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Abstract

A stochastic-gradient-based interior-point algorithm for minimizing a continuously differentiable ob-
jective function (that may be nonconvex) subject to bound constraints is presented, analyzed, and
demonstrated through experimental results. The algorithm is unique from other interior-point meth-
ods for solving smooth (nonconvex) optimization problems since the search directions are computed
using stochastic gradient estimates. It is also unique in its use of inner neighborhoods of the feasible
region—defined by a positive and vanishing neighborhood-parameter sequence—in which the iterates are
forced to remain. It is shown that with a careful balance between the barrier, step-size, and neighborhood
sequences, the proposed algorithm satisfies convergence guarantees in both deterministic and stochastic
settings. The results of numerical experiments show that in both settings the algorithm can outperform
a projected-(stochastic)-gradient method.

1 Introduction

The interior-point methodology is one of the most effective approaches for solving continuous constrained
optimization problems. In the context of (deterministic) derivative-based algorithmic strategies, interior-
point methods offer convergence guarantees from remote starting points [I1, 2], 27], and in both convex
and nonconvex settings such algorithms can offer good worst-case iteration complexity properties [7, [21].
Furthermore, many of the most popular software packages for solving large-scale continuous optimization
problems are based on interior-point methods [T, [TT], [24], 25] 26] 27], and these have been used to great effect
for many years.

Despite the extensive literature on theoretical and practical benefits of interior-point methods in the
context of (deterministic) derivative-based algorithms for solving (non)convex optimization problems, to
the best of our knowledge there has not yet been one that has been shown rigorously to offer convergence
guarantees when neither function nor derivative evaluations are available, and instead only stochastic gradient
estimates are employed. (An interior-point stochastic-approximation method was proposed and tested in [12],
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but as we mention in Remark on page the claimed asymptotic-convergence guarantee in [12] overlooks
a critical issue related to the step sizes.) In this paper, we propose, analyze, and present the results of
experiments with such an algorithm. Randomized algorithms for minimizing a linear function over a convex
set have been proposed [2, [I9], but the setting and the techniques those algorithms employ are distinct from
the ones considered in this paper.

For a straightforward presentation of our proposed strategy and its convergence guarantees, we focus
on the case of constrained optimization with bound constraints only. That said, our algorithmic strate-
gies have been designed so that they may be extended for solving problems with continuous (potentially
nonlinear) equality and/or inequality constraints as well. For example, since interior-point methods handle
inequality constraints through the introduction of an additional objective function term that is weighted
by a barrier parameter and a continuation strategy that reduces the barrier parameter iteratively, one
might consider extending our algorithmic ideas using the recently proposed stochastic algorithms for solving
equality-constrained optimization presented in [4, [5, [3] [6, 15, 14] 16, 17, I8 23]. The main challenge to
address in such potential extensions is the one that we address in this paper, namely, that derivatives of
the barrier function are not Lipschitz continuous in the interior of a set of bound constraints. We focus
primarily on the setting of minimizing an objective that may be nonconvex. Upon seeing our algorithm, a
reader may wonder if a simpler variant has convergence guarantees. However, we discuss in Section [4] why
the challenges that we overcome in the general (potentially nonconvex) setting are not readily avoided with
a simpler variant, even in the strongly convex setting.

1.1 Contributions

We propose, analyze, and provide the results of numerical experiments with a stochastic-gradient-based
interior-point method for solving (potentially nonconvex) bound-constrained optimization problems. Al-
though not considered in this paper, our proposed algorithm can form the basis for a variety of algorithms
for solving problems with nonlinear equality and inequality constraints. Our algorithm involves multiple
unique features compared to other derivative-based interior-point methods that have been proposed and an-
alyzed in the literature. Overall, the main contributions of our proposed algorithm, analysis, and experiments
are the following.

(i) Our algorithm employs a prescribed monotonically nonincreasing and vanishing barrier parameter se-
quence. In this manner, the algorithm does not rely on the ability to compute values for derivative-based
stationarity tests, as is done in derivative-based interior-point methods for deciding whether to decrease
the barrier parameter in a given iteration. This is significant since stationarity measures cannot be
computed accurately in the stochastic setting that we consider.

(ii) Our algorithm does not employ a fraction-to-the-boundary rule. Such a rule is critical for convergence
guarantees of other derivative-based interior-point methods for solving nonconvex problems (see, e.g.,
[11L 27]), since it ensures that—with respect to a threshold that depends on the barrier parameter
value—the iterates do not get too close to the boundary of the feasible region. This, in turn, ensures
that the iterates remain in a region in which derivatives of the barrier function are Lipschitz continuous.
By contrast, in our proposed algorithm, we present a unique strategy that involves keeping each iterate
within an inner neighborhood of the feasible region. Over a run of the algorithm, these neighborhoods
are defined by a monotonically nonincreasing and vanishing sequence.

(iii) Our algorithm does not rely on step acceptance criteria (e.g., using line searches, trust regions, regu-
larization, etc.) that in turn rely on exact objective function evaluations. This is significant since such
evaluations are intractable in various settings of interest; see, e.g., [9]. That said, as is common for
other stochastic optimization algorithms, our convergence guarantees rely on knowledge of problem-
dependent quantities, including a Lipschitz constant for the gradient of the objective. (In practice, the
problem-dependent quantities that our algorithm requires can be estimated using (stochastic) function
and/or derivative values.)



(iv) We present general sets of conditions under which the algorithm’s barrier, neighborhood, and step size
sequences are balanced so as to ensure convergence guarantees in both deterministic and stochastic
settings.

(v) We show by a representative comparison that, in deterministic and stochastic settings, the algorithm
can outperform a projected-(stochastic)-gradient method.

One aspect that limits the applicability of our work is that, for the stochastic setting, we assume that the
errors of the stochastic gradient estimators are bounded by a known value. Convergence guarantees have
been established under looser assumptions in unconstrained settings [9], but since unique challenges arise in
the constrained setting, we consider ours a significant first step in the design and analysis of interior-point
algorithms for constrained stochastic optimization.

1.2 Notation

We use R to denote the set of real numbers, R to denote the set of extended-real numbers (ie., R :=
R U {—00,00}), and R, (resp., R.,, R_,, or R__) to denote the set of real numbers greater than or equal
to (resp., greater than, less than, or less than or equal to) a € R. We append a superscript to such a set
to denote the space of vectors or matrices whose elements are restricted to the indicated set; e.g., we use
R™ to denote the set of n-dimensional real vectors and R™*"™ to denote the set of m-by-n-dimensional real
matrices. We use S" C R™ ™ to denote the set of n-by-n-dimensional real symmetric matrices. We use
N:={1,2,...} to denote the set of positive integers and, given n € N, we denote [n] := {1,...,n}.

Given B C R™, we use int(B) to denote the interior of B. We use 1 to denote a vector of ones whose length
is determined by the context in which it appears. Given (A, B) € " x S, we write A = B (resp., A = B)
to indicate that A — B € S™ is positive semidefinite (resp., positive definite). Given | € R", we use ¥(l)
to denote the extended-real-valued diagonal matrix whose (i,%)-element is equal to [; for all i € [n]. Given
a sequence of real-valued vectors {ug} and M C R", we write {ur} C M to indicate that u; € M for all
k € N. Moreover, for a real-number sequence, we write {} \, 0 to indicate that (a) {ur} C Ryg, (b)
{p} is monotonically nonincreasing, and (c) the limit of {{} is zero. Given sequences {a;} C R, and
{br} C Ry, we write {ar} = O(bx) (resp., {ax} = O(by)) to indicate that there exists C' € R, (resp.,
(¢,C) € Ry x Ryg) such that ap < Cby (resp., cby < ar < Cby) for all sufficiently large k£ € N. Given
such sequences, we write {ay} = o(bi) to indicate that {ay/br} — 0. Notice that in this paragraph and
throughout the paper we use a subscript either to indicate an element index (of a vector or matrix) or an
index of a sequence. In all such cases, the meaning of a subscript is clear from the context.

The algorithm that we propose is iterative in the sense that any given run of the algorithm produces
an iterate sequence (of real-valued vectors) {xy} C R™. Like for the iterate sequence, we append a positive
integer as a subscript for a quantity to denote its value during an iteration of an algorithm. Multiple
subscripts are used in some cases, as needed; e.g., the ith element of the kth iterate x; € R™ is denoted as
x,i € R and the (4,7)-element of a matrix Hy € S™ is denoted as Hy, ; ;.

At times, we express algebraic operations using quantities with infinite magnitude, namely, —oo and
o0o. In such cases, we adopt natural conventions. In particular, given a € R, we let co — a = oo and
a— (—o0) = 00, and, given a € Ry, we let a- 0o = 0o and a/oo = 0. Given a pair of nonnegative extended-
real-number-valued vectors (a,b) € R%, x R, we write a L b to indicate that a; = 0 and/or b; = 0 for all
i€ [n].

1.3 Organization

Our main problem of interest, namely, minimizing a potentially nonconvex continuous function over a set
of bound constraints, is stated formally along with a presentation of our main algorithm in Section [2| Our
convergence analyses for this algorithm are presented in Section [3] In Section [] we discuss the obstacles of
proving a convergence guarantee for a simpler variant of our algorithm, even in the strongly convex setting.
The results of numerical experiments are presented in Section [p| and concluding remarks are provided in
Section



2 Algorithm

Our main problem of interest is to minimize an objective function over a feasible region that we denote as
B:=[lul={z € R":l <z < u}, where (I,u) € R" x R"® with I; < u; for all i € [n]. We assume that at
least one element of (I,u) is finite, so the problem is indeed constrained. For the sake of generality, we only
require that the objective has as its domain an open set BT containing B. Denoting this objective function
as f : Bt — R, we write our problem of interest as

nel]iRr}L f(z) subject to x € B:=[l,ul. (1)

We make the following assumption pertaining to this (potentially nonconvex) f.

Assumption 2.1. The objective function f : BT — R is continuously differentiable over BY, bounded below
by fint € R over B, and bounded above by fsu, € R over B. In addition, its gradient function Vf : Bt — R"
is Lipschitz continuous with respect to the 2-norm over B with constant {vyp € Ryy and is bounded in
2-norm (resp., co-norm) over B by kv 2 € Ryg (1esp., kv B,00 € Ryg).

Assumption [2.1]is mostly standard. The nonstandard aspect is the assumption that f is bounded above over
B; this is a relatively loose assumption to handle extreme cases in the stochastic setting. The existence of
KV §,B,00 follows from that of kv ¢ 5,2, and vice versa, but we define both for the sake of notational convenience.
Under Assumption specifically under the assumption that f is continuously differentiable over an
open set containing the feasible region B, it follows that if z € R™ is a minimizer of , then there must
exist (y,z) € R™ x R™ such that (x,y, z) satisfies the Karush-Kuhn-Tucker (KKT) conditions given by

Vix)—y+2=0, 0<(x—1)Ly>0, and 0<(u—2x) L 2z>0. (2)

Defining the index sets of finite bounds as £ := {i € [n] : [; > —oo} and U :={i € [n] : u; < o0}, z € R"
implies that ©; —; = co > 0 for all 4 € [n] \ £ and u; — 2; = co > 0 for all ¢ € [n] \ U, meaning that
and our definition of the operator L in Section require that y; = 0 for all ¢ € [n] \ £ and z; = 0 for all
1€ [n)\U.

Central ideas of the interior-point methodology are to replace inequality constraints with a parameterized
barrier function in the objective, and to solve the original constrained optimization problem through a
continuation approach by driving the barrier parameter to zero. For example, using a so-called log-barrier
in the context of , this amounts to introducing the barrier parameter 1 € R, and using the log-barrier-
augmented function ¢ : int(B) x Ry, — R given by

Gla, 1) = f(x) —p Y log(xi — 1) — Y _log(u; — x;). (3)

€L €U

(We use a log-barrier function throughout the paper, although one might extend our algorithm and analysis
for other barrier functions as well.) Given p € Ry and letting V¢ denote the gradient operator of ¢ with
respect to its first argument, a minimizer of the barrier-augmented function ¢(-, 1) over int(B) must satisfy

0=V,op(z,n) =Vfx) = p¥(z—1)""1+p¥(u—2)" 1. (4)

A traditional interior-point method for derivative-based nonconvex optimization would involve fixing the
barrier parameter at a value p € Ry, employing an unconstrained optimization method to minimize ¢(-, p1)
until an approximate stationarity tolerance is satisfied (with a safeguard such as a fraction-to-the-boundary
rule to ensure that the iterates remain within int(B)), then reducing the barrier parameter and repeating
the procedure in an iterative manner. However, for our purposes, we avoid the need to check a stationarity
tolerance, since this would require an evaluation of a gradient of the objective (see (4))), which we presume
is intractable to obtain.

Our proposed algorithm, by contrast, employs a prescribed positive barrier parameter sequence { g} N\, 0
and a line-search-free strategy for generating the positive step size sequence {ap} C R.,. We state the



algorithm in a generic manner, but in our analyses in Section [3| we reveal specific requirements that these
sequences must satisfy to yield convergence guarantees in deterministic and stochastic settings. In addition,
rather than rely on a safeguard such as a fraction-to-the-boundary rule—which presents challenges in terms of
ensuring convergence guarantees in a stochastic setting since such a rule would enforce an iterate-dependent
bound on the steps—our algorithm employs a rule that ensures that, for all £ € N, the subsequent iterate
remains sufficiently within int(B) by a prescribed margin. For this, we introduce

Ml,u](e) ::{xERn:l+9§x§u—9}7 (5)

and, for all k¥ € N, have the algorithm ensure x4 € ./\/'[l,u] (0y) for some 6 € R_,. The positive sequence
{0k} . 0, base value 0y € R_, , and initial point z; € R™ must be prescribed for each run of the algorithm,
and the latter two must satisfy

x1 € Njj)(fo) and 6p < %, where A := min {A, m[m](ul - ll)} eRy, (6)
1€(n

for some A € R, where A is introduced merely to ensure that A is finite.

The search direction computation in our proposed algorithm is the main aspect that distinguishes be-
tween the deterministic and stochastic settings. Specifically, letting g denote a stochastic gradient estimate
computed with respect to x, (see Section [3.3)), we denote the gradient (estimate) for the barrier-augmented
function by

Vi(xr) — eV (zp — )" + U (u — x5) 1 (deterministic)
= gk — eV (zg — D)7+ gV (u — ) "M (stochastic).

Then, for (Agmin, Ak,max) € Rog X Ryg with Ag min < Ak,max and diagonal Hy, € S™ with Mg max] = Hy =
Ak,mind, the search direction dy € R™ is d, = — k_lqk.

A complete statement of our proposed interior-point method (IPM) for solving problem with pre-
scribed parameter sequences (i.e., barrier-parameter sequence {py, }, neighborhood-parameter sequence {6y},
step-size-bound sequences {@ max} and {7 max}, and eigenvalue-bound sequences { g min} and {Ax max})
is stated as Algorithm We have written Algorithm [1] in a generic manner that demonstrates flexibility
in the required parameter sequences. Our analyses in the next section prescribe additional rules for these

sequences that lead to convergence guarantees.

Algorithm 1 IPM with Prescribed Parameter Sequences

Require: {ur} N\ 0; {0r} ¢ 0; {0kmax} C Rog; {Vemax} C (0,1]; {Agmin} € Ry and {Agmax} C Ry
such that Ag min < Mg max for all k € N; and 21 € N[lyu](eo) for some 6y € R, satisfying @
1: for k=1,2,... do
2: choose diagonal Hy € S™ such that A\p max = Hi = A mind
3 compute dy fHk_lqk
4: choose ay, € (0, @k, max)
5: compute v <= max{y € (0, Vk,max] : x + vordi € Ny j(0r)}
6
T

: set Tpy1 < Tk + Veordy
end for

Remark 2.1. One could extend our algorithm and analysis to allow, for all k € N, the employment of
non-diagonal Hy, and/or the option to set xpy1 by searching further along the piecewise linear path defined
by the projections of xy + yardy onto /\/'[l’u] (0r) over v € (0, Vi max]- In such a setting, one needs to ensure
that the barrier-augmented function decrease lemmas that appear in our analyses in Section and
(namely, Lemmas and respectively) guarantee decreases of the same order in terms of the algorithmic
parameters. This can be done, for example, by ensuring that the angle between the resulting direction and —qy,
is acute and bounded away from 90° by a threshold that is independent of k and that the norm of the direction
and —qy, are proportional uniformly over all k € N. However, since such extensions would only obfuscate



our analysis (specifically, Lemma without adding significant value to our conclusions, we consider the
simpler procedures in Algorithm |1}, which has the features that would drive convergence in such algorithm
variants as well.

Remark 2.2. Algorithm[1)is written as a primal interior-point method in the sense that each search direction
is computed from an n-by-n “Newton-like” system. One could also consider a primal-dual interior-point
method where the sequence of Lagrange multiplier estimates, say {(yx,zr)} (see ), act as independent
components of the iterates. To ensure convergence guarantees for a deterministic version of such a method,
one can employ our strategies for the parameter sequences as long as safequards are included to ensure
that yi and z, remain within appropriately defined neighborhoods of uyV(xy — 1)1 and ppV(u — zx) 11,
respectively, for all k € N. Similar safequards have been used in the literature; see, e.g., [27, Section 2.2].
However, convergence guarantees for such a method in the stochastic setting do not follow readily from
our analysis for Algorithm [1 hence, overall, we do not consider a primal-dual interior-point variant of
Algorithm[1] in this paper.

3 Convergence Analyses

We analyze the behavior of Algorithm [Ij under Assumption as well as the following assumption.

Assumption 3.1. The iterate sequence {x} of Algorithm is contained in an open set X C int(B) over
which distances of iterate components to finite bounds are bounded in the sense that, for some x € Ry, one
has for all k € N that xp; —l; < x for alli € L and u; — xp; < x for alli € U.

The bounds required for Assumption to hold are not restrictive for practical purposes. Indeed, while
Assumption @ requires that x € R, exists, it can be arbitrarily large and knowledge of it is not required
by the algorithm; see upcoming Lemma [3.1]

3.1 Preliminary Results

In this subsection, we provide preliminary results that are required for our analyses of Algorithm [I] for the
deterministic and stochastic settings, which are considered separately in the subsequent subsections.

Our first lemma essentially shows that derivatives of the barrier-augmented function are unaffected by
scaling of the displacements from finite bounds that appear in the barrier function. For the lemma, we
introduce the function ¢ : int(B) x Ry, — R that one obtains by scaling the barrier terms by x~' (see

Assumption [3.1]), namely,

S, 1) = f(x) =Y log ((x = 1:)/x) — Y _log ((w; — 2:)/x) - (7)

€L ieU

Important relationships between ¢ and gg and the derivatives of these functions with respect to their first
argument are the subject of this first lemma.

Lemma 3.1. For all (z, 1) € X x Ry, one finds ¢(x, ) = ¢p(x, 1) + uM > fing, 50 Vad(x, 1) = Vaod(z, 1),
where M € Ry is independent of x and p. Moreover, for any (p, i) € Ryy x Ry with i < p, one has that

Qz(f,ﬁ) < é(x,u) forallz € X.

Proof. The first desired equation follows from the definitions of ¢(-, ) and gg(, u) in . and (|7)), respectively,
and the fact that, for any 6 € R, one finds (since x € Ry ) that —log(d/x) = —log(d) —|—log( ). Then, the
fact that ¢(x, 1) > fint for all (z, 1) € X xR, follows by Assumptionand the fact that (x;—1;)/x € [0,1]
for all i € £ and (u; —z;)/x € [0,1] for all i € Y. Next, the desired conclusions pertaining to the derivatives
of ¢(-, 1) and (-, ) follow from the first conclusion. The final desired conclusion follows from the fact that,
for all x € X, one finds that (x; —1;)/x € [0,1] for all i € £ and (u; — x;)/x € [0,1] for all i € U. O



A consequence of Lemma is that, for any k € N such that the true gradient of the objective V f(zy)
is used in the definition of g, the search direction computation in Algorithm [1] produces a descent direc-
tion for ¢(-, ux) from xy (recall that Hy > 0) even without explicit knowledge of the bound x defined in
Assumption [3-1]

We now prove that the scaled barrier-augmented function has a gradient that satisfies a Lipschitz-
continuity property over the line segment between any two points in a neighborhood of the type that is
defined for the algorithm. The result also shows that the corresponding Lipschitz constant depends on how
close the elements of the points are to their corresponding lower and/or upper bounds, which, as shown in
our subsequent analysis, is a fact that can be exploited by our algorithm.

Lemma 3.2. For any (11,0,0) € Rog xRy o xRy with 6 € (0,6], (z,%) € Ny, (0) X Nty (6), and v € [0,1],
one finds that

IVad(x + 7 (T =), 1) = Vod(a, 1) 2 < 1w 5,500 = 2|2, (8)
where (g5 u25 = lvfp + pa(z, )~ + pb(z, z)~ with
ai(z) = x; — l; a; (,7) == min{x; — 1;, 7 — I; }; a(z,T) = m[in}{ai(m)aj(ac,f)}
i€ln
bi(x) == u; — x5 b (z, %) = min{u; — x;,u; — T }; b(x,T) := m[ln]{bz(x)b:"(x,f)}
e|n

Moreover, one finds that {v 5Bz < byipuesi=Lvss+2u07 107" € Ry
Proof. For arbitrary such (u,0,0,z,7,7), and Lemmaimply
IVad(@ + (& — ), 1) = Vad(@, )2
S IVH@ +~(@ —2) = Vi)
(¥ = 1)+ 18T —2) ™ = V(@ -1
| ((P(u—2) =y¥(T — )" = V(u—2)"")L]2.
Considering the latter two terms, for arbitrary i € [n], one has

1 1 _ y(zi—Ti) < _(@i=Ti)
vity(@i—zi)—li  wi—li T (@ity(@i—w)—l)(@i—l) = a;(x)a)f (2,7)

and similarly that (u; —; — (T — ;) 7' — (w; — 2:) " < y(@; — Z)bi(2) 710 (z,7)~!. By Assumption
and these bounds over all ¢ € [n], the desired conclusion follows. O

Remark 3.1. Lemma[3.9 and all of our subsequent analysis could be based on the simpler, but more conserva-
tive Uy ¢ 5,95 Tather than 05 .y oz in (). Similarly, the step-size rule that we present in upcoming Param-
eter Rule could be based on the simpler, but more conservative 20~10~" rather than a(z,z) ™' +b(x,7) L.
However, these tighter bounds have the effect of allowing larger step sizes, which is beneficial in the numerical
experiments presented in Section[5. Hence, we make these choices to have consistency between our analysis
and numerical experimentation.

The following consequence of Lemma [3.2]is central to our analysis.

Lemma 3.3. For any (1,0,0) € Ry xRy xRy with 6 € (0,0] and (x,T) € Njjj(0) x Nji)(0), one finds
with 055 .05 € Rog is defined in Lemma 3.9 that

O(F, 1) < ¢z, 1) + Voo (2, 1) (7 — 2) + 309480057 — |3

Proof. For arbitrary (u,0,0,z,T) satisfying the conditions of the lemma, it follows with the Fundamental
Theorem of Calculus and the Cauchy-Schwarz inequality that

¢(f> /1') - ¢($7 /J')



1 B T
= / OUEAT Dy = / Vod(a +1(E - ), )" (7 - 2)dy
1
= Vaid(w, 1)" (T — ) + /0 (Vad(z +7(Z — 2), 1) — Vad(x, )" (Z — 2)dy
~ 1 ~ ~
< Vol )" (F - 2) + T — 2 / IV.8(& +7(Z — @), 1) — Vad(a, 1) l2dy.

Hence, the desired conclusion follows along with Lemma and since fol ydy = % O

The prior lemma motivates the following parameter rule that we make going forward. We remark at this
stage that, for our analysis of the deterministic setting in the next subsection, one can consider aj max — 00
for all k£ € N so that the step size is always set to be the first term in the minimum in @[) However, for
the stochastic setting, our analysis requires a more conservative choice for {a, max ; see Section Hence,
we introduce {@ max} at this stage, and carry it through our analysis, to maintain consistency between the
deterministic and stochastic settings.

Parameter Rule 3.1. For all k € N, the algorithm has

>\k,miu

Ok max > Q' min» where Qk min = = 202"
, k

and the algorithm sets
3 A min
o < min {Tk} e ak’max} , (9)

Ak,min
by stura(zr,zr) " HHppb(eg,zr)~1°

where oy pre <

'_Yk — maX{’Y € (07 ryk,max] CTE + ’Yak,predk S jv-[l,u] (Gk)}a
and lyyBr < lvpB + mea(Tr, T + ek predr) " + peb(Th, T + Trakpredr) '

The following lemma shows that the step-size rule in Parameter Rule[3:I]employs a denominator, namely,
{35k, that serves as an upper bound for the Lipschitz constant seen in Lemmas [3.2]and[3.3] An implication
of this fact is that the inequalities in these lemmas hold with that constant replaced by ¢v s 5%, and another
implication, stated in the lemma, is that the step size is contained in a prescribed interval. (The proof reveals

that an important property of o, pre is that it can be computed prior to ay, yet is ensured to be an upper
bound for the value of «y, that will be computed.)

Lemma 3.4. For all k € N, with lvf B ., 2,

defined as in Lemma and vy g defined as in
Parameter Rule[3.1] one finds that

Tk+1

051 B anis SOVEBE SO07B w0100 < CvpB+ 20105 %, (10)
from which it follows that the step size in Parameter Rule has i € [k min, Ok max]-

Proof. Consider arbitrary k € N. To prove the first inequality in , it follows from the definitions in
Lemma [3.2] that it is sufficient to prove that, for all i € [n],

af (xr, Tey1) > af (@r, 2k + Tk predi) (11a)

and b:r(xk,xk+1) > b;r(xk,xk + Yot predr).- (11b)

Toward this end, let us first show that ygay < Yok pre. Denoting (with min () = oo)

8t (o) == min{m td; < 0,1 €

akdy,i

]}
and &) (ag) := min{m tdii > 0,1 € [n]},

apdy,q



the definition of 7 in line [5| of Algorithm 1| yields ~y, = min{yk,max,éé(ak ,0p(ag)}.  Thus, yroy
min{ Vi maxak, 64 (1), 6%(1)}. Similarly, by the definition of 4x in Parameter Rule one finds that ;o pre
min{ Yk, max Ok, pre, 05 (1), 5%(1)}. Hence, since a(xk, Tk + Ve k predr) < a(xr, xx) and b(zy, Tk + Yk pred)
b(zg, zx) imply o < ag pre, one finds yrar < Jxak pre, as desired. Now, for ¢ € [n] with dy; < 0,

IN I

+ _ _
a; (Ty Th1) = Thp1,i — bi = Tpi + Yeardy, — U

— _ + —
> T + Vi predi,i — li = 0] (T, T + Y0k predi),

while for ¢ € [n] with dg; > 0, a;‘r(l'k,zk_i_l) =xp;—l; = aj(a:k,zk + Yk predr). Therefore, (11af) holds.
One finds that (11b]) holds with a similar derivation. Consequently, the first desired inequality in (10]) holds.
The remaining desired inequalities in follow by the definitions in Lemma Parameter Rule and

{0k} N\ 0. O

The step-size choice in Parameter Rule depends on the Lipschitz constant {v¢ 5 (amongst other
quantities prescribed and/or computed in Algorithm , which can be any Lipschitz constant for V f over B
(i.e., it does not need to be the minimal such Lipschitz constant). This choice is reasonable for practical
purposes since such a value can be computed or estimated in practice. Overall, this choice of step size in
Parameter Rule can be viewed as a generalization of the ©(1/fyy 5)-type step-size rules common in
unconstrained (deterministic and stochastic) optimization.

Remark 3.2. Observe that Lemma reveals that convergence guarantees in the context of an interior-
point method do not follow readily from the standard arguments for a (stochastic-)gradient-based method for
unconstrained optimization. In particular, even though the lemma shows that the gradient of the (scaled)
barrier-augmented function is Lipschitz continuous over /\[[l,u] (0) for any 6 € Ry, the Lipschitz constant
(for a given p € Ry ) can diverge as 6 \, 0. Hence, ensuring convergence requires a careful balance between
the barrier-parameter sequence, step-size sequence, and neighborhood-parameter sequence, as revealed in our
subsequent analyses.

3.2 Deterministic Setting

We now focus on convergence guarantees that can be shown for Algorithm [I]in the deterministic setting, i.e.,
when g, is computed using V f(z) for all k € N. We begin by proving a set of generic results, then conclude
with observations about specific choices for the parameter sequences that yield convergence guarantees with
respect to stationarity measures.

We first provide a decrease lemma for the shifted barrier-augmented function, which is reminiscent of a
standard decrease lemma for a gradient-based method in the context of unconstrained optimization. The
particular form of this result is a consequence of the choice of the step size stated in Parameter Rule [3.1]

Lemma 3.5. For all k € N, one finds that
(Trt1s 1) — D(h, pur) < _%’Ykakvad;(xkvﬂk)H?{;l-

Proof. For all k € N, Lemmas and the value of x4 in line [6] of Algorithm [T} and the conditions on
H;, in line P of Algorithm [I] imply

A(Tpt, ) — d(on, pr)
< Vb @k, k)T (ka1 — k) + 2091 B wn,mn e || Thr1 — T3
< — vx(i(xk,Mk)T(Vkaklelvzé(xkaﬂk)) + 30558,k |7kakH1;1Vw(/;($k7 1x)|l3

- Wkak||Vm¢~5(xkaﬂk)||§{;1 + %’Yiai)\i,}mngvf”,&k||Vx<5($knMk)||i,;1

IN

= k(L= FWORA G i 150 Vad (@, )71
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Now, one finds under Parameter Rule that the parameter sequences yield

1 1 —1
aplvr Bk < Memin = Wl iBE < Aemin = 5 < 1= 370 i 0w 7,8k

Thus, one finds from above that ¢(zpi1, ) — G(Tk, i) < —%’ykakﬂvzé(xk,uk)ﬂzgl. Combining this

inequality with Lemma which since ppy1 < pg shows that g?)(xm_l, Hkt1) < qg(xk_H, k), one reaches the
desired conclusion. O]

We now prove a critical lower bound on each element of the sequence {7}.

Lemma 3.6. For all k € N, define

1
5HEA
Ak, min 127*%
Bt 3KV EB oA

Vk,min := I L ar (kv s, 8,00 el 1) (12)
and suppose Yk.max € [Vk.mins 1]. Then, for all k € N, v, > vk min-
Proof. Recall that the algorithm ensures, for all £ € N, that
T € ./\/[l’u](ﬁk_l) < I+0p 1<z <u—0 1. (13)

For all k € N and i € [n], let v ; = max{y € (0,Vk,max] : Tk, + Ykdr,; € [l; + Ok, u; — 0x]} so that
Yk = Min;e,) Yr,i- Considering arbitrary & € N and ¢ € [n], let us suppose that di; < 0 and prove a
lower bound on 7 ; that is independent of the index ¢ € [n]. One would find—although we omit details for
brevity—that the same lower bound for v, ; can be proved when dj; > 0 in a similar manner. All of this,
along with the fact that v4; = vk max When dj ; = 0, leads to the desired conclusion.

Consider arbitrary & € N and ¢ € [n] and, as previously stated, suppose that di; < 0. If ¢ ¢ £, then it
follows that ¥4 ; = Yk,max. Hence, we proceed under the assumption that i € L. If z1 ; +vk maxardr,i > 1i+0k,
then v4.; = Yk,max. Otherwise, the algorithm ensures xj ; + v jordi,; = l; + 0%, and and Assurnption
give

Tp,i—li—0
ag[Hyl; (Vi f (wp)—pn (@r,—1i) = s (i —ak,:) =)

Tp,i—li—0k Ake,min (Tk,i—1i —0k) (14)
= ap[Hgl [ (Vif () ke (wi—zk,) =) = an(IVif(@p)|+mk0; 1)

Vei =

The remainder of our analysis in this case hinges on providing a positive lower bound for z; — [;. First, if
i€ L and i ¢ U, then one finds that di; < 0 means

it (Vi (an) + 522 ) <0

Tp,i—l;

= (—Vif(:ck) + o li) <0 <= Vif(zr) >0 and @4 — i > ot

Tp,i—

Second, if i € L UU, then one finds with A; := u; — [; that

i = [ (-ef(on) + s — 25) <0
= —Vif(zy) + ﬁklik*lz - Ai*(g:,i*li) <0
Ai—2(z ,i_li)
= ok ((zk.i—zi)(mk—(mk,i—mﬂ < Vif(zx)

— Vif(@e)(@r: — 1) — Quk + Vif (xr) Ai) (ki — 1) + uid; < 0.

Given this inequality, there are three subcases to consider depending on V; f(xg).

11



(i) Suppose V;f(xzr) =0. Then, zx; —I; > %Ai.

(ii) Suppose V;f(zr) < 0. Then, by the quadratic formula, it follows that

. Ay 12 A?
il < TR R T\ o T (152)
) 2 A?
or xk,i_li>%+%+ (V,fﬂ(ilg;k))?—’—fl (15b)

In fact, the upper bound on xj; — [; stated in (15a)) is not possible since

Kk JAVERE 1 Aizz
Vifen T2 T\ o T

3 A s M A Az

S v TR \/(%f('%w t2vim e T3
s A M A

S vifen T2 ‘vq-,f(:ck-) +3 =0

while the algorithm ensures zy; — ; > 0. Hence, (15b) must hold in this case, from which it follows
(by dropping the %Af term) that xg; — [; > %Ai.

(iii) Suppose V;f(xr) > 0. Then, by the quadratic formula, it follows that

’ A / 2 A2
Thi =l > Vi??%) T3 - (Vifu(];ﬁk))Z Rt (16)

2 ) ) A2 A2
Define ay,; := (Vifu(l;ck))Z +2v#&k) Azl + 5= and by := (viﬁil;k))Q + =5+, and observe that ay; > by > 0

while the right-hand side of is equal to s(ax,;)—s(by.;), where s(-) := 1/~ is the square root function.
By the mean value theorem, there exists a real number ¢ € [by ;, ax ;] such that one finds

s(agi) — s(bri) = s'(¢)(ak,; — br;), where s'(c) = 2%/5 > 2\/+T

Hence, one has from that

Be A

1 )
i — li > s(an) — s(bpg) > Bzt = Vell@) 2 phed

= 2/ak,: Y-V 1o o
Vlf(xlﬁ)+ P} Mk+2v‘l,f(wk)Al

-

Combining the results above when ¢ € £, one finds that dj ; < 0 implies

1 1
7. . Bk & QHIC i o QHk i
2k, — l; > min o] 2 T = T .
et Vif(ze)|As et |Vif(zr) A

Combining this inequality, (T4), the facts that max;cp,) |Vif(2r)| < kvy,B0c and A < minep,) A;, and the
monotonicity of — J‘Z — with respect to z when p, 7, and w are positive, one reaches the desired conclusion. []

The prior lemma motivates the following rule that we make going forward. Similarly as for the choice of
the step size (recall Parameter Rule [3.1)), the remainder of our analysis for the deterministic setting can use

Yk,max < 1 for all £ € N, but for the stochastic setting our analysis requires a more conservative choice for
{’Yk:,max}'

Parameter Rule 3.2. For all k € N, with vi min from , Vi, max € [Vk,min, 1]-

We now prove a generic convergence theorem for Algorithm [I] in a deterministic setting. We follow this

theorem with a corollary that provides specific choices of the parameter sequences that ensure that the
conditions of the theorem hold.

12



Theorem 3.1. Suppose that Assumptions [2.1] and [3.1] and Parameter Rules[3.1] and [3.3 hold. If, further,
the parameter sequences of Algorithm [1] yzeld

> ek = o0, (17)
=1

then

lim inf ||V, @(zx, )||?, -1 =0, (18)
k—o0

12

meaning that if there ewists T € Ry such that Ay max <7 for all k € N, then

lim inf |V, 3, )13 = 0. (19)
k—o00

Additionally, if such T exists, the sequence {,u;ﬂ];ll} is bounded, and there exists a set K C N of infinite

cardinality such that {Vq{)(xk,uk)}kgc — 0 and {xi}rex — T for some T € B, then the limit point T is a
KKT point for in the sense that there exists (,Z) € R™ x R" such that (T,7y, %) satisfies (2).

Proof. 1t follows from Lemma that ¢ is bounded below by fins over X xRy ;. Then, one finds by summing
the expression in Lemma over k € N that

)
oo > Qs(xla ,LLI flIlf Z xkv,uk (xk+17/~1'k+1 > Z dESk ||Vi8¢(xka:uk)”]_] 1-
k=1 k=1

> ¢ for all K € N with & > k., then

If there exists e € Ry, and k. € N such that ||qu~5(xk,,uk)||ilk,1

the conclusion above contradicts . Hence, it follows that such ¢ and k. do not exist, meaning that
holds, as desired. Now, if there exists 7 € R, such that Apmax < 7 for all & € N, then 0 =
liminfy_, o ||Vx¢(xk,uk)||:;{k_1 > liminfy oo 71| Veo(zk, ux) |3, from which holds, as desired. Now

suppose that such 7 exists, {ukﬁl;ll} is bounded, and there exists an infinite-cardinality set  C N as
described in the theorem. By Lemma [3.1] it follows that {V¢(z, tx) ke — 0 as well. Using this limit and,
for all k € I, defining the auxiliary sequences

yr o= e (rp — )7 and zg = ¥ (u — xp) "M, (20)

it follows that {(xk, yx, 2 ) frex C R™ x R™ x R™ satisfies

{zitvex = 7 and {[|Vf(2k) =y + 2xll2}wexc — 0. (21)
Next, for all k € N, it follows from x € Ny ) (0x—1) (see Algorithm that one has 0 <y, ; = o 7l < 92%1
and 0 < 2z; = - f;k - < 9’;—:. Since {pkﬂk__ll} is bounded by assumption, it follows that {yx}rex and

{2k }rex are bounded. Then, the Bolzano-Weierstrass Theorem gives the existence of an infinite subsequence
of indices K, . C K and vectors ¥ € R" and z € R" such that

{urtrer,. =7 and {zr}trex,. — 2. (22)
Using these limits, (20), and {uz} \, 0, it follows that

y; =0 for all i € [n] with T; # I;

23
and z; =0 for all i € [n] with T; # ;. (23)

Combining 7 € B, K, . C K, and (20)—(23), it follows that Z is a KKT point for (I since the tuple (Z,7, z)
satisfies , thus completing the proof. O

13



The following corollary shows that there exist choices of the parameter sequences such that the conditions
of Theorem [3.1] hold.

Corollary 3.1. Suppose that Assumptions[2.1] and[3.1] and Parameter Rules[3.1] and[3.9 hold. Then, there

exist parameter choices for Algorithm such that the infinite series in is unbounded and {ukﬁ,:_ll}

is bounded; e.g., these consequences follow if for some r € Ry, t € [-1,0), and p1 € Ry with p; >

1

56 oA .

20;% the algomthm has M = /Jflkt; gkfl = ont7 Ok max < 00, Vk,max < ]-; and r < )\k,min < )\k,max
2~=2""Y0

for all k € N. Thus, with these choices, the lower limit in holds, and if there exists T € R, such

that Apmax < T for all k € N, then the lower limit in holds. Finally, if all of the aforementioned

choices of the parameter sequences are made and there exists an infinite-cardinality set K C N such that

{Vo(xk, pr) trex — 0 and {zptrex — T for some T € B, then the limit point T is a KKT point for .

Proof. Under Parameter Rules [3.1]and Lemmas|[3.4] and [3.6]imply that with the parameter choices given
in the corollary, one finds that

1 t
SH1Ak
— 2 (kD)
1 1k'+ 5KV F B0 A

ap > T min = =
TeOk = L Oy 5+2u10, 2kt (k+1)—2¢) Ky f,B,00H1105 "

=: rmin{ S, Nk} (24)
With respect to the sequence {8}, one finds for all k¥ € N that
E'(k+1)7% < k'(2k) 2" =272k, (25)
For the sequence {7}, one finds with @ and since t < 0 that, for all kK € N,

1Ak 3HAk!

— O(k + 1)t — Gkt

1 1
Pk + 5 RV B0 A 1kt + 5KV B0 A

1

S A

= (%‘“ — 90> k!

ki +5Ev B0 A

1

>(—2ma ) Kt 2%

B (Hl‘i’é”Vf,B,ooA 0 ( )

where one finds that (@) (i.e., o < £) and

1

500KV B0 A . ETRTAN
>2 2% imply ——2——— > .
#1 %A—ao P Mri-%ﬁvf,s,ooA 0
Hence, combining (24)), (25)), and (26)), there exists ¢ € Ry such that
Yrag > rmin{ By, e} > rek’, (27)

and since t € [—1,0), one concludes that the infinite series in is unbounded.
Finally, for all k£ € N, it follows from the given parameter choices that one finds ukﬂg_ll = 16y L for all
k€N, so {u0; "} = {116y "'} is bounded, as claimed. O

Remark 3.3. Related to Remark we observe that the claimed asymptotic convergence guarantee in [12]
overlooks a critical issue in terms of the step sizes. The method in [T2] employs step sizes that, amongst other
considerations, ensure that each iterate remains feasible. The claimed convergence guarantee then assumes
that the step sizes are unsummable. However, when the step sizes need to be reduced to maintain feasibility,
one cannot presume that the resulting step sizes are unsummable. This issue is overlooked in [12], but—
through a careful balance between the barrier-parameter, step-size, and neighborhood parameter sequences in
our algorithm—uwe find in Corollary that there exist parameter choices such that holds. We also
carry this property forward for the stochastic setting, as seen in Section[3.3

14



We conclude this subsection by observing that if B is bounded, then {z;} has a convergent subsequence
and, under the stated conditions in Corollary an infinite-cardinality set I of the type described in the
corollary is guaranteed to exist.

3.3 Stochastic Setting

We now provide a convergence guarantee for Algorithm [I] in a stochastic setting when, in every run for
all k € N, g is computed using an unbiased stochastic gradient estimate g with bounded error; see up-
coming Assumption [3.2] Formally, we consider the stochastic process defined by the algorithm, namely,
{(Xy, G, Qr, Hy, Dy, T, A, Tk) }, where, for all k € N, the random variables correspond to the iterate X,
stochastic gradient estimator Gy, stochastic barrier-augmented function gradient Q, scaling matrix Hy,
direction Dy, neighborhood enforcement parameter Ty, step size Ay, and neighborhood enforcement pa-
rameter I'y. A realization of this process is {(zk, gk, gk, Hk, di, Yk, k, V) }, as in Algorithm (Here, we
have introduced a slight abuse of notation in terms of Hy, which acts as both a random variable and its
realization. We prefer this slightly abused notation rather than introduce additional notation; it should not
lead to confusion since, for our analysis in this subsection—which considers Hy as a random variable for all
k € N—ultimately relies on the fact that the eigenvalues of the elements of {H}} can be bounded by the
prescribed bound sequences {Ag min} and {Ag max}.) The behavior of any run of the algorithm is determined
by the initial conditions (including that X; = z1) and the sequence of stochastic gradient estimators {G}}.
Let F7 denote the o-algebra defined by the initial conditions and, for all £ € N with k& > 2, let Fj denote the
o-algebra defined by the initial conditions and the random variables {G1,...,Gk_1}, a realization of which
determines the realizations of {X; };?:1 and {(G;,Q;,D;,T;, Aj, Fj)}f;ll. In this manner, the sequence {Fy}
is a filtration.

For our analysis in this subsection, we continue to make Assumptions and where for Assump-
tion [3.1] we assume that the set X and real number y are uniform over all possible realizations of the
stochastic process. In terms of the stochastic gradient estimators and scaling matrices, we make the follow-
ing assumption.

Assumption 3.2. For all k € N, one has E[Gy|Fi] = Vf(X). In addition, there exists (02,00) €
R-o X Ry such that, for all k € N, one has

Gk = V(Xk)ll2 <02 and |G = Vf(Xk)[leo < 0o
Finally, for all k € N, the matriz Hy € S™ is Fj-measureable.

In Assumption the existence of o, follows from that of o2, and vice versa, but we introduce both of
these values for the sake of notational convenience. It follows under Assumption that, for all kK € N, one
has [|Gklloo < kv§,B,00 + Ooo-

In terms of the algorithmic choices that we consider in our present analysis, we state the following rule
that can be seen as a slightly modified combination of Parameter Rules [3:1] and [3:2] Overall, unlike in
the deterministic setting where one can prove convergence guarantees (see Theorem and Corollary
using @ max < 00 and Vi max < 1 for all & € N and without knowledge of kv 5. appearing in the
definition of vy min in Lemma for the stochastic setting our analysis requires more conservative choices
and information. Specifically, we employ the following rule.

Parameter Rule 3.3. With prescribed {oy putt} C Ry and {yeput} C Rog such that {og pust} = O(k*)
and {yipue} = O(KY) for some t € [—1, —%), the algorithm employs for all k € N the prescribed (i.e., not
random) values

1
SHEA
Ak,min 1 _ek
it 5 (Fvf,B,00t000)A

e max (K £,8,00 +0 o0 +1k0, 1)

_ Ak, min
éVf,B+2Mk‘9;;2 ’

Ok min - Yk,min = MIN 1,
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Ok max = Ok min + QA buff, and Vk,max ‘= min{lu Yk, min + ’Yk:,buﬂ”}u

Ak, min

A 7N AR

and makes the (run-and-iterate-dependent) choice oy, <+ min{ ahmax}.

Since the barrier parameter sequence {u;} and neighborhood parameter sequence {6} are prescribed
and Lemmas B:2] and [3:3] hold independently of any algorithm, it follows that the result of Lemma [3.4]
holds in the present setting. We formalize this fact in the following lemma, the proof of which is omitted
since it would follow the same line of argument as the proof of Lemma stated previously.

Lemma 3.7. For all k € N, with lv;p ., x, X, defined as in Lemma and Uy defined as in
Parameter Rule[3.], one finds that

09 1.8, X0 Xis1 SAVEBE SOV B w00 100 < bvps + 20,7,
from which it follows that Parameter Rule guarantees Ay € [k, min, Ok, max] -

We also have that the following result, similar to Lemma holds in the present setting. The proof is
omitted since it would follow the same line of argument as the proof of Lemma [3.6] the primary differences
being that, for all £ € N, one has Ay < agmax and in place of |V;f(zx)| < KvyB0o One can employ
|Gr,i|l < KvfBoo + Occ-

Lemma 3.8. For all k € N, Parameter Rule guarantees I'y, € [Yk min» Tk max|-

Our next lemma provides a preliminary upper bound on the expected per-iteration change in the shifted
barrier-augmented function.

Lemma 3.9. For all k € N, one finds that

(X1, pret1) — (X, k)
< - FkAk||Vx¢(Xk7Nk)||§I;1 + T AR Vo (X, )" Hy N (Vi d( Xk, ix) — Qi)
+ 3 TRARN  min v 1.8k Q151

Proof. Similarly as in the proof of Lemma for all k € N, one finds from Lemmas [3.3] and line [6] of
Algorithm [} and line [2] of Algorithm [1] that

O( X1, b)) — (X, k)
< Vad(Xiy 1) (Xiesr = Xi) + 5095800, %0 X [ Xn1 — X3
< — Vo (Xi, )T (ChArH " Qr) + v 4 5.6 |TkARH, Q13
< —TwAeVad(Xi, i) Hy, ' Qi + %FiAi/\E,iﬂJVf,B,k||Qk||fgk—1~

Adding and subtracting —L' Ax||V2d(Xk, tx) ||§{,1 on the right-hand side and using the fact that Lemma
~ - k
and pgy1 < pg imply that ¢(Xgr1, prr1) < @(Xga1, k), one reaches the desired conclusion. O

Our next lemma provides an upper bound on the conditional expectation of the middle term on the
right-hand side of the inequality in Lemma [3.9]

Lemma 3.10. For all k € N, one finds that

E[L,ArVod(Xp, o) Hy N (Vb (X, ) — Qi) Fi]

—1 —1
< (Vk,min @k, buft + Yk, buff Uk, min + Vk,buff Ok buft) A min (FV £,8,2 + 2Nkl 1 )oa.
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Proof. Let Ij, be the event that P, := VIQE(XIC,uk)THgl(Vzﬁf;(Xk,uk) — Qi) > 0 and let Z} be the com-
plementary event that P, < 0. By Assumption Parameter Rule the Law of Total Expectation,
E[Py|Fi] = 0, and Lemmas [3.7] and
E[Ty Ag Py | F]
= E[Ty Ap Pi|Fi A Zi|P[Zi| Fi]) + E[Lx Ap P | Fi. A ZE)P[Z5 | Fr]
< Vi max Ok, max B[ P | Fi A L |P[Zi | Fi]) + Vi, min @k min E[Pr | Fi A L [ P[ZE | Fr]
< Ve, min @k, min (E[Pr| Fie A Zi|P[Zk | Fre] + E[Pr| Fie A Ly P[ZE| Fi])
+ (Y, minQk,buff + Yk, buff ¥, min + Vie,buff U, buft ) E[Pr| Fi A Li)P[Ly | Fi]
= (Vk,min @k, buff + V&, buff QCk,min + Vi, buf Ok, butt ) B[Pk | Fr A L] P[Ly| Fi).
By the Cauchy-Schwarz inequality and Assumptions [2:1] and [3:2] one has

E[Pe|Fie A Li|PZi | Fi]
< B[ H;, ' Vo d(Xi, i) 12 Vad (X, 1) — Qe ll2] Fie A i P[Zi Fie]
E[|Hy ' Vod(Xp, ) 2lGr — V£ (Xk) |2 F A Ti]PIZ5| F]
A mm(”VfBQJrZ\/»Nkak 1)oa,

IN

which combined with the result above yields the desired conclusion. O

Our next lemma provides an upper bound on the last term on the right-hand side of the inequality in
Lemma

Lemma 3.11. For all k € N, one finds that

1F2A2)\ 1

k,min

2
F Ak knun

2
(Xkaﬂk)HH 1+ 27]@ maxak max/\k m1n 2

Proof. Consider arbitrary k € N. Since for any (a,b) € R™ x R™, the fact that ||za — b||i[,1 > 0 implies that
k

2 301,112 2
la+ bHH;1 < §HCL||H;1 + SHb”H;l’ it follows that

%HQkH?{;l = LIVed(Xp, k) + Qr, — Vzé(Xk,Mk)Hz;l
< %||Vx¢~5(Xk,/~Lk)H§{k—1 +301Qk - Vmé(kaﬂk)Hi(k—l
< 3IV26 (X 1) By + A3
Hence, the conclusion follows by Parameter Rule [3.3] and Lemmas [3.7] and [3.8] O

Combining the prior three lemmas, we obtain the following result. This result is reminiscent of Lemma
but accounts for the stochastic gradient errors.

Lemma 3.12. For all k € N, one finds that
E[G(Xnt1, pr+1)[F] — (X, 1)
< - %’Yk,minak,minHVzQﬁ(Xk,Mk)H?{;l
+ (Vk,min @k, buff + Ve, buff Yk, min + 'Vk,buffak,buﬂ”)/\];jnin(KVf,B,Q + 2v/nuib; ! oo

— 2
Q’Yk maxak max>\k min?
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Proof. Consider arbitrary k € N. Combining Lemmas and

Elo(Xk+1, trt1) [ Fr] — &( Xk, i)

< —ElsAR(1 = 8Th ARA il 1.8.0) | Vo b (X, M)HZ; | F]
+ (Vk, min @k, buff + Vi, buff Yk, min + 'Yk,buffak,buff))‘};jnin(KJVﬂB,Q + 2/l b )oa
+ %’Yz,maxai,max)‘l;?ninog'

Now, one finds under Parameter Rule [3.3] that

Ak .mmin 3 -1 3 1
A < @kaﬁ = 1= 30 A inlvrBe 21— 5T > 7.
Thus, from above, Parameter Rule and Lemma the conclusion follows. O

We now show that if the parameter sequences are chosen similarly as in Corollary [3.1], then the coefficients
in the upper bound proved in Lemma [3.12] satisfy critical properties for proving our ultimate convergence
guarantee.

Lemma 3.13. If for t € [-1,—3) in Parameter Rule and for some r € Ry and p1 € Ryy with

1
56 cot000)A .
py > 2 O(Kvlf’B' 1708 e algorithm has pux = k', Ox—1 = Ook', and r < Mg min < Mgmax for all k € N,

2A~—90
then there is (k,c,C) € N x Ry x Ry with

E[G(Xk1, ey )| F] — (X, i) < —Eth||Vm<l~5(Xk7Mk)||§{;1 +Ck*

for all k € N with k > k.
Proof. Under the conditions and Parameter Rule one has for all kK € N that

1
SHRA
Ak, min Ak, min T —0y
#k+§(KVf,B,oo+Uoo)A

(@, min+0k butt) (KV £,8,00 +T o0+ 05 1)

Yk, min ¥k, min > min 'k min,

= min{ak,minv ’f/k:}

The proof can now proceed similarly as in the proof of Corollary 3.1} In particular, with the given parameter
choices and by , one finds for all k£ € N that

(28)

Ok min = L > L
k,min = fvfy3+2,u1952kt(k+1)72t - Evfy3+2,u1952272tk7t7

so there exists ¢ € Ry such that agmin > ¢k’ for all k € N. Hence, since {ay puf} = O(k?) and t < 0, it
follows that there exists £ € N such that ax bug < g min for all £ € N with & > k, which in turn means that

ke, min >1 forall keN with k> k. (29)

Ak mint 0k buff — 2

For the sequence {;}, one finds with @, t < 0, and a similar derivation as in the proof of Corollary
that there exists ¢ € Ry such that, for all £ € N,

ll"kA
I 2 — 0, > ekt (30)
bkt 5 (KvysBoctos)A

Combining 7, there exists ¢ € Ry, such that %Vk,minak:,min > rckt for all k € N with & > k. On
the other hand, the conditions of the lemma and Parameter Rule imply for all k € N that A Loo<

k,min
-1 -1
b~y = by -, and
Ak, min Ak, min
5 < 5 .
Oy p+2p100 2kt (k+1)=2¢ = by p+2ui6y > (k+1)—t (31)

Qk min =
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Combining these facts and Parameter Rule one finds {Vk,mink,butt Ay, Lo} = 0k, {’Vk’buffak’min)\lzjnin} =

O(k"), { Yk but Ok busi Ay pmin b = 0(K2"), and finally {3+2 . 02 | Al fmn} O(k?'), so the desired conclusion
follows from Lemma O

We now prove our main convergence theorem for the stochastic setting.

Theorem 3.2. Suppose that Assumptions[2.1] and[3-1) and Parameter Rule[3.3 hold, and that the parameter
sequences are chosen as in Lemma|3.15 Then,

hmmf IV d)(Xk,pk)HH_l =0 almost surely,

meaning that if there exists T € Ry such that Ay max < T for all k € N, then
lim inf ||V, @(Xk, ) ||2 = 0 almost surely.
k—o0

Consequently, if all of the aforementioned choices of the parameter sequences are made and, in a given Tun
of the algorithm generating a realization of the iterate sequence {xy} there exists an infinite-cardinality set
K C N such that {Vo(xg, pr) trex — 0 and {xg}kex — T for some T € B, then the limit point T is a KKT

point for .

Proof. By the Law of Total Expectation, it follows from Lemma that there exists (if, ¢,C) e Ry xRy
such that, for all k € N with k > k, one has

E[¢(Xns1, trs1)] — B[G( Xk, )] < —KthE[Hchi;(Xk,M)Hé;l] + Ck*.
Summing for k € {k,..., k+ K}, it follows along with Lemma that

finf - E[(]E(Z‘k,ﬂfc)} < E[Q;(Xk+1,ﬂk+1)] - ]E[QE(I%,,U];)]

k+K R k+K
< —re Y KE[|Vad(Xe, mi)llF ] +C Y K,
k=k k=k
which after rearrangement yields
k+K ~ } k+K
> KE(IVad (X, i)l 1] < 5 (Blo(ag, m2)] = fine) + Z K.

k=k

Under Assumptions and and since t € [—1, — ) the right-hand side of this inequality converges to a

finite limit as K — oo. Since > ;- k' = oo, one ﬁnds along with the nonnegativity of |V, ¢(Xk,uk)|\H_1

and Fatou’s lemma that

0 = lim inf E[|| Vo (X, )12, 1] > Ellim inf ||V, d(X, )12
k—o0 k k—o0

Consider the random variable L := liminfj_,, ||qu~5(Xk,uk)||§r1. By nonnegativity of Hvxg?)(Xk,uk)Hir
k

k
and the Law of Total Expectation, it follows from above that 0 = E[L] > P[L > O]E[L|L > 0], so 0 =
P[L > 0] = Plliminfy_ 00 ||Vx¢(Xk,uk)||§{,1 > 0], which is the first desired conclusion. The second desired

k

conclusion follow from the fact that if 7 exists as stated, then || - || , > 7Y+ ||3 for all k € N. The last

desired conclusion follows using the same argument as in the proof of Theorem B.1] O

Results similar to Theorem have been proved for the stochastic gradient method in the unconstrained
setting [9]. In fact, for the stochastic gradient method in an unconstrained setting, one can prove under
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conditions that are similar to ours that the gradient of the objective function convergences to zero almost
surely; this is stronger than a liminf result of the type in Theorem However, such results rely on
the gradient of the objective function being Lipschitz continuous. In our setting, we have the Lipschitz-
continuity-type property in Lemma but the gradient of the (shifted) barrier function is not globally
Lipschitz over B, meaning that such a result in the unconstrained setting does not carry over to our present
setting.

4 Obstacles for a Simplified Algorithm

A reader may wonder if convergence guarantees can be proved for a simpler variant of our algorithm, namely,
one that simply employs projections onto the inner neighborhoods of the feasible region. After all, in the
setting of (strongly) convex optimization, convergence guarantees exist for projected-(stochastic)-gradient
methods; see, e.g., [20]. In this section, we argue that the situation is not straightforward, and even though
one may extend our algorithm and analysis to consider a less conservative strategy (recall Remark , one
runs into obstacles when trying to provide a convergence guarantee for a variant of our algorithm that simply
uses a projection of xj + agdy for all k € N.

Let us consider the setting when f is 9-strongly convex for some 9 € R, and let us consider a simplified
variant of our algorithm, where, for all k € N,

H.,=1, a, = m, and T11 ProjN[lyu](gk)(xk — apVaed(Tk, tr)), (32)

where Projg(-) denotes the orthogonal projection operator on convex & C R™. For reasons seen in our
subsequent analysis, suppose for all £ € N that

-1
< h = mj ( 2u_ ) ,
Ok < cpx, where c:= errggu{ KV fBoo T 32T (33)

Following a standard approach in the convex optimization literature, let us attempt to prove convergence
of the algorithm defined by 7 by showing that the distance to the unique solution of , call it
z, € R™, vanishes. Since each iteration of the algorithm makes a step toward minimizing ¢(-, ug), it is
natural to approach the analysis by considering the distance between the unique minimizer of this function
to x,. A typical result in the literature is that, for sufficiently small barrier parameter values, this distance
is proportional to pg. For concreteness, we state the following result; for further discussion and a proof, see
[28].

Proposition 4.1. Suppose that Assumptions[2.1] and[3.1] hold and the objective f is 1)-strongly convex. Let
z. € R™ be the unique point such that holds for some (ys, z.) € R™ x R™ and let Ty € R™ denote the
unique minimizer of é(-,uk) :R™ - R for all k € N. Then, for all sufficiently large k € N, it holds that
|Zk — (2« + urC)|l2 = O(u2), where the vector ¢ € R™ is defined independently from {pux}.

Let us now show the expected result that with the step-size choice in , the iterate update in
corresponds to a step toward the unique minimizer of ¢(-, ug).

Proposition 4.2. Suppose that Assumptions[2.1] and[3.1] hold, the objective f is -strongly convez, and the
algorithm employs the update in 7. Let T, € R™ denote the unique minimizer of ¢(-, pg) : R — R
for all k € N. Then, for all k € N, one finds that x, € Njju(Ok—1) C Ny (Ok), Zrs1 € Nyu(bk),
and T € Ny (cur), where ¢ € Ryq is defined as in . Consequently, it follows for all k € N that
(Tks Ty 1, Tn) € Ny (Or) X Nty (Or) X Nypg (0r) and

[@rs1 — Zell3 < (1 — owt)) o — Ze 13-

Proof. That x3, € Njju(0k—1) C Njiy(0r) and xxp1 € Ny (k) hold for all k& € N follows from and
the fact that {6y} \, 0. Now consider arbitrary k € N and observe from the definition of Z), and Lemma [3.1]
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that it is the unique vector such that holds with = Z; and u = ug. Let us prove the desired conclusion
that T € N,y (cur) by proving that cpuy is a lower bound for 5y ; := min{Zy; — l;,u; — Tp; } for all i € [n].
Consider arbitrary ¢ € [n]. If i ¢ LUU, then 5;,; = 0o > cug, as desired. If ¢ € £\ U, then and
Assumption 2.1|imply that Zx ; — l; = i /Vif(Tk) > /Ky 8,00, Which again yields that 5g; > cug. Using
a similar argument, the bound also holds for ¢ € ¢/ \ £. Finally, if i € LN U, then assuming without loss of
generality that Ty ; < (u; +1;)/2, it follows that 1/(u; — Tk;) < 2/(u; —1;), so (4)) yields

1 _ Vif(Zy) + 1 < Vif(Zx) + 2 _ Vif(@k)(ui—l)+2puk

Tr,i—li Mk Wi —Th,i — Mk ui—l; pk(ui—l;) ’

which along with Assumption and 5y ; = Ty,; — l; yields the desired conclusion. (If Zy ; > (u; +1;)/2, the
conclusion follows using a similar argument with 5 ; = u; — Ty ;.)

It has been shown that (zg,2ry1,Zr) € Nyw(Ok) X Ny (Ok) X Ny (0k), as desired. Consequently,
using an argument similar to the proof of Lemma Vol pur) is Lipschitz over Ny (k) with constant

by + 2uk0,;2, which with the choice of oy, the fact that ¢~>(, ux) is ¢-strongly convex for all £ € N, and
[10, Eq. (3.14)] yields

0 < S(@hs1, i) — ATy 1)
< = (wp — wpn) (2 — Tr) — gar o — w3 — Sllzw -zl
Therefore, it follows that

zki1 — Zkll3 = |2 — o + 2% — Ti13
= zrsr — @rll3 + 2(@r40 — 20) T (2 — Ta) + |l2n — Tell3
< wrsr = 2ll3 = ok — 2t ll3 — antpllen — Tll3 + o — Zell3
= (1 — ap)||z — T3,
which is the final desired conclusion. O

Let us now use the prior two results to show a relationship between consecutive distances from an iterate
to the solution of that holds for all £ € N.

Proposition 4.3. Suppose that Assumptions[2.1] and[3.1] hold, the objective f is 1-strongly convez, and the
algorithm employs the updates in 7. Then, for all sufficiently large k € N and ( € R™ defined as in
Proposition[].1], one has

21 = 2ellz < V1= awdllzn — ll2 + 2ux[ICll2 + O(k7).- (34)
Proof. Combining Propositions and and the triangle inequality, one has
[Zk1 — Tsllz < |2ht1 — Till2 + 1T — 24 ]l2
SV —apdllor — Trlla + |7 — 2. l2
< V1= apd(ag = zalla + 1Tk — o) + [T — 2.
< V1= agdllzy — |2 + 20l[C]l2 + O(u),
as desired. O

At first glance, the result of Proposition might appear to be useful since {p;} \, 0 also implies that
{ax} \( 0. Unfortunately, however, the last two terms on the right-hand side of obstruct an ability to
prove that {x;} — z., even in this strongly convex and deterministic setting. To see this, note that the
recurrence defined by has the form of sequences {uy}, {vi}, and {er} such that

upr1 < vpug e, up € Ryg, v €10,1), and ep € Ry, forall keN.

21



Such a recurrence yields {ug} — 0 if Y 7 (1 — vg) = 0o and limy_o0 €1/(1 — vi) = 0; see, e.g., |22, pg. 45].
However, with vy := /1 — a9 and ey, := Cpy, for some C' € Ry (for simplicity), and for example supposing
that 6 = cuy for all k € N (see (33)), one indeed finds Y5 | (1 — vy) = oo, but

Cuy _ Cug k—oo  C4c2

1—/1—ary P P
1=y 1= ——7
by Bt2c 2y

> 0.

Consequently, Proposition does not readily lead to a convergence guarantee for the simplified algorithm
stated in 7. One might modify the algorithm and/or analysis in this section to reach such a guarantee
in the deterministic setting upon which one might build a convergence theory for a stochastic algorithm, but
we contend that the ultimate conclusions would only be comparable to those for the algorithm analyzed in
Section [3] perhaps with the extensions mentioned in Remark

5 Numerical Results

Our numerical experiments serve two main purposes: (1) we demonstrate that our (stochastic)-interior-point
method, which we refer to as SIPM, is reliable over a well known set of test problems, and (2) we compare
the performance of SIPM with a projected-(stochastic)-gradient method, which we refer to as PSGM. We
implemented a set of test problems and the algorithms in Matlab. The experiments were conducted on the
High Performance Computing cluster at Lehigh University with Matlab R2021b using the Deep Learning
Toolbox.

5.1 Test problems

We tested the algorithms by training prediction models for binary classification using data from LIBSVM
[13]. From LIBSVM, we selected the 43 binary classification datasets with training data file size at most
8 GB; for these, the numbers of features are in the range [2,47263] and the numbers of data points are
in the range [44,5000000]. We provide results pertaining to training data, and for those datasets with
corresponding testing data, we provide results pertaining to that data as well. Each dataset from LIBSVM
consists of A € R™*"/ and b € {—1,1}", where m is the number of data points and ny is the number of
features.

To cover both a convex and a nonconvex objective, we consider two models: (1) logistic regression and
(2) a neural network with one hidden layer and a cross-entropy loss function. For training a (convex) logistic
regression model, the number of optimization variables is the number of features plus one for the bias term,
ie,, n = ny + 1. The (nonconvex) neural network model consists of a fully connected hidden layer with
h neurons and tanh activation and a fully connected output layer with sigmoid activation. The number of
optimization variables is the number of weights plus bias terms at each node in the hidden and output layers,
son = (ny+2)h+1, where h := max{2,min{f%f],100}}. For both models, weset | = —1x 1 and u = 1x 1,
which causes many bounds to be active at a solution. Table 1| (pg. shows the number of variables for
each problem, i.e., objective and dataset pair.

5.2 Implementation details

We generated z for each problem with elements drawn from a uniform distribution over [—0.01,0.01]. This
point was fixed for all runs.

SIPM requires the problem-dependent parameters kv pg.oo, {vfB, and o.. For consistency across
our experiments in both the deterministic and stochastic settings, we employed estimates Ky 5,00 and
Uy B, which were set by: (1) temporarily setting these values to 1; (2) running 500 iterations of SIPM
using true gradients, these temporary values, and the remaining parameters set as in the next para-
graph; and (3) setting, at termination, the values as Rv;,B.00 ¢ maxyepsoo) {I|V/f(2k)lloc} and lysp
maxgersoon{1} VS (@r—1) = VF(@r)ll2/l|Tk—1 — z|2}. For the deterministic setting, we set oo < 0,
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whereas for the stochastic setting we employed an estimate o for each dataset, which was set by: (1)
generating 100 stochastic gradients at z; with a mini-batch size of [0.01m] (which was also the mini-batch
size used in all of our experiments for the stochastic setting) and (2) setting o as the maximum co-norm dif-
ference between each of these stochastic gradients and V f(x1). Once all of these values were computed—see
Table [[}—they were fixed for all of our experiments.

Since the performance of an interior-point method is affected by the initial and final values of the barrier
parameter, we recommend choosing {u} and {0} based on the computational budget. Hence, let us define
maxiter as an iteration limit for the deterministic setting and maxiter = (number of epochs)/0.01 for the
stochastic setting, where for the former our experiments consider maxiter € {100,1000} and for the latter
our experiments consider the number of epochs in {1,1000}. (Note that setting maxiter as above for the
stochastic setting is consistent with the mini-batch size of [0.01m].) Using this value, and letting g(x1)
denote the gradient (estimate) at the initial point in a run, the parameters for SIPM were set as

A+ 100, A+ min{A, m[ln]{uz —Li}},
te(n

-5 10=°lg(=1) |2
1 <—max{10 ’mm{|\W(u7m1)*1€\§(m171)*1\|271}}’ and
1

2 RV f,B,00 T0c0
M1

)

0 < min {m{ln}{xl -1}, m[ln]{ul — T}, 90} , where 6y
€N 1€(n

as well as g < p18x and 0y, < 6gsy, for all k € [maxiter]|, where {s;} is composed of equal-length repetitions
of the elements in {1,0.1,---,1078/u1}, ie., {sx} = {1,...,1,0.1,...,0.1,...,107%/puy, ..., 1078 /1 }. In
this manner, p; ensures that the initial search direction is not dominated by the log-barrier term, whereas
Unaxiter = 108 ensures that SIPM terminates with a prescribed small barrier parameter. For the remaining
parameters, the implementation used for all k € N: Hy, < gl + pp(V(zp — 1) 72 + pe(V(u — z1)) 72,
Ae,min > Uy s as the smallest eigenvalue of Hy, oy pur <+ (maxiter/k)™! > 1, vy pug + (maxiter/k)%>5 >
1, and (@, Vkmax) as in Assumption By choosing ay bus and g pug in this manner, SIPM employs
ar = Mgmin/fv 7.8,k and Yk max = 1 for all k € maxiter]. Other formulas for a pur and g pus Were tested;
the values above worked best for our experiments.

For PSGM, in order to have a direct comparison with STPM, the step sizes were also set using the sequence
{5k} defined in the previous paragraph in such a manner that the initial and final step sizes for PSGM were
the same as those used by SIPM. We remark in passing that PSGM has convergence(-to-neighborhood)
guarantees when a fixed step size is used, but we did not experiment with such a choice since our aim is to
compare with STPM, which is only defined for diminishing step sizes.

5.3 Comparison of SIPM and PSGM

All runs of both algorithms terminated when the iteration limit was reached. To compare performance, we
considered two measures at the final iterate: the objective value f(Zpaxiter) (computed over the training set
and testing set, when available) and the norm of a projected gradient || Proj Nty (0) (Tnaxiter — Vf (Tmaxiter)) —
Tnaxiter||oo; see, e.g., [8]. (Even for the stochastic setting, the projected gradient at the final iterate was
computed using the true gradient for the purpose of our comparison.) In particular, for all runs and each
measure, we computed a relative performance measure; e.g., in terms of f, we use

J(aoi ) — f(zhoam

max{f(ISIPM )hf(zPSGM)_’l} € [

maxiter maxiter

rp = —1,1] for p € set of problems,
and likewise for the norm of the projected gradient. The values are within [—1, 1] since the final objective
values and projected-gradient norms are nonnegative.

Figure provides relative performance measures for runs for solving (convex) logistic regression problems.
The bar plot in the first column is for final objective values with respect to the training data when maxiter =
100 and the plot in the middle column is for projected-gradient norms with respect to the training data when
maxiter = 100. These show that, within a relatively small iteration limit, SIPM can outperform PSGM.
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Table 1: Problem sizes and algorithmic parameters.

dataset logistic regression neural network + cross-entropy loss

n  fvyB  KVfB,oo Too n  fvfB  RKVfB,oo Too
ala 124 1.36 0.14 0.35 7751 3.12 0.25 0.34
a2a 124 1.38 0.14 0.22 7751 3.05 0.24 0.21
a3a 124 1.36 0.13 0.33 7751 3.01 0.20 0.29
ada 124 1.37 0.14 0.16 7751 2.95 0.22 0.15
aba 124 1.37 0.14 0.16 7751 2.99 0.19 0.15
aba 124 1.36 0.13 0.11 7751 3.00 0.21 0.11
a7a 124 1.36 0.14 0.11 7751 2.97 0.20 0.09
a8a 124 1.36 0.13 0.09 7751 2.98 0.22 0.08
afa 124 1.36 0.13 0.07 7751 3.00 0.23 0.07
australian 15 0.22 0.14 0.44 113 0.25 0.07 0.44
breast-cancer 11 0.22 0.15 0.51 61 0.28 0.11 0.51
cod-rna 9 0.88 0.02 0.05 41 0.25 0.12 0.05
colon-cancer 2001 1.66 0.10 0.68 200201 2.09 0.11 0.65
covtype 55 0.34 0.03 0.02 1513 4.00 0.45 0.02
diabetes 9 0.55 0.08 0.40 41 0.25 0.12 0.40
duke 7130 4.48 0.14 0.65 713101 21.69 0.75 0.53
fourclass 3 0.37 0.09 0.42 9 0.25 0.11 0.42
german 25 1.63 0.14 0.50 313 3.90 0.25 0.50
gisette_scale 5001 6.27 0.50 0.26 500201 25.25 0.50 0.18
heart 14 0.15 0.08 0.56 106 0.25 0.06 0.56
ijcnnl 23 0.32 0.28 0.03 265 0.25 0.30 0.03
ionosphere_scale 35 1.22 0.11 0.64 613 0.66 0.10 0.64
leu 7130 1.08 0.06 0.76 713101 6.69 0.89 0.72
liver-disorders 6 0.58 0.06 0.62 22 0.25 0.09 0.62
madelon 501 74.76 0.29 0.256 50201 9.08 0.50 0.25
mushrooms 113 1.30 0.13  0.17 6385 0.60 0.07 0.16
phishing 69 3.34 0.48 0.14 2381 4.52 0.54 0.13
rcvl_train 47237 0.05 0.02 0.12 4.72e+6 0.23 0.02 0.12
real-sim 20959 0.25 0.14 0.04 2.10e+6 0.25 0.14 0.04
skin nonskin 4 0.44 0.18 0.02 11 0.25 0.22 0.02
sonar_scale 61 2.80 0.41 0.54 1861 4.17 0.41 0.53
splice 61 5.57 0.52 0.52 1861 6.46 0.52 0.52
SUsY 19 0.34 0.03 0.01 181 0.25 0.03 0.01
svmguidel 5 0.35 0.11 0.26 13 0.25 0.11 0.26
svmguide3 23 0.61 0.11 0.38 265 0.25 0.20 0.38
wla 301 0.59 0.24 0.14 30201 0.34 0.35 0.13
w2a 301 0.60 0.23 0.12 30201 0.34 0.35 0.11
w3a 301 0.60 0.24 0.10 30201 0.34 0.35 0.09
wéa 301 0.60 0.24 0.10 30201 0.34 0.35 0.05
wba 301 0.60 0.24 0.08 30201 0.34 0.35 0.08
wéa 301 0.61 0.23 0.05 30201 0.34 0.35 0.03
w7a 301 0.61 0.23 0.04 30201 0.34 0.35 0.03
w8a 301 0.61 0.23 0.03 30201 0.34 0.35 0.02
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training loss, deterministic, 100 iterations llprojected gradient]|, deterministic, 100 iterations liprojected gradient]|, deterministic, 1000 iterations
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Figure 1: Relative performance of SIPM and PSGM in the deterministic setting when solving logistic re-
gression problems.

training loss, deterministic, 100 iterations llprojected gradient], deterministic, 100 iterations |lprojected gradient]|, deterministic, 1000 iterations

08 05 08

04 04 04

Figure 2: Relative performance of SIPM and PSGM in the deterministic setting when training neural network
models (with one hidden layer) with cross-entropy loss.

The bar plot in the third column is for projected-gradient norms with respect to the training data when
maxiter = 1000. This plot shows that, with a more substantial budget, both algorithms reach points that
are nearly stationary, which shows in the deterministic setting that SIPM is as reliable as PSGM. Figure [2]
provides similar results for the (nonconvex) neural-network-training problems.

Figures [3] and [4] provide results for the stochastic setting in the form of box plots when each algorithm is
employed to solve each problem 10 times. The first rows in each figure consider runs over 1 epoch while the
second rows consider runs over 1000 epochs. The first columns are for training loss, the middle columns are
for projected-gradient norms over the training data, and the third columns are for testing loss. Corresponding
to the goals of our experiments, these results show that SIPM performs well compared to PSGM when the
budget is relatively small, and is as reliable as PSGM when the budget is large.

6 Conclusion

We have proposed, analyzed, and provided the results of numerical experiments with a stochastic interior-
point method for solving continuous bound-constrained optimization problems. The algorithm is unique in
various aspects (see Section . In future work, it will be interesting to pair the algorithmic strategies
proposed in this paper with stochastic approximation strategies for solving equality-constrained problems
toward the complete design of stochastic interior-point methods for solving generally constrained optimization
problems.
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training loss, stochastic, 1 epoch liprojected gradient]|, stochastic, 1 epoch testing loss, stochastic, 1 epoch

Figure 3: Relative performance of SIPM and PSGM in the stochastic setting (over 10 runs for each problem)
when solving logistic regression problems. Among the 43 datasets considered for our test problems, there
are 26 with corresponding testing datasets (see last column)

training loss, stochastic, 1 epoch lIprojected gradient]|, stochastic, 1 epoch testing loss, stochastic, 1 epoch
7
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Figure 4: Relative performance of SIPM and PSGM in the stochastic setting (over 10 runs for each problem)
when training neural network models (with one hidden layer) with cross-entropy loss.
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