K = diag(f(quad_pnt))*diff_mat;

[eig_vec, eig_vall = eig(K, ’vector’);

% Compute coefficients (Koopman modes)

coef = eig_vec\quad_pnt;

% Construct solutions at time T

sol = real(eig_vec(N/2,:) .*coef’*exp(eig_valxT));
When the adaptive update in ASK is activated (see subsection 3.4), we only need to repeat
this pseudocode (as a subroutine) with an updated initial condition g and final time T'.
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