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Abstract. We present a new algorithm for solving optimization problems with objective func-
tions that are the sum of a smooth function and a (potentially) nonsmooth regularization function,
and nonlinear equality constraints. The algorithm may be viewed as an extension of the well-known
proximal-gradient method that is applicable when constraints are not present. To account for non-
linear equality constraints, we combine a decomposition procedure for computing trial steps with an
exact merit function for determining trial step acceptance. Under common assumptions, we show
that both the proximal parameter and merit function parameter eventually remain fixed, and then
prove a worst-case complexity result for the maximum number of iterations before an iterate satisfy-
ing approximate first-order optimality conditions for a given tolerance is computed. Our preliminary
numerical results indicate that our approach has great promise, especially in terms of returning ap-
proximate solutions that are structured (e.g., sparse solutions when a one-norm regularizer is used).
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1. Introduction. In this paper we consider the problem

(1.1) ;Iel]%}b f(x) +r(x) subject to (s.t.) c(x) =0,

where f: R™ — R is continuously differentiable, r : R™ — R is convex (possibly non-
differentiable) and nonnegative valued, and ¢ : R — R™ is continuously differentiable
with m < n. The optimization problem (1.1) has applications in model predictive con-
trol [2], image processing [35], nonsmooth optimization on a Steifel manifold [34], and
low rank matrix completion [6]. In addition, optimization problems such as sparse
approximation, empirical risk minimization, and neural network modeling with mixed
activations can be reformulated as (1.1); see [37] for additional details.

When the regularizer r is not present, the algorithms most commonly employed
to solve problem (1.1) are penalty methods [9, 11, 12, 15, 28, 32, 36] and sequential
quadratic optimization (SQO) methods [1, 19, 20, 22, 23, 24, 29, 31]. Penalty methods
is to solve problem (1.1) by minimizing a sequence of unconstrained optimization
subproblems defined in terms of f, a measure of constraint violation, and various
parameters (e.g., Lagrange multiplier estimates and penalty parameters). After each
minimization subproblem in the sequence is solved, the parameters are updated in
a manner that allows for convergence guarantees. Since computing each subproblem
minimizer may be expensive, and the number of subproblems solved may be nontrivial,
penalty methods often require a significant amount of computation (e.g., numbers of
iterations, function/derivative evaluations, and linear systems solved), which may be
prohibitive. On the other hand, during each iteration of a line search SQO method,
the main expense is the computation of a search direction, which is achieved by
solving a single linear system of equations. Equivalently, the search direction is the
minimizer of a certain quadratic approximation of f subject to a linearization of
the constraints. SQO methods are generally viewed as the state-of-the-art because
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of their remarkable practical performance. The superior performance of line search
SQO methods over penalty methods can be attributed to two main sources. First,
line search SQO methods solve a sequence of linear systems rather than a sequence
of general optimization subproblems. Second, the search directions for SQO methods
are designed to find a solution of problem (1.1) (again, when r is not present), whereas
penalty methods indirectly aim to find a solution of problem (1.1) (again, when r is
not present) by adjusting its parameters after minimizing each subproblem.

When the constraint ¢(z) = 0 is not present in problem (1.1), the algorithms most
commonly employed are variants of the proximal-gradient (PG) method [4, 5, 7, 8,
25, 26]. Each iterate of a basic PG method is the minimizer of a subproblem (i.e., the
PG subproblem) formed by replacing f in (2.1) by the sum of its first-order Taylor
expansion (expanded at the current point) and a simple quadratic-regularization term.
For some commonly used regularizers, the PG subproblem has a closed-form solution,
which is an attractive feature of such methods. Moreover, since the regularizer r is
explicitly used in the definition of the PG subproblem (i.e., it is not approximated), the
solutions generated by a PG method inherit the structure induced by the regularizer
(e.g., if r(z) = ||z||]1, then a PG method can produce sparse solution estimates). This
structure preserving property is an important feature of PG methods when used to
solve problem (1.1) (again, when the constraint ¢(z) = 0 is not present).

The work in this paper is motivated by both SQO methods for solving (1.1) when
7 is not present, and the structure preserving property of PG methods for solving (1.1)
when the constraint ¢(z) = 0 is not present. In particular, we design and analyze a
method for solving problem (1.1) based on subproblems that linearize the constraints
(like SQO methods) and explicitly use the regularizer (like PG methods).

1.1. Literature review. We are aware of four papers, namely [14, 17, 27, 37],
that present algorithms for minimizing regularized optimization functions subject to
nonlinear constraints. The algorithms in [14, 37] are penalty methods built upon
the popular augmented Lagrangian function. Therefore, both approaches have a
penalty parameter and a vector of Lagrange multiplier estimates that balance the
objective and constraint functions, and must be updated throughout the optimization
procedure. We note that [14] can solve regularized optimization problems with both
equality and inequality constraints, whereas the algorithm in [37] can only handle
special classes of regularized optimization problems with constraints. The algorithms
presented in [17, 27] are of the SQO variety. In [17], subgradient information of
the nonsmooth function is used to formulate a sequence of min-max subproblems.
Since the regularizer is approximated in each subproblem, the structure preserving
property of the iterates is lost. In contrast, [27] relies on a smoothing technique
that approximates the nonsmooth term in the objective function and, thereafter,
sequentially solves a convex quadratic problem with linear constraints. Unfortunately,
in general, the smoothing technique ruins the structure of the composite optimization
problem, and consequently the structure preserving property is lost.

1.2. Contributions. Our contributions relate to the proposal and analysis of a
new algorithm for solving problem (1.1), as we summarize next.

e We propose a PG-based algorithm for solving problem (1.1) that uses sub-
problems with linearized constraints (like SQO methods) and explicit regu-
larization (like PG methods). The method that results from this combina-
tion avoids the previously discussed challenges and weaknesses of augmented
Lagrangian approaches, and provides solution estimates that are structure
preserving. During each iteration, we compute a trial step as the sum of two
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orthogonal directions called the normal and tangential steps. First, the nor-
mal step is computed from a trust region subproblem designed to reduce the
constraint violation. Second, the tangential step is computed from a linearly
constrained convex optimization subproblem with objective function reminis-
cent of PG methods (i.e., r appears explicitly and a proximal term is used).
Overall, the tangential step aims to reduce the objective function while main-
taining the predicted progress in reducing infeasibility achieved by the normal
step. The quality of the trial step, defined as the sum of the normal and tan-
gential steps, is then determined by an /5 merit function that uses a merit
parameter to weight the objective function relative to the two-norm of the
constraint violation. The merit parameter and PG parameter (i.e., the weight
on the proximal term) are reduced as the iterations proceed, if necessary, to
promote convergence of the iterates to a solution of problem (1.1).

e Under minimal assumptions, we prove that a measure of first-order optimality
for a feasibility problem converges to zero. Under additional commonly used
assumptions, we prove that the merit parameter and PG parameter both
remain uniformly bounded away from zero. These results allow us to then
prove that our algorithm generates a sequence of iterates such that any limit
point is a KKT point (see Theorem 3.17). Moreover, we provide a worst-
case complexity result for the maximum number of iterations before a certain
criticality measure will be less than a given tolerance (see Theorem 3.15).

e We present numerical experiments that verify our theoretical convergence
results, and illustrate that our algorithm is capable of returning solutions
that preserve the structure related to r. Specifically, we confirm that our
method returns sparse solution estimates when r is chosen as the ¢;-norm
function, which is known to be a sparsity-inducing regularizer.

1.3. Notation and assumptions. We use R to denote the set of real numbers
(i.e., scalars), Ry (resp., Ry ) to denote the set of nonnegative (resp., positive) real
numbers, R™ to denote the set of n-dimensional real vectors, and R™*™ to denote
the set of m-by-n-dimensional real matrices. The set of natural numbers is denoted
as N :={0,1,2,...}. Given a matrix M € R™*", we let omin(M) (resp., omax(M))
denote the smallest (resp., largest) singular value of M. For v € R, we let ||v|2 :=
/>y v? denote its two norm. For a nonempty compact set R C R™, we let |R|2 :=
max{||s||2 : s € R} denote its largest element measured in the two-norm.

The following assumption is used throughout the paper.

ASSUMPTION 1.1. Let X C R™ be an open convex set that contains the iterates
{zr} C R™ and trial steps {x) + sk} C R™ generated by Algorithm 2.1. The function
f:R™ = R is continuously differentiable and bounded below over X and its gradient
function Vf : R* — R™ is Lipschitz continuous and bounded over X. Similarly,
the function ¢ : R™ — R™ is continuously differentiable and bounded over X and its
Jacobian Ve(x)T is Lipschitz continuous and bounded over X. Finally, the function
r:R™ = Ry, is conver and its subdifferential Or : R™ — R™ is bounded over X .

Under Assumption 1.1, there exist constants (finf, KV £, Kar, Ke, Kve, Lg, L) €
RxRygxRog xRy xR g xR g xR,y such that for all x € X one has

f@) = fur, V@2 <mop,  (|0r(2)ll2 < Kor,

le(@)ll2 < ke, [IVe(@)"|l2 < ve,
3

(1.2)
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and for all (z,Z) € X x X one has
(1.3) V(@) = V@2 < Lyllw =zl and [[Ve(@)" = Ve(@) |2 < Lyllz - 7.

For convenience, we define g(z) := Vf(z) and J(z) := Ve(z)T. We append a
natural number as a subscript for a quantity to denote its value during an iteration
of an algorithm; i.e., we let fi := f(xg), gk := g(xk), ek = c(x), and Jy := J(xg).

1.4. Organization. In Section 2, we propose our algorithm for solving prob-
lem (1.1), and its convergence properties are presented in Section 3. In Section 4, we
discuss our numerical tests. Final conclusions are provided in Section 5.

2. Algorithm. The algorithm that we propose for solving problem (1.1) is for-
mally stated as Algorithm 2.1. Given the kth iterate xy, the kth PG parameter oy,
and constant k, € R.,, we compute a step v; that aims to reduce the constraint
infeasibility at z; as an approximate solution to the following problem:

(2.1) fel]gh mi(v) s.t. |vll2 < Kokl JE ckll2, with mg(v) == 3k + ko3

The PG parameter «y, is used to define the trust-region constraint so that {vy} — 0
if {ar} — 0. We consider a vector v; to be an adequate approximate solution to
subproblem (2.1) if, for some &, € Ry, it satisfies the following conditions:

(2.2a) vx € Range(J}),
(2.2b) lvgllz < mvak||chk\|2, and
(2.2¢) llex + Jkvkll2 < llex + Jrvill2

where v, is the Cauchy point given by

(2.3) v = —pB¢Jle, with Bf = argrﬂnei]g mp(=BJLcr) st 0< B < kyoy.

In other words, the Cauchy point v§ minimizes my(v) along the direction —Vm4(0) =
—JF ey and within {v : |v]|2 < Kkyag||JL ckll2}. Tt is known (see [10]) that v satisfies

(2.4) mi(0) — mi(v) > 2| TE er |3 min{m, mak} .

We note that the conditions (2.2) are well-posed since they are satisfied by v, = vf.

Next, we compute a direction uj that maintains the level of linearized infeasibility
achieved by vy while also reducing a model of the objective function. Specifically, we
compute uy as the unique solution to the strongly convex subproblem

U = arg 5161%}1 g (v + u) + ﬁ”vk +ul|3 +r(zr +vp +u) st Jyu = 0.

(25) =g min (g + Lop)Tut g uld ooy o) st =0

= arg 52%% gru+ i”u”% +r(xg +up+u) st Jyu=0

where we used the fact that every u feasible for (2.5) satisfies vIu = 0 since vy, €
Range(JI') (see (2.2a)). The trial step s, is then defined as

(2.6) Sk 1= Uk + Ug-
4
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We adopt the ¢, merit function, which for parameter 7 € R is defined as

O (z) = 7(f(2) +1(x)) + lle(@)]l2.

During the kth iteration, we want to choose 74 such that 7, < 7,1 and sy, is a direction
of sufficient descent for the merit function ®,, () at x5. To define an appropriate value
for 7, let us define the model of the merit function given by

i (s, 7) = 7(fr + 9i s + 5= |Isl5 + r(zx + ) + llew + Jas]l2,

as well as the change in the model

Agr(s,7) == qr(0) — qr(s)

2.7)
~7(gk 5+ gar 1813 + (2 +5) = i) + llexllz — llex + Tisll2.

Then, with parameters o, € (0,1) and o, € (0, 3], we set &, := 0, + 3 € (3,1] and

= 2
. Tullsk
o0 lfglzjsk_k%—FT(Ik—FSk)—TkSO,
Tk trial < (1—0c2(|\0kH2—||Ck+JkUkH2) otherwise,
r.  Oullsklls
i Skt on +r(zr+sK)—rk

and then set, with €, € (0, 1), the kth merit parameter value as

Thk— if 71 < Tgtrs ,

(28) T k- 1 k 1._ k,trial
min{(1 — €-)7k—1, Tk,trial } Otherwise.

This update ensures that if the merit parameter is decreased during the kth iteration,
it is decreased by at least a fraction of its previous value. Moreover, the value for
Tk trial €nsures that Agy(sk, %) is an upper bound for quantities related to measures
of criticality for problem (1.1) (see Lemma 3.4). Moreover, Lemma 3.4 shows that
—Aqk (8, 71) is an upper bound for the directional derivative of ®., () at % in the
direction s, (this result holds regardless of the value of the merit parameter).

The kth iteration is completed by checking whether the merit function achieves
sufficient decrease in Line 19, and then defining the next iterate and proximal pa-
rameter. Specifically, if sufficient decrease is observed in the merit function, then the
trial step sy is accepted (i.e., k41 ¢ =k + Sx) and the proximal parameter value is
unchanged (i.e., a1 ¢ «ag); otherwise, the trial step is rejected (i.e., zp11  xp)
and the proximal parameter value is decreased (i.e., a1 + oy, for some € € (0,1)).
This updating scheme motivates the definition of the following index set:

(2.9) S:={k:xpt1 =k + sk},
which contains the indices of the successful iterations associated with Algorithm 2.1.

3. Analysis. In this section, we prove convergence results for Algorithm 2.1.
Our first result shows that the normal step vy, is zero if and only if J] ¢ is zero.

LEMMA 3.1. For all k € N, it holds that vy, = 0 if and only if Jlc; = 0.

Proof. If Jl'c;, = 0, it follows from (2.2b) that vy = 0. To prove the reverse
implication, suppose that vy = 0. Then it follows from (2.2¢) that my(vi) < mg(vg),
which combined with (2.4) and vx = 0 shows that 0 = mg(0) — mg(vk) > mg(0) —

my(vg) > %HJchkH%min{m,mvak}. Since ap, > 0 for all k € N and &, €
k
R, it follows that J! ¢, = 0, completing the proof. 0
5
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Algorithm 2.1 A proximal-gradient algorithm for problem (1.1).

L: input: o € R", ag € Ry, and 7_1 € R,

2: constants: k, € Ry, {o.,€-,&,n,} C(0,1), and o, € (0,1/2].
3: for k=0,1,2,... do

4: if Jl'c;, # 0 then

5: Compute vy, as an approximate solution to (2.1) satisfying (2.2).
6: else

7: Set v, + 0.

8: if ¢ # 0 then

9: return zj, (infeasible stationary point)
10: end if

11: end if

12: Compute uy, as the unique solution to (2.5).
13: Set sp < v + up.

14: if s =0 then

15: return zj, (first-order KKT point)

16: end if

17: Compute 75, using (2.8).
18: Compute Agg(sk, 7) using (2.7).
19: if ©, (zr + sx) < @ (z) — NAGr(Sk, 71) then

20: Set xx41 ¢ xp + s and g1 — Q.
21: else

22: Set xx11  xp and agiq + Eay.

23: end if

24: end for

Concerning the computation of the tangential step uy, it follows from the opti-
mality conditions for the convex optimization problem (2.5) that uy and the resulting
Sk = v + uy satisty, for some g, € Or(zy + s;) and y, € R™, the equalities

(3.1) gk + ok + grk — J{yp =0 and Jyuy =0,
Multiplying the first equality by u} and using the second equality, it follows that

(3.2) (9% + grp) Tur + G- |lurll3 = 0.

k
These equations related to the tangential step wj will be useful in the analysis.

3.1. Finite termination. In this section we justify the finite termination con-
ditions in Algorithm 2.1 given in line 9 and line 15. In particular, we show that if
Algorithm 2.1 terminates in line 9 then xy is an infeasible stationary point, and if
termination occurs in line 15 then zy is a first-order KKT point for problem (1.1).

THEOREM 3.2. The following finite termination results hold for Algorithm 2.1.
(i) If termination occurs in line 9 then xy is an infeasible stationary point, i.e.,
xk satisfies ¢ # 0 and Jchk =0.
(i) If termination occurs in line 15 then xy, is a first-order KKT point for (1.1).
Proof. To prove part (i), suppose that termination occurs in line 9 so that ¢ # 0
and v, = 0. It follows from vy = 0 and Lemma 3.1 that J,?ck =0, as claimed.

To prove part (ii), suppose that termination occurs in line 15 so that sy = 0. Since
by construction vauk = 0, it also follows that vy = up = 0. It follows from v = 0

6
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and Lemma 3.1 that JkT ¢, = 0. Since termination must not have occurred in line 9,
we also know that ¢, = 0. It follows from vy = ux = 0 and (3.1) that there exists
Grk € Or(x) + s) = Or(zy) and y, € R™ so that gg + g — JL yr = 0. Combining
this equality with ¢; = 0 shows that xy is a first-order KKT point for problem (1.1).0

Theorem 3.2 shows that if Algorithm 2.1 finitely terminates, then the vector xy
returned has favorable properties. Admittedly, although finite termination in line 9
is not ideal, the existence of infeasible stationary points is something that every algo-
rithm must contend with unless an appropriate constraint qualification is assumed.

3.2. Non-finite termination. In this section, we study the convergence prop-
erties of Algorithm 2.1 when finite termination does not occur. Therefore, given how
Algorithm 2.1 is constructed, we know in this section that, for all k£ € N it holds that

(3.3) (i) s, #0 and (ii) Jf e, = 0 if and only if ¢, = 0.

Our first goal is to prove a bound on the directional derivative of ®,(-) at xg
in the direction s. Given the Lipschitz constants L, and L; in Assumption 1.1, it
follows for all t € R, from [13, equation (19)] that

f(@p +tsg) < fo +tglse + %t2||3k”§ and

(3.4)
le(@e + tsk)ll2 < ek + tTkskll2 + L% || sk 3.

The next result gives an upper bound on the quantity Dg_(z, S), which we use to
denote the directional derivative of ®,(-) at xj in the direction sy.

LEMMA 3.3. The directional derivative of the merit function satisfies
Do, (z,s1) < 7(gi sk + 7@k + s1) — i) + |lek + Jisill2 — [lek 2
Proof. For all t € Ry, it follows from (3.4) and the triangle inequality that

lle(zr + tsi)llz — ekl < llek + tTkskllz — llerll2 + %222 sk 13
< tllex 4+ Jeskllz + (1= t)llerllz = llerllz + S22 (sl
= tller + Jrskllz — tliell2 + L3 sk 13-
On the other hand, it follows from [3, Theorem 2.25] that D, (z, sx) < 7(xg + k) —

r(x). The conclusion follows from this result, the previous displayed equation after
dividing by ¢ and taking the limit ¢ ™\, 0, and the fact that f is differentiable. O

Combining the previous lemma with how the merit parameter 7 is defined, allows
us to prove that the change in the model g (sk, %) is an upper bound for quantities
used in our ultimate convergence result.

LEMMA 3.4. The choice of 1, in (2.8) ensures that the direction sy satisfies

Aqi(sk, 1) 2 22 Isk]13 + oc(llerllz = llex + Jrvkll2) > 0 and

Da, (w1, s%) < =2 s[5 — oc([lexll2 = llex + Trvell2) < 0.

ap

Proof. The first result follows from (2.8), definition of 7y tria1, and Jrsp = Jrv
(recall that Jyup = 0 because of the constraint in (2.5)). The second result follows
from Lemma 3.3, aikHskH% > 0, and the first result of this lemma. 0

7
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We now give a sufficient condition for a successful iteration (see (2.9)) to occur.
LEMMA 3.5. If (1 —n)Aqi(sk, k) > %(*%’Z + 7Ly + Lj)||skl3, then k € S.
Proof. Tt follows from (3.4), (2.7), and the assumed inequality in this lemma that
Or (T + Sk) — Ory (k)
= Tk(f(iﬂk + sx) +r(TE + Sk)) + |le(zr + si)ll2 — Tx (fk + ?"k) — [lex]l2-
< Tegi s+ Te(r(@k + sk) — ri) + llek + Jrsellz — llexll2 + 2 (TeLg + Li)|skll3
= —Agi(sk, ) — 5o Iswll3 + 5Ly + L) lIskll3
= —Agi(sk, ) + 3 (— Ly + L) |Iskll3 < —nAgqi(sk, k).
Therefore, it follows from Line 19 of Algorithm 2.1 that £ € S, as claimed. ]
The following result gives a bound on the decrease in linearized feasibility achieved
by s that is similar to that achieved by the Cauchy point in (2.4).

LEMMA 3.6.  The step sk = vg + uy, satisfies

lewllz = llex + Jrsillz = llerlle = [lex + Jrvrlle > 5 ||chk\\§min{ﬁ%c,ﬁvak} :

Proof. From (1.2), (2.4), (2.2¢), and the constraint in (2.5), we have
L enl3min { i, wocu }
< %HJchng min {m, /%Olk}
< mp(0) — mi(vf) = 3 (lexll3 — llew + Jvill3)
= %(||Ck||2 + |lex + ka,§||2) (HckHz — |lex + kaﬁ||2)
< llerllz(llexllz = llex + Juvil2)
< ke(llerllz = llex + Jrvrllz) = se(llerllz = llew + Jrskll2),
from which the desired result follows. d
We now begin investigating quantities related to the merit parameter. The fol-
lowing result bounds the denominator in the definition of 7 trial-

LEMMA 3.7. For all k € N, it follows that

— 2 P 2
g]{Sk + am,\(lj:”z +T($k + Sk) o < (va + K/B’I‘)H/Uk?”2 + Gu,HkaQ.

[e25

Proof. With g, defined as in (3.1), it follows from convexity of r that ry >
r(zg + sk) + gzk(fsk). Combining this inequality with s = vg + ug, v,{uk =0,
Gu € (3.1], (3.2), the Cauchy-Schwartz inequality, and (1.2) it follows that

T Fullskll3
G Sk + T2 (T +sk) — Tk

Fullskll3
ag

< gk + grp) " sK +

— 2 P 2
= (g + grp) ok + %7;’“”2 + (g1 + grp) Tug + %ﬁ’“”z
<(

— 2 2
g+ gri) vk + %v:‘b + (g + gr) " ur + 7”1;’?!'2

— 2
< lgr, + grallzlloll2 + Tl
8
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— 2
< (kvs + Kor)|Jog g + Zeleelz

ar,

which completes the proof. 0
We next show that the merit sequence is positive and monotonically decreasing.
LEMMA 3.8. For all k > 1, it holds that 0 < 1, < T_1.

Proof. Tt is clear from 79 > 0 and the update (2.8) that {74} is monotonically
decreasing, and therefore all that remains is to prove that 7, > 0 for all K € N. It
follows from Lemma 3.7 and the definition of 7y tyia1 that 74 tria1 = 00 if v = 0, and so
for such k we have 73, < 74_1. Therefore, for the remainder we only need to consider
k € N such that vy # 0. For such k € N, we know from Lemma 3.1 that Jc, # 0.
The result 74 > 0 follows from this observation, (2.8), o > 0, and Lemma 3.6. d

The first part of the next lemma shows that the merit parameter never needs to
be decreased for iterations k£ € N such that Jchk = 0. On the other hand, for all
k € N such that J,? cr # 0, the second part of the result gives a lower bound on how
small the previous merit parameter could have been.

LEMMA 3.9. The following merit parameter update holds for each k € N\ {0}.

(i) If chk =0, then Ty trig) = 00 and T < Tp_1.

(ii) There ezists a constant €, > 0 such that, for all k € N satisfying Jl ¢, # 0
and Ty < Tk_1, it holds that Ti,_1 > €. ||JE c ||z

Proof. For part (i), it follows from J!' ¢, = 0 and Lemma 3.1 that vy = 0. This
fact, Lemma 3.7, and the definition of 7, tyia1 show that 7y tria1 = 00, so that 73, < 75_1.

For part (ii), it follows from (2.8), Lemma 3.6, Lemma 3.7, the trust-region con-
straint in problem (2.1), and (1.2) that if 7, < 7_1, then

(1 —o0¢)(llexllz = llex + Jrvill2)

NPT
g sk + =52 (@ + sk) — 7k

l1—0o. .
U522 |7 e 3 min{ ke mocue)

ullvells
Qg

(1 = oI g min{ i, mun)

(ks + ror)|[vkll2 +

FuryopllJi ekl

B 2Kc(l<&vf—l—liar)livakHchkHz + o

(1= o)l cul min{ k- muce)

26c(kv 4 Kor) kot + TurZag||JL ekl

(1 = o)l cxll2 min{ﬁﬁva KOtk }

T 26c(Kv s + Kor)koQg + GuR20kEvelc
It follows from (3.5) and the fact that {ay} is monotonically nonincreasing that

(A—=c)|l T crll2
2kc(kvf+Ror)+oukviveke
(A=)l T ckll2
2&6(1+m2Vc)(Nvf+n@,.)nvao+6um%aomv6m6

if Koy, <1/(1+K%,),

otherwise,

Th—1 =

which completes the proof. 0

We now prove our first key convergence result. In particular, we prove that
there must exist a subsequence of the set of successful iterations over which {.J} c;}

9
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303
304

305
306

307
308
309
310
311
312
313
314
315
316
317
318

319

converges to zero. This conclusion is relevant to our setting because, under a suitable
constraint qualification, if Z is a local minimizer of §||c(x)||3, then J(Z)"c¢(zZ) = 0.

THEOREM 3.10. Let Assumption 1.1 hold. Then, there exists a subsequence of
the iterations K C N such that limgex Jchk = 0.

Proof. For a proof by contradiction, suppose that there exists a k; € N and ¢ > 0
such that || Jfc||2 > € for all k > ky. Then, it follows from Lemma 3.9 and 79 € R
that there exits 7y > 0 such that, for all k € N, it holds that 7, > 7. Moreover, since
{7%} is monotonically nonincreasing and when 7, < 741 the reduction is by at least
a constant factor (see (2.8)), we know that there exists ko > k; and 7 > 7| such
that 7, = 7 for all k > ky. Combining this with Agq(sk, ) > 0 (see Lemma 3.4)
and Lemma 3.5 it follows that for all k& > ko such that ai < To/(ToLg + L) it must
also hold that k € S. Since ay11 < o only when k ¢ S, it follows that there must
exist & € Ry, and ks > ko such that aj = @ for all k > ks. To summarize, we have
proved that for all k > ks it holds that ay, = &, 7, = 7, and k € S. It now follows
from line 19 of Algorithm 2.1 that @, (v141) < @, (7x) — nAgk(sk, T2) for all k > k.
Summing over all k > k3 and using (1.2) and Lemma 3.4 we have

@7, (z7,) — T2 fint = Z (@7, (z1) — Pry(Tht1))

k>ks
>n Y Agi(sk, 72)
k>ks
>n Y 2513 + oe(llekll2 = llox + Jrvell2)
k>ks
>noe Y (llewllz = llew + Jrvell2).
k>ks

Since the summation of nonnegative terms is finite, we know that

kh—>nolo (lexllz = llex + Jrvll2) = 0.

This fact, Lemma 3.6, and oy, = & for all k£ > k3 imply that limg 00 Jch;€ = 0, which
contradicts our earlier assumption that ||J cx|l2 > € for all k > k. O

The remainder of the analysis considers two settings that are characterized by
whether a certain constraint qualification holds or not.

3.2.1. Strong LICQ. In this section we make the following assumption, which
is closely related to the linear independence constraint qualification (LICQ).

ASSUMPTION 3.1. The smallest singular values of {Jx} are uniformly bounded
away from zero, i.e., there exists omin > 0 such that, for all k € N, omin(Ji) = Omin-

We can now prove a nontrival bound on the improvement in linearized infeasibility
achieved by the trial step s, relative to the actual infeasibility. This result is critical
when we prove a uniform lower bound on the sequence of merit parameters.

LEMMA 3.11. If Jchk # 0, then sy satisfies ||ck + Jisk|l2 < prllck |2 where

Pk = \/max {1 — Kpago2, 1 — Uilin/’izvc} €10,1).
10
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336

337

338
339
340
341

342

343

344
345

346

348

355
356
357

358

Proof. Tt follows from [30, Section 4.1] that the Cauchy step vf, in (2.3) satisfies

(3.6) v§ = —B¢ T e with Bf = min {”JkTCk% K ak} .

g mok g [Tk T ell3™
We now consider two cases.
Case 1: ||/l ci|3 < kpag||JeJE ck||3. In this case, the minimum in (3.6) is the first
term, and JkJ,?ck # 0 since chk # 0 . These facts, the inequality that defines this
case, the Cauchy-Schwartz inequality, definition of my(0), and Assumption 3.1 give

Jicklls Jicrll3
(3.7) i (v5) = mp(0) — 2 relEs < 4y 3 — 4 12kl

2. (T 2.
(3:8) < Hlel3 - $ 7 ey 3 < 4 (1 - 2 ) w3

Case 2: ||JF k|3 > kyau||JiJE ek l|3. In this case, the minimum in (3.6) is the second
term. This fact, the previous inequality, definition of m(0), and Assumption 3.1 give

my(vg) = mi(0) — mpawl|JE crll3 + Sr2ai | Je ) cell3

IN

m(0) — koo || Jy crll3 + 3roonll T cill3

my(0) — Srvanll S crll3 < 3 (1= roowoly) ek 3.

By combining the final result for the two cases, we find that my(v) < p7lck|3-
Multiplying both sides of this inequality by two, taking the square root, and us-
ing (2.2¢) and the fact that ¢ + Jpsp = ¢ + Jpvg since Jyux = 0, it follows that

llek + Jrskllz = ek + Jrvkllz < llek + Jevillz < prlleklles

which completes the proof. 0
We may now prove that {7} is bounded away from zero.

LEMMA 3.12. For all k € N, it holds that Tr trial = Tmin,trial With

Tmin,trial ~—

min{ (1- O-C)K’Uo-?nin (1- O'C)(Umin/"QVC)2 }
2K/’UK/VC (KJVf + Kor + 6'u/€c/iv"{Vc) ’ QHv’ch (ﬁVf + Kor + 6u/€c’$v’{Vc) (7] ’
which when combined with (3.9) gives Tk > Tmin = min{7y, (1 — €7)Tmin, triai}-

Proof. We first prove a lower bound on 7y ¢ria1. Since it follows that 7x tria1 = 00
for all k € N satisfying JI ¢, = 0 (see Lemma 3.9(i)), we may assume without loss
of generality that each k € N satisfies J ¢y # 0. Next, we see from Lemma 3.7, the
trust-region constraint, and (1.2) that

T Fullskll3
Gk sk + =gt Tk 4 sk) — 7k

Fullvrll
ak

< (kvy + kor)llvkll2 +

= (kvy + Kor) kool I crllz + Guriar||l I} ckll3
(
(

Kokve (kv + Kor + Oukckokve) agllck|lz for all k € N.

IN

)
vf + Kar)kvarkvelckll2 + 5u:‘<6304k/<62v6|\6k\|§
)

IA

K
Kyt + Kor)koarkvellcklla + Tukcraarks,|lck 2
v

11
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365

366

367

368

On the other hand, we may use Lemma 3.11 to obtain
llekllz = llek + Jrvkllz = llexllz = prllerllz = (1 = pr)llexll2 for all k € N.
Using the above two bounds and the definition of 7y tsia1, it follows that

(1 —0c)( = pi)llckll2
RyRve (HVf + Kor + &uﬁc“vHVc) ak”CkHQ
(I —oc)(1 = px)

Tk trial >

= — for all £ € N.
Kokve (Kvf + Kor + Oukickykve)
Next, notice that it follows from the definition of pj that
1—py = iﬁ% > Lomax{loroanohy, -0k, /K.

: 2 2 2
1- (1_mm{“'v°‘k‘7minv Umin/”vC})
2

_ min{roaronin, omin /A% Y for all k € N
5 .

Combining this result with the previous displayed equation shows that

Tk trial = (1-oc) min{ﬁvaka?ﬂinj (Umin/ﬁvc)z} for all £ € N.
, 2KyKve (livf + Kor + Uu’ic/{vHVC) (677

It follows from this inequality and the fact that oy < ag for all k € N that

(1_00)5’0012nin i 2 2
Tk trial = 2kvkve(kv fthortoukckyhve) if Ry Qg0 < (Umm//ch) ’
jtrial = (1=0¢)(Omin/Kve)?

2y kve(kvfthortOukckokve)o

otherwise,

for all £ € N, which proves our first result.
The second result, namely the positive lower bound on {73}, follows from the first
result, 79 € Ry, and (2.8), which completes the proof. 0

The positive lower bound on {71} lets us prove a positive lower bound on {ay}.
LEMMA 3.13. If o < Tmin/(TminLg + L), then k € S. Therefore,

(3.9) Qg > Qmin := min{ao, {Tmin/(TminLg + Ly)} >0 for all k € N,

and a bound on the number of unsuccessful iterations is given by

log (e )
log(¢&)

(3.10) H{k: zr ¢ S} < max | 0,

Proof. Suppose that k € N satisfies ar, < Tmin/(TminLg+L.s). Then it follows from
the definition of aumin, Lemma 3.12, and the fact that 7/(7L,+ L) is a monotonically
increasing function on the nonnegative real line as a function of 7 that

077 S 7—min/(TminLg + LJ) S Tk/(TkLg + LJ)?

which after rearrangement shows that —7, /oy + 7Ly + Ly < 0. It follows from this
inequality, Lemma 3.4, and n € (0,1) that

(1 — U)AQk(Skﬂ'k) >0> %(—% + TkLg + LJ)HS]CH%,
12
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383
384
385
386

388

389
390
391

392
393
394
395

396

397

398

399

405

408

which together with Lemma 3.5 shows that k& € S, as claimed. We know from the
result we just proved and the update strategy for {ay} that the bound in (3.9) holds.

Finally, the first result we proved in this lemma and the updating strategy for {ay }
shows that the maximum number of unsuccessful iterations is the smallest nonnegative
integer n, such that £™ oy < Tmin/(TminLg + L), which gives the final result. 1]

Our worst-case complexity result uses the KKT-residual measure

(3.11) Xk = max{ gk + grk — i Yicll2 [lexll2),

where we remind the reader that g, is given in (3.1). In proving our complexity
result, it will be convenient to define the shifted merit function

¢r () = 7(f(2) = fint + r(2)) + [[e(2)]|2,

where fin¢ is defined in Assumption 1.2. We stress that the (typically) unknown
value fi,¢ is never used in the algorithm statement or its implementation, only in our
analysis. The following results pertain to the shifted merit function.

LEMMA 3.14. The following properties hold for the shifted merit function ¢ :
(i) For all {z,y} C R™ and 7 € Ry, it holds that ¢, (z) — ¢ (y) = ¢-(z) — b+ (y).
(i) For all x € R™ and 0 < 7o < 74, it holds that ¢.,(z) < ¢r, ().

(i4i) The sequence {¢., (zx)} is monotonically decreasing.

Proof. For part (i), it follows from the definitions of ¢, and ¢, that

¢r(2) = =7(f(= flnf +r(2)) + lle@)lz = 7(f(y) = fint + () = le@)ll2
:T( () + lle@)llz = 7(f(v) +7(y)) = lle)]l2
= ¢r(x ) d)T( )
which proves part (i). For (ii), the definition of fi,s and nonnegativity of r imply that

Ory(2) = 72(f (@) = fine +7(2)) + lle(@)]l2 < 71 (f(2) = fins +7(2)) + e(@)]2 = 67, (@),

which proves (ii). Finally, for each k € N, it follows from Lemma 3.8, parts (i) and
(ii) of the current lemma, and how x4 is updated in Algorithm 2.1 that

&Tk (xk) - (Z;Tk+1 ($k+1) > QETk (xk) - QBTJC (xk-l-l) = d)Tk (mk) - ¢7'k (xk-i-l) >0,
which completes the proof of this theorem. 0
We may now state our worst-case complexity result for Algorithm 2.1.

THEOREM 3.15. Suppose that Assumption 1.1 and Assumption 3.1 hold, and let
€ € Ry be given. If {ki,ka} C N are two iterations with ki < ko such that k € S and
Xk > € for all iterations k1 < k < ko, then it follows that

i o) — finf +7(20)) + |lc(T
(312) b < { 0(f(z0) = fing + 7(z0)) + | o)|2J
K€
with ke = nmln{auTmmamm,%ggﬁi‘ég ),060‘3“2“:“0‘““}. Moreover, the mazimum
Ve <
number of iterations before xi < € for some iteration k € N is
(3.13)
log (“77) — fing + +
max 4 0. o(rmin Lo L)) +1 70(f (o) — fing + 7(0)) + [lc(z0) |2 '
log(&) Ko €2

13
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417
418
419

120

427
428
429
430

431
432

433

Proof. Let {k1,ka} C N be as described in the theorem statement. Then, it
follows from Lemma 3.8, Lemma 3.14(i-ii), Line 19 of Algorithm 2.1, Lemma 3.4,
Lemma 3.12, and (3.9) that the following inequalities hold for all ky < k < ko:

Gy (k) = by (Thp1) > by (1) — Gry (T11)
=&, (z) — Pry (Th41)
> nAqk(Sk, k)
> 02t [y, + noe([lerlle — [lex + Trvkll2)

s 2
> no—u’rminamin(%) + 770c(||ck||2 - ||Ck + kakHQ)'
Combining this inequality with sx = v + ux and v,{uk =0 for all £ € N, Lemma 3.6,
Lemma 3.13, (3.1), and Assumption 3.1 it follows, for all k; < k < ko, that

éTk (‘Tk> - (ETk+1(‘/I’.k+1)

2 .
> nUuTminamin(%) + UUCiHJI?Ck”% min{(1/(1 + HQVc)a Ky Omin }

o

2
Z nauTminamin”gk + gr,k - Jl?yk:”g + Nnoe 2[2:‘

|exl|3 min{(1/(1 + k%), o Omin }

2
Z R Xk

where kg is defined in the theorem statement. Using this inequality, Lemma 3.14(iii),
and nonnegativity of ¢, for all 7 € R, we find that

J)To ($0) > (VZ_STk-l (‘rkl) > Q_S‘Fkl (wkl) - &Tkz (zkz)

ko—1 ko—1
> (br (k) = brps (wr41)) = > Kaxis
k:kl k:kl

which may then be combined with the fact that y, > € for all iterations k1 < k < ko
(see the assumptions of the current theorem) to conclude that

bro(20) > (ko — k1) Rae,

from which (3.12) follows.

The final result in the theorem, namely the claimed upper bound on the maximum
iterations before yi < €, follows from what we just proved and the fact that maximum
number of unsuccessful iterations is bounded as in (3.10). O

Before proving a result concerning convergence to a KKT point, we need to prove
that the Lagrange multiplier estimates generated by subproblem (2.5) are bounded.

LEMMA 3.16. The Lagrange multiplier estimate sequence {yx} is bounded.

Proof. Note from (3.2) and the Cauchy-Schwarz and triangle inequalities that
arllurlld = =g + gr) Tur < g + gnll2lurllz < (lgkll2 + llgr 1) lurll2,

which when combined with (1.2) shows that

(3.14) allukllz < kv + Kor.

Also observe that it follows from (3.1) and Assumption 3.1 that

(3.15) Jeyk =gk + =k + grk <= vk = (JeJi) " Tk (gk + 2wk + gr)-
14
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439

440

441

158
459
460
461

162

463

464
165
466
467
468

Combining (3.15), Assumption 3.1, the triangle inequality, and (3.14) it follows that

1

ykllz < 5—llgr + o%kuk + grkll2
<o (lfw + Kor + CY%Cllltchz)
< gjm (KJW + Kiar)-
Since this result holds for arbitrary & € N, we have proved the result. 0

We can now prove that limit points of the primal sequence are KKT points.

THEOREM 3.17. Let Assumption 1.1 and Assumption 3.1 hold. Any limit point x,
of the sequence {xy} is a first-order KKT point for problem (1.1), i.e., c¢(x,) =0 and
there exist vectors y. € R™ and g, . € Or(z.) such that g(x.) + grs — J () Ty = 0.

Proof. Let x, be a limit point of {z}}, i.e., there exists K1 so that {zy }rex, — T«
Theorem 3.15 allows us to conclude that there exists a subsequence Ko C Ky so that

3.16 0=1i = i k= I :
(3.16) Jim xi = lim max{llge + g — Ji yell2, lle(@n)ll2}

Lemma 3.16 allows us to assert the existence of a vector y, € R™ and subsequence
K3 C Ky such that {yx}rex, = yx. It follows from this limit, {zx}rers; — T,
continuity of g and J, and (3.16) that

1. = 1 - I - - * * T * —- * -
Jin gr. kg;cls( gk + T yk) = —g(@) + J(24)" ys =t gr,

Finally, combining this equality with {z}reic, — Z«, continuity of ¢, and (3.16) it
follows that g(z.) + gr« — J(24)Tyx = 0 and c(z.) = 0, which completes the proof. 0

3.2.2. Strong LICQ fails. In this section we prove properties of the iterate
sequence {xy } in Algorithm 2.1 when the strong LICQ assumption used in the previous
section (see Assumption 3.1) does not hold. In such a setting, we should expect to
prove weaker results since, for example, Lagrange multipliers may not even exist.

Our main theorem of this section uses the quantity

(3.17) e = max{||gk + gr.k — JL yrll2, || T3¢ ckll2},

which is related to the quanity x used in the previous section (see (3.11)).

THEOREM 3.18. Let Assumption 1.1 hold. One of the following two cases occurs.

(i) There exists Tmin > 0 such that T > Tmin for all k € N. In this case, it also
follows that oy > Gumin = min{ao, {Tmin/ (TminLg + L)} for all k € N and,
for a given € > 0, the maximum number of iterations before Xy < € is

max ¢ 0,

o (ot ) | |, ) | o) = fog + 7o) + o)l
log(&) Rop€?

. OcKyQmin }
s .
ve) 2K¢

(i) The merit parameter values converge to zero, i.e., limg_oo 7 = 0. In this
case, there exists a subsequence K C N such that limyex || JE ckll2 = 0.

= . : = = oc
where Re := 1 min{cy Tmin@min, TR R

Proof. Let us start by considering part (i), in which case we know that there
exists Tmin > 0 such that 75, > T, for all & € N. Using this lower bound on {71},

15
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the proof of Lemma 3.13 still holds (with 7, replaced by Timin), so that both (3.9)
and (3.10) hold (with 7min replaced by Timin), thus proving the first claim on @min.
Using (3.9) and (3.10) (with 7y replaced by Timin), the proof of Theorem 3.15 holds
almost exactly as written. In particular, the proof holds as written until the middle
of the second displayed equation, where we have (now with 7p,i, and ami, replace by
Tmin and @min, respectively) that

éTk' (wk) - $7k+1($k+1)

> N0 TminOmin || 9k + gre — ngk”% + nUcT,ic||chk||§ min{(1/(1 + #%.), Ko Gmin }-
If we now use the definitions of kg and y we find that

G, () — Qgrkﬂ(ﬂflsﬂ) > Ko Xe-
The remainder of the proof of Theorem 3.15 now follows exactly as written but with

Xk and K¢ in place of x; and ke, respectively. This completes the proof of part (i).
Part (ii) follows from Theorem 3.10. o

A discussion on Theorem 3.18(i) is of interest. In particular, the result in Theo-
rem 3.18(i) is of the same form as the result Theorem 3.15, with the only difference
being the values of the constants (Tmin, Qmin, £e) versus (Tmin, @min, Re). A conse-
quence of Assumption 3.1 used in Section 3.2.1 is that we have an explicit definition
for Tmin (see Lemma 3.12), which implies an explicit lower bound on ami, and ke
(see Lemma 3.13 and Theorem 3.15). On the other hand, no explicit lower bound on
Tmin 18 possible (in general) when Assumption 3.1 does not hold (in fact, it is even
possible that {75} — 0), and therefore the values for the constants (Timin, Gmin, Ko) i
Theorem 3.18(i) will depend on the particular value of i, for that given problem. In
this respect, the complexity result of Theorem 3.15 is stronger than Theorem 3.18(i),
which is not surprising since Theorem 3.15 is proved under Assumption 3.1.

4. Numerical Results. In this section, we present results of numerical ex-
periments performed with our Python implementation of Algorithm 2.1. The test
problems are formulated with an ¢; regularizer, which is a common choice in many
applications since it is known to induce sparse solutions. The goal of our numerical
tests is to validate the overall performance of our method using standard optimization
metrics and to evaluate its ability to correctly identify the zero-nonzero structure of
a solution. For comparison purposes, we use the solver Bazinga [14], which is a safe-
guarded augmented Lagrangian method. The details concerning the test problems,
our implementation, and the test results are given in the remainder of this section.

4.1. Test problems. We considered a special instance of an ¢;-regularized ob-
jective function with equality constraints that can be written in the form

(4.1) IeRryp’zneRm f@)+ Alalli st. c(z)+a=0

for some chosen regularization parameter A € R, 4. The functions f and c were chosen
as a subset of the CUTEst [18] test problems, and we used PyCUTEst [16] to evaluate
these functions in our Python code. Our initial test problems were chosen as the
subset of CUTEst problems that satisfied the following properties: (i) the objective
function was non-constant; (ii) the problem had at least one equality constraint, no
inequality constraints, and no bound constraints on variables; and (iii) the number
of equality constraints and variables satisfied 1 < m < n < 1000. The restriction

16
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m < n rules out problems that essentially reduce to finding a feasible point for the
constraints, while the restriction n < 1000 is used to keep the computational cost to a
manageable level. As for the choice of A, one can show that if Z is a first-order KKT
point with Lagrange multiplier vector g to the problem

(4.2) min f(z) st. c(z) =0,

then (Z,0) is a first-order KKT point to problem (4.1) with Lagrange multiplier 7 as
long as A > ||7]|cc. Therefore, in our tests, we set A = ||7]| oo + 10 where 7 is computed
by solving problem (4.2) using IPOPT [33]. Since problems MSS1, MSS2, and CHAIN
were not successfully solved by IPOPT, they were removed from the initial test set,
thus resulting in the final set of 46 test problems found in Table A.1-Table A.2.
Although the problem formulation 4.1 is somewhat contrived, this particular formu-
lation allows us to better evaluate the structure identifying properties of the iterates
produced by Algorithm 2.1 and Bazinga.

4.2. Implementation details. The parameter and input values used are pre-
sented in Table 4.1 (no fine-tuning was performed). As for the starting point (xg, ag)
for problem (4.1), the vector zg is set to the default value supplied by CUTEst and
the vector ag is set as —c(xg) so that the initial point (zg,ag) is feasible.

TABLE 4.1
Parameters and inputs used by Algorithm 2.1, with xo set to the value supplied by CUTEst.

ag T_1 Ky 0. €& ¢ n Oy
10 1 1000 01 0.1 05 107% 0.1

To approximately solve the trust-region subproblem (2.1), as needed in Line 5 of
Algorithm 2.1, we used a Newton-like method. In particular, assuming for now that Jj
had full row-rank, we first computed the minimizer of my(v) over all v € Range(J).
Using the relationship v = J,CT w, this problem may be written as

. 2 T 1T Ty 7T 7 7T
nin Fllewlls + w' Te i ex + 3w’ T T w.

It follows from the first-order optimality conditions and the full rank assumption on
Ji that the unique solution, call it w,, satisfies

JkaTJkaTwn = _JngCk < kagwn = —Cg.

After solving this linear system for wy,, we have that v, = Jlw,. Next, we project
this Newton step v,, onto the trust-region constraint by defining

. “
B 5= min{ o2, oo | culla}
n

Also accounting for the possibility that J; may be rank deficient, we define vy, as

. vi  if Ji does not have full rank or my(v§) < my(v,)
Uk .
U, otherwise,

which by construction ensures that vy, satisfies conditions (2.2a)-(2.2¢), as needed.
17
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Next, to solve subproblem (2.5) (as needed in Line 12 of Algorithm 2.1) we exploit
the structure of the ¢;-norm. By introducing variables (p, q) € RY, x RY, and using
e to denote the vector of all ones, we can consider the equivalent problem

) min giu+ o Jull3 + Ae"(p + )
st. yu=0, xp+vp+u=p—¢q, p>0, ¢=>0,

which is a convex quadratic program (QP). To solve subproblem (4.3) we use the
primal active-set QP solver in the state-of-the-art software Gurobi version 11.0.0 [21].
Note that only a subset of the optimization variables receive ¢; regularization in the
test problem formulation (see (4.1)). This setting is handled using the above scheme
by introducing p and ¢ variables only for those variables appearing in the ¢; norm.

Algorithm 2.1 was terminated when one of the following conditions was satisfied.

e Approximate KKT point. Algorithm 2.1 was terminated during the kth
iteration with z, considered an approximate KKT point if ||cx||2 < 107 and
gk + grk — JL ykll2 < 1076, as motivated by (3.11) and Theorem 3.15.

e Approximate infeasible stationary point. Algorithm 2.1 was terminated
during the kth iteration with x; considered an approximate infeasible station-
ary point if |[cg|l2 > 1072 and ||JF ek |l2 < 10712

e Gurobi error. Algorithm 2.1 was terminated during the kth iteration if the
Gurobi solver failed to solve subproblem (4.3) using its default tolerances.

e Maximum iterations. Algorithm 2.1 was terminated if 1000 iterations was
completed without terminating for any of the previous reasons.

For comparison purposes, we solve the same test problems using the Bazinga
method. Bazinga is a safeguarded augmented Lagrangian framework that uses an in-
ner subproblem solver called PANOC™, which is a linesearch algorithm that combines
a forward-backward iteration and a quasi-Newton step over the forward-backward en-
velop of the objective function; see the Bazinga paper [14] for more details.! The
Bazinga algorithm was terminated when one of the following conditions was satisfied.

e Approximate KKT point. Bazinga was terminated if certain primal fea-
sibility and dual stationarity measures were less than 107%. Further details
on the termination conditions of Bazinga can be found in [14, Section 3.3].

e Not a number. Bazinga was terminated if a NaN occurred.

e Maximum iterations. Bazinga was terminated if 100 iterations was com-
pleted without terminating for any of the previous reasons. Fewer maximum
iterations was allowed for Bazinga compared to Algorithm 2.1 because each it-
eration of Bazinga is significantly more expensive compared to Algorithm 2.1.
See the end of Section 4.3 and Appendix A for a discussion and table of results
concerning computational times, respectively.

4.3. Test results. In this subsection, we present the results of using our Algo-
rithm 2.1 and Bazinga to solve problems of the form (4.1) with test functions chosen
as described in Section 4.1. To see detailed results for each test problem, see Table A.1
and Table A.2 in Appendix A. In the remainder of this section, we discuss the key
results and observations summarized in Table 4.2.

We begin by describing the meanings of the columns of Table 4.2, and discuss their
corresponding values to compare the performances of Algorithm 2.1 and Bazinga.

o Method. The name of the method.

IThe code package of Bazinga is downloaded from https://github.com/aldma/Bazinga.jl.
18
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5 e Feasible. The number of test problems for which the corresponding method
6 terminated at a point with constraint violation no larger than 10~6. For this
7 metric we see that the two methods behaved similarly, with Bazinga achieving
8 approximate feasibility on one more test problem.

[s)

5

579 e Feasible, Better Objective. To understand the meaning of this column,
580 let falgorithm 2.1 denote the final objective value returned by Algorithm 2.1
581 and fBazinga denote the final objective value returned by Bazinga. We can
582 then define the relative difference in the returned objective function values as
583

. L fBaZinga — fAlgorithm 2.1

o (44) fdlff ) max(l, | min(fBazingay fAlgorithm 2.1)|) )

585 We indicate that Algorithm 2.1 (resp., Bazinga) had a better relative objective
586 value if fgig > 1075 (resp., faig < —107°). Using this terminology, column
587 “Feasible, Better Objective” gives the number of test problems for which both
588 algorithms terminated at a point with constraint violation less than 1075 and
589 the corresponding method had a better relative objective value. For this
590 metric we see that Algorithm 2.1 significantly outperforms Bazinga in terms
591 of final objective function values when both algorithms return vectors that
592 satisfy the constraint violation tolerance.

593 e Performs Better. The number of test problems for which the corresponding
594 method either (i) met the constraint violation tolerance and the other method
595 did not, or (ii) both methods reached the constraint violation tolerance and
596 the corresponding method had a better relative objective value (see (4.4)).
597 Algorithm 2.1 significantly outperforms Bazinga on this metric.

598 e ¢ is Zero The number of test problems for which the corresponding method

599 returned a = 0. Algorithm 2.1 significantly outperformed Bazinga in this
600 metric, with Algorithm 2.1 (resp., Bazinga) returning a = 0 on 36 (resp.,

601 13) of the test problems. We conjecture that Bazinga’s poor performance
602 on this metric is due to its inner subproblem solver, which sacrifices solution
603 sparsity for faster convergence of its iterates by combining proximal-gradient
604 calculations with quasi-Newton ideas (see [14]). We investigated the test
605 problems that Algorithm 2.1 did not return ¢ = 0 and a Gurobi error was
606 not encountered, and found that by increasing the regularization parameter,
607 Algorithm 2.1 would return solutions satisfying a = 0.

608 e ¢ is Small. The number of test problems for which the corresponding method
609 returned ||alloc < 107, thus indicating that a was small (possibly equal to
610 zero). When comparing this column with column “a is Zero”, we see that the
611 only difference is that Algorithm 2.1 returned a small (nonzero) value for a
612 on one additional test problem; the results for Bazinga were unchanged.

613 o KKT Found. The number of test problems for which the corresponding
614 method terminated with an approximate KKT point, as discussed in Sec-
615 tion 4.2. Algorithm 2.1 computed an approximate KKT point on 33 of the 46
616 test problems. Algorithm 2.1 encountered Gurobi errors (see Section 4.2) on
617 test problems BT4 and HS56 that were related to large constraint violation
618 values, which were caused by too large of an initial value for the merit pa-
619 rameter. These failures can be avoided by decreasing the initial value for the
620 merit parameter, but we did not do that for the numerical tests presented.
621 Overall, we are pleased with the results of Table 4.2. We believe that they in-

622 dicate that there is significant merit to our proposed algorithm, especially in terms
19
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TABLE 4.2
Algorithm 2.1 versus Bazinga on various performance metrics related to solving problem (4.1)
with test functions given in Table A.1-Table A.2; see Section 4.3 for the meaning of the columns.

Method Feasible Feasible, Performs | a is ais KKT
Better Objective Better Zero | Small | Found
Algorithm 2.1 40 23 23 36 37 33
Bazinga 41 2 7 13 13 21

of computing structured approximate solutions. It is worth noting that we have not
discussed computational time since comparing our Python implementation of Algo-
rithm 2.1 with the Julia implementation of Bazinga gives an advantage to Bazinga
(purely because of the programming language used). Even still, one can observe from
Table A.1 and Table A.2 that Algorithm 2.1 requires less (often significantly less)
computing time compared to Bazinga on nearly every test problem.

5. Conclusion. We have presented one of the first proximal-gradient type meth-
ods that can handle nonlinear equality constraints, and effectively return structured
solutions where the structure is determined by the choice of regularization function. In
the future, it would be interesting to address inequality constraints, establish conver-
gence results under weaker assumptions, and accelerate convergence by incorporating
Nesterov acceleration or subspace acceleration.
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Appendix A. Detailed Results for the Test Problems.

In this appendix we provide the detailed output from our Algorithm 2.1 and
Bazinga for the test problems in Table A.1 and Table A.2. See Section 4 for details
on the problem formulation, the test functions used, and the implementation details.

The columns of Table A.1 and Table A.2 have the following meanings.

e Problem. The name of the test problem. Specifically, the value in this col-
umn gives the name of the CUTEst test problem used to obtain the objective
function f and constraint function ¢ in the test problem formulation (4.1).

e Method. The name of the method used.

e Obj. The value of the objective function in problem (4.1) at the final iterate
returned by the solver.

e RE. The relative error between the objective function value returned by the
algorithm and the optimal objective function value. In particular, if we let
(f+r) denote the objective function value returned by a solver on a particular
problem and let (f + 7)opt denote the optimal objective value for that same
problem (as determined by the CUTEst documentation), then we define the
relative error for that method on that problem as

I(f +7) = (f +7)opt]
max (1, [(f + r)opt])

RE =

e |lc(x) 4+ al|2. The value of ||c(z) + al|2 at the point returned by the solver.

¢ ||a||loo- The value of ||a]|o at the point returned by the solver.

e Status. A three letter string that indicates the outcome when the given
method was used to solve the given test problem. In particular, the value
“Opt” means that the method returned a final iterate that was an approx-
imate KKT point as described in Section 4.2. The value “Max” indicates
that the method reached its maximum allowed number of iterations as de-
scribed under Maximum Iterations in Section 4.2. The value “Err” only
occurred for Algorithm 2.1 and indicates that a Gurobi error occurred as de-
scribed under Gurobi error in Section 4.2. Finally, the value “NaN” only
occurred for Bazinga and indicates that the data type not-a-number occurred.

e Time. The computational time measured in seconds.
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Problem Method RE le(x) + all2 llal oo Status Time

BT11 Alg. 2.1 8.25E-01 1.58E-07 1.01E-13  0.00E+00  Opt  1.71E+00
Bazinga 2.22E+01 2.79E+401 8.23E-07 6.62E-01 Max  3.50E+02
BT12 Alg. 2.1 6.19E+00 3.15E-10 4.26E-10  0.00E+00  Opt 2.99E-01
Bazinga 3.75E+02 5.95E+401 1.02E-07 1.24E401 Max 3.33E+402
BT1 Alg. 2.1  -9.00E4+01 8.90E+01  4.77E-13 1.00E4+00  Opt 3.35E-01
Bazinga -5.54E+01 5.44E4-01 3.68E-08 6.08E-01 Opt  9.37E+00
BT2 Alg. 2.1  1.02E+05 3.14E4+06  2.24E-05 1.02E+04 Max  5.17E+00
Bazinga  3.26E-02  2.83E-07 8.22E-07  0.00E+00 Opt 1.24E+01
BT3 Alg. 2.1 4.09E+00 3.10E-06 4.71E-15  0.00E+00  Opt 2.58E-01
Bazinga 3.41E401 7.33E400 3.91E-09 5.92E-01 Max  3.39E+02
BT4 Alg. 2.1 -2.67E+31 5.87TE4+29 2.63E+21  1.84E+10 Err 3.24E-02
Bazinga 4.00E+01 1.88E+00 1.22E-07  2.69E4+00 Max  3.26E+02
BT5 Alg. 2.1 9.62E+02  7.32E-11 4.05E-10  0.00E+00  Opt 1.31E-01
Bazinga 1.03E4+03  7.60E-02 7.06E-08  3.11E400 Max 3.26E402
BT6 Alg. 2.1 2.77E-01 4.89E-07 1.82E-12  0.00E4+00  Opt 6.57E-01
Bazinga 2.65E4+01 9.45E+401 1.32E-07 1.19E400 Max  3.42E402
BT7 Alg. 2.1 3.96E+01  8.71E-01 2.44E-13 4.54E-01 Opt  4.60E+400
Bazinga 9.26E+02 2.02E4+00  9.74E-07 2.50E-01 Opt  1.27E+02
BTS8 Alg. 2.1  1.00E+00 2.61E-06 8.67E-13 2.37E-07  Max  7.83E+400
Bazinga 1.00E4+00  9.86E-10 1.31E-09  0.00E4+00 Opt  9.57E+00
BT9 Alg. 2.1 -1.00E400 1.05E-11 1.63E-11 0.00E4+00  Opt 1.46E-01

Bazinga 2.60E4+01 2.70E4-01 5.87E-07 1.24E+00 Max  3.23E+02
BYRDSPHR Alg. 2.1 -4.68E4+00 7.61E-08 6.55E-09 0.00E+00  Opt 7.89E-02
Bazinga 6.27E+00 2.34E4-00 2.23E-08 4.92E-01 Opt  2.06E+01

DIXCHLNG Alg. 2.1 1.59E+402 1.59E+02 1.98E-07 9.70E-01 Max  1.55E+01
Bazinga NalN NaN NalN NaN NaN  1.35E+01
ELEC Alg. 2.1 1.46E+4+04 2.08E-01 1.12E-06  2.97E400 Max  2.24E+404

Bazinga 1.58E+04 1.42E-01 8.22E-08 6.45E-01 Max  3.34E+04
EXTROSNBNE Alg. 2.1 -2.00E400 2.00E4-00 1.86E-06 0.00E+00 Max  1.38E+05
Bazinga 4.11E+03 4.11E4-03 3.32E-07 4.12E-01 Max  3.65E+04

GENHS28 Alg. 2.1 9.27E-01 9.27E-01 2.47E-15 0.00E+00 Opt 2.07E+400
Bazinga  9.27E-01 9.27E-01 1.01E-10 0.00E+00 Opt 9.35E+00
HS100LNP Alg. 2.1 6.81E4+02  1.09E-10 2.27E-13 0.00E+00 Opt 6.93E-01
Bazinga 7.26E402 1.16E+402 1.17E-07 1.46E4+00 Max  3.36E+02
HS111LNP Alg. 2.1 -4.78E+01 1.10E-03 4.99E-10 0.00E4+00 Max 1.15E+01
Bazinga -5.22E401 9.52E-02 7.12E-08 2.60E4+00 Max  4.58E+02
HS26 Alg. 2.1 1.09E400 1.09E+00 5.12E-08 0.00E4+00 Max  5.27E400
Bazinga  1.05E-13 1.05E-13 2.93E-10 0.00E+00 Opt 9.14E+00
HS27 Alg. 2.1 4.00E-02 5.63E-10 9.48E-15 0.00E+00 Opt 3.48E-01
Bazinga  4.00E-02 1.46E-07 1.46E-07 0.00E+00 Opt 9.12E+00
HS28 Alg. 2.1 5.05E-11 5.05E-11 8.88E-16 0.00E4-00 Opt 2.26E-01
Bazinga  7.95E-17 7.95E-17 8.01E-10 0.00E+00 Opt 9.05E+00
HS39 Alg. 2.1  -1.00E400 1.05E-11 1.63E-11 0.00E+00 Opt 1.37E-01
Bazinga 2.60E4+01 2.70E+401 5.87E-07 1.24E400 Max  3.25E+402
TABLE A.1

Results for test problems BT11-HS39.
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Problem Method ) le(x) + al|2 lal oo Status  Time (s)

HS40 Alg. 2.1 -2.50E-01  1.39E-10 5.91E-11 0.00E+00  Opt 1.05E-01
Bazinga 1.43E+401 5.81E+401 9.97E-10 4.78E-01 Opt  1.25E+402
HS42 Alg. 2.1 1.39E+01  2.68E-10 3.06E-14  0.00E+00  Opt 2.68E-01
Bazinga 2.76E4+01  9.90E-01 5.91E-10 1.13E4+00 Opt  9.38E+01
HS46 Alg. 2.1 5.73E-10 5.73E-10 4.09E-12  0.00E4+00 Opt  1.84E+00
Bazinga NaN NaN NaN NaN NaN  3.09E+02
HS47 Alg. 2.1 1.33E-05 1.33E-05 4.70E-10  0.00E+00 Max  8.48E+00
Bazinga 4.21E4+01 4.21E401 1.27E-10 1.36E4+00  Opt  3.84E+401
HS48 Alg. 2.1 2.69E-11 2.69E-11 4.44E-16  0.00E+00  Opt 1.84E-01
Bazinga  2.00E-13 2.00E-13 1.59E-10  0.00E4+00  Opt  9.06E+400
HS49 Alg. 2.1 2.20E-04  2.20E-04 1.81E-13  0.00E4+00 Max  7.22E+00
Bazinga 2.90E+01 2.90E4-01 2.02E-07 1.43E4+00 Max  3.34E+02
HS50 Alg. 2.1 2.86E-11 2.86E-11 1.72E-14  0.00E4+00  Opt  6.58E+00
Bazinga 4.53E4+00 4.53E4-00 1.66E-09 7.65E-02 Max  3.33E+02
HS51 Alg. 2.1 1.48E-11 1.48E-11 6.28E-16  0.00E+00  Opt 1.71E-01
Bazinga  1.61E-15 1.61E-15 3.17E-09  0.00E+00 Opt  9.056E+00
HS52 Alg. 2.1  5.33E+00 4.31E-12 7.69E-16  0.00E4+00 Opt  1.37E+400
Bazinga 5.33E+00  6.50E-07 2.98E-07  0.00E+00 Opt  9.15E400
HS56 Alg. 2.1 -5.81E4+83 1.68E+83 4.07TE+28  4.94E+427 Err 6.57E-02
Bazinga NaN NaN NaN NaN NaN  7.44E+01
HS61 Alg. 2.1 -1.44E402 1.55E-11 2.03E-13  0.00E+00  Opt 1.75E-01
Bazinga -1.44E402 4.29E-09 448E-07  0.00E4+00 Opt  9.10E+00
HS6 Alg. 2.1 1.16E-10 1.16E-10 2.38E-11 0.00E+00  Opt 4.11E-01
Bazinga  4.46E-14  4.46E-14 2.49E-09  0.00E+00 Opt 1.20E+01
HS77 Alg. 2.1 2.42E-01 6.83E-09 3.16E-12  0.00E+00  Opt 5.32E-01
Bazinga NaN NaN NaN NaN NaN 1.12E+401
HS78 Alg. 2.1 1.10E4+01 4.77TE+00  4.73E-10 1.00E+00 Max  8.44E+00
Bazinga 5.44E401 1.96E401 3.93E-09 1.74E+00 Max  3.44E+02
HS79 Alg. 2.1 7.88E-02 7.11E-10 6.50E-14  0.00E+00  Opt  3.51E+400
Bazinga 2.82E+01 3.57E4+02  3.74E-08 9.33E-01 Max  3.48E+02
HS7 Alg. 2.1 -1.73E+00 2.44E-10 8.18E-11 0.00E+00  Opt  1.81E400
Bazinga -1.73E+00 2.12E-08 1.29E-07  0.00E4+00  Opt  9.11E+400
HS9 Alg. 2.1 -5.00E-01  1.32E-09 1.78E-15  0.00E4+00  Opt 7.98E-02
Bazinga -5.00E-01  9.02E-10 1.37E-08  0.00E4+00  Opt  9.10E400
LCH Alg. 2.1 -1.23E402 2.77E+01 3.42E-06  9.47E4+00 Max  1.84E403

Bazinga 1.11E+00 1.26E4-00 7.89E-09 3.50E-01 Max  1.07TE403
MARATOS Alg. 2.1 -1.00E+00 2.00E4-00 4.71E-10 0.00E+00  Opt 6.19E-02
Bazinga 5.48E+00 4.48E4-00 7.69E-11 6.10E-01 Opt  9.56E400
MWRIGHT  Alg. 2.1  2.50E+01  2.40E-01 1.09E-13 0.00E4+00  Opt 6.92E-01
Bazinga 2.67E+02 7.11E4-00 3.41E-07 3.02E4+00 Max 3.46E+402
ORTHREGB Alg. 2.1  2.09E-12 2.09E-12 9.39E-13 0.00E+00  Opt 5.19E-01
Bazinga 3.90E+02 3.90E4-02 6.22E-08 6.49E4+00 Max  5.21E402

S5316-322 Alg. 2.1 3.34E4+02  1.29E-06 3.31E-08 0.00E+00  Opt 6.14E-02
Bazinga 9.12E4+02 1.73E4-00 3.26E-07 9.80E-01 Opt  1.59E+01
SPIN20OP Alg. 2.1 1.23E-09 1.23E-09 1.22E-09 0.00E4+00  Opt  6.55E+02

Bazinga 2.09E+03 2.09E4-03 2.02E-08 2.09E4+00 Max 4.45E+03
STREGNE Alg. 2.1 4.93E-12 4.93E-12 1.11E-15 0.00E+00  Opt 1.99E-01

Bazinga NaN NaN NaN NaN NaN 1.82E+401
TABLE A.2
Results for test problems HS40-STREGNE.
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