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Abstract

Solving linear systems is at the foundation of many algorithms. Recently, quantum linear

system algorithms (QLSAs) have attracted great attention since they converge to a solution
exponentially faster than classical algorithms in terms of the problem dimension. However, low-
complexity circuit implementations of the oracles assumed in these QLSAs constitute the major
bottleneck for practical quantum speed-up in solving linear systems. In this work, we focus on
the application of QLSAs for linear systems that are expressed as a low rank tensor sums, which
arise in solving discretized PDEs. Previous works uses modified Krylov subspace methods to
solve such linear systems with a per-iteration complexity being polylogarithmic of the dimension
but with no guarantees on the total convergence cost. We propose a quantum algorithm based
on the recent advances on adiabatic-inspired QLSA and perform a detailed analysis of the circuit
depth of its implementation. We rigorously show that the total complezity of our implementation
is polylogarithmic in the dimension, which is comparable to the per-iteration complezity of the
classical heuristic methods.

Keywords: quantum computing; linear system; tensor format

1 Introduction

Quantum computing has obtained great attention for its potential in solving certain problems faster
than classical algorithms. Starting from Deutsch’s theory, see [15], a large number of quantum al-
gorithms have been proposed, including Shor’s algorithm for integer factorization, [29], Grover’s
algorithm for Database Search, [19], Quantum Approximate Optimization Algorithm (QAOA) for
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combinatorial optimization problems, [I7], QLSAs for solving quantum linear system problem
(QLSP), [20, IT), @, B0, 13} 2, 22], and many other algorithms. We refer readers to the survey
paper [14] for more details. Among these quantum algorithms, some provide polynomial speed-up
while some provide exponential speed-up. QLSAs are a family of algorithms that show exponen-
tial convergence speed-up in terms of problem dimension when compared with classical methods
including Cholesky factorization, [20, 111, 9, 30}, 13| 2, 22]. Due to the significance of solving linear
systems in numerical computation, a significant amount of research have been invested in using
QLSAs to speed up classical algorithms. These efforts include using QLSAs to speed up classical
PDE algorithms [24], 23], 21] and classical optimization algorithms [8| 31} 26, 4, 3]. We refer the
reader to the survey paper [I] for more details on quantum optimization algorithms. The main
caveat in speeding up classical algorithms with QLSAs is the efficient quantum circuit implementa-
tion of the oracles assumed for preprocessing the input data and building quantum circuit from the
classical system description. Finding such efficient implementations is an area of active research
and is crucial for building quantum-classical hybrid algorithms that can provide quantum speed-up.

In this work, we study the use of QLSAs for solving a class of linear systems, whose coefficient
matrix and right-hand-side vector can be represented as a linear combination of a few tensor
product of 2-by-2 matrices and 2-dimensional vectors, respectively. The problem is a special case
of the so-called linear system problem in tensor format (LSP-TF), where matrices/vectors in tensor
product are not necessarily 2-dimensional. LSP-TF is frequently encountered in discretized PDE
problems [18]. The problem size grows exponentially as the length of the tensor product chain
grows, which makes it difficult to solve using general classic linear system solvers, including Cholesky
factorization and Krylov subspaces methods. Some classical algorithms have been proposed to solve
such LSP-TF [5]. The main idea of these algorithms is to modify the Krylov subspaces methods
by taking into account the tensor format of the problem. The resulted Krylov subspaces are
constructed approximately, which sacrifices accuracy while keeps the complexity in each iteration
polylogarithmic of the problem size. Despite the polylogarithmic per-iteration complexity of these
algorithms, their total complexity is unknown and is unlikely to be better than that of the original
Krylov subspaces for the Krylov subspaces in these algorithms are constructed approximately. Our
main contribution is to show that such linear systems can be efficiently solved using a quantum
computer and we provide a full and explicit circuit implementation of the algorithm.

2 Problem Definition

In this section, we start with notations and then introduce LSP-TF, QLSP, and the Trotterization
method. Finally, we summarize our contributions.

2.1 Notation

Vectors are denoted by lower case letters and matrices are denoted by upper case letters. We use ¢;
to denote the unit basis vector with the ith entry being 1. We use I,, to denote the identity matrix
with dimension n x n, or simply [ if the dimension is obvious from the context. Single-qubit Pauli
matrices are {I, X, Y, Z}, where

R T |

We use



e || - |l1 to denote the trace norm of matrices;
e || - ||2 to denote the ¢3 norm for vectors and spectral norm for matrices;

e || - ||F to denote the Frobenius norm for matrices.

The condition number of a general matrix M is denoted by k. Let p be a positive integer. We
use [p] to represent the set {1,2,...,p}.
We use |-) to represent quantum state, which can be taken as a column vector in this work.

Let ¢ = (¢1,...,%¥n) be a column vector. We use |¢)) = sz\il vili) / Zfil |1i|? to denote the
quantum state representation of ). We also take the convention that

=g}

2.2 LSP-TF
The general linear system problem (LSP) is to find 2 € RY such that
Ax = b, (LSP)

where A € RV*N and b € RY. For matrix A, its condition number is denoted by 4. For simplicity,
we set kK = 4. The LSP-TF problem is to find 2 € R such that

m d
Az =b, A= &p_1Air, b= ®F_ibj, (LSP-TF)
i=1 j=1

where A € R¥*N and b € RN. This type of problems arises frequently in high-dimensional
discretized PDEs [5]. In [5], a combination of classical projection method and low-rank tensor
format approximation was proposed to solve [LSP-TF] Their main idea of their method is to use low
rank tensors to construct subspaces and maintain the low rank tensor structure using hierarchical
Tucker format. Their method obtains per-iteration complexity O(mn) while assuming d is small.
We refer readers to the survey paper [I8] on these low tensor rank iterative methods.

2.3 Contributions

In this work, we apply Algorithm [I] to solve problem [LSP-TF] We focus on the special case when

A=Y" @7 Ajpandb= C-l: @7 _.bi, with A;;, € R2*? being Hermitian and bj;, € R%. Without
i=1 ©r=1 j=1¥k=1Yj j

loss of generality, we make the following assumption.

Assumption 2.1. ||[Al]2 <1, || @}, Airll2 < 1 for alli € [m], and | ®}_, bjx|l2 < 1 for all j € [d].
We also assume A and b are sparse in tensor product strings.
Assumption 2.2. m = O(1) and d = O(1).

We propose a Hamiltonian decomposition for the Hamiltonian used in Algorithm [I] when solving
[CSP-TF| and a detailed circuit implementation for the simulation of the decomposed Hamiltonians.
We combine the circuits and the Trotterization method to implement Algorithm [1, We show the
circuit depth in our implementation of the QLSA is polylogarithmic of the problem dimension. Here
we provide a simplified version of our main result. The full statement is provided in Theorem [4.1



Theorem 2.1. Let 0 < € < 1/(3n), ¢g = ¢2/(rklog? k) and p = [1 —logy eg]. Our implementation
of Algorithm 1| prepares an O(e)-approximate solution using T classical arithmetic operations, T
single qubit unitary circuits and their controlled version with gate depth O(1), and T calls to
p-qubit quantum multiplier and their controlled version with circuit depth O(TTp), where T =
O(poly(rlog(N)/e)) and T, = O(p®) is the gate depth of p-qubit quantum multiplier.

Remark 2.1. The final result obtained from our implementation is a quantum state. One needs
to apply quantum tomography algorithm to read out any entries.

The results suggest that the time complexity of our implementation is polylogarithmic in the
problem dimension if the time complexity of each gate is O(1). This is an exponential speed-up
compared with classical general linear system algorithms, including Gaussian elimination, Cholesky
factorization, and Krylov subspaces methods. When compared with classical algorithms designed
for for example the algorithm introduced in [5], our total time complexity is comparable
to their per-iteration complexity.

In the remaining of this section, we introduce QLSA and Trotterization method.

2.4 QLSA

In this section, we start with the definition of QLSP and give a brief introduction of the QLSA
proposed in [30].

Definition 2.1 (QLSP). Given a Hermitian matriz A € RN*YN and b € RN, the QLSP is to find
an approzimation of the quantum state

N
Z’i:l |2i ]2

where (x1,...,xn)" = A7'b. Quantum state |Z) is called an e-approzimate solution to the QLSP
if
[1Z) — [z, <e.

In [20], the authors propose the first QLSA to solve QLSP with polylogarithmic dependence
on dimension when the problem is sparse. Later, researchers proposed different QLSAs with the
sparsity condition relaxed and better dependence on other parameters including condition number
of linear system and solution accuracy [11, 9l B0, 2l 13, 22]. In [30], the authors propose a QLSA
inspired by adiabatic quantum computing to solve QLSP. They study two types of Hamiltonians and
use the randomization method introduced by [7] to design two discretized adiabatic-like quantum
algorithms. Algorithm (I} is the one of the two QLSAs with better complexity. Later in [22], an
improved version of Algorithm [I] is proposed with better dependence on the solution accuracy. In
this work, we opt to study Algorithm [I] for its simplicity. For the remainder of this section,we give
a brief explanation of Algorithm (| and we refer the reader to [30] for further details.

Given a linear system problem Az = b, let

A(s)=1—-5)Z@1+sX® A

and

V3 . ]

0) = 5-(0) + 1) @), B =T—1b) @,



where s € [0,1] is the evolution parameter. With these, they introduce the following family of
quantum states

2(s)) = SN @i(s) |i) |

S Jai(s)[?

where (z1(s),...,zan(s))T = A(s)~'b. They then study the following Hamiltonian

H(s) = <X;ZY) © A(s)P + (X;ZY> © PLA(s), s € [0,1]. (1)

They prove that, if one starts with quantum state |0) ® |z(0)) and lets the quantum system evolve
adiabatically, then the final state will be |0) ® |x(1)) with sufficiently high probability. Notice that,
in our framework, the initial state is ?(]0) —|1)) ® |b), where |b) has low tensor rank. This allows
us to prepare the initial state efficiently, see the proof of Theorem for details. They also prove
that the relevant spectral gap of the Hamiltonian is bounded from below by the following quantity

VA (s) = /(1= 5)2 + (s/ka)2.

They propose to use the phase randomization method proposed in [7] to turn the continuous adi-
abatic evolution into piece-wise time-independent evolution. The continuous evolution parameter
s € [0,1], which is time dependent, is discretized into ¢ discretization points s; for j € [¢]. To
determine the discretization of s, they parametrize s using

eV (VIFR?/V2k2) 4+ 2k2 — 2ev(VITR?/V2K2)

s(v) = 50+ ) . (2)

Then they discretize s by uniformly discretizing the value of v between v, and v, where

\6/‘1 / 2
'Ua:\/ﬁlog<ﬁl 1‘1‘/{2*1‘4})

_ V2 \/ 2
Ub—ﬁlog( ]."‘K/ +1>

At each discretization point s;, the quantum system is evolved using Hamiltonian H(s;) for time
tj, which is sampled from the uniform distribution t; ~ [0,27/4/A*(s;)]. The pseudocode of their
algorithm is provided in Algorithm |1} As mentioned in [30], the algorithm is inspired by adiabatic

Algorithm 1 QLSA for QLSP by [30]

Given A, b, k, and €

Compute v, and v, by Eq.

Set ¢ = © (log®(k)/€) and § = (vp — va)/q

Forj=1,...,q, let v; = v,+7jd, s; = s(v;), and t; be sampled uniformly from [0, 27 //A*(s;)]
Apply e~#all(sa) ... o=it1H(51) t0 |0) @ |2(0)), discard the ancilla

quantum computing and thus its run time can be measured by the evolution time needed. The time
complexity is T' = O(klog(k)/e). However, as pointed out by the authors, the Hamiltonian H (s)
easily encodes the information of QLSP but not necessarily corresponds to any physical model,



which makes the implementation of the algorithm on analog quantum computers difficult. The
authors then introduce a gate-model implementation of Algorithm [1] and analyze its complexity.
With the oracle access to problem information A and b, the authors obtain the query complexity
O(dk/€), with polylogarithmic factors of dr /e hidden.

Despite the achievement on complexities, Algorithm [I] assumes the existence of oracle access to
A, b, and several other non-trivial unitaries. Constructing these oracles from classical input data
(A,b) could be more difficult than solving the problem using the QLSA. In this work, we propose
a simpler implementation of Algorithm [I] and estimate the implementation cost when it is applied

to [LSP-TEL

2.5 Trotterization Method

In this section, we give a brief introduction to the Trotterization method and its impact on Hamil-
tonian evolution. The detailed impact of Trotterization method on Algorithm [1] is analyzed in
Section

Consider the time evolution of a time-independent Hamiltonian M | i.e., e *M*. Since M is a
general Hermitian matrix, it is difficult to design the circuit for e *™*. The main idea of Trotteri-
zation methods is that one can consider a decomposition of Hamiltonian M, e.g.,

where the time evolution of each M are are assumed to be easy to compile. Then, for short enough
evolution time, one can approximate the Hamiltonian evolution using

r
—itSF M, —itM
e Z’yfl Y ~ H e ’Y,
7=1

which is the first-order Lie-Trotter formula. The accuracy of the Trotterization methods is exten-
sively studied in the literature, see e.g., [25] [6, (10, [12]. Here we cite Theorem 6 from [12] on the
accuracy of general Trotterization methods. We restate it by considering e~*M* instead of eM* and
only for a Hermitian matrix M.

Lemma 2.1 (Restated Theorem 6 of [12]). Let M = 25:1 M, be an Hermitian operator consisting
of I' summands with each M., Hermitian andt > 0. Let S(t) be a p-th order Y-stage product formula
as

T T
S(t) — H H e_it““WM“"’,
v=1~=1
where ay, ~ and M, ,, are to be specified by certain product formula. Define dcomm = 251:1 e Z’I;p+1:1

Then, the additive error E4(t) and the multiplicative error Eaq(t), defined, respectively, by S(t) =
e ML g 4(t) and S(t) = e ™M (T 4+ Epq(t)), can be asymptotically bounded as

€4 l2 - 1EM Bl = O (Geommt™™) .

1[5
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Remark 2.2. In Lemma Ay and M, ~ are determined in the corresponding Trotterization
formula. In this paper, we work with the aforementioned first-order Lie-Trotter formula and thus

T=1, ayy =1, My, =M,,

and

—

=[] e

=1

The commutator scaling factor becomes

Qcomm =

T
> My, M)l

o=

T
Z [ My, My, — Moy M, ||,

2
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Lemma applies for general Hamiltonians and thus tighter bounds are possible for well-
structured Hamiltonians. In Section [£.2] we discuss the bound of the commutator scaling factor
Qcomm When the first-order Lie-Trotter formula is applied in the QLSA for LSP-TF. With &comm
quantified, one can find the Trotter number. We conclude this section by restating Corollary 7 on
Trotter number in [12].

Lemma 2.2 (Restated Corollary 7 in [12]). Let M = 25:1 M, be a Hermitian operator consisting
of I' summands with each M, Hermitian and t > 0. Let S(t) be a p-th order Y-stage product
formula as

0101 CRa

v=1~vy=1
Define dcomm = 251:1 e zgpﬂ 1 H[ a1y [My,, M,,]-- ]H2 Then, we have HST(t/r)—e_itMHg =
O(e), provided that
~1/p L14+1/p
Qcommt
r=0 (61/p > .

The remaining of the paper is organized as follows. In Section [3] we describe our circuit design
in the implementation. In Section ] we analyze the cost to implement the proposed circuits, and
finally give the total cost of the implementation.



3 QLSA Circuit Design for LSP-TF

In this section, we show how to decompose Hamiltonian into two types of structured Hamilto-
nians when Algorithm [I] is applied on Then we show how to implement the simulation of
these two types of Hamiltonians and give their cost estimations.

Following the notation introduced in Section and Section we have

A(s) = (1= 8)Z @ (R 1) +sX © > @ Aiy,
=1

|b) = 1 m _ b [Zgl ®Z:1bjk]

V2 V2 [ 2251 @bk
- 1 [obf bt
1 _
By =Lv =) bl =Ly =5 [bbT bbT} ’

where
d d
T n A
D bl = D @iabib,.
J1,J2=1 J1,J2=1

Here bj,. and bj,. represent the corresponding tensor product strings. We also use the similar
notation A;.. With these notations, the Hamiltonian H(s) can be written as

H(s) = <X”Y) ® A(s)P- + (X _iy> © PLA(s)

2
>Pl (3)
PLA
(s) + H2( ) + Hs(s) + Ha(s),
where
Hi(s) = (1-9)X ®Z® (1)
Hy(s) =sX@X@A=s) X@X® (@A)
=1
_ 0 (Z +iY) @ bbT
Ha(s) = =3 (1=9) [(ZH'Y)T@bbT 0 ]
i
:1(1_5)2 0 ® by, bl . 0 iY ® bj,.bL
2 ~ ® bjy bl 0 (iY) @ by, bl 0
1 1
Hy(s) = —3s(X +i¥) @ (I + X) ® Abb' — P -V e(l+X)e bbT A
Ly 0 X @ (Asbj, bl ) N 0 16 (A, bl,.)
T2 t
2 S\ [x @ (bl A0) 0 16 (b b}, Ac) 0

The summands in the four Hamiltonians can be categorized into the two types of Hamiltonian



defined in the following. Let us define the two types of Hamiltonian
Type-l: H' = PL@ @ C1® - ®C,

0 Ph@D1®---® Dy

Type-2: H? = ,
P PleoDl® oD} 0

where P; € {I,X,Y,Z}, C; and D; are both C?*2, and C; is Hermitian. It is obvious that the
summands of H;(s) and Hy(s) are Type 1 Hamiltonians; the summands of H3(s) and Hy(s) are
Type 2 Hamiltonians. One can also verify that the total amount of such summands in H(s) is a
polynomial of m and d.

Lemma 3.1. H(s) can be represented as the summation of (m + 1) Type-1 Hamiltonians and
(2d? + 2md?) Type-2 Hamiltonians.

Proof. We see that Hi(s) is Type-1; Ha(s) is summation of m Type-1 Hamiltonians; Hs(s) is
summation of 2d? Type-2 Hamiltonians; and Hy(s) is summation of 2md? Type-2 Hamiltonians. [

Remark 3.1. The fact that H(s) can be decomposed into O(md?) Type-1 and Type-2 Hamiltonians
allows us to apply Trotterization Methods to implement Algorithm [1] because it will only contribute
polylogarithmic overhead to complexities.

We apply the Trotterization method to the evolution of Hamiltonian H(s) and approximate it
by the product of time evolution of all the summands, which are Type 1 and Type 2 Hamiltonians.
In the next section, we introduce our circuit design for the two types of circuits and discuss their
properties. In Section[d] we analyze the circuit approximation accuracy needed for the Troterization
Method and the total circuit depth of the whole implementation.

3.1 Circuit for Type-1 Hamiltonian

A Type-1 Hamiltonian is a tensor product of Pauli and Hermitian matrices. Hi(s) is a special case
of Type-1 Hamiltonian since it is a scaled Pauli matrix. For Pauli matrices, their time evolution is
discussed in [27] Section 4.7.3. The idea is to apply single qubit operations on each qubit to turn
any X or Y to Z; then apply the matrix exponential for the new Hamiltonian with only I and
Z; finally undo the operations to turn certain Z back to X or Y. We refer the readers to [27] for
details about this case.

For general Type-1 Hamiltonians, the following lemma is helpful for our circuit design.

Lemma 3.2. For any t > 0 and any Hermitian matriz M with decomposition M = UPEMUITD,
where Up is a unitary matriz, the following identity holds

e—ZtM — UPe—ztEM Uj—;;

Proof. Using Taylor expansion, it is obvious that

A —it)?
e_’tM:I—I—(—it)M—i—( it) M?+ ..

2
—it)?
=Up (I+(—it)EM+( ;!) zﬁ4+m>U}3

= UpefitEM U;.

10



Remark 3.2. For Type-1 Hamiltonian H', it can be decomposed as
H' =Up iU,

with

Ugpr =Up, @Up, @Uc, ®--- @ Ug,

Y :EP1®EP2®26’1 ®---®Eon,
where UpiEpiU;[-,i is the eigenvalue decomposition of P; and Uc; X Ugj is the singular value de-
composition of Cj. We choose the order of the singular values such that X1 can be represented
as

1 0 1 0
where op ; € [0,1] for all i € {1,...,n}. Then the time evolution can be written as

- »
e = Upne ”ZHlUIT{l.

For Uy, each matrix in the tensor product is a unitary matrix in C?*2, thus we can implement
the circuit for them efficiently. For e~#*#1, we introduce an algorithm to implement the circuit.
For the simplicity and the ease to read, we start with a generic version, see Algorithm [2| and give
explanations afterwards.

Algorithm 2 Generic Implementation of e~#*

: Given t > 0 and ¥ in the format of Eq.

: Represent diagonal element o; in binary format,

: Encode the binary representation of o; as quantum state |o;),

: Apply quantum multiplier to |o;) controlled by the input quantum states,

: Apply a series of Phase Gate controlled by the result of quantum multiplier.

Tt = W N

Step 2-4 in Algorithm [2] are inspired by [28]. We encourage the readers to read [28] to learn
their quantum adder and quantum multiplier. Their quantum adder and quantum multiplier are
designed for integer numbers. In the followings, we give a thorough explanation of each step. For
Step 4, we start with a brief introduction of the quantum adder and multiplier. Then, we show that
the quantum adder and multiplier also work for rational numbers in the specific form described in
Lemma [3.3] and explain how they can be used in the implementation.

3.1.1 Algorithm [2| Step 2 & 3

By the definition of ¢; in Eq. , we have o; € [0,1]. Here we temporarily assume o; can be
represented using p binary digits
P
j=1

where v} are binary numbers. This assumption is relaxed in Section where inexact binary

representation is discussed. Then, we use |1/;> = |0) to represent V]i- =0 and |V;> = |1) to represent
vt = 1, which gives us a quantum representation of o; as

J
o) = ) [v5) -~ |v5) -

Such binary presentation of numbers is used to construct quantum adder and multiplier in [28§].

11



3.1.2 Algorithm 2| Step 4 & 5

In [28], the authors introduce a non-modular quantum Fourier transform (QFT) based quantum
adder following the QFT adder introduced in [16]. Then they introduce a quantum multiplier based
on their quantum adder. The quantum adder and the quantum multiplier are designed for positive
integers originally and easily accommodate signed integers by adding an extra qubit for the sign.
Staring from Lemma [3.3] we show that the quantum adder and the quantum multiplier also work
for rational numbers between —1 and 1 with mild modification of the original version. With the
QFT-based quantum adder and quantum multiplier, we are ready to explain Step 4 of Algorithm

Notice that ¥ is a diagonal matrix, it is known that e "> is also a diagonal matrix with the jth
diagonal entry being e~#%i, where ¥; is the jth entry of ¥. When we apply the circuit e "> on
quantum state |j), we expect e~%¥i |j) being the resulting state, i.e., e 7> |j) = e~#¥i |j). Once
we have a binary representation of ; encoded as a quantum state, we apply a gate phase circuit
to turn |5) into e~¥*s |j). Specifically, for |¥;) = \VJ1> e |vE),if 1/‘;’-C = 1, then we apply the phase
shift e=2" to |7). This is the controlled Phase gate in Step 5.

What is left is the computation of the binary representation of ¥;. Notice that X is a tensor
product of (n+2) 2-by-2 diagonal matrices with all the diagonal entries between —1 and 1, we can
get ¥, by multiplying n + 2 numbers. Specifically, for |j) = |j1) [j2) - - - |jn+2) With ji being binary
numbers, if jr = 0, then we take the first diagonal entry of the kth 2-by-2 diagonal matrix into the
multiplication; otherwise, we take the second diagonal entry of the matrix. This is the controlled
quantum multiplier in Step 4. The quantum circuit we describe maps [j) to e~#>i |5) and thus
implements the circuit e~*> because of the linearity of quantum circuit.

In the rest of this section, we prove our aforementioned claim that the quantum adder and
quantum multiplier can be generalized to certain non-integer numbers in Lemma[3.3]to[3.6] Finally,
we summarize our circuit for Type-1 Hamiltonian afterwards in Lemma [3.8]

Lemma 3.3. Let K be an integer. Let v' = vj25-14.. -+V;2K*p and v? = V3281 4. -+V§2K*p,
where v} and 1/]2 are binary numbers for all i € [p] and j € [p]. Let |v!) = p}) @ -+ ® |V;> and
W) =@ |y§>. If C is a circuit such that, when K = p,

Cloy@ Iy @ [2) = ) @ 7). (5)
where |vV3) = [vf) @ -+ @ |v3,4), v} € {0,1} for alli € [p+1], and

U1+V2:V%2K+--'+V3+12K_p, (6)
then, Eq. holds for any integer K.

Proof. Proof. When K = p, the circuit C' is the quantum adder introduced in [28], which applies
to integer numbers. Since Eq. @ holds for K = p, we have

p ‘ p ) p+1 ‘
S R
1=1 =1 =1

which holds for any integer K. So the circuit C is an adder for any number pair v* and 1. O

We have shown the quantum adder works for positive rational numbers in the specific form
described in Lemmal3.3] In fact, it also works for corresponding signed rational numbers after mild

12



modification following the argument in [28]. This modification only adds one extra qubit for the
sign and does not change the asymptotic number of the gates needed to implement the adder. In
this work, we only care about the addition of numbers between —1 and 1, which is the case when
K = 0. For the adder to accomplish this job, we summarize its properties in the following lemma.
Readers are referred to Section 4 in [28] for the proof.

Lemma 3.4. Let p be an integer. Let v' and v? be signed numbers with |v'| = vi27 ... + 1/;2_3’
and V2| = vi2™' + - + 1727, where v} and I/JZ are binary numbers for all i € [p| and j € [p].
The quantum adder introduced in [28] computes v' + v? using O(p?) single qubit gates and their
controlled versions with gate depth O(p?). Specifically, the adder uses one (p + 2)-qubit QFT, one
(p+ 2)-qubit IQFT, and (p+ 1)(p+2)/2 controlled single-qubit gates.

Similar argument can be made for the quantum multiplier. We summarize them in the following
two lemmas.
Lemma 3.5. Let K be an integer. Let v' = vj25=14.. '+V;2K_p and v? = v22K-14.. '+V£2K_p,
where v} and ij are binary numbers for all i € [p] and j € [p]. Let |v}) = v} ® -+ ® |V;> and
V) =) @-- @ 2). If C is a circuit such that, when K = p,

Cl0)y, @ ') © [v2) = V) @ [vh) @ [v?), (7)
where [V3) = |13 ® - ® |1/§p>, v} € {0,1} for alli € [2p], and
vh? =2ty 1/23},221{721”, (8)
then, Eq. holds for any integer K.

Proof. Proof. When K = p, the circuit C is the original quantum multiplier introduced in [28],
which applies to integer numbers. Since Eq. holds for K = p, we have

P P 2p
22K (Z yi27 Y vty u§2—i) =0,
=1 =1 =1

which holds for any integer K. So the circuit C' is an multiplier for any number pair v! and 2. O

In [28], the authors also discuss how to multiply signed integer numbers by adding qubits for
signs. We refer the readers to Section 7 of [28] and summarize the main result in the following
lemma.

Lemma 3.6. Let v' and v? be two signed numbers with [v'| = vi27t 4+ ... + vp2 P and |v?| =
VP2~ 4+ 1227, where v} and ij are binary numbers for all i € [p] and j € [p]. The quantum
multiplier introduced in [28] computes v'v? using O(p3) single-qubit gates and their controlled
version with gate depth O(p?). Specifically, the multiplier uses one (2p—+2)-qubit QF T, one (2p+2)-

qubit IQFT, and p controlled adders.

For both the quantum adder and quantum multiplier, when their input numbers are represented
by p-qubit quantum states, we call the adder and multiplier by p-qubit adder and p-qubit multiplier,
respectively. The following lemma discusses the complexity of Algorithm
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Lemma 3.7. If o1 ; = Z§:1 V;:Q_j with I/; ’s being binary for all i € [n], there exists a quantum
circuit that prepares e u' as described in Algorithm@ for any t > 0, using at most O(n) calls
to the p-qubit quantum multiplier with gate depth O(np?).

Proof. Proof. Step 4 in Algorithm [2| computes the multiplication of at most n + 2 p-qubit numbers
and thus needs at most n + 2 calls to the p-qubit multiplier. O

The following lemma summarizes the cost to perform time evolution of Type-1 Hamiltonian
H'.

Lemma 3.8. For Type-1 Hamiltonian H' with decomposition
H'=UpSipnU,

with
U =Up, @Up,@Uc, ®---®Ug,

ZH1:EP1®EP2®201®"'®EC”,

where UPiEPiUILi is the eigenvalue decomposition of P; and Uc;Xc; Uéj is the singular value de-

1 0
- ® |:0 UHl,n:| ’
P

=1 V;Q_j with 1/}- ’s being binary for all

composition of Cj. We can rewrite X1 as

1 0
Il

ot osacly 5
where o, € [0,1) for all i € {1,...,n}. If opn; =
i € [n], then there exists a quantum circuit that prepares e~itH! for any t > 0, using O(n) classical
arithmetic operations, O(n) single qubit unitary circuits with gate depth O(1), and O(n) calls to
the p-qubit quantum multiplier with gate depth O(np3).

Proof. Proof. We start by computing the singular value decomposition of H'. Considering H' is a
tensor product of n + 2 two-by-two matrices, the singular value decomposition of H' is the tensor
product of the singular value decomposition of the 2-by-2 matrices. For each 2-by-2 matrix, the
number of classical arithmetic operations needed for computing singular value decomposition is a
constant. So in total O(n) classical arithmetic operations are needed.

Then, we need to construct the circuit for unitary operation Ui, which is the tensor product
of n + 2 two-by-two matrices. So we need O(n) single qubit unitary circuits.

Finally, we need to construct the circuit for e=#*m1. According to Lemma we need O(n)
calls to the p-qubit quantum multiplier. O

3.2 Circuit for Type-2 Hamiltonian

Unlike Type-1 Hamiltonians, in general, Type-2 Hamiltonians are not in the tensor format, which
brings extra challenges for implementation. In this section, we introduce a method to avoid the
issue and show that circuit for Type-2 Hamiltonian can be implemented in a similar way as Type-1
Hamiltonian.

First, we classically compute the singular value decomposition of D; ® --- ® D,,. This step
takes at most O (n) classical arithmetic operations. Denote the singular value decomposition of
Po®D1®---® Dy by

Py®Di @+ ® Dy =UpaSy2Viis,

14



where
Ugpe=FPy®Up, ®---0Up,

i 10 U P L
EI‘[2 - HH H2I® |:O O'HQ,]- ® 0 UH2,2 ® ® 0 O-HQ,n

with o2 ; € [0,1] for all i € [n]. Then, we have

U2 0 0 Yy ul, oo
o= |1 X H} x | H? :
|: 0 VH2:| |:ZH2 0 0 Vg(z

Note that the decomposition is not a singular value decomposition but it is useful for the imple-
mentation because the outer matrices are unitaries and the inner matrix is in tensor format, where
Lemma [3:2]applies. The lemma indicates that we need to implement the circuit of the outer unitary
matrix and the circuit for the time evolution of the inner matrix.
For the outer matrix, it is unitary but it is not in the tensor format. We can further decompose
it as follows
[U 2 0

O VH2:| :LHQRHQ,

where

_ |Upe 0 om0
Lz = [ 0 IQHH]? Rz = [ 0 VHJ'

Lg2 and Ry are still unitary and represent the controlled version of Ug2 and Vi, respectively.
Since Up2 and V2 are tensor product of 2-by-2 unitaries, we can further decompose L2 and Ry
into

;o _[Relsel 0 ][IeUpe-al 0] [lelc--&lUp O
H2 B 0 12n+1 0 I2n+l 0 I2n+1

R , — I2n+1 0 I2’VL+1 0 . 12n+1 0
H=l 0 IeI@ --®I|| 0 IVp ®---I 0 I®I® --Vp,|’

Fach matrix in the decomposition of Ly2 and Rg2 is a single qubit unitary controlled by n + 1
qubits and can be implemented efficiently.

According to Lemma we still need to implement e~ “X®*n2. However, X ® Y2 is not
a diagonal matrix and thus cannot be implemented directly using Algorithm 2l To void this, we
consider the eigenvalue decomposition of X and have

X @Sy = (UxExUL) @ Sy

9)
= (Ux @ Ipn+1)(Ex @ Xp2)(Ux ® I2n+1)T.

1
Now we apply Lemma (3.2 again since Ux ® Iyn+1 is a unitary. Also, since ¥x = 0 —01 , the
matrix Xx ® g2 is a tensor product of 2-by-2 diagonal matrices, where Algorithm [2] applies. We

summarize the analysis above in the following lemma.
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Lemma 3.9. For Type-2 Hamiltonian H?, it can be decomposed into

Up 0 0 Yo U, o0
H2 — H % H :| % H2
[ 0 VHQ] [2 gz 0 0o Vi,

with
UH2:P0®UD1®"'®UDn
Ve =1 Vp, @---®Vp,

1 0 1 0
Yige = HH2H2I® [Q o2 1] ® [0 o2 2] ®

--®F 0 } (10)

0 O-HQ,n

where Ug2 EHQV;IQ is the singular value decomposition of Py ® D1 ® -+ ® Dy, and o2 ; € [0,1] for
alli € [n]. Ifop2,; = 5.’:1 I/;-Q_j with 1/; ’s being binary for all i € [n], then there exists a quantum
circuit that prepares e~ itH* for any t > 0, using O(n) classical arithmetic operations, O(n) single
qubit unitary circuits, and O(n) calls to p-qubit quantum multiplier.

Proof. Proof. According to the analysis in Section [3] the decomposition exists. According to
UH2 O
0 Vg pIPIE
The first one can be implemented using O(n) controlled single qubit unitary circuits. The second
one can be decomposed using Eq. @D After decomposition, one can implement Uy ® Iynt1 using
one controlled single qubit unitary circuit. As for the time evolution circuit exp {—itXx @ X2},
the Hamiltonian Y x ® Y2 is in the same form of X1, so we can use Algorithm [2| to implement
the time evolution circuit, which comes with at most O(n) calls to p-qubit quantum multiplier
according to Lemma (3.7] O

Lemma|3.2] we need to implement unitary circuit [ } and unitary circuit exp {—it [

In this section, we showed how to implement the time evolution for Type-1 and Type-2 Hamil-
tonian and give cost estimation for both of them. However, we assume that all the numbers oy ;
can be represented using p qubits, which does not hold for the general case. We discuss this issue
in Section [l

4 Circuit Cost Analysis

In this section, we analyze the total cost needed to use the circuits proposed in the previous section
to implement Algorithm|[I] Our analysis are twofold: we first estimate the cost needed to implement
the circuits when we do not have exact p-qubit binary representation of data, and then we estimate
the Trotterization steps needed for Algorithm (1| to converge.

4.1 Cost Analysis for Approximate Data

For the analysis in Section (3, we assume o1 ; in Eq. and op2 ; in Eq. can be represented
by p-qubit quantum states. This assumption does not hold for the general case. In fact, we do
not need an exact binary representation of these numbers. Here we introduce the definition of e-
approximate binary representation of a number v € [0, 1] and then discuss the behavior of quantum
adder and multiplier on approximate binary representations. Finally, we discuss the relationship
between the inexactness of data and the inexactness of the circuit constructed by Algorithm

16
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Definition 4.1. Let v € [0,1], ¢ >0, and p € Z+. Let v; € {0,1} for alli € {1,2,...,p}. We call
p=v27 27 b
a p-order e-approzimation of v, if
lv—7| <e.
The corresponding binary representation is called a p™-order e-approzimate binary representation
of v.
In this work, we use p qubits to store a p'"-order binary representation, so we also call the

approximation a p-qubit approximation and the binary representation a p-qubit binary represen-
tation.

Lemma 4.1. Let v € [0,1], € > 0, and po = [1 — logy(€)]. There exists v; € {0,1} for all
i€ {1,2,...,po} such that
D = ]/12_1 + y22_2 + o+ Vp02_p0

18 a po-qubit e-approrimation v.

Proof. Proof. Consider the exact binary representation of v:

I/—ZUZQ f=p+ Z v; 270

1=po+1

It is obvious that
v — 7| = ZV221< 221<2p0<e
i=K+1 i=po+1
O

Lemma [£.]] indicates that we can obtain an e-approximate binary representation of a number
using at most [1 — logy(€e)] qubits. In the next lemma, we discuss the quantum multiplication of
two p-qubit approximate numbers.

Lemma 4.2. Let 0 < e < & < 1 forje[2, p=]1-1logy(e)], and 0 < v' 12 < 1. Let

=3P Z2 ¢ be the p-qubit € -approzimation of VI for j € [2] Let 13 = Z?pl V3270 be i
computed by the quantum multiplier introduced in [28]. Then, v3 is a 2p qubit (¢! + €2 + €'e?)-
approzimation of v'v?. Let 73 = b V32 © be an approximation of v3. Then, U3 is a p-qubit

(€ + €' + €2 + e'e?)-approzimation of Vl 2.
Proof. Proof. According to Lemma both 7' and 72 exist. Since 7! is a p-qubit e-approximation
of 1, we have o' = v 4 6! with |6} < €!. Similarly for 2, we have 7?2 = 1/2 + 02 with [6%] < €2
The quantum multiplier gives an exact 2p-qubit binary representation of v3 = '#2. By their
definitions, we have
‘1/3 _ 1/11/2‘ — ‘(Vl —|—(51)(1/2+52) _ Ulljz‘
= V16 + 126" + 6'6%|

<el 4 4ele?
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Since 13 is represented by 2p qubits, one can discard the last p less-important qubits, leaving a

p-qubit approximation of 13, i.e., 7%. As a result, we have
7 — 1/11/2| = ‘173 — 3+ 1/11/2}

§6+‘I/3—I/11/2 ,

where the last inequality holds because

2p . 2p '
- = ) i< Y 2 <2t <.
i=p+1 i=p+1

O

As indicated in the previous lemma, when multiplying two p-qubit numbers, one can either keep
the 2p-qubit result or approximate it by a p-qubit approximation. However, when considering the
multiplication of multiple p-qubit numbers, since we stick with the quantum multiplier introduced
in [28], we have to consider the following issue. For example, if we add an extra p-qubit number
v* and we want the result of v'v2v%. Then, after we get v® from the quantum multiplier, we have
to decide whether to use #31* as an approximate result, or to turn v* into a 2p qubit number and
obtain a 4p-qubit number as the result. If we apply the second strategy, then number of qubits
needed would grow exponentially as the amount of numbers grow. Instead, if we apply the first
strategy, for every extra number, we need to use p more qubits, which grows linearly. We call the
first strategy by truncation strategy. In this work, we stick with the quantum multiplier introduced
in [28] and choose the truncation strategy described above.

In the next lemma, we discuss the quantum multiplication of multiple p-qubit approximate
numbers.

Lemma 4.3. Let K be a positive integer larger than 1. Let 0 < € < 1 such that Ke < 1/3. Let
p=[1-logy(e)]. Let0 <17 <1 forje K] and v’ =30 | v]27" be the p-qubit e-approzimation of
vl for j € [K]. Let v* be the result computed by the quantum multiplier introduced in [28] following
the truncation strategy. Then, v* is a p-qubit €k -approrimation of H]K:1 VI, where

ex < 3Ke.

Proof. Proof. We prove the lemma using induction. Define function f(k) = QZle(ke)i, for
k = 2,.... It is obvious that f(k) < 2ke/(1 — ke) when 0 < ke < 1. When k = 2, according to
Lemma [4:2] we have

€2 = 3e + €% < 2(2e + 4€%) = f(2).

Let us assume that when k = K, vT is a p-qubit ex-approximation of H]K:1 V) with e < f(K).

18



Then, when k = K + 1, according to Lemma [£.2] it follows that

€EK+1 — €+ € + €+ €€
<2+ f(K) + f(K)e

K K-1
=2+ (2}(6 + 2Z(Ke)i> - <2 (Ke)le + 2KK6K+1>

=2 =1
K

=2(K +1)e+2> (K'+ K1) 4+ 2KK K
=2
K . .

S2K +1)e+2) (K +1)'e +2(K + 1)Kl
=2

— f(K +1).

So we conclude ex < f(K) < 2Ke/(1 — Ke) < 3Ke. O

Lemma 4.4. Let 0 < € < % and p = [1 —logy(€)]. Let Gy, be a p-qubit e-approzimation of

o1, for alli € [n]. When we use Gy ; in Algorithm and obtain an inexact circuit e‘itSHl, the
following bound holds
< te.

Heiiti[{l _ e*itEHl
2

Proof. Proof. Both e~ and e~ #H1 are diagonal matrices, it follows that

He—z‘tim e || < max e a1 _ gitom1
2 i€[n]
— max (@77"t(&H1,i70'H1,i) — 1)6*”‘7111,1'
i€[n]

= max | Trt om0 1’
1€[n]

— max \/ (emomtamoma) — 1) (&7 "Cmamom) - 1)T
i€[n]

= max \/2 — 2cos (t&Hl ; —tom Z)
i€[n] ’ ’

IN

maxt ’6’H1 i— OH1 l‘
i€[n] ’ ’

< te.

4.2 Trotterization Cost Analysis

In Section[3] we introduce how to implement the time evolution circuits of two types of Hamiltonian.
When we use those circuits in the implementation of Algorithm (I, we decompose the Hamiltonian
into some structured Hamiltonians as shown in Eq.. Then we use the time evolution circuits
of these structured Hamiltonians to approximate the time evolution circuits used in Algorithm
which is the Trotterization method. As mentioned in Section [2.5] Trotterization method introduces
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error into circuits and makes circuits inexact. Lemma [2.I] provides a bound for the Trotterization
error in terms of communicative factor dcomm. In the next lemma, we provide a bound for é&comm
when the Hamiltonian decomposition in Eq. is used by the specific Trotterization method — the
first-order Lie-Trotter formula.

Lemma 4.5. Gcomm < 2(1 +m + 2d? + 2md?)? = O(1).

Proof. Proof. As discussed in Remark and Lemma [3.1] we need to find the spectral norm of
the (m+1) Type-1 Hamiltonians and the (2d* +2md) Type-2 Hamiltonians. According to Eq. (3)),
H(s) is decomposed into 4 Hamiltonians, each Hamiltonian is further decomposed into Type-1 and
Type-2 Hamiltonians. For the single Type-1 Hamiltonian in H;(s), we have

X ® Z @ (®]11)|2 = 1.
For the m Type-1 Hamiltonians in Ha(s), we have
X ® X ©(®4a)l2 <1

according to Assumption [2.1
For the 2d? Type-2 Hamiltonians in H3(s), denote the singular value decomposition of Z®b; b

J1"g2:
by UzX 26V, it follows that
_ UZb 0 0 EZb
Lo vml [z, o

0 Su
»h, 0
=22z,
bi bl

J17g2+ |9

= s, I ||o1
<1,

ul, o
0o Vv

J1" g2

Z @ bj,b! 0

2"71-

0 Z@b.bT]

2 ‘ 2

2

IN

2

where the last inequality holds because of Assumption [2.1] Similar for the remaining Type-2
Hamiltonians in Hs(s).
For the 2md? Type-2 Hamiltonians in Hy(s), notice that
Al
A;ibj, by <1

9 — Y

< I4cly |, 8],

it follows that all the Type-2 Hamiltonians in Hy4(s) have spectral norm bounded by 1. Combine
these bounds with Lemma |3.1, we have

Geomm < 2(1 +m + 2d* + 2md*)?.
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4.3 Total Cost Analysis

Both inexact data and Trotterization method introduce errors into the unitary circuits. In this
section, we discuss the relationship between the inexactness of circuits and the accuracy of final
state and then estimate the total cost needed to implement Algorithm

Lemma 4.6. Let K be a positive integer and € > 0. Let U; for i € [K] be unitary circuits and U;
for i € [K] be the corresponding inexact circuits such that Uy = U; + &; for all i = [K]. Then, the

following inequality holds
K ~ K K
I -TIu| <> 1&l..
i=1 i=1  lp =1

Proof. Proof. Although the circuits U; are inexact, they are still unitary operators. So the following
identity holds

K k-1 K
[[wi+é&) HU = (H U‘+5i)HUi(Uk+gk)T> (Uk + &)
1=1

=1 i=1

for all k € [K] because Uy, + & is unitary. From the above identity, we have

K K K
1o -1 = |I[w:+&) HU
i=1 i=1 i=1
’ K-1 K- 1
= ( (Ui + &) — H Ui(Uk _|_5K)T> (Uk + €k)
i=1 i=1
K-1 K :
= ITT Wi + &) - [[ Uik + &x)t
i=1 i=1
K—1 K 1
= H (U; + &) H Ui — HUzE;(
IZ(:_ll i=1 p 2
<|[T] Wi +&) H U; [[uek
;(2_11 =1
< Ui + &) H Ui| + 1€kl
i=1 2

K
<" &l
=1

where the third equality and the second inequality hold because unitary operators do not change
spectral norm and the last inequality holds because of recursion. ]

The following lemma comes from [22] discussing the trace distance between exact and inexact
matrices when applied to the same density operator.
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Lemma 4.7 (Lemma 9 in [22]). Let U; for i € [2] be square matrices and U; fori € [2] be the
corresponding approzimate matrices such that U; = U; + & with |||z < € for i € [2]. Then for
every density operator p, the following inequality holds

01902 = 1o | < 0Lz + 1 Ualle) + €
Now we are ready to provide the main theorem of this work.

Theorem 4.1. Let 0 < € < 1/(3n), o = €2/(rlog?k) and p = [1 —logy eg]. When using Trot-
ter number r = O(m2d*k?/e) for Trotterization method and p-qubit eg-approzimation of o; in
Algorithm @, our implementation of Algorithm (1| prepares an O(e)-approzimate solution using T
classical arithmetic operations, T single qubit unitary circuits and their controlled version with gate
depth O(1), and T calls to p-qubit quantum multiplier and their controlled version with gate depth
O(Tp?), where T = O(k2log(N)log?(k)/e?).

Proof. Proof. In Algorithm (1, denote the initial state by |1)g) and the ideal final state by [¢*). We
first discuss the cost to implement Algorithm [I|and finally demonstrate that the cost to prepare the
initial is negligible. Notice that evolution time t = (¢1,...,¢;) is a g-dimensional random variable,
we denote the circuits by Uj(t;) = e (") and U(t) = ?:1 Uj(t;). According to [30], when U ()
is implemented exactly, then the expected trace distance between the actual and ideal final states

is bounded by
Eq |[U(8) [bo) (wol U@ = |v*) (0], < e

In our implementation, each unitary circuit Uj(t;) is approximated by a unitary circuit Uj(tj)
satisfying U(t) = U(t) + £(t). It follows that

Eq |[0() o) (ol O(8)" = [4*) (v
= [ 0(8) [0} ol T (&) = U(E) [0} (ol UB)T + U(E) o) (ol U(B) = 10 (]|
< ([[T72) [w0) (w0l T®) = U@ o) (ol UDT| + | U() o) (ol U0 = 1) (w1 )
<Eq [ 0(2) 1o} ol U(®)F = U(E) o) ol U+

<E; (2[€@®)ll2 + [E@®)IZ) + e
where the last inequality holds because of Lemma [4.7]

As we know, U(t) is the product of g circuits U;(t;). Each Uj(t;) is approximated by Uj(t;),
whose inexactness comes from Trotterization method and inexact data. We use U;(t;) to denote
the circuit that approximates Uj(t;) using the same Trotterization method with accurate data. Let
rj be the Trotter number for U (tj). Then

|56 = v, = |03t - Tste) + st - 32

< HUj(tj) - Uj(tj)H2 +1|0;(t5) = Ui (t5)]

The first term measures the error introduced by inexact data. There are r; circuits in both Uj (t5)

and Uj(t;) since they are both Trotterized with Trotter number r;, i.e.,

Tj

U;(t;) :H (ti/ry), Ui(ty) =[] Us(t/ry).
=1 =1
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According to Lemma [4.6] and Lemma [£.4] we have
HUj(tj) - Uj(tj)H2 <7j Hﬁj(tj/w) - Uj(tj/"”j)H2
< tjéo.
By the definition of ¢; in Algorithm 1], ¢; < 27k. It follows that
Hﬁj(tj) - Uj(tj)Hz < 2me? /log? k.

As for the second term, it measures the error introduced by Trotterization method. According
to Lemma and Lemma we have ||U;(t;) — Uj(tj)||2 = O(¢?/log? k), provided that Trotter

number is bounded by O (m2d4tj2. / 62). In this work, we choose Trotter number be the upper bound

of this bound, which guarantees ||U;(t;) — U;(t;)||2 = O(¢?/log? k). Put these together, we have
|itt) = vitty)||, = O/ 108% ).
Following Lemma we have

E W], = B 00 - v,

> HUj(tj) - Uj(tj)H

q
<E
— 2
= 0(e),

where the last inequality holds by the definition of ¢ in Algorithm [I| Finally, we have

Ey |[0(2) [bo) (w0l () = |v*) ("]

S ElED2+ IE@IZ) + €= O(e).

In this implementation of Algorithm [l there are ¢ circuits e~ (%) and each of them is
approximated using r Trottered circuits. Each Trottered circuits consists of O(md?) time evolution
circuits of Type-1 or Type-2 Hamiltonians. So the total cost of our implementation is T classical
arithmetic operations, 7 single qubit unitary circuits that can be performed in parallel, and T calls
to p-qubit quantum multiplier, where 7 = O(grmnd?) = O(nm3k2d%log? k/€?).

Finally, we discuss the cost to prepare the initial state. We first discuss the cost to prepare the
initial state. The initial state |ig) = g(]O) —|1)) ® |b) has O(1) low tensor rank and thus can
be implemented efficiently. We provide two methods to prepare the initial state and show that in
both cases we can ignore the cost to prepare the initial state. The first method starts from the fact
that, for each b; = ®}'_,b;x, we have

n 1 7
|bj) = ®k=1 <||ka|!2 (bjk bjk) |0>> ,

where l;jk is the complex conjugate of —iY'b;;, and m [bjk Ejk] € C?*? is unitary. When d = 1,
J

we only need O(n) classical arithmetic operations and O(n) single qubit gates to prepare the initial
state, which is negligible compared with the cost to implement Algorithm When d = O(1),
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instead of solving Az = b directly, we can solve d linear systems Az = ®}_,b;; for j € [d]. The
total complexity would be d times the complexity to implement Algorithm [2 when d = 1. This does
not change the asymptotic total complexity since d = O(1). One can also prepare the initial state
directly without solving d linear systems. Similar as earlier, it takes O(dn) classical arithmetic
operations and O(dn) single qubit gates with gate depth O(d) to prepare d unitaries Up, such that
Uy, |0) = [b;) for j € [d]. We claim the following circuit can be used to prepare the initial state.

00ay —{H}—4— -+
0),, —— Ui}~ )

The first register has dy = [logy(d)] qubits and represents states |1) to |dy). For the controlled
unitaries, if the first register is in state |j) with j € [d], then U, is applied on the second register.
Finally, when state |1) is measured in the first register, the second register is in state |b). It takes
O(d) tries to get |b), with which, the initial state can be easily prepared. In this case, the total
cost to prepare the initial state is still negligible.

O

Notice that, when d > 1, one can solve d linear systems Az = ®}_,bj;, for j € [d] and use the d
solutions to construct the solution of the original linear systems. So we have the following corollary.

Corollary 4.1. Let 0 < € < 1/(3n), ¢ = €?/(klog?k) and p = [1 — logyeg]. When using
Trotter number r = (’)(m2d4/<52/e) for Trotterization method and p-qubit eg-approximation of o;
in Algorithm @, one can use our implementation of Algorithm (1] to prepare an O(€)-approximate
solution using T classical arithmetic operations, T single qubit unitary circuits and their controlled

version with gate depth O(1), and T calls to p-qubit quantum multiplier and their controlled version
with gate depth O(Tp*), where T = O(nm3k?dlog® r/€?).

5 Conclusion

In this work, we study using an adiabatic inspired quantum linear system algorithm to solve linear
system problem in tensor format. We focus on a class of linear systems whose matrices consist
of a linear combination of tensor products of Hermitian 2-by-2 matrices and linear system vector
consists of a linear combinations of tensor products of 2-dimensional vectors. We explicitly describe
all the quantum circuits components used in the implementation of the QLSA. The implementation
only uses single qubit unitary circuits, p-qubit quantum multipliers, and their controlled versions.
The number of classical arithmetic operations and the number of these gates are polynomial of
n, m, and d, and thus polylogarithmic in the dimension of the linear system. Considering the
execution time for each of these gates is O(1), the total time complexity of the implementation is
polylogarithmic in the problem dimension, which is better than any classical algorithm for general
linear system problems. When compared with the classical algorithm designed for linear system
in tensor format, our total complexity is comparable to the single step complexity of the classical
algorithm proposed by [5] in terms of the problem dimension.

Possible interesting generalizations of our method would be to extend these results to higher
dimensional A;, and bj; and to cases where A;, and/or bj;, are in different sub-spaces. It is also
worth continuing investigating how to obtain better dependence on condition number and accuracy
for the structured problems.
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