
Bilevel Optimization with a
Multi-Objective Lower-Level Problem:

Risk-Neutral and Risk-Averse Formulations

T. Giovannelli1, G. Kent1, and L. N. Vicente1

1Lehigh University

ISE Technical Report 23T-013



Bilevel optimization with a multi-objective lower-level problem:

Risk-neutral and risk-averse formulations

T. Giovannelli∗ G. Kent† L. N. Vicente‡

February 11, 2023

Abstract

In this work, we propose different formulations and gradient-based algorithms for deter-
ministic and stochastic bilevel problems with conflicting objectives in the lower level. Such
problems have received little attention in the deterministic case and have never been studied
from a stochastic approximation viewpoint despite the recent advances in stochastic methods
for single-level, bilevel, and multi-objective optimization.

To solve bilevel problems with a multi-objective lower level, different approaches can be
considered depending on the interpretation of the lower-level optimality. An optimistic for-
mulation that was previously introduced for the deterministic case consists of minimizing the
upper-level function over all non-dominated lower-level solutions. In this paper, we develop
new risk-neutral and risk-averse formulations, address their main computational challenges,
and develop the corresponding deterministic and stochastic gradient-based algorithms.

1 Introduction

In bilevel multi-objective optimization (BMO), at least one of the two levels of the bilevel
problem has multiple objectives and can be modeled using the formulation

min
x∈Rn, y∈Rm

Fu(x, y)

s.t. x ∈ X

y ∈ argmin
y∈Y (x)

Fℓ(x, y).

(1.1)

The upper-level (UL) and lower-level (LL) objective functions Fu : Rn × Rm → Rp and Fℓ :
Rn×Rm → Rq are given by Fu = (f1

u , . . . , f
p
u) and Fℓ = (f1

ℓ , . . . , f
q
ℓ ), with f i

u and f j
ℓ real-valued

functions for all i ∈ {1, . . . , p} and j ∈ {1, . . . , q}, respectively, and p ≥ 1 or q ≥ 1. In this
general formulation, the UL variables x are subjected to UL constraints (x ∈ X) and the LL
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variables y are subjected to LL constraints (y ∈ Y (x)); however, for the rest of this paper, it is
assumed that the LL variables are unconstrained (i.e., Y (x) = Rm). In general, when at least
one of the two levels is a multi-objective optimization problem, we can use the name bilevel
multi-objective optimization [12, 13, 33]. When a multi-objective problem only arises in one of
the two levels, one also finds the terminology semivectorial bilevel optimization [8].

Bilevel multi-objective optimization problems arise in applications related to defense, re-
newable energy systems, and fair machine learning. In the defense sector, a multi-objective
bilevel problem for facility location was proposed in [23] to prevent an adversary from entering
a territory by relocating wireless sensors in order to maximize the exposure of the attacker to
the sensors (single-objective UL problem) and minimize the conflicting objectives given by the
sensor relocation time and the total number of sensors (multi-objective LL problem). In [26],
the authors propose a bilevel formulation to minimize the environmental impact of renewable
energy systems and the resulting government expenditure (multi-objective UL problem) and
the energy cost paid by the end users (single-objective LL problem). Bilevel optimization has
recently been adopted to solve fair machine learning (ML) problems [22, 30, 31], where the
goal is to minimize the prediction error on a validation dataset by training an ML model to
avoid discriminatory predictions against people with sensitive attributes. To ensure accurate
and fair prediction outcomes in real-life decision-making applications, accuracy and fairness loss
functions must be jointly considered, thus leading to bilevel problems where both UL and LL
problems are multi-objective.

In this paper, we consider bilevel multi-objective optimization problems with a multi-objective
lower level (BMOLL), which can be obtained from problem (1.1) by considering p = 1 and q > 1.
Hence, the problem to solve is

min
x∈Rn, y∈Rm

fu(x, y)

s.t. x ∈ X

y ∈ argmin
y∈Rm

Fℓ(x, y),

(1.2)

where the UL objective function fu : Rn × Rm → R is real-valued. Since the LL problem
has conflicting objectives, a single optimal solution must be determined among the set of LL
Pareto optimal solutions, and several criteria can be considered that potentially lead to different
solutions to the bilevel problem. In the deterministic case, researchers have focused on optimistic
formulations, excluding all those cases where the solution determined among the set of LL Pareto
optimal points is not the most favorable for the UL problem.

As opposed to bilevel problems with UL and LL single-objective functions [3, 5, 6, 16, 17, 19,
34] (see also [2, 17, 24] for recent reviews), gradient-based methods for bilevel multi-objective
problems have received less attention in the literature. Deterministic approaches for bilevel
optimization with multi-objective LL problems have been proposed in [1, 8, 27, 28], where the LL
problem is transformed into a single-objective problem by weighting the LL objective functions
according to the weighted-sum approach that is utilized in multi-objective optimization [11].
The weights are then included among the UL optimization variables. Problems with multi-
objective UL and LL problems (p, q > 1) have been addressed in [32], which uses the ε-constraint
method [11] at both levels to obtain a single-objective bilevel problem. To the best of our
knowledge, the only stochastic gradient-based algorithm for bilevel multi-objective problems
has been proposed in [18], where multiple objectives are considered at the upper level. We point
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out that the problem solved in [18] is significantly different from problem (1.1) since in [18] there
are multiple LL problems and each UL objective function only depends on the optimal solution
of one LL problem. Moreover, in [18], the authors do not attempt to determine the UL Pareto
front and consider a robust formulation of the UL problem to minimize the maximum optimal
value among all the UL objective functions.

As an alternative to the known optimistic formulation developed for (1.2), we propose new
risk-neutral and risk-averse formulations, addressing their computational challenges and devel-
oping deterministic and stochastic gradient descent algorithms. Both formulations are inspired
from looking at y as a parameter, rather than as a variable. In the risk-neutral case, we minimize
a new function describing the mean of the UL function over all x-dependent efficient solution
sets. We propose a formulation that is tractable (by rather taking the mean over LL weights)
and can lead to efficient algorithms (by sampling the weights). The risk-adverse case requires
using the extension of Danskin’s Theorem to the case where the maximum is taken over an
x-dependent efficient solution set.

This paper is organized as follows. We first review the bilevel stochastic gradient method
in Section 2 (for a single objective in both the UL and LL). We describe the known optimistic
formulation for (1.2) in Section 3. The new risk-neutral and risk-averse formulations for (1.2),
as well as the corresponding gradient-based algorithms, are introduced in Sections 4 and 5,
respectively. Numerical results for synthetic bilevel problems with a multi-objective lower level
are reported in Section 6, which also describes the practical implementations of the proposed
methods. Finally, we draw some concluding remarks in Section 7, in particular how to develop
the cases p > 1, q = 1 and p, q > 1 from known building blocks.

2 A review of bilevel stochastic gradient methods

Bilevel optimization with multi-objective upper or lower levels is based on (or uses as a reference)
the bilevel single-objective (BO) case (p = q = 1), which can be modeled using the formulation

min
x∈Rn, y∈Rm

fu(x, y)

s.t. x ∈ X

y ∈ argmin
y∈Rm

fℓ(x, y).

(2.1)

In BO problems, the goal of the UL problem is to minimize the UL objective function fu :
Rn ×Rm → R over the UL variables x, which are subjected to UL constraints (x ∈ X), and LL
variables y, which are subjected to being an optimal solution of the LL problem. The goal
of the LL problem is to minimize the LL objective function fℓ : Rn × Rm → R over the LL
variables y. Whenever orthogonal projections are required by the methods considered in this
paper, the set X will be assumed closed and convex.

Assuming that there exists a unique solution y(x) to the LL problem for all x ∈ X, prob-
lem BO is equivalent to a problem posed solely in terms of the UL variables x,

min
x∈Rn

f(x) = fu(x, y(x)) s.t. x ∈ X. (2.2)

Considering appropriate smoothness and non-singularity assumptions, the gradient of f at x
can be obtained from the well-known adjoint (or hypergradient) formula

∇f = ∇xfu −∇2
xyfℓ∇2

yyf
−1
ℓ ∇yfu, (2.3)
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where all gradients and Hessians on the right-hand side are evaluated at (x, y(x)). The steepest
descent direction for f at x is denoted by d(x, y(x)) = −∇f(x). To obtain the adjoint formula,
one can apply the chain rule to fu(x, y(x)), which leads to ∇f = ∇xfu +∇y∇yfu. Then, the
Jacobian ∇y(x) ∈ Rn×m can be derived from the LL first-order necessary optimality condi-
tions ∇yfℓ(x, y(x)) = 0 by applying the chain rule to both sides of this equation with respect to
x. The resulting equation is given by ∇2

yxfℓ+∇2
yyfℓ∇y⊤ = 0 (where all gradients and Hessians

are evaluated at (x, y(x))), which leads to ∇y = −∇2
xyfℓ∇2

yyf
−1
ℓ .

In Algorithm 1, we report a general framework for the bilevel stochastic gradient (BSG)
method [17] for stochastic BO problems. Such a framework will be adapted to develop different
algorithms for the BMOLL problem considered in this paper. We adopt ξk to denote the random
variables used to obtain stochastic estimates for UL and LL gradients and Hessians. An initial
point (x0, y0) and a sequence of positive scalars {αk} are required as input. In Step 1, any
appropriate optimization method can be applied to approximately solve the LL problem to a
specified degree of accuracy. In Step 2, one computes an approximate negative BSG d(xk, ỹk, ξk),
defined by the adjoint gradient, to update the UL variables. In Step 3, the vector x is updated
by choosing a step size taken from the sequence of positive scalars {αk}. When X is a closed and
convex constrained set different from Rn, an orthogonal projection of xk+αk d(xk, ỹk, ξk) onto X
is required(such a projection can be computed by solving a convex optimization problem).

Algorithm 1 Bilevel Stochastic Gradient (BSG) Method

Input: (x0, y0) ∈ Rn × Rm, {αk}k≥0 > 0.

For k = 0, 1, 2, . . . do
Step 1. Obtain an approximation ỹk to the LL optimal solution y(xk).
Step 2. Compute a negative BSG d(xk, ỹk, ξk).
Step 3. Compute xk+1 = PX(xk + αk d(xk, ỹk, ξk)).

End do

The convergence theory for the BSG method developed in [17] comprehensively covers several
inexact settings, including the inexact solution of the LL problem and the use of noisy estimates
of the gradients and Hessians involved. The convergence rates of the BSG method has been
derived in [17] under the assumption of non-convexity, strong convexity, and convexity of the
true objective function f . The convergence theory of the algorithms introduced in this paper
could be obtained as an extension of the convergence results presented in [17].

3 The known optimistic formulation

Since the LL of problem (1.2) is multi-objective, the set of LL optimal solutions is given by
the set of Pareto minimizers (or non-dominated points) of the LL problem, which is denoted
by P (x). The resulting so-called optimistic formulation corresponds to the problem

min
x∈Rn, y∈Rm

fu(x, y)

s.t. x ∈ X

y ∈ P (x).

(3.1)
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When the LL objective functions f1
ℓ , . . . , f

q
ℓ are convex, problem (3.1) is equivalent to

min
x∈Rn, λ∈Rq , y∈Rm

fu(x, y)

s.t. x ∈ X, λ ∈ Λ

y ∈ argmin
y∈Rm

fℓ(x, λ, y) := λ⊤Fℓ(x, y),

(3.2)

where Λ denotes the simplex set, i.e.,

Λ =



λ ∈ Rq

∣∣∣∣∣∣

q∑

j=1

λj = 1, λj ≥ 0 ∀j ∈ {1, . . . , q}



 . (3.3)

The convexity assumption on the LL objective functions ensures the existence of a vector of
weights in Λ for each LL Pareto minimizer in P (x) [11].

Note that the LL objective function in problem (3.2) is fℓ(x, λ, y) =
∑q

j=1 λjf
j
ℓ (x, y),

where λ ∈ Λ. Hence, problem (3.2) is a bilevel problem where both levels are single-objective
functions and can be solved by applying the BSG method introduced in Section 2 (when the
functions are stochastic). Denoting the optimal solution of the LL problem in (3.2) by y(x, λ)
and assuming its uniqueness, let fOPT(x, λ) = fu(x, y(x, λ)), with OPT standing for optimistic.
By applying the chain rule to fu(x, y(x, λ)), one obtains the gradient vectors

∇xfOPT = ∇xfu +∇xy∇yfu, ∇λfOPT = ∇λy∇yfu. (3.4)

To calculate the Jacobian ∇y(x, λ) ∈ R(n+q)×m, we take derivatives with respect to x
and λ on both sides of the LL first-order necessary optimality conditions ∇yfℓ(x, λ, y(x, λ)) =∑q

j=1 λj∇yf
j
ℓ (x, y(x, λ)) = 0, yielding the equations

∇2
yxfℓ +∇2

yyfℓ∇xy
⊤ = 0, ∇2

yλfℓ +∇2
yyfℓ∇λy

⊤ = 0. (3.5)

Under the non-singularity assumption of ∇2
yyfℓ, we can obtain ∇xy and ∇λy from (3.5) and

plug their values into (3.4), which leads to

∇xfOPT = ∇xfu −∇2
xyfℓ(∇2

yyfℓ)
−1∇yfu, ∇λfOPT = −∇2

λyfℓ(∇2
yyfℓ)

−1∇yfu, (3.6)

where all gradients and Hessians are evaluated at (x, y(x, λ)). Note that

∇2
xyfℓ =

q∑

j=1

λj∇2
xyf

j
ℓ , ∇2

yyfℓ =

q∑

j=1

λj∇2
yyf

j
ℓ , ∇2

λyfℓ =
(
∇yf

1
ℓ , . . . ,∇yf

q
ℓ

)⊤
. (3.7)

Therefore, from (3.6)–(3.7), one can obtain the adjoint gradient ∇fOPT by concatenating the
subvectors ∇xfOPT and ∇λfOPT into a single vector. In the stochastic case, all the gradients and
Hessians on the right-hand sides of (3.6) can be replaced by corresponding stochastic estimates.

In Algorithm 2, we introduce a bilevel stochastic gradient method to solve the optimistic
interpretation of problem (1.2), which is given by problem (3.2) when the LL objective func-
tions f1

ℓ , . . . , f
q
ℓ are convex. Note that the main differences between Algorithm 2 and the clas-

sical BSG method reported in Algorithm 1 are Step 2, where one now computes a (negative)
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BSG d (xk, λk, ỹk, ξk) to approximate −∇fOPT = −(∇xfOPT,∇λfOPT), and Step 3, where the
orthogonal projection is now applied to the λ variables as well.

Algorithm 2 BSG-OPT Method

Input: (x0, λ0, y0) ∈ Rn × Rq × Rm, {αk}k≥0 > 0.

For k = 0, 1, 2, . . . do
Step 1. Obtain an approximation ỹk to the LL optimal solution y(xk, λk).
Step 2. Compute a negative BSG d(xk, λk, ỹk, ξk).
Step 3. Compute (xk+1, λk+1) = PXΛ((xk, λk) + αk d(xk, λk, ỹk, ξk)), where PXΛ

projects the x and λ variables onto the feasible regions X and Λ, respectively.
End do

Note that, in principle, every point y in P (x) can be considered an LL optimal solution.
Different LL Pareto points have a different impact on the UL objective function and, accordingly,
they can lead to different optimal solutions to the bilevel problem. However, by using the
interpretation (3.2) of (1.2), only the LL Pareto point that is most favorable for the UL objective
function is selected among all the points y in P (x). Thus, we will now consider alternative
approaches to the optimistic formulation (3.2). In the remainder of this paper, when considering
weighted combinations of the LL objective functions, we will assume that the functions f j

ℓ are
convex, for all j ∈ {1, . . . , q}.

4 A new risk-neutral formulation

In this section, we introduce a new formulation for problem (1.2). To gain intuition, suppose that
the Pareto front of the LL is the same for all feasible values of x, i.e., P (x) = P for all x ∈ X.
By interpreting y as a parameter, one can consider the parametric optimization problem

minx∈Rn fu(x, y)

s.t. x ∈ X

}
with y ∈ P, (4.1)

which can be addressed by considering two approaches in addition to the optimistic one. The
risk-neutral approach assumes that y is a random vector with a probability distribution defined
over P and considers the formulation

min
x∈X

Ey∼P [fu(x, y)] , (4.2)

where Ey∼P denotes the expected value that is taken with respect to the distribution of y over
the domain P . The objective function of problem (4.2) can be approximated by using a sample
mean, and the resulting problem can be solved by applying the SG method.

In the risk-neutral formulation for the general case, given x and assuming that y is a random
vector with a probability distribution defined over P (x), the problem to solve is

min
x∈X

Ey∼P (x) [fu(x, y)] . (4.3)
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Under the assumption on the convexity of the LL objective functions f1
ℓ , . . . , f

q
ℓ introduced in

Section 3, we consider a companion problem to (4.3) that will provide us with a tractable solution
procedure. In particular, assuming that λ is a continuous random vector with a probability
distribution defined over Λ (defined in (3.3)), the problem we will consider instead is

min
x∈X

Eλ∼Λ [fu(x, yλ(x))] , (4.4)

where yλ(x) is the optimal solution of the problem

min
y∈Rm

Fℓ(x, y)
⊤λ. (4.5)

In practice, one can consider a finite set ΛRN = {λ1, . . . , λN} ⊂ Λ that corresponds to a
fine-scale discretization of Λ, with RN standing for risk-neutral. The corresponding set of LL
Pareto minimizers is {yλ1(x), . . . , yλN (x)} ⊂ P (x). Therefore, problem (4.4) can be formulated
as

min
x∈X

fRN(x) =
1

N

N∑

i=1

fu (x, yλi(x)) . (4.6)

Note that the gradient of the objective function in (4.6) is given by

∇fRN(x) =
1

N

N∑

i=1

∇f i
RN(x), (4.7)

where f i
RN(x) = fu(x, yλi(x)) for all i ∈ {1, . . . , N}. By applying the chain rule to fu(x, yλi(x)),

one obtains
∇f i

RN = ∇xfu +∇yλi∇yfu. (4.8)

Then, the Jacobian ∇yλi(x) ∈ Rn×m can be calculated through the LL first-order Pareto nec-
essary optimality condition

∑q
j=1 λ

i
j∇yf

j
ℓ (x, yλi(x)) = 0, where λi

j denotes the j-th component

of the vector λi, for all i ∈ {1, . . . , N}. In particular, by taking the derivative of both sides of
this equation with respect to x, using the chain rule and the implicit differentiation theorem,
we obtain

q∑

j=1

λi
j

(
∇2

yxf
j
ℓ +∇2

yyf
j
ℓ∇y⊤λi

)
= 0, (4.9)

where all Hessians are evaluated at (x, yλi
(x)). Equation (4.9) yields

∇yλi = −




q∑

j=1

λi
j∇2

xyf
j
ℓ







q∑

j=1

λi
j∇2

yyf
j
ℓ




−1

, for all i ∈ {1, . . . , N}. (4.10)

Plugging (4.10) into (4.8), one obtains

∇f i
RN = ∇xfu −




q∑

j=1

λi
j∇2

xyf
j
ℓ







q∑

j=1

λi
j∇2

yyf
j
ℓ




−1

∇yfu, (4.11)
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where all gradients and Hessians on the right-hand side are evaluated at (x, yλi(x)). In the
stochastic case, all the gradients and Hessians on the right-hand side of (4.11) can be replaced
by corresponding stochastic estimates.

Since the number of elements in ΛRN can be significantly large, one can apply SG to solve
problem (4.6) by randomly choosing a set of samples (i.e., a mini-batch) from ΛRN. Denoting
a mini-batch as ΛQ = {λ1, . . . , λQ} ⊆ ΛRN, where Q is the mini-batch size, the corresponding
sample set of LL Pareto minimizers {yλ1(x), . . . , yλQ(x)} can be used to compute a SG for ∇fRN

in (4.7).
In Algorithm 3, we introduce a bilevel stochastic gradient method to solve the risk-neutral

interpretation of problem (1.2) given by the formulation (4.6). We adopt (ξi)k to denote the
random variables used to obtain stochastic estimates for the UL and LL gradients and Hessians,
for all i ∈ {1, . . . , Q}. For the sake of simplicity, we denote ỹk = {(ỹλi)k | i ∈ {1, . . . , Q}}
and ξk = {(ξi)k | i ∈ {1, . . . , Q}}.

Algorithm 3 BSG-RN Method

Input: x0 ∈ Rn, {αk}k≥0 > 0.

For k = 0, 1, 2, . . . do

Step 1. Obtain a mini-batch {λ̃1, . . . , λ̃Q} and determine {(ỹλ̃1)k, . . . , (ỹλ̃Q)k} to ap-
proximate the LL Pareto optimal points {(yλ̃1(xk))k, . . . , (yλ̃Q(xk))k}.

Step 2. Obtain a negative BSG d(xk, (ỹλ̃i)k, (ξi)k) to approximate −∇f i
RN(xk) for

all i ∈ {1, . . . , Q} and compute d(xk, ỹk, ξk) = (1/Q)
∑Q

i=1 d(xk, (ỹλ̃i)k, (ξi)k).

Step 3. Compute xk+1 = PX(xk + αk d(xk, ỹk, ξk)).
End do

5 A new risk-averse formulation

In this section, we introduce another new formulation for problem (1.2). Again, to gain intuition,
suppose P (x) = P for all x ∈ X, and consider problem (4.1). The risk-averse (or robust or
pessimistic) formulation is given by the problem

min
x∈X

max
y∈P

fu(x, y), (5.1)

which can be reformulated as minx∈X fRA(x) by introducing fRA(x) = maxy∈P fu(x, y), with
RA standing for risk-averse. Since fRA is nonsmooth, one can solve such a problem by applying a
stochastic subgradient algorithm, where a subgradient can be obtained from the subdifferential
of fRA at x. Based on Danskin’s Theorem [7], such a subdifferential is given by ∂fRA(x) =
conv{∇xfu(x, y) | y ∈ Y0(x)}, where Y0(x) = {ȳ ∈ P | fu(x, ȳ) = maxy∈P fu(x, y)}.

In the risk-averse formulation for the general case, the problem to solve is

min
x∈X

max
y∈P (x)

fu(x, y), (5.2)

which can be reformulated as minx∈X fRA(x) by introducing fRA(x) = maxy∈P (x) fu(x, y).
Let us specify P (x) algebraically by using the LL first-order necessary conditions for Pareto
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optimality as follows

P (x) =



y ∈ Rm

∣∣∣∣∣∣
∃λ ∈ Λ such that

q∑

j=1

λj∇yf
j
ℓ (x, y) = 0



 .

Under the assumption of the convexity of the LL objective functions f1
ℓ , . . . , f

q
ℓ introduced

in Section 3, problem (5.2) is equivalent to the problem

min
x∈X

max
(y,λ)∈P̃ (x)

fu(x, y), (5.3)

where

P̃ (x) =



(y, λ) ∈ Rm × Rq

∣∣∣∣∣∣
λ ∈ Λ and

q∑

j=1

λj∇yf
j
ℓ (x, y) = 0



 .

Problem (5.3) can be reformulated as minx∈X f̃RA(x) by introducing f̃RA(x) = max(y,λ)∈P̃ (x) fu(x, y).

The optimization problem defining f̃RA(x) can be written as

max
y∈Rm, λ∈Rq

fu(x, y)

s.t. λ ∈ Λ,
q∑

j=1

λj∇yf
j
ℓ (x, y) = 0.

(5.4)

The Lagrangian function of problem (5.4) is L(x, y, λ, z) = fu(x, y) + z⊤I λ + z⊤E (
∑q

i=1 λi −
1,
∑q

j=1 λj∇yf
j
ℓ (x, y)), where zI ∈ Rq and zE ∈ Rm+1 are the vectors of Lagrange multipliers

associated with the inequality and equality constraints, respectively. Based on [14, Corollary
4.11], under the assumption that the gradients of the active constraints are linearly independent,
the subdifferential of f̃RA at x is now given by

∂f̃RA(x) = conv{∇xL(x, y(x), λ(x), z(x, y(x), λ(x))) | (y(x), λ(x)) ∈ Ỹ0(x)}, (5.5)

where Ỹ0(x) = {(ȳ(x), λ̄(x)) ∈ P̃ (x) | fu(x, ȳ(x)) = max(y,λ)∈P̃ (x) fu(x, y)} and z(x, y(x), λ(x))
is the unique optimal vector of Lagrange multipliers. Note that the gradient of the Lagrangian
with respect to x is given by

∇xL(x, y, λ, z) = ∇xfu(x, y) +

q∑

j=1

λj∇2
xyf

j
ℓ (x, y)zE . (5.6)

Equation (5.6) can be used in (5.5), where Ỹ0(x) is given by the solutions (ȳ(x), λ̄(x)) of prob-
lem (5.4). In the stochastic case, all the gradients and Hessians on the right-hand side of (5.5)–
(5.6) can be replaced by corresponding stochastic estimates. When using stochastic estimates,
the subdifferential (5.5) is denoted as ∂f̃d

RA(x).
In Algorithm 4, we introduce a bilevel stochastic subgradient method to solve the risk-averse

interpretation of problem (1.2) given by problem (5.2). We adopt ξk to denote the random
variables used to obtain stochastic estimates for UL and LL gradients and Hessians.
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Algorithm 4 BSG-RA Method

Input: x0 ∈ Rn, {αk}k≥0 > 0.

For k = 0, 1, 2, . . . do
Step 1. Obtain an approximation (ỹk, λ̃k) to a solution (y(xk), λ(xk)) of problem (5.4).
Step 2. Select a negative stochastic subgradient d(xk, ỹk, λ̃k, ξk) ∈ −∂f̃d

RA(xk).
Step 3. Compute xk+1 = PX(xk + αk d(xk, ỹk, λ̃k, ξk)).

End do

6 Numerical experiments

All code was written in Python and the experimental results were obtained on a desktop com-
puter (32GB of RAM, Intel(R) Core(TM) i9-9900K processor running at 3.60GHz).

6.1 Our practical methods

A major difficulty in (3.6), (4.11), and (5.6) is the use of second-order derivatives of f j
ℓ , which

prevents the application of Algorithms 2–4 to large-scale problems. In the practical algorithms
that we propose, we avoid this problem by approximating the second-order derivatives with the
outer products of the corresponding gradients, which have successfully been applied in [17] for
Algorithm 1 and are inspired by Gauss-Newton methods for nonlinear least-squares problems.
Such rank-1 approximations are as follows:

∇2
xyf

j
ℓ ≃ ∇xf

j
ℓ∇yf

j⊤
ℓ and ∇2

yyf
j
ℓ ≃ ∇yf

j
ℓ∇yf

j⊤
ℓ , for all j ∈ {1, . . . , q}. (6.1)

When using these rank-1 approximations, Algorithms 2–4 will be referred to as BSG-OPT-1,
BSG-RN-1, and BSG-RA-1, respectively, where the “1” stands for first-order rank-1 approxima-
tions of the Hessian matrices. Due to the small dimensions of the problems that we will be testing
(n,m ≤ 50), in BSG-OPT and BSG-RN, the resulting adjoint systems are solved by factorizing
the matrices

∑q
j=1 λj∇2

yyf
j
ℓ and

∑q
j=1 λ

i
j∇2

yyf
j
ℓ , respectively. However, when the dimensions

of the problems are large, one can solve the resulting adjoint systems via the linear conjugate
gradient method until non-positive curvature is detected. We will also test Algorithms 2–4
with both exact and stochastic Hessians for the deterministic and stochastic settings, respec-
tively. These versions are referred to as BSG-OPT-H, BSG-RN-H, and BSG-RA-H. Regardless
of the way used to handle the second-order derivatives, we apply either gradient descent (in
the deterministic setting) or stochastic gradient descent (in the stochastic setting) for a certain
budget of iterations in Step 1 of BSG-OPT and BSG-RN. The number of iterations increases
by 1 every time the difference of the UL objective function between two consecutive iterations
is less than a given threshold. Such an increasing accuracy strategy has been used successfully
in the BSG method presented in [17]. In Step 1 of BSG-RA, we solve problem (5.4) by applying
the trust-region algorithm for nonlinear constrained problems proposed in [4].

6.2 Results for bilevel problems with a multi-objective lower level

The set of problems that we tested are bilevel instances where the upper level is a quadratic
single-objective problem and the lower level is a multi-objective problem. In particular, given h1 ∈
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Problem n m Ref. for LL LL Objective Functions Bound on xi

1 n̄ n̄ JOS1 [21] f1
ℓ (x, y) =

1
n̄

∑n̄
i=1 x

2
i y

2
i [−2,∞]

f2
ℓ (x, y) =

1
n̄

∑n̄
i=1(xi − 2)2(yi − 2)2

2 n̄ n̄ SP1 [20] f1
ℓ (x, y) =

∑n̄
i=1[(xi − 1)2 + (xi − yi)

2] [−2, 3]

f2
ℓ (x, y) =

∑n̄
i=1[(yi − 3)2 + (xi − yi)

2]

3 n̄ n̄ GKV1 f1
ℓ (x, y) =

1
2y

⊤H3y − 1
2y

⊤H4x [−∞, 0] or [0,∞]

f2
ℓ (x, y) =

1
2y

⊤H5y +
1
2y

⊤H6x

Table 1: Test problems (n̄ is an arbitrary positive scalar).

Rn, h2 ∈ Rm, a symmetric positive definite matrix H2 ∈ Rn×n, and a matrix H1 ∈ Rn×m, we
solve the general problem

min
x∈Rn

fu(x, y) = h⊤1 x+ h⊤2 y +
1

2
x⊤H1y +

1

2
x⊤H2x,

y ∈ argmin
y∈Rm

Fℓ(x, y) = (f1
ℓ (x, y), f

2
ℓ (x, y)),

(6.2)

where the LL objective functions considered in the experiments are specified in Table 1, along
with the reference for the LL problem, the number of UL and LL variables (i.e., n and m,
respectively), and the bounds on each UL variable xi. The first two LL objective functions
that we consider in our experiments, JOS1 [21] and SP1 [20], respectively, are both separable
functions, i.e., they can be written as the sum of terms such that each variable only appears in
one of the terms. As a result, the third LL objective, which we will refer to as GKV1, is a more
general MO problem that can be either separable or non-separable depending on the H1, H2,
H3, and H5 matrices that are chosen.

In all the numerical experiments, we considered the same dimension at both the upper
and lower levels (i.e., n = m = n̄, with n̄ positive scalar) and we set H1 and H2 in (6.2)
equal to identity matrices. The initial points were randomly generated according to a uniform
distribution defined within the bounds specified in the last column of Table 1. We compared all
the algorithms by using either a line search (LS) or a fixed stepsize (FS) at both the UL and LL
problems. We also considered a decaying stepsize but this led to worse results and, therefore,
we do not report the corresponding results. Recalling the set ΛRN introduced in Section 4,
when running BSG-RN on problems with dimension n̄ > 1, we use N = 500 and Q = 20 (see
Figure 5 for a comparison of the results obtained for different values of Q). When n̄ = 1, we
useN = Q = 500. For BSG-OPT and BSG-RN, we implemented an increasing accuracy strategy
for the LL problem by using thresholds of 0.1 and 0.9, respectively, and a maximum number
of LL iterations equal to 30. Note that one could also consider an increasing accuracy strategy
for BSG-RA to gradually improve the approximation of the solution of problem (5.4) obtained
in Step 1 of Algorithm 4. In this paper, for the practical algorithm considered for BSG-RA, we
solve problem (5.4) by using the version of the trust-region method developed in [4] available in
the SciPy library [35], with default parameters. In the figures, when comparing the algorithms in
terms of iterations, we plot the true function values fOPT and fRN for BSG-OPT and BSG-RN
and an accurate approximation of the true function fRN for BSG-RA.

We considered three sets of experiments corresponding to three different settings for the LL
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problem: deterministic separable case, deterministic non-separable case, and stochastic non-
separable case. In the latter case, the UL problem is considered stochastic as well.

Deterministic separable LL case. In this case, we consider LL objective functions that are
separable, i.e., all the problems from Table 1. In Problem 3, we set H3, H4, H5, and H6 equal to
identity matrices and we consider the bounds on xi given by [−∞, 0]. In (6.2), we set h1 and h2
equal to vectors of ones (except for Problem 3, where each element of h1 is equal to 3). For the
problems in this case, we consider n̄ = 1, which allows us to visualize the solution space in two
dimensions for a more direct interpretation of the results.

Figures 1–3 show the results obtained by Algorithms 2–4 when a backtracking Armijo line
search [29] at both the UL and LL problems and true Hessians are used. The UL line search
ensures a sufficient decrease of an accurate approximation of the true functions fOPT, fRN,
and fRA. We denote the UL optimal solutions found by BSG-OPT, BSG-RN, and BSG-RA
as xOPT, xRN, and xRA, respectively. Moreover, we denote the optimal solutions of the prob-
lems miny∈P (xOPT) fu(x, y) and maxy∈P (xRA) fu(x, y) as yOPT and yRA, respectively. In each of
these figures, in the upper left-hand plot, we compare the values of the true functions fOPT,
fRN, and fRA achieved by each algorithm in terms of iterations. In the upper right-hand plot,
we compare the sets {(x∗, y) | y ∈ P (x)}, where x∗ denotes the UL optimal solution deter-
mined by each algorithm (i.e., x∗ ∈ {xOPT, xRN, xRA}), and we also report the contour lines
of the UL objective function. In the lower plot, we compare the Pareto fronts between the LL
objective functions obtained for each UL optimal solution in {xOPT, xRN, xRA}, and we refer to
the points (f1

ℓ , f
2
ℓ ) evaluated at (xOPT, yOPT) and (xRA, yRA) as the optimistic and pessimistic

Pareto points, respectively. Note that the optimistic Pareto front dominates both the risk-
neutral and risk-averse Pareto fronts in all the figures, although the three fronts correspond to
different UL variable values. We point out that all the algorithms were able to find the optimal
solutions to Problems 1–3.

Deterministic non-separable LL case. In this case, we consider Problem 3 from Table 1
with n̄ = 50, H3 and H5 equal to randomly generated symmetric positive definite matrices, H4

and H6 equal to identity matrices, and bounds on xi given by [0,∞]. For this case, we also
compare the performance of the algorithms when using the rank-1 approximations versus the
true Hessians. In (6.2), the components of the vectors h1 and h2 have been randomly generated
according to a uniform distribution between −5 and 0 and between −3 and 0, respectively. The
results obtained are shown in Figure 4, where one can see that the algorithms that use rank-
1 approximations achieve the same objective function value as the corresponding algorithms
using true Hessians. Figure 5 shows the results obtained by running BSG-RN with N = 500
and Q ∈ {10, 20, 40, 500} in terms of iterations and time. The results in Figure 5 were also ob-
tained by computing the 95% confidence intervals produced over 10 randomly generated starting
points. Note that the starting point does not seem to have an impact on the convergence of the
algorithms here. Further, one can also see that randomly sampling a set of Q samples from ΛRN

leads to the same optimal function value as using the entire set ΛRN and, therefore, confirms
the validity of the approach.

Stochastic non-separable LL case. Note that problem (6.2) is deterministic. To investi-
gate the numerical performance of the stochastic methods considered in the experiments, we
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Figure 1: Results for Problem 1 in the deterministic separable LL case (for n̄ in Table 1 equal
to 1). In the upper-left plot, the vertical axis represents the values of fOPT, fRN, and fRA.

Figure 2: Results for Problem 2 in the deterministic separable LL case (for n̄ in Table 1 equal
to 1). In the upper-left plot, the vertical axis represents the values of fOPT, fRN, and fRA.
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Figure 3: Results for Problem 3 in the deterministic separable LL case (for n̄ in Table 1 equal
to 1). In the upper-left plot, the vertical axis represents the values of fOPT, fRN, and fRA.

Figure 4: Results for Problem 3 in the deterministic non-separable LL case (for n̄ in Table 1
equal to 50). In the left plot, the vertical axis represents the values of fOPT, fRN, and fRA.
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Figure 5: Results for Problem 3 in the deterministic non-separable LL case when running BSG-
RN with different values of Q (for n̄ in Table 1 equal to 50). In both plots, the vertical axis
represents the values of fOPT, fRN, and fRA.

compute stochastic gradient and Hessian estimates by adding Gaussian noise with mean 0
to each corresponding deterministic gradients (i.e., ∇xfu, ∇yfu, ∇xfℓ, ∇yfℓ) and Hessians
(i.e., ∇2

xyfℓ, ∇2
yyfℓ). In this case, we again compare the performance using the rank-1 ap-

proximations versus the true Hessians. The values of the standard deviation were chosen from
the set {0, 0.05, 0.1, 0.5, 1, 2}. We compared all the algorithms by using the best UL and LL step-
sizes found for each of them, which were 0.1 for the UL (1 for BSG-RN) and 0.001 for the LL.
Such stepsizes were obtained by performing a grid search over the set {1, 0.1, 0.01, 0.001} for
the UL and the set {0.01, 0.001, 0.0001} for the LL. We averaged all the results over 10 trials
by using different random seeds and display the corresponding 95% confidence intervals. Fig-
ure 6 shows that as the value of the standard deviation increases, the performance of all the
algorithms gets worse. We omit the algorithms from the plots when we are not able to find
stepsizes that ensure performance comparable to the other algorithms in the plots. One can
see that BSG-OPT and BSG-RN exhibit higher robustness to the noise than BSG-RA, which
yields objective function values that start increasing after a few iterations even for small values
of the standard deviation. In general, as the value of the standard deviation increases, the use
of rank-1 approximations guarantees better performance than the counterparts that use true
Hessians.

7 Concluding remarks

In this paper we focused on BMOLL problems (upper level single objective and lower level
multi-objective) for which we developed new risk-neutral and risk-averse formulations for both
the deterministic and stochastic cases and extended the application of the optimistic formulation
to the stochastic case. We also developed corresponding gradient-based algorithms and proposed
the use of rank-1 approximations that allow applying such algorithms to large-scale problems.

Other problems that can be considered in bilevel multi-objective optimization are ones with
multiple objective functions at the UL problem or at both the UL and LL problems. To ad-
dress such cases, one can assemble together known approaches from multi-objective and bilevel
optimization, as mentioned in Subsections 7.1–7.2.
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Figure 6: Results for Problem 3 in the stochastic non-separable LL case for different standard
deviation values of the stochastic gradient and Hessian estimates (for n̄ in Table 1 equal to 50).
The vertical axis represents the values of fOPT, fRN, and fRA.
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7.1 The case multi-objective single-objective

To develop a gradient-based algorithm for problem (1.1) with p ≥ 1 and q = 1, one can consider
the equivalent formulation

min
x∈Rn

Fu(x, y(x)) s.t. x ∈ X, (7.1)

where y(x) denotes the solution of the LL problem. Note that this is essentially a multi-objective
problem where the variables y are given by y(x). Therefore, one can draw inspiration from the
multi-gradient method developed for deterministic and stochastic multi-objective optimization,
for which one knows how to calculate steepest descent directions (i.e., multi-gradients) [10, 15]
and stochastic multi-gradients [9, 25]. In (7.1), the resulting multi-gradients are given by adjoint
multi-gradients. Denoting the current iterate as x and the adjoint gradients of the individual UL
objective functions f i(x) = f i

u(x, y(x)) as ∇f i(x), with i ∈ {1, . . . , p}, the adjoint multi-gradient
can be obtained by first solving the QP subproblem

min
δ∈Rp

∥∥∥∥∥

p∑

i=1

δi∇f i(x)

∥∥∥∥∥

2

s.t. δ ∈ ∆, (7.2)

where ∆ = {δ ∈ Rp :
∑p

i=1 δi = 1, δi ≥ 0 ∀i ∈ {1, . . . , p}} denotes the simplex set (note that ∆
is a subset of Rp and, therefore, is a different simplex set from Λ introduced in (3.3), which is a
subset of Rq). Then, the negative adjoint multi-gradient is given by −∑p

i=1 δ
∗
i∇f i(x), where δ∗i

is the optimal solution of problem (7.2). In the stochastic case, all the gradients and Hessians
in the p adjoint gradients used in problem (7.2) are replaced by their corresponding stochastic
estimates.

7.2 The case multi-objective multi-objective

To address problem (1.1) with p ≥ 1 and q ≥ 1, one can introduce optimistic, risk-neutral, and
risk-averse formulations by following similar approaches to the ones described in Sections 3–
5. In particular, one can use an adjoint multi-gradient method to solve the UL problem (see
Subsection 7.1) and consider optimistic, risk-neutral, and risk-averse formulations to address
the LL problem in the general case P (x). In the optimistic and risk-neutral cases, the resulting
algorithms differ from each other in terms of the gradients ∇f i(x) used in the QP subproblem
(which is (7.2) in the LL single-objective case), for all i ∈ {1, . . . , p}. More specifically, in the
optimistic case, the vector of weights λ ∈ Rq, which is associated with the LL objective func-
tions, is included among the UL variables, and the adjoint gradients of the individual objective
functions f i

OPT(x, λ) = f i
u(x, y(x, λ)) are given by ∇f i

OPT = (∇xf
i
OPT,∇λf

i
OPT). In the risk-

neutral case, each individual objective function is given by f i
RN(x) = (1/N)

∑N
t=1 f

i
u (x, yλt(x)),

and the resulting gradients are ∇f i
RN(x) = (1/N)

∑N
t=1∇f i t

RN(x), where f
i t
RN(x) = f i

u(x, yλt(x))
for all i ∈ {1, . . . , p} and t ∈ {1, . . . , N}. Developing an algorithm for the risk-averse case by
following the approach introduced in Section 5 leads to a constrained problem like (5.4) with
multiple objective functions. Solving such a problem requires an algorithm for multi-objective
constrained problems and, therefore, further research is needed to make the resulting algorithm
efficient, robust, and scalable.
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