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Abstract

Quantum computing has the potential to speed up some optimization methods. One can use
quantum computers to solve linear systems via Quantum Linear System Algorithms (QLSAs).
QLSAs can be used as a subroutine for algorithms that require solving linear systems, such as
the dual logarithmic barrier method (DLBM) for solving linear optimization (LO) problems. In
this paper, we use a QLSA to solve the linear systems arising in each iteration of the DLBM.
To use the QLSA in a hybrid setting, we read out quantum states via a tomography procedure
which introduces considerable error and noise. Thus, this paper first proposes an inexact-feasible
variant of DLBM for LO problems and then extends it to a quantum version. Our quantum
approach has quadratic convergence toward the central path with inexact directions and we
show that this method has the best-known O(y/nlog(nug/¢)) iteration complexity, where n
is the number of variables, g is the initial duality gap, and ( is the desired accuracy. We
further use iterative refinement to improve the time complexity dependence on accuracy. For
LO problems with quadratically more constraints than variables, the quantum complexity of
our method has a sublinear dependence on dimension.

Introduction

Quantum Computing has drawn a significant amount of attention recently because of its promising
speedups compared to classical computing. Such examples include integer factorization Shor [1994]
and Quantum Linear System Algorithms (QLSAs) Childs et al. [2017], Harrow et al. [2009]. Due
to the wide applications of mathematical optimization, it is natural to design and develop quantum
There has been an increasing amount of research regarding develop-
ing quantum optimization algorithms for solving optimization problems. Such attempts include
Quantum Approximation Optimization Algorithms (QAOA) Farhi et al. [2014], Quantum Simplex
Algorithm Nannicini [2022], and Quantum Interior Point Methods (QIPMs) Augustino et al. [2021,
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2023|, Casares and Martin-Delgado [2020], Kerenidis and Prakash [2020], Mohammadisiahroudi
et al. [2024a], Wu et al. [2023].

QIPMs are quantum versions of classical interior point methods (IPMs) that use QLSAs as an
oracle to solve the Newton system at each iteration. Given that the solution extraction process done
by quantum tomography introduces errors, inexact IPMs must be used in this context. There are
variants of interior point methods, i.e., primal, dual, and primal-dual. Previous works in the con-
text of QIPMs include Mohammadisiahroudi et al. [2023b] and Mohammadisiahroudi et al. [2024a),
which proposed an inexact infeasible QIPM (II-QIPM) and an inexact feasible QIPM (IF-QIPM),
respectively, for linear optimization (LO) problems. The algorithms proposed in these works are
primal-dual IPM algorithms. In Mohammadisiahroudi et al. [2024a], the authors developed an
II-QIPM that exploits QLSA to solve the normal equations system (NES) in each iteration. Their
algorithm has a total complexity of Oy, (n*L|A||*w*s?), where n is the number of variables,
L is the bit length of the input data, x4 is the condition number of matrix A, and w is an upper
bound on the norm of optimal solution. Among the systems that we can solve to obtain the New-
ton direction, NES is the most desirable since the coefficient matrix is positive definite. However,
solving NES inexactly introduces primal infeasibility. To address this issue, Mohammadisiahroudi
et al. Mohammadisiahroudi et al. [2023b] proposed a novel system called the orthogonal sub-
space system (OSS) and also a modified Newton system, which runs in Oy, ., o(n?°L|| A||2w?k4)
time. In a subsequent work Mohammadisiahroudi et al. [2024b], they improved their complexity to
0"7"@,47||A||»Hi7||7#0 (m~/nLx?w?), where x? is an upper bound on the condition number of the Newton
system. Evidently, such modification comes at a computational cost. To avoid such preprocessing
and modifications, we aim to use the dual logarithmic barrier method. In our algorithm, we solve
NES inexactly while maintaining primal feasibility without any modifications.

There are two closely related works to ours in the context of dual logarithmic barrier methods,
one in classical and one in quantum settings. First, Bellavia et al. Bellavia et al. [2019] proposed a
dual logarithmic barrier method for solving semidefinite optimization (SDO) problems with sparse
variables. As LO is a special case of SDO, by putting the elements of variables along the diagonal of
the semidefinite variable, one can adopt their method for LO. Their method solves a normal equation
system at each iteration. They shift the inexactness into primal feasibility, making iterations primal
infeasible until optimality. Their method terminates after fl&/ﬁlog(%ﬂ inexact Newton steps,
where pg is the initial duality gap, and ( is the desired accuracy. They achieve this complexity
by a tight bound on the residual. In our analysis, we show that our method requires a less strict
bound on the residual.

Second, Apers and Gribling! proposed a quantum algorithm based on an IPM for so-called
“tall” LO problems, in which n 3> m, that runs in y/npoly(m,log(n),log(1/¢)), where n is the
number of constraints in their dual form problem Apers and Gribling [2023]. Their algorithm
avoids dependence on a condition number. Under some mild assumptions and access to QRAM
(a quantum-accessible data structure), their framework achieves a quantum speedup under the
assumption of n 3> m. To approximate the Hessian and the gradient of the barrier function
in the Newton step, they proposed a quantum algorithm for the spectral approximation of the
matrix AAT. Further, they migrated the matrix-vector multiplication into a quantum setting using
an algorithm that combines spectral approximation with quantum multivariate mean estimation
algorithms. As mentioned earlier, their work focuses on tall LOs. To be more specific, they present

In Apers and Gribling [2023] the authors use different notations. For consistent and unified presentation, the
results of Apers and Gribling [2023] are translated to notations used in this paper.



their result to be competitive for cases where n > ym!Y for some constant v. Although they refer
to some specific applications where such a setting exists, it appears that their result might not
show any speedup for general cases of LO problems where n and m are both large and of the same
order of magnitude. Moreover, they imposed an assumption on the size of the input data. Given
their assumption, the self-dual embedding model is not applicable to finding an initial solution
due to dimension restriction. Further, if one uses Khachiyan’s or big-M methods, there will be
a contradiction regarding the complexity. Furthermore, they did not clarify how their algorithm
maintains feasibility if the gradient is approximated with some error.

In addition, in the quantum setting, Augustino et al. Augustino et al. [2023] proposed the
first provably convergent quantum interior point for semidefinite optimization. If we apply this

framework to LOs, we get the query complexity of (5n7& 1 <n2%2> and (57%& 1 (n2'5) arithmetic

operations, where  is the condition number of Newton linear system Augustino et al. [2023]. As
mentioned earlier, one can adopt such a framework for solving LLOs by defining diagonal matrices
of input data. However, their complexity has a linear dependence on the inverse of the precision,
making it exponentially costly to acquire a precise solution. Later, that dependence was improved
using iterative refinement Mohammadisiahroudi et al. [2023a].

Further, among the classical works, there exist works Karmarkar [1984], Nesterov and Ne-
mirovskii [1994], Roos et al. [1997], Vaidya [1989] based on partial updating which calculates inexact
Newton’s direction using partial update of the inverse of NES. This idea gives the best complexity
of O(n3L) arithmetic operations for solving LO problems where L is the input data length Roos
et al. [1997]. Researchers have used this idea besides concepts of fast matrix multiplication, spec-
tral sparsification, inverse maintenance, and stochastic central path methods Cohen et al. [2021],
Lee and Sidford [2015]. These combined approaches lead to improving the complexity of IPMs
to O(n*0 log(%)), where wp < 2.3729 is the matrix multiplication constant [van den Brand, 2020].
Further, van den Brand et al. [2020] proposed a robust primal-dual interior point method with
nearly linear time for tall dense LO problems based on some techniques for efficient implementa-
tion, without using fast matrix multiplication. However, similar to Apers and Gribling [2023] there
exists an assumption on the dimensions of the problem.

Due to the high cost of solving the Newton linear system within IPMs for large-scale LO
problems, some papers have developed first-order methods (FOMs) for solving LO problems. FOMs
exploit first-order information, i.e. gradients, to update the solution in each iteration. The cost per
iteration of FOMs is significantly better than that of IPMs as they only require some of the matrix-
vector products. One of the well-known FOMs is the PDLP algorithm, built upon the primal-dual
hybrid gradient (PDHG) method. PDLP enhances PDHG by using presolving, preconditioning,
adaptive restart, adaptive choice of step size, and primal weight. FOMs do not converge fast and
perform well only when the input data matrix is well-conditioned and the problem has proper
sharpness. PDHG with restarts has O(klog(1/()) iteration compelexity Applegate et al. [2023].
In another direction, ADMM-based IPMs (ABIPs) have been developed by solving the nonlinear
log-barrier penalty function by the alternating direction method of multipliers (ADMM). ABIPs
have O(x2/¢log(1/¢)) iteration complexity which is not polynomial for acquiring exact solutions Lu
[2024].

Motivated by Apers and Gribling [2023], Bellavia et al. [2019], we propose a quantum version of
the dual logarithmic barrier method, which is a dual IPM, for solving general LO problems. This
method starts with a feasible interior point, uses Newton’s method to explore the dual space, and
exploits QLSAs to solve Newton’s systems to obtain Newton’s directions. In our convergence anal-



ysis, we prove quadratic convergence toward the central path despite having an inexact direction.
Furthermore, our method has the advantage over these two works of Apers and Gribling [2023],
Bellavia et al. [2019] in the sense that it requires a less strict condition on the norm of residual
and requires a sublinear number of queries with a much-relaxed condition on the dimension of the
problem. We ultimately apply the iterative refinement technique to mitigate the dependence on
precision.

The rest of this paper is organized as follows: Sections 2 covers the preliminaries needed through-
out the paper. Section 3 describes the analysis of our algorithm in detail and presents the complexity
results. Further, the application of iterative refinement is discussed at the end of this section to
improve the dependence on precision. Conclusions and future works are explained in Section 4.

2 Preliminaries

In this section, we start with some notation definitions and then briefly introduce LO problems,
the dual logarithmic barrier method, and QLSA.

2.1 Notations

Throughout this paper R™ denotes the the set of n-dimensional vectors of real numbers and C"
for the set of n-dimensional vectors of complex numbers. For matrix M, ||[M| = ||[M]2 is the
spectral norm, and ||M || is the Frobenius norm of the matrix. o1(M) is the largest singular value
of matrix M and og(M) is the least nonzero singular value. The condition number of M is defined
as k(M) = o1(M)/oo(M). For vectors, we use e for the all-one vector. For two vectors v; and
vy with the same dimension, we use vivs for their entry-wise product, v} for the entry-wise power
of p for v;. The ¢ norm of v is denoted as |[v||2 or simply ||v|| and the ¢; norm is denoted as
lv]|1. Given a positive semidefinite matrix M, we denote ||v||asr = Vv Mv. For complexity, we use
O which suppresses the poly-logarithmic factors in the “Big-O” notation. The quantities of the
poly-logarithmic factors are indicated in the subscripts of O.

2.2 Linear Optimization Problems

In this paper, we consider the standard form LO problem defined as follows.

Definition 1 (Linear Optimization Problem: Standard Form). For vectors b € R™, ¢ € R", and
matriz A € R™*™ with rank(A) = m < n, we define the primal LO problem as

.7
t. Az =0, x>
a{rel]%}bcxs x , x>0, (P)
and the dual LO problem as
vy st AT = > 0.
yE]RrTE,a?ER” ys yts=c s20 (D)

We define the set of primal, dual, and primal-dual feasible solutions as
P={zeR": Az =b, x > 0},
D= {(y,s) eR"xR": ATy+s=c, 320},
PD = {(z,y,s) ER" x R™" xR": Az = b ATy +s=¢ (z,5) > 0},



and the set of interior primal-dual feasible solutions as
PD° = {(z,y,s) € R" x R™ xR": Az =, ATy +s=c¢, (z,5) > 0}.
Analogously, we can define the set of interior dual feasible solutions as
D° = {(y,s) eER" xR": ATy+s=c, s>0}.
We assume that the following interior point condition (IPC) holds.

Assumption 1. There exists a solution (z°,1°, s%) such that
Az =b, ATy? + " = ¢, and (2%, s°) > 0.

Note that feasible IPMs require that iterates stay in the interior of the feasible set. Thus,
Assumption 1 is necessary. However, if it happens to fail, one can embed the LO problem into
its self-dual embedding model, which is an LO problem equivalent to the original one and satisfies
Assumption 1. It is known that when Assumption 1 holds, the following system has unique solution
for any p > 0,

Ar =0, >0
ATy+s:c, s>0
XSe = pue,

where X = diag(z) and S = diag(s) Roos et al. [1997]. The solution (z(u),y(u),s(u)) is called
p-center. When we only consider the dual space, we also call the point (y(u), s(u)) by p-center.

2.3 Dual Logarithmic Barrier Method

In this section, we proceed with describing the dual logarithmic barrier method. The dual logarith-
mic barrier method focuses on the dual problem (D). Note that any method for the dual problem
can also be used for solving the primal problem too, because of the symmetry between primal and
dual problems Roos et al. [1997].

The dual logarithmic barrier method applies Newton’s method to the following dual barrier
function of the dual problem (D),

Lly)=—=b"y—pn) log(ci— (ATy),) .
=1

This is a continuous differentiable convex function and its minimum is obtained when
-1
VyL(y) = —b+puA(c—ATy) =0,

where (c — ATy)_1 is the entry-wise inverse. Combine this with the dual equality constraint, we
have the following nonlinear system

—b+ pASte =0,
c—ATy—s=0.



Applying Newton’s method to solve the nonlinear system gives the following Newton linear system,

0 —pAS~Z] [Ay _ —b+ uAS~lte
—AT —I As| 0 '

Denote r, = b — pAS ~le. The Newton linear system can be simplified into the following normal

equation system (NES) as

(AS_2AT) Ay = ;Tp. (NES)

It is easy to verify

Ay = ; (AS~24T) "',
As = —AT Ay. (1)

The dual logarithmic barrier method starts with a strictly feasible dual solution (3°, s) € D° and

a 1% > 0 such that (3°, s%) is close to the p°-center in the sense of the proximity measure 6(s%, ),
which is defined as
d(s, ) == HsilAsHZ.

Then, the iterate moves along the Newton direction and finds a new iterate in the interior of D.
Define
x(s, ) = argmin {||ue — sx| : Ax =b}.
x

According to Theorem II1.28 of Roos et al. [1997], we have
1 .
d(s, ) = ;mln{H,ue — szl : Az =1b}.

Algorithm 1 is a conceptual dual logarithmic barrier method. The following results from Roos et al.
[1997] lay the foundation for our analysis.

Lemma 2.1 (Lemma II.19 in Roos et al. [1997]). If the Newton step As satisfies
—e<sTAs < e,
then x(s, ) is primal feasible and s™ = s + As is dual feasible.

Lemma 2.2 (Theorem II.21 in Roos et al. [1997]). If 6(s, ) < 1, then x(s, ) is primal feasible,
and sT = s+ As is dual feasible. Moreover,

8(s*, ) < 6(s, )%

Lemma 2.3 (Theorem I1.23 of Roos et al. [1997]). Let § :== d(s,u) < 1. Then, the duality gap for
the primal-dual pair (xz(s, ), s) satisfies

np(l —06) < sTa(s,p) < nu(l+9).



Lemma 2.4 (Theorem I1.25 of Roos et al. [1997]). If 7 = 1/v/2 and 6 = 1/(3\/n), then the dual
logarithmic barrier algorithm with full Newton steps requires at most

o)

iterations. The output is a feasible primal-dual pair (x,s) such that z7s < 2e.

In Lemma 2.4, the complexity is also called IPM complexity because it tells how many IPM
iterations are needed for an IPM to converge to the target accuracy. In Algorithm 1, the IPM
complexity is the number of loops in the “while” loop. In each IPM iteration, one needs to construct
and solve Newton’s linear system and update iterates.

Algorithm 1 Dual Logarithmic Barrier Algorithm with full Newton steps Roos et al. [1997]
Input: 7 =1/v2, 0 =1/(3y/n), e >0, (y°,5°) € D°, and p° > 0 such that §(s°, u°) < 7.
begin
s = 8% = s
while ny > (1 — 6)e do

s =5+ As;
p=(1-0)
end while
end
return (y, s)

2.4 Quantum Linear System Algorithm

In this section, we start with the introduction of linear system problems (LSPs) and quantum linear
system problems (QLSPs). Then, we introduce the QLSA and quantum tomography algorithm
(QTA) we use in this work and discuss how to use them to solve LSPs in the IPM setting. In this
work, we assume the access to QRAM.

2.4.1 LSP & QLSP

Definition 2 (Linear System Problem (LSP)). The problem of finding a vector z € R™ such that it
satisfies Mz = v with the coefficient matriz M € R™™ and right-hand-side (RHS) vector v € R™.

LSPs could have zero, one, or infinitely many solutions. In practice especially in optimization
algorithms, LSPs have a unique solution. For general matrices, LSPs can be solved using Gaussian
elimination with O(n3) arithmetic operations. When the matrices are symmetric but indefinite,
LSPs can be solved exactly using Bunch—Parlett factorization with O (n3) arithmetic operations
Bunch and Parlett [1971]. When the matrices are symmetric and positive definite, LSPs can be
solved using methods including Cholesky factorization and the Conjugate Gradient method. Among
the classical methods for symmetric positive definite LSPs, the Conjugate Gradient method has
the best complexity with respect to n as O(ndy/klog(1/€)), where d is the maximum number of
non-zero elements in any row or column of M, k is the condition number of M, and € is the error
allowed. The price for advantage with respect to dimension is unfavorable dependence on condition
number.



To define LSPs in the quantum setting, we need to introduce some notations from the quantum
computing literature. The notation of ket (|-)) is used to denote quantum states. |i) is the ith
computational basis quantum state, which corresponds to a classical column vector with the ith
entry being 1 and the rest zero. We define LSPs in the quantum setting as follows.

Definition 3 (Quantum Linear System Problem (QLSP)). Let M € C"*" be a Hermitian matriz
with ||[M||2 =1, v € C", and z .= M~'v. We define quantum states

_ i vild) _ izl
132 vilay 17 [DIEEADN

For target precision 0 < eqrsp, the goal is to find |Z) such that |||Z) — |2) ||2 < eqrsp, succeeding
with probability Q(1).

[v)

and |z)

As mentioned earlier, a QIPM is an IPM that uses QLSA to solve the Newton system. To
give a linear system as an input to QLSA, we need to transform the LSP into a QLSP. Moreover,
the output of QLSA is a quantum state, which is not directly translatable to the classical setting.
Thus, we have to use a QTA to extract the classical solution.

To transform an LSP into a QLSP, we need to determine how to encode the input data in the
quantum setting. There exist two major methods for this purpose: (1) sparse-access model, and
(2) quantum operator input model. In this paper, we choose the latter option which, according to
Chakraborty et al. [2018], is more efficient than the former when QRAM is available.

2.4.2 Quantum Operator Input Model

In this model, one has access to a unitary that stores the matrix M,
M .

where a > |[M]| is a normalization factor chosen to ensure the existence of unitary matrix U.
The following definition of block encoding is introduced in Chakraborty et al. [2018] with slight
restatement.

Definition 4 (Block encoding). Let M € C?"*2" be a w-qubit operator. Then, a (w + a)-qubit
.], such that

unitary U is an (a, a,§)-block encoding of M if U = [M

lad — M|z < €.
An (o, a,&)-block encoding of M is said to be efficient if it can be implemented in time Ty =

O (poly(w)).
Note that Definition 4 is equivalent to the following property:

1M — a({0]"* ® 1)U (10)*" ® Iyw)|| < €.

In other words, we refer unitary U as an («, a, §)-block encoding of M, where a is the number of
extra qubits and € is the error bound for the implementation of the block-encoding.

The following results are presented in the works of Gilyén et al. [2019] and [Chakraborty et al.,
2018].



Lemma 2.5 (Lemma 50 in Gilyén et al. [2019]). Let M € C?"*%" be a w-qubit operator. If M
18 stored in a quantum-accessible data structure, then there exist unitaries Ur and Uy, that can be
implemented in O(poly(wlog(1/€))) time and UEUL is a (|| M||rp,w + 2,§)-block encoding of M.

Lemma 2.6 (Lemma 4 in Chakraborty et al. [2018]). (Product of block-encoded matrices) If Uy is
an (o, a1,&1)-block-encoding of an w-qubit operator My, and Us is a (aa, as, &2)-block-encoding of
an w-qubit operator Ma, then (Izax @Uy)(Iza1 @Usz) is an (aiae, ay + ag, a1 + anfy ) -block-encoding
Of Ml M2 .

The results referred to above require QRAM, which is studied in Kerenidis and Prakash [2016].
It allows efficient block encoding of matrices and state preparation of vectors. The physical im-
plementation of QRAM remains an open research topic Giovannetti et al. [2008]. In this work, we
assume the existence of QRAM. Exploiting QRAM, one can implement an -approximate block-
encoding of M with O(polylog(¢)) complexity Kerenidis and Prakash [2016]. This merely generates
a polylogarithmic overhead for the total complexity. The accuracy £ here is different from the tar-
get accuracy of our QIPM. It can be shown that the accuracy £ here is a polynomial of the target
accuracy of our QIPM, making the time complexity of matrices block-encoding and vectors state
preparation negligible compared with the time complexity from QLSA/QTA.

2.4.3 QLSA & QTA

In our work, we use the quantum singular value transformation (QSVT) from Gilyén et al. [2019]
as our quantum linear system algorithm (QLSA), and QTA from van Apeldoorn et al. [2023] to
solve LSPs. When using QLSA to solve an LSP, one has to load the classical data into a quantum
computer and store them properly. In this work, we assume the existence of QRAM and choose
to use block encoding to preprocess the data. After properly storing the classical data in QRAM,
the QLSA will output a quantum state encoding the solution of the LSP. One has to use QTA to
extract a classical representation of the solution from the quantum state. The extracted classical
solution is a unit vector and it is inexact. There are algorithms that estimate the norm of the actual
LSP solution but these estimations are still inexact. In this work, we analyze the needed accuracy
for the QLSA and the QTA to ensure the expected convergence of the proposed algorithm, despite
the inexactness. We discuss the details in Section 3.2.

3 Inexact Feasible Dual Logarithmic Barrier Method

In this section, first, we prove the polynomial iteration complexity of the proposed inexact feasible
dual logarithmic barrier algorithm. Then, we analyze how the inexactness of the Newton steps
affects the complexity of the dual logarithmic barrier method.

3.1 Polynomial Complexity

In this section, we discuss how the inexactness of quantum algorithms affects the Newton step
and analyze the complexity of the inexact dual logarithmic barrier method. As mentioned in the
previous section, we use quantum algorithms to solve (NES), which introduces inexactness into
Newton’s directions. Let Ag be an inexact solution with inexactness Sgy, where superscription C

10



stands for classical since Ay is a classical approximation of Ay. Let rnygg be the residual of (NES),

then we have
Aj = Ay +EL,,

1
'NES = (AS_QAT) (Ay + (Sgy) — ;Tp.

Let A3 be the inexact solution computed from Ag using (1) and €S, be the corresponding inex-
actness, then

&5, = —AT ((AS72AT) " g ) = —ATES,,

In the original dual logarithmic barrier method, the Newton step is accurate and thus the full
Newton step can guarantee the feasibility of the new iterate, as described in Lemma 2.2. In the
quantum case, we only have an inexact Newton step. However, the feasibility of the new iterate
after taking one full Newton step with proper conditions still can be proved. Moreover, local
quadratic convergence still holds.

Theorem 3.1. If §(s,u) < 0.5, then z(s,pu) is primal feasible. Furthermore, if HS_IEgSHQ <
%5(5,,u)2, then st = s+ As + SACS is dual feasible. Moreover,

§(st, ) < 1.58(s, p)?.
Proof. Following Lemma 2.2, x(s, ) is primal feasible because (s, 1) < 0.5 < 1. Then, we prove
st = s+ As+ ES, is dual feasible. Notice that
sTist =e+ s HAs + £X,).
For any i € {1,...,n}, since §(s, ) < 0.5, we have

(s'As). > —d(s, pu) > —0.5.

i
Similarly, since Hs‘lé’gsuz < %5(3, ©)?, we have
—1¢C 1 2 1 2
(s EAs)i > —5(5(5,#) > —3 % (0.5)“.
It follows that 1
s1sT >e—(0.5)e — 3 % (0.5)%¢ ~ 0.417e > 0,

and thus s' is dual feasible. Finally, we prove the local quadratic convergence of the iterative
sequence to the central path. Following the proof of Theorem II1.20 in Roos et al. [1997], we have

1
55 1) < 1 e = 5"l ) .

and
s 1As = pe — sx(s, ).
Combining with the definition of s™, we have

pe — st (s, 1) = pe — (s + As + EL (s, p)

= (s As)" — €5 (s, )
=L (8_1A5)2 + (,us_lAs — ,ue) s_lé’gs.

11



By the definition of 6(s™, i), we have

§(sT,p) < H,ue—s+1‘ Sy b H2

< (s, ,u)2 + H (s_lAs - e) s_lé’gst ,

where the second inequality follows the triangular inequality. For the second term, we further relax
it by
(57 As —e) sTIER [l < [I(s7 A5 =€) | [|s €L, |, -
Since (s, 1) < 3, we have
H(S_IAS — e)HOO < 1.5.
Thus,
5(s" ) < (s 1) + L5 |8, |, < 155(s, )

which completes the proof. O

Lemma 3.2. If Hs’lé'gs
Then we have

|, <0.16(s, p), and 6(s, ) < 0.5, let sT = s+ As+ES, and p™ = (1-0) .

0(st,ut)? < (14 p*)6(s, pu)* +0.06(1 + p*) + p°n,
where p = %.
Proof. Following the proof of Lemma I1.26 of Roos et al. [1997], we have
3(s™, u")? < |h))? — 200" (e — h) + p[le — h]1%,

where

h = (3*1A5)2 + (s'As —e) 571K,
Since Hs_lc‘,’gSHQ < 0(s, ) < 0.5, we have
h < 0.5% + (—0.5 — 1)(—0.5)e =
For
(e —h) = (e - (silAs)2 - (sflAs —e) 3*15§S>T ((571A8)2 + (s7tAs—e) 5*15&) ,
notice that T
(e - (silAs)Q - (silAs —e) silé’gs> (silAs)2

> (1 —(0.5)2 — (=05 — 1)(—0.1 x 0.5)) e (0.5)%e (2)

>0.16875n.
Also, if ((s‘lAs — e) s_lggs)i > 0, then we have

(e — (silAs)2 — (silAs —e) 371528) ‘ ((sflAs —e) silggs)i

> (1 —0.5% = (—0.5— 1) (—0.1 x 0.5)) (s " As —e) s 1EF,).
>0
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If ((s‘lAs — e) s_lggs)i < 0, then we have

(e - (SilAS)z — (silAs — e) 371528) ((silAs — e) 3*1825)

i )

> (1-0—(=0.5—1) x (0.1 x 0.5))(—0.5 — 1)(0.1 x 0.5)
> —0.080625,
which gives
(e - (5_1A5)2 - (s_lAs —e) s_IEgS)T ((s_lAs —e) 5_15&)
> —0.080625n.

It follows that
h'(e —h) > 0.

Moreover, we have
|h|]? = H (sflAs) H4 + H2 (sflAs)Q (SflAs — e) 871(‘:23 + (sflAs — 6)2 372(528)2“
< H (s_lAs) H4 + HQ (5_1A3)2 (s_lAs — e) s_lggs + (s_lAs — 6)2 3_2(528)2”1

<[l as) [ 4|2 (571 As)" + (s As — ) 571,

(00— ) 515
where the second inequality follows the Holder’s inequality. Given that

(05 - ) sEE, | < [ls BssT €L + [les™ €K

<l As ] fls7TEKN + el [l K]

<2|[s7 e
and -1 2 -1 —1¢C -1 2 -1 —1¢C
HQ(S As)"+ (sT'As —e) sTIER, §H2(5 As) H—l—”(s As—e)s SASH
<[2 (71 as)"| + 2578
<2 (a9 + 2 ES, ).
we have

1> < [[(s7As)| + (2| (s As) P+ 2 s €K 2157 €K |
< &(s, p)* + 0.06.

Next, for |le — h||3, we have
lle = hlI3 < flell3 + l1All3

< n+ |[Al3.
Finally, for the proximity measure, we obtain
(s, 1) < |01 = 200" (e = h) + pPlle — R)?
< (L+p°)[|hl* + p*n
< (1+ p)[0.06 + (s, 1)*] + p°n,

which shows the claimed bound.
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Theorem 3.3. If (s, p) < 0.5, Hs‘lé’gs‘b < 0.16(s, 1), and 6 = 1/(4y/n), then the inexact dual
logarithmic barrier algorithm with full Newton steps requires at most

()]

iterations. The output is a primal-dual pair (z,s) such that x7s < 2e.

Proof. Let 0 = then we have

1

o/
0 1/4 1 1
1-60 = 1-1/4/n  3yn

With (s, 1) < 0.5, we have
0.06 4 6(s, )t < 0.1225,

which gives
§(st, )2 <0.1225 + p?(0.1225 4 n)
1
< 012954 212240
In

< 0.25.

Hence, after each iteration of the proposed inexact feasible dual logarithmic barrier algorithm,
the property &(s,u) < 0.5 holds. Let nug(1 — )% > (1 — )¢, one gets the iteration bound
K< [4\/ﬁlog (nuﬂ / e)] Finally, following Lemma 2.3, we obtain

sTa(s, ;) < nu(l+0(s, 1)) < 2np < 2e.

O]

Now, we need to determine what accuracy is required to satisfy the aforementioned condi-
tions. Since we assume that we start with the two conditions, i.e., (s, ) < 0.5 and Hs‘lggst <
0.10(s, ), satisfied, the condition d(s, u) < 0.5 automatically holds in the next iteration as proved
in the proof of Theorem 3.3. The remaining question is how to maintain HS_IEXSHZ < 0.10(s, p).
In the next section, we answer this question and analyze the per-iteration complexity.

3.2 Per-iteration Complexity

In this section, we analyze the cost of each IPM iteration. Specifically, we analyze the number
of queries to QRAM and the number of classical arithmetic operations. We start by analyzing
the rescaling factor for the normalized solution from QLSA4+QTA and then analyze the quantum
accuracy needed for QLSA+QTA. The analysis in this section holds for any iteration. For simplicity
of notation, we omit the superscripts for iteration number. Recall that the convergence conditions
in Theorem 3.3 require ||5_15gs||2 be bounded, so we try to find the proper rescaling factor to
minimize the term. By the definition of 525, the term can be represented as

s &Nl = 157 AT (Ay — Ag)ll2 = |5~ AT(Ay — AAG/ | Ag]l2) |2,

14



where A is the rescaling factor and Ag is a unit vector obtained from the quantum subroutine.
Recall that Ay is the exact solution (not necessarily a unit vector) and Ay is an approximate
solution rescaled from Ay with factor, we have the following relationships

Ay = X\*Ay,

Ay = (Ay— €3,)l|Ay]l2,

Ay = Ay/| Ayl + €2,

where A\* is the factor we use to rescale Ay from the quantum subroutine and is defined as the
minimizer of ||s71EY, ||2 as a function of A. It is obvious that

(ST'ATAY)"(STTATAY) _ (ASTPATAY) Ay Ay

X = = = :
(STATAYTSTATAy —  [STATAG[F — pllS—TATAG

3)

Notice that

(STLAT AT (S~ AT Ap)

(S—TATAG)TS—1AT Ay
S—tAT Ay (STLATAY TS IATAy  STTATAjg

ISTAT Ayl [[STTATAylo[|[S—TAT Aglla ST AT Ayl

=0(s,p)sin < STAT Ay, STLATAY >,

lsHEK N2 = IS AT Ay — STIATAYll2

= [[S7T AT Ayll2

2

the convergence condition ||s71€§,||2 < 0.18(s, 1) can be guaranteed by
sin(S71AT Ay, S7TATAg) < 0.1.
We propose the following proposition, and we use the rest of the section to prove it.

Proposition 3.4. If H(‘:CA?yHQ < 9805 \/N(Asl*fZAT)’ then sin(S~'AT Ay, ST1AT Ag) < 0.1.

We start the proof with the following lemma.
Lemma 3.5. Let u and v be unit vectors in R™ and M € R™ ™ be positive definite. Let 0 < v <
Yo/ v/ k(M) with v2 € [0,1]. Then
u” M (y1v) + u? Mu > 0.

Proof. As matrix M is positive definite we factorize it as M = MEML. Let 2 = Mpu and 0 = M.
Then u” M (y1v) + u? Mu = @9y, + @' 4. Notice that

10712 = ||Dlla71 < Vo1 (M),

where o (M) is the maximum singular value of M. It is obvious that

T 7, —U
@' oy > @' (=) Vo (M)
]2

It follows that
u" M (y1v) + 0" Mu > —|il|ay/or (M)y + |23

Ul(M)’Yl)Q_
2

01(M)’Y%
1 .

= (llallz —

15



Notice that

Jall, - YT 5 g, - V02
2 NG
— |l — UO(M)%
2
\/r V. oolM)72 M)z
=(1-3 O’O(M)
>0,

where og(M) is the minimum singular value of M. So we have

ul M (y1v) + vt Mu > (1 - B) oo(M) — o1 (M)~3 /4

2
2
> (1= 2)%o0(M) = Lao(M)
= (1 = 2)o0(M)
>0
The proof is complete. ]

Denote the angle between S™'AT Ay and S™'AT Ay by 4. By the definition of cosine, we have
AyTAST2AT Ay
[S—TAT Ay|l2]|S—T AT A2
C AYTAST2AT(Ay + | Ayla£R,))
ISR AT Aylla| STEAT(Ay + || Ay[12€8,) 2
1Ay ]2 AyT AST2ATER + AyT AS~2AT Ay
Ayl AT Ayl STTATES, 12 + AyTAS2ATAY

cosy =

The following inequality holds because Hé’ngg < 9800 (A; e

and Lemma 3.5,

AyT AyT A
T g g2 4T ¢Q T AG-2 AT A, — 2 Yy —2 4T Q —24T_2Y
[Ayl2Ay” ASTATER, + Ay" AST°A" Ay = || Ayl3 (H b ASTEATER || y”2AS A H y||2> > 0.

It is obvious that cos(S™1AT Ay, STLATAg) > 0.995 implies sin(S~1ATAy, S~LATAy) < 0.1. To
get cos(STTAT Ay, S1AT Ag) > 0.995, we enforce

0.005]| Ay g2 4r > 1.995]| Aylll| ST AT Ayllz| ST ATER 2,

which gives
1Ayl AyTAS2ATER + [|Ay|% -2 ar

1AY|l2 ]| ST AT Ay|l2[| S~ ATER |2 + [ AY[% g2 4

_ —llAyl)S™ AT Ay a))S LATER N2 + | Ayl% g-2 4
T 1Ayl STTAT Ayl STATER Iz + | Ayl g 2 4
> 0.995.

0S8 Y =
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Notice that ||Ay||gg-247 = 0 happens only when 7, = 0, in which case Ay = 0 and there is no
need to use a linear system solver. Thus we only need to analyze the case where ||Ay||4g-247 > 0.
Then we only need to enforce

0.005]| Ay 45247 > 1.995]| Ay 2] S~ ATER, |I2
which can be guaranteed if

0.005 [|S~TAT Ay,
1.995 [|S—LAT ||5]| Ayl|2

0.005 [AyTAS—1S-1ATAy
~ 1995\ J[AS2AT || Ay|2

I1ER, ll2 <

By the definition of condition number, we have

0.005 1 _ 0.005 [AyTAS—LSLAT Ay
1.995 | /k(AS—2AT)) — 1995\ [[AS—2AT 2| Ayll3 -

So, the following condition guarantees the convergence condition [|s™1&§ ||z < 0.15(s, 1) in Theo-

rem 3.3:
0.005 1

2 < :
1.995 | /k(AS—2AT)
From the quantum accuracy, we are ready to discuss the complexity of solving Newton system using

QLSA+QTA. Finally, to derive the main result, we also need the following lemma, which can be
proved using singular value decomposition.

IR,

Lemma 3.6. For any full row rank matriz Q € R™*™ and any symmetric positive definite matrix
U e R™ ™ their condition number satisfies

R(QUQT) = O(k(¥)r7).

To apply Lemma 3.6 to AS™2AT | it is easy to see that () = A, recalling the assumption that A
is full row rank. Further, ¥ = S72, is a symmetric positive definite matrix. Hence,

k(AST2AT) = O(k(S7?)KY).

Further, let w = maxy, |s*)||oo, where s is the dual slack variable in the k" iteration. According
to Roos et al. [1997], we have x(S~2) = O(w*/u?), which gives

], =0 (i)

Theorem 3.7. Given the linear system (NES), using the QSVT from Gilyén [2019] and the QTA
from van Apeldoorn et al. [2023], an e-approzimate solution Ay can be obtained in at most

On7||AS—1||F7H(As—1)7%(m/ﬂ',z(Asil))

queries to QRAM.
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Proof. According to Mohammadisiahroudi [2024], since the normal equation can be rewritten as
1
(AS~H(ASs™HT Ay = (AS‘l); (Szo — pe),

the normal equation systems can be solved using quantum singular value transformation (QSVT) Gilyén
[2019], Gilyén et al. [2019] with the complexity of 5n7H(A571),%(n(AS—l)HAS—IHF). Furthermore,
iterative refinement can mitigate the linear dependence on ||AS™!||r into polylogarithmic depen-
dence Mohammadisiahroudi [2024]. It is worth mentioning that the iterative refinement algo-
rithm in Mohammadisiahroudi [2024] does not necessarily output a normalized solution. But
we can use the method of Mohammadisiahroudi [2024] to compute a solution with accuracy
poly(e, 1/||AS~Y|r, 1/k(AS™1)) and normalize it, which only contributes polylog(||AS™!||r, k(AS™1))
overhead and gives an e-accurate normalized solution. Next, to extract the classical solution, we use
the quantum tomography algorithm (QTA) of van Apeldoorn et al. [2023] with accuracy egy, where

egy = HEEyHZ. Thus, solving the (NES) with QSVT and QTA to the desired accuracy requires

~ mr(AS™Y)
Onas1pmas—1), 4 | —q —

‘Ay eAy

queries to QRAM. Given that egy = Hé'ngQ = 1/y/k(AS—24T) = x~1(AS™!), our quantum
complexity requires

Op s wias—1), - (ma*(ASTH)

eAy

queries to QRAM. The proof is complete. O

Now, we present the pseudocode of our inexact feasible quantum dual logarithmic barrier
method in Algorithm 2, and provide the main theorem about the total complexity of Algorithm 2.

Algorithm 2 IF-DQLBM
Initialize: Choose ¢ >0, § = ﬁ, 7 <0.5, (y°,5%) € D°, and u° > 0 such that 6(s°, %) < 7.
k+ 0
while ny > ¢ do
(MP* v*) < Build system M* = AS—2AT ¢ = Hikr]]j
AjF « Solve the (MF*,v*) using QSVT and QTA
AsF = — AT AgF
(yF L, s () %) + MF(AGF, A5F) according to Eq. (3)
p (1=0)u
k< k+1
end while
return (y*, s¥)

Theorem 3.8. Given { >0, 0 = ﬁ, prozimity parameter T < 0.5, initial solution (y°,s°) € D°,
and p1° > 0 such that 6(s°, i) < 7, Algorithm 2 finds a (-approzimate solution using

On7||ASfl||F,H(A571)7Mo7% (m\/ﬁ/g(AS*l))
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queries to QRAM and

O <mn1'5 log (nc,uo>>

Proof. We proved in Theorem 3.3 that our algorithm enjoys a O (\/ﬁ log (nT“O)) iteration complex-

classical arithmetic operations.

ity. In each iteration, our subroutine solves the (NES) system with complexity (5n 1AS=1][pk(AS 1), -4 (mn2(AS_1))

Ay
due to Theorem 3.7. On the classical side, each iteration incurs a cost of O(mn) classical arithmetic
operations. O

3.3 Application of Iterative Refinement

So far, we have developed and analyzed the inexact feasible dual logarithmic barrier algorithm that
provides the solution (y, s). Based on Theorem 3.8, we have a polynomial dependence on xk(AS™1),
which is inherently dependent on k(A),w, % The dependence of x(AS™!) on the inverse of precision
translates into having exponential time complexity. To get an exact optimum, we need to get to
precision ¢ = 279() | where L is the binary length of input data defined as

L=m+n+mn+Y [log(lag|+ 1)1+ Mog(leil + 1)1 + > [log(|b;| + 1)1,
ij i j
and apply the rounding procedure.

To mitigate this dependence on precision, following the work of Mohammadisiahroudi et al.
[2023b], we adopt the iterative refinement (IR) scheme. In Mohammadisiahroudi et al. [2023b],
both primal and dual information are needed to run the iterative refinement scheme. Here, we
propose an iterative refinement scheme that requires only dual information. It is worth mentioning
that the idea of iterative refinement was first adopted for LO problems in the classical setting by
Gleixner et al. [2016]. Also, similar approaches are also developed for semidefinite optimization
Mohammadisiahroudi et al. [2023a].

For a feasible dual solution (y, s) and a scaling factor V > 1, we define the refining problem, at

iteration k, as
max vEpTy
Y,Ss
st. ATg+s=v®s®) (Dir)
$>0.

One can easily check that the dual of (Dgr) is as follows:

min V(k)s(k)Tﬁz,

s.t. Ag = v#yp, (Pir)
&> 0.

The associated proximity measure is defined as

R 1 . . X
51(3)(5#) = ;mjln{\lue — 5| s Az = Vp},
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For the IR problem (Drg), we iteratively solve it using Algorithm 2 with precision ¢ = 1072 until
the complementarity gap reaches a desired accuracy (. Once we solve the refining problem to
precision ( at iteration k to acquire g, we update the current solution as

1

(k1) — (k) . = 5

Y Y+ v Y,
1

(k+1) — . AT, (k) N R ¥ S (R §
s c—A'(y +V(k)y) Ay .

We continue updating low-precision solutions until we reach a high-precision solution. The pseu-
docode of these steps is presented in Algorithm 3.

Algorithm 3 IR-IF-DQLBM
Initialize: Choose 0 < ( < f, (y(o), 3(0)) e D°, 7 < 0.5, 9 > 0 such that (5(5(0), ,u(o)) <7, and
kE=1.
(M, sM) « Solve dual problem with ¢
vO 1
while V-1 < % do
V)  vk=1) %
Construct the IR problem (Dig)
(7, 8) < Solve (Drr) using Algorithm 2 to precision ¢
kD) k) 4 v%my
sUHD) o ATy (k1)
k< Fk+1
end while
return (y*), s(*))

Like any feasible IPM, as we solve the refining problem with a quantum interior point algorithm,
we need a feasible initial solution for the refining problem in each iteration. The following lemma
provides a feasible initial point for the refining problem at iteration k.

Lemma 3.9. Given (y(©), s(o)) an interior feasible solution for (D) and (y™®),s®)) the solution for
(D) generated by the (k — 1) iteration of Algorithm 3. If (y*), s®)) is interior feasible for (D),
then (V®) (y0) — k) v*)50)) 4s an interior feasible solution for the refining problem (Dig).

Proof. First, we check the dual feasibility condition as follows.
AT(VHE) (5O — Ry §R) 5O = R (AT (O — (R)y 4 50y = G ) (¢ — ATy Ry = (k) 4(k),
Furthermore, it is clear that V(s > 0, hence, the solution is interior feasible for (Dig). O

The next lemma proves that the initial solution we choose for (D) is close enough to its central
path as required by Algorithm 2.

Lemma 3.10. In the k' iteration of Algorithm 3, let

o (VO (O — k)Y K5O be the initial solution for (Dir), and
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o (VEN2,0) be the initial duality gap.
Then, we have 6I(§)(V(k)s(0), (VEN2u0) < 0.5.

Proof. According to Algorithm 3, we have §(s(9), 4(9)) < 0.5. Following Theorem 3.1, z(s(?), 11(0)
is primal feasible and thus Az(s(®), u(©) = b with (s, u(9)) > 0. Furthermore, it is easy to see
that

arg min{||(V*)2u@e — (VF sz, - Az = VP = argmin{||uPe — sz /(V®)|y : Az/(VF)) = b}

(V(k)) argmin{”u(o)e — s(o)xHQ : Az = b}
_ (V(k))x(s(o),u(o)).

By the definition of 5I(§)(V(k)s(0), (VEN240)) we have

k 1
SR (0, (TO)0) = e = V(s O,
=5(s9, u9) < 0.5.
O

Moreover, we prove that in each iteration of Algorithm 3 there exists a primal solution associated
with the computed dual solution such that the duality gap is bounded. The result is as follows.

Lemma 3.11. In the k" iteration of Algorithm 3, the solution (y(k+1), S(k+1)) is dual feasible, and
the proximity measure of the solution satisfies

5(s™ (O <0.5.
Proof. We prove this lemma by induction.

e First, in the 1% iteration, we have a -approximate interior feasible solution (y1), sM) for (D)
and a (-approximate interior feasible solution (yj(l), §(1)) for (Dir). According to the proof of

Theorem 3.3, we have 61(1:1{)(§(1), ¢) < 0.5. Thus, there exists a feasible solution 2(1) (51, ) for
(Pr), ie., AeM (50, é) = b/f, because of Theorem 3.1. By the end of the 15 iteration, we

have ) ) -~
?JU:Z/()‘FCZ)()

s@ e ATy = ) AT Z 65D 5

which is strictly dual feasible for (D). Then, we have

6, 0 = ¢ g)g min][($)’e — s®x]s : Az = b)
< (61)3 (&) = s, Ol
= GO~ @0l
=P EM O <05



e Second, by the end of the (k— 1) iteration, let us assume that we have a strictly dual feasible
solution (y®, s(*)) for (D) and (s, ({)?*~1) < 0.5.

e Then, in the &*" iteration, if Algorithm 3 does not terminate, then we solve (Dir) and obtain
a é—approximate strictly feasible solution (gj(k),§(k)) with 51({;)(§(k),é) < 0.5. According to

Theorem 3.1, there exists a feasible solution z(*)(5%) () for (Pr). Then, we construct the

solution . . _—
y* T =™+ (O

S(k-‘rl) —c— ATy(k+1) _ S(k) o (é)kAT@(k) _ (§)k§(k) > 0’

which is a strictly dual feasible solution for (D). It follows that

B(s D, () = <6>21k+1 min{]|(()%* e — s*+Dafly : Az =)

: <é>21k+1 1QF e = s D M (50, Ol
_ @;HH(&)%H@ _ (é)kg(k’)@)k@(k)(g(k)’é)HQ

= 8 (3%,¢) < 05,
which completes the proof.

O

Given that in the context of iterative refinement, we terminate the subroutine early, i.e. p <
¢ = 1072, the condition number of the system in that iteration remains bounded by a constant.
In other words, the condition number of the system is bounded by a constant times the initial

condition number, i.e.

K0

5 ) =00

Thus, we can conclude that all NES systems in iterations of Algorithm 3 have the O(x°) uniform
condition number bound Mohammadisiahroudi et al. [2023a]. Thus, it remains to discuss the bound
on k°. According to Lemma 3.6 and the discussion thereafter, x° depends on w® = ||s%||0, °, and
k4. Further, note that k¥ = H?A(S(O))_l), by construction.

The following lemma bounds the number of iterations required to solve the problem to the
desired precision (.

K(A(STH) 24Ty = O (

log(¢)
log(¢)

Lemma 3.12. Algorithm 3 produces a (-optimal solution with at most O( ) inquiries to Algo-
rithm 2 with precision é .

Proof. According to Algorithm 3, V() = (f)_K . If Algorithm 3 terminates after K iterations,

then
F)-K ()
O "> =K> os(0)

Finally, by using iterative refinement, we obtain the complexity of Algorithm 3 as follows.
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Theorem 3.13. Algorithm 3 finds a (-optimal solution using at most

0
On,HAS_lHF,,‘Q(AS_l),,u,O,% (mv/ni?)

O (mn1'5 log (71?()))

Our work can be compared to the work of Apers and Gribling Apers and Gribling [2023] as we
both present quantum interior point methods to solve linear optimization problems in dual form,
assuming having access to QRAM. As shown in Table 1, in Apers and Gribling [2023], the proposed

algorithm makes Om,ny%(mn), (’)m7n7%(m5/4n3/4), (’N)mm’%(ms\/ﬁ) queries to the data depending on

queries to QRAM and

classical arithmetic operations.

which of the logarithmic, volumetric, or Lewis weight barrier is used, respectively. It is worth
mentioning that their algorithm is tailored to specific types of problems. These sorts of problems
appear in different applications such as linear relaxation of discrete optimization problems, machine
learning problems, Chebyshev approximation, and linear separability problems. However, to get
a sublinear number of queries the structure of the coefficient matrix should be a tall-and-skinny
sparse matrix, i.e., n > ym!?, where v is some constant. In contrast, our algorithm does not require
such a special structure and can provide a sublinear number of queries for problems with coefficient
matrix having n > 9¥m?, for some constant 9. Therefore, in worst-case complexity analysis, the
algorithm of Apers and Gribling [2023] has a O(n"®) complexity which is worse than ours and
other works.

Further, we can compare our work with primal-dual IPMs (PD-IPMs). If we assume n > 9¥m?
to get a sublinear number of queries, we subsequently get O(n?) number of classical arithmetic op-
erations, which is better than that of PD-IPMs (O(n?®)). Further, PD-IPMs require preprocessing
or modification of the Newton system to ensure that the iterates remain feasible Mohammadisi-
ahroudi et al. [2023b]. Our framework does not need any preprocessing or modification of the
system. Further, the quantum complexity of the majority of quantum PD-IPMs depends on the
norm of the optimal solution (w) Mohammadisiahroudi et al. [2024a, 2023b, 2024b]. This term can
be extremely large leading to a high quantum complexity in those works. To mitigate this depen-
dence, preconditioning is needed which is used in the work of Mohammadisiahroudi et al. [2024b].
In contrast, our algorithm does not need any preconditioning as our complexity is not dependent
on the norm of the optimal solution. Instead, as stated earlier, our algorithm complexity depends
on the condition number of the initial Newton system. The initial system condition number de-
pends on the condition number of the input data and the norm of the initial solution which can
be bounded moderately. These are some of the advantages that using a dual-only framework can
yield. A comparison of our work with existing works is presented in Table 1.
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Linear System Solver Quantum Complexity Classical Complexity

Algorithm
Dual logarithmic barrier method Roos et al. [1997] Cholesky Oy (m2nt?)
PD IPM with Partial Updates Roos et al. [1997] Low rank updates O1(n?)
PD Feasible IPM Roos et al. [1997] Cholesky Oy (n??)
Robust IPM van den Brand et al. [2020] Spectral Approximation Oy (n*0)
PD II-IPM Monteiro and O’Neal [2003] PCGM 0. (n°%?)
<
PD II-QIPM Mohammadisiahroudi et al. [2024a] QLSA+QTA O oy o (M09 Al 0,1 (n
PD TF-QIPM Mohammadisiahroudi et al. [2023b] QLSA+QTA O ey o (n23w0]| Al 0,0 1(n*?)
PD IR-IF-IPM Mohammadisiahroudi et al. [2024b] PCGM O 1 (n35%3)
PD IR-IF-QIPM Mohammadisiahroudi et al. [2024b] QLSA+QTA 6"v'€A,MHvH5Hvu°-%(m\/ﬁ)z%ﬂ) @Mn%(nls)
IPM with approximate Newton steps Apers and Gribling [2023] Q-spectral Approx. @mn,;(m:’\/ﬁ) [N (n'®)
This work QLSA+QTA 6n.HAS*1Hp,n(AS*l),uO,% (m TLKO) @l(mnl'a)

Table 1: Complexity of different IPMs for LO (Quantum complexity is expressed in the form of query
complexity. Here, w is the upper bound on the norm of the optimal solution, and ¥?2 is an upper bound on the
condition number of the Newton system). PD stands for Primal-Dual, and PCGM stands for Preconditioned

Conjugate Gradient Method.

To give a better comparison of our work, if we compare the complexity of our algorithm under
the condition where it yields a sublinear number of queries, i.e. n > O(m?), we have the following
complexities among the existing classical and quantum algorithms as shown in Table 2.

Algorithm Linear System Solver Quantum Complexity Classical Complexity
Dual logarithmic barrier method Roos et al. [1997] Cholesky @%(nz"’)
IPM with Partial Updates Roos et al. [1997] Low rank updates @%(ns)
PD Feasible IPM Roos et al. [1997] Cholesky @%(n&‘:’)
Robust IPM van den Brand et al. [2020] Spectral Approximation Oy (n*0)
PD IR-IF-QIPM Mohammadisiahroudi et al. [2024b] QLSA+QTA 67%,%_@,”A\I,\\fi\l,/l“,l(n?wz) ~u",%("2'5)
IPM with approximate Newton steps Apers and Gribling [2023] Q-spectral Approx. @7n,n,i(”3> @%(711'3)
This work QLSA-+QTA O, a5 pr(as—1) 0,1 (ns0) 01 (n?)

Table 2: Complexity of different IPMs for LO considering n > O(m?)

4 Conclusion

This paper proposes an algorithm for solving linear optimization problems using the dual loga-
rithmic barrier function. In the convergence analysis, we showed that our algorithm has quadratic
convergence toward the central path despite the inexact directions. Moreover, our algorithm enjoys
an O(y/n) IPM iteration complexity. Further, due to the promising speed-up that quantum linear
system solvers provide for IPMs, we use this type of algorithm to speed up the most expensive part
of the algorithm, solving the Newton system to acquire the search directions. We exploited QSVT
of Gilyén et al. [2019] and QTA of van Apeldoorn et al. [2023] as a subroutine for solving the normal
equation system in each iteration. By applying iterative refinement, we achieve a complexity of
O(my/nk") number of queries to QRAM and O(mn'5L) number of classical arithmetic operations.
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In comparison to the existing works, our work requires milder conditions to achieve a sublinear
number of queries to that of the recent similar work of Apers and Gribling [2023]. Further, in
comparison to primal-dual IPMs, our work has a better dependence with respect to the condi-
tion number and can yield a cheaper classical arithmetic cost under the assumption of n > ¥m?
on the dimension of the problem. We highlight the fact that iterative refinement plays a major
role in mitigating the impact of the condition number, by eliminating the precision dependence.
Nevertheless, our complexity still has a dependence on the condition number of the initial Newton
system which is dependent on the norm of the initial solution and the condition number of the
input data. Efforts to initialize the algorithm by a solution with a moderately bounded norm in
addition to preconditioning the input data matrix create an avenue of research to further improve
the complexity of our algorithm.
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