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Abstract

An algorithm based on the interior-point methodology for solving continuous nonlinearly
constrained optimization problems is proposed, analyzed, and tested. The distinguishing feature
of the algorithm is that it presumes that only noisy values of the objective and constraint
functions and their first-order derivatives are available. The algorithm is based on a combination
of a previously proposed interior-point algorithm that allows inexact subproblem solutions and
recently proposed algorithms for solving bound- and equality-constrained optimization problems
with only noisy function and derivative values. It is shown that the new interior-point algorithm
drives a stationarity measure below a threshold that depends on bounds on the noise in the
function and derivative values. The results of numerical experiments show that the algorithm
is effective across a wide range of problems.

1 Introduction

Interior-point methods have been studied extensively and have proved to be successful in practice
for solving continuous nonlinearly constrained optimization problems. Two prominent categories
of interior-point methods are those based on line-search [15, 30, 31, 33] and trust-region [0, 7,

| mechanisms. Many state-of-the-art nonlinear optimization solvers, such as IPOPT [31] and
KNITRO [8], are based on interior-point methods.

An important feature of these contemporary interior-point methods is that they rely on exact
values of the objective and constraint functions and their first-order derivatives. On the other
hand, there has been little work done on developing and analyzing such algorithms for cases when
function evaluations are affected by noise. In noisy settings, only estimates of the function and
derivative values are available. Generally speaking, noise can be stochastic or deterministic. By
stochastic noise, we refer to situations in which it is reasonable to model a function value through
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a probability distribution, in which case any realization of a value is a realization of a random
variable. By deterministic noise, on the other hand, we are referring to situations in which any
request for a function or derivative value with respect to an input value always results in the same
noisy value that approximates some original true value. The original function of interest may
be presumed to be, e.g., continuously differentiable, but the corresponding noisy function may be
nonsmooth or even discontinuous. Computational noise—say, from a numerical simulation—is an
example of deterministic noise [20], where it might only be assumed that the noise is bounded over
the domain of a given function.

Recently, a number of algorithms have been proposed and analyzed for solving unconstrained,
bound-constrained, or equality-constrained optimization problems in the presence of stochastic or
deterministic noise. For further information, we refer the reader to [1, 2, 3, 12, 13, 14, 21, 23, 24, 25,

, 32]. There has also been some recent work on the design of stochastic-gradient-based interior-
point methods [9, 10]. However, to our knowledge, there have not yet been extensions of recent
algorithms for the bound- or equality-constrained setting with deterministic noise to the nonlinear-
inequality-constrained setting with deterministic noise. In this paper, we propose, analyze, and test
such an algorithm. Due to its practical success in noiseless settings, our algorithm is based on
the interior-point methodology. As a result, we expect our approach to yield good performance in
practice, and expect that our proposed techniques can be incorporated readily into state-of-the-art
software packages for solving continuous nonlinearly constrained optimization problems.

1.1 Contributions

This paper builds primarily upon the interior-point algorithm proposed in [16] for solving bound-
constrained optimization problems in the presence of deterministic noise by extending the method-
ology and theoretical results to settings involving nonlinear inequality constraints. The method
proposed in [16] is a line-search interior-point algorithm. Proposing such a method for solving
nonlinearly constrained problems comes with significant additional challenges. For example, as is
well known even in settings when exact function and derivative values are available, line-search
interior-point methods that compute the search directions through Newton-based techniques may
fail to converge due to inconsistency between the step computation and enforcement of nonnegativ-
ity constraints on variables [29]. In addition, if the Jacobian of the constraint function at a given
point can be rank deficient, then a Newton-based approach may result in an ill-posed subproblem.
To address these issues, we follow the step-decomposition approach proposed for the interior-point
method in [15].

Another challenge that we face as we transition from the bound-constrained case to the nonlinear-
inequality-constrained setting (with deterministic noise) is assessing the progress of the algorithm
in terms of minimizing the objective function while aiming to satisfy the constraints. For solv-
ing bound-constrained problems with the interior-point method in [16], the barrier subproblem is
unconstrained and satisfaction of the bounds is enforced through a fraction-to-the-boundary rule.
Thus, the barrier objective function measures the progress of the algorithm and the fraction-to-
the-boundary rule ensures satisfaction of the constraints. However, in the nonlinearly constrained
case, it is typically inefficient to enforce feasibility of the constraints at every algorithm iterate,
meaning that it is preferred to employ a so-called infeasible algorithm. In the context of such an
algorithm, one needs a measure of progress that balances the improvement in the objective function
and constraint satisfaction. In noiseless settings, this is typically accomplished by defining a merit
function that is a weighted sum of the objective function and a measure of constraint violation.



The weight assigned to the objective function relative to the constraint satisfaction [22] is called
the merit parameter. Typically, the merit parameter is updated in an adaptive manner in such a
way that it guarantees that the original optimization problem is being solved. Extending such an
approach and its analysis to the noisy setting is the main contribution of this work.

We mention upfront that our proposed algorithm and analysis leave certain natural questions
unanswered. In particular, we focus our attention in this paper on an algorithm for solving a
single barrier subproblem that arises in an interior-point framework. This subproblem is equality-
constrained, but unlike for an approach for the equality-constrained setting with deterministic
noise such as that proposed in [23], significant obstacles arise in our setting due to the fact that
our method needs to enforce nonnegativity of slack variables that are introduced for our problem
formulation. Along with our concluding remarks, we suggest a heuristic strategy for decreasing
the barrier parameter so that, in practice, a sequence of barrier subproblems may be solved, as is
typical for an interior-point method. However, our analysis does not cover convergence guarantees
for solving the original constrained optimization problem as the barrier parameter vanishes. On this
note, one should recognize that such an analysis would be questionable in any case. After all, even
for a method for the equality-constrained setting such as that in [23], the presence of deterministic
noise means that one cannot guarantee convergence to a solution of the original problem of interest.
Such is the case for our method for solving each barrier subproblem as well, meaning that it may
be impossible to guarantee that a point is reached that is sufficiently close to optimality (or even
stationarity) of the noiseless barrier subproblem to warrant a decrease in the barrier parameter.
That said, in practice, a decrease of the barrier parameter may yield good behavior, so we suggest
a heuristic in our concluding remarks.

1.2 Notation

Our optimization problem of interest is stated in terms of a decision variable z € R"; see (1) in
Section 2. For any k£ € N, the value of x in the kth iteration of our algorithm is denoted as zy.
Such subscripts are used for other variables and adaptive parameters that are employed. For any
i € [n] :={1,...,n}, the ith component of a vector x € R" is denoted 2. Generally, vectors are
expressed using lowercase letters. With respect to any such a vector, the corresponding uppercase
letter denotes a diagonal matrix with the components of the vector on the diagonal, e.g., with
respect to s € R? we denote S := diag(s) € R7*7.

Given a matrix M € R™*™ its range space is denoted as range(M), its null space is denoted as
null(M), its minimum singular value is denoted as o, (M), its maximum singular value is denoted
as omax(M), and its condition number is denoted as k(M) := omax(M)/omin(M). Given a square
matrix M € R™ ™ a square root of M is any matrix M'/2 such that M/2MY2 = M. Given a pair
of vectors (u,v) € R"® x R", their inner product is denoted as (u,v) = uTv. We use the operator

notation || - || := || - 2 = v/(-,-) to denote the 2-norm of a vector and similarly use || - || to denote
the induced 2-norm for a matrix. For a symmetric and positive definite matrix M € R™*™ and a
pair of vectors (u,v) € R" x R", we write (u,v)y = u’ Mv and denote || - |ar = /-, ) ur-

Given two sequences {ux} and {v;} with ux € R and v, € [0,00) for all k& € N, the “big-
O” notation, namely, ux = O(vg), indicates that there exists a real number ¢ € (0, 00)—defined
independently from k—such that for all sufficiently large £ € N one has |uy| < cuy.



1.3 Outline

Our problem of interest and related optimization problem formulations for which our proposed
algorithm is designed are stated in Section 2. Our proposed algorithm for solving a so-called barrier
subproblem that arises in our discussions is presented in Section 3. Our analysis of the convergence
properties of our proposed algorithm from Section 3 is provided in Section 4. In Section 5, we
present the results of numerical experiments that show the effectiveness of the proposed algorithm.
A conclusion is provided in Section 6.

2 Problem Description

Our main algorithm, stated as Algorithm 1 on page 11, generates an iterate sequence {xj} with
xr € R™ for all generated £ € N. Its aim is to solve (if only approximately) the continuous
optimization problem

min fo(x) s.t. ¢(x) <0, (1)

zeR?
where fo : R” — R and ¢ : R — R?. (Throughout the paper, a “bar” above a quantity is used
to indicate a noiseless quantity, as opposed to noisy quantities that have no “bar” above them.)
The algorithm can be extended to settings in which equality constraints are also present, but
for simplicity and since the main algorithmic components and corresponding analysis are nearly
identical for that situation and this one, we restrict attention to the setting with only inequality
constraints. The problem functions fy and ¢y are assumed to satisfy the following loose assumption
pertaining to the generated iterates. The assumption includes that the functions are continuously
differentiable so that the objective gradient function gy := V fy : R” — R™ and constraint Jacobian
function J; := VEIT : R™ — R?7*™ are well defined. As previously mentioned, the main challenge
of our setting is that the algorithm only has access to noisy values of the objective function fo,
its gradient function gp, the constraint function ¢;, and its Jacobian function J;. Our assumption
about the noisy evaluations of these functions is included in the following assumption.

Assumption 2.1. The iterate sequence {x} generated by Algorithm 1 is contained in an open
convez set X C R™ over which fo and ¢; are continuously differentiable, fo is bounded below, ¢r is
bounded in norm, and both functions go := V fo and Jr := VE}F are Lipschitz continuous with values
that are bounded uniformly in norm. Moreover, for any x € X, a call for fo(x), go(z), €r(x), or
Jr(x) results in the approzimate value fo(x), go(z), cr(x), or Ji(z), respectively, where for some
known constants (ef, €4, €c,€5) € (0,00)* one has

|fo(z) — fo(x)| <er, llgo(z) — go(2)]l < e,
le1(z) = cr(@)]| < e, and || Jr(z) = Jr(z)]] < €.

(2)

Under Assumption 2.1, there exist constants fins € R and (¢rsup; 90,sup, J1,sup) € (0,00)3 such
that for all x € X one has

.]FO(x) > finf7 HEI(-Z')H < CI,sup> Hgo(l’)” < 9o,sup> and Hj[(.ilf)H < JI,supa
and there exist (Lg, Ly) € (0,00)? such that for all (z,z) € X x X one has

10(x) = g0(2)]| < Lgllz — Z|| and [|J;(x) — J1(2)]| < Lulz — |-



Under Assumption 2.1—specifically the assumption that the objective and constraint functions
are continuously differentiable—and a constraint qualification, e.g., the Mangasarian-Fromovitz
constraint qualification (MFCQ) [19], it follows that at a local minimizer z € R™ of (1) there exists
y1 € R? with

go(x) + j[(x)ng[ =0, E](w) <0, yr >0, and E[(Z)Tg[ = 0.
However, more generally, it is possible that the constraints of problem (1) are infeasible (at least
locally near a point), or that at a local minimizer of (1) the constraints are degenerate in the sense
that a constraint qualification does not hold. With respect to these situations, the aim of the
algorithm is at least to solve the infeasibility-minimization problem

.1 = 2
min 3 max{e (z), 0} 3)

where the max is defined component-wise. The objective of this problem is continuously differen-
tiable and first-order conditions for optimality for it are

Jr(z)T max{é;(z),0} = 0. (4)

We refer to any z yielding (4) with ¢7(z) £ 0 as an infeasible stationary point.

Following the design of the algorithm in [15], our algorithm aims to solve (perhaps only ap-
proximately) the optimization problem (1) or at least the infeasibility-minimization problem (3)
by working with related formulations involving slack variables. In particular, observe that (1) is
equivalent to

m]iRn fo(x) s.t. ¢(x) +s=0 and s>0, (5)
TzeR™
and that if s > 0 and ¢7(z) + s > 0, then (4) is equivalent to

Jr(@) T (E(x) +5) =0 and S(¢r(z) +s) = 0. (6)

The conditions s > 0 and ¢7(z)+s > 0 motivate a slack reset that is incorporated into the algorithm
to ensure that these inequalities always hold at least with respect to the noisy constraint function
evaluation; see Section 3.

Our algorithmic strategy falls within the interior-point methodology, which means that it does
not aim to solve (5) or (6) directly; rather, it employs a log-barrier function of the slack variables
to replace the inequality constraints. The general idea of an interior-point method would be to
solve to some accuracy a subproblem involving the barrier function on the slack variables for a
given value of a barrier parameter u € (0,00), then decrease this parameter and solve the next
subproblem in an iterative manner such that the overall algorithm converges to a solution of (5)
or at least (6). The goal of our main algorithm and our corresponding analysis of it is to solve
such a barrier subproblem approximately using only noisy function and derivative evaluations. The
barrier subproblem that we employ (with log(-) denoting the natural logarithm) is

q
o, Fo(0) = 10867 5. @rla) 45 =0 and 5 >0 g

Observe that, at any point (x,s) with s > 0, the linear independence constraint qualification
(LICQ) with respect to (7) holds. Hence, at any local minimizer (x,s) of (7), there exists a
Lagrange multiplier y; , € R? such that

go(x) + Jr(2) gr,, =0, —uS 491, =0, ¢r(z)+s=0, and s> 0. ()



We remark that in a setting in which equality constraints are also present, the LICQ would not be
guaranteed to hold, but a similar set of conditions would be guaranteed under a suitable constraint
qualification, such as the MFCQ.

For notational convenience in our presentation and analysis of our proposed algorithm, let us
introduce the combined primal iterate vector z € R"*? as z := [z7 sT]T. For a given barrier
parameter j, the objective and constraint functions of (7) can be expressed as f : R"*7 — R and
¢: R"" — RY where

f(z) = Zlog ) and &(z) = ¢7(x) + s for all z € R"T2.

Following [15], our algorithm employs scaled first-order derivatives of these functions. In particular,
we define the scaled gradient function g : R"™ — R and scaled Jacobian function .J : R**4 —
R2*("+4) guch that, for all z € R**4,

_ go(x = =
90 = |7 and )= (3@ 8],
where e € R? is a vector with all entries equal to one. (The imposed scaling is that the second block
of the gradient of the objective and the second block of the constraint Jacobian are both multiplied
by the diagonal matrix S.) Observe that in terms of this scaled Jacobian, the conditions in (6) are
equivalent to

J(2)Te(z) = 0. (9)

Letting f, g, ¢, and J denote noisy approximations of f, g, ¢, and J, respectively, Assumption 2.1
implies that for all z = [27 s7]7 with 2 € X’ one has

7G) - F < o5, 19(2) - 9(2)] < &
le(2) — c(2)]| < e, and [7(z) — J(2)] < €. 10)

3 Algorithm Description, Fixed Barrier Parameter

Let us now present our main algorithm, which aims to produce at least an approximate solution
of (1) by solving the barrier subproblem (7) for a fixed barrier parameter p € (0,00), or at least
to yield convergence to satisfying the stationarity conditions (9). To describe the steps of our
main algorithm, suppose that it has reached iteration & € N, in which case the kth iteration
proceeds as described in this section with the noisy function and derivative values fi := f(zx) :=
folax) = p Xy log(sy), e = c(z) = erlan) + s gf = g(zx)” = lgo(ar)” — peT]”, and
Jy := J(z1) = [Jr(zr) Si]. The corresponding noiseless values fi, ¢, gk, and J; are deﬁned
similarly. Our proposed algorithm is stated formally as Algorithm 1 on page 11. We remark that,
as previously mentioned, the initial conditions and structure of the algorithm will ensure that s; > 0
and c(z) = cr(xr)+ sk > 0 for all k € N. Let us also define, for all k € N, the error values €7, € R,
egk ER" . €RY, and €5y, € R2*(+9) according to the equations

fe=fr+erk 9k =0k +Egks Ck =0k +Eck, and Ji = Jp + €, (11)

where by (10) one has |ef x| < €f, |legrll < €g, lleckl] < €, and |egi| < €.



The following occurs for each iteration index k € N. First, if Jchk = 0 and c¢r(zr) £ 0,
then the algorithm has reached an infeasible stationary point (based on noisy evaluations) and it
terminates; recall that the algorithm ensures s > 0 and ¢ = ¢7(2x)+s, > 0, s0 JL ¢ = 0 (ie., (9))
corresponds to (6). Otherwise, the algorithm computes a normal step toward the satisfaction of a
linear approximation of the constraint functions within a trust region. Specifically, for a prescribed
constant w € (0,00), the normal step v is computed by solving the trust-region subproblem

min Hlew + Jpoll? st o)l < w|| T exl- (12)
verange(JT')

For later reference, let us define vy as the solution of (12) (with respect to zy) if the true values
(¢k, Ji) are used in place of the noisy values (¢, Ji). Second, the algorithm computes a tangential
step to minimize a local model of the objective function subject to maintaining the progress toward
linearized feasibility that was attained by the normal step. This computation employs symmetric

H;, 0}

0 3 (13)

Wk — |:
where Hy, € R™™ and ¥j € R?7*4. (See below for further discussion on the requirements of W, for
each k € N.) The tangential step is defined as uy, := dy — vy, where the full step dj, (i.e., normal step
plus tangential step) along with a new Lagrange multiplier estimate yi41 is computed by solving

e ] - L]

= . (14)
Je 0] [Uk+ Ji Uk
For later reference, let us define (ug, dy, x+1) as the values that would have been computed (with
respect to the same symmetric matrix W}) if the true values (Ji, i, Ux) are used in place of the
noisy values (Jy, gk, Uk)-

A few comments on the choice of {W}} are in order. First, we remark that the traditional
choice in an interior-point method in the noiseless setting is for Hy to be chosen as the Hessian
of a Lagrangian at the current iterate, or an approximation to it. However, for our noisy setting
wherein we do not guarantee a fast rate of local convergence, we require Hi to be a symmetric
matrix, but do not require it to be a matrix of second-order derivatives. (It can be constructed
using noisy second-order derivative estimates, if they are available, but this is not necessary for
our analysis.) As for Xy, if it is chosen as ¥ = pl, then this is said to be the primal approach,
whereas if it is chosen as ¥ = )Y} for some multiplier vector g € R?, then this is said to be the
primal-dual approach. That said, we do not restrict our analysis to any such choice of ¥, as long
as it is diagonal and positive definite. In addition to each element of the sequence {Wj} defined by
(13) being symmetric, we also require that (a) the linear system (14) has a unique solution for all
k € N, (b) Wy is sufficiently positive definite in the null space of Ji for all k£ € N, and (c) {||Wk] }
is bounded. We formalize these assumptions in Assumption 4.1 on page 13, where in fact (for
simplicity) we go a bit further and assume that W}, satisfies such properties also with respect to
true function and derivative values. To ensure these conditions with respect to noisy quantities in
practice, during the kth iteration for any k € N, the algorithm can start with initial symmetric Hy
and Y such that Wy in (13) satisfies a prescribed bound on its norm. Then, the algorithm can
determine if (14) has a unique solution and W}, is positive definite over null(Jy), say, by checking
the inertia of the matrix in (14); see, e.g., [22]. If not, then Hj and/or ¥j can be replaced with
a convex combination of its current value and a prescribed positive definite matrix, or it can be



modified by adding a multiple of the identity matrix; see, e.g., [31]. This process can be repeated
iteratively until the desired conditions are satisfied. Observe that modifying W} as discussed above
guarantees that the system (14) has a unique solution because Jj has full row rank.

Upon the computation of the normal step v, tangential step uy, combined search direction
dj, and updated multiplier estimate yx11, the algorithm checks another termination condition. If
JF e, = 0 (implying c;(zx) < 0 since the algorithm did not terminate previously) and g+ J! yx1 =
0, then the algorithm has reached a point at which no further progress can be made (with respect
to noisy values). This situation implies that the algorithm has reached an approximate stationary
point for the barrier subproblem (7). We discuss the meaning of this situation further in our
analysis in Section 4.

If the algorithm proceeds in the kth iteration after checking this second termination condition
and has not terminated, then it needs to determine the amount to move along the search direction,
i.e., it needs to determine a positive step size. This is done using a merit function—which balances
the objective function and a constraint violation measure—whose aim is to measure progress of the
algorithm toward a minimizer. Before determining the step size, the algorithm first updates the
merit parameter that weighs the contributions of the merit function terms. For the merit function,
our proposed algorithm employs ¢ : R x (0,00) — R defined by

¢(z,7) = 7f(2) + lle(2)]],

where 7 € (0, 00) is the merit parameter that is updated dynamically. For later reference, let us also
introduce the corresponding true merit function ¢ : R"*9x (0, 00) — R with ¢(z,7) = 7f(2)+]|&(2)]|.
To determine whether and by how much the merit parameter should be decreased, the algorithm
uses a (noisy) model of ¢ at xj, namely, my, : R"™? x (0,00) — R with

mi(d,7) = 7(fi + gi d) + ||k + Jid]-

The change in this model corresponding to (dg,7x) € R"™? x (0,00) is measured by the model
reduction function Amy : R"t9 x (0,00) — R defined by

Amy(dy, 71;) = my(0, 71) — my(di, )
= —Thgi di; + ||ex ] — llek + Jrdil]
= —Tkgi di; + [|ex | — llex + Twvkll, (15)

where the last equation follows by (14). For reference in our analysis, let us also note that the
reduction in a true (i.e., noiseless) model of the true merit function ¢ at xj can be defined as
Amy, : R4 x (0,00) — R defined similarly. This true model reduction is notable since having
{(dg, )} with 7, > 7 for some 7 € (0,00) and {Amy(dg, %)} — 0 is central to analyses of an
algorithm of our type in the noiseless setting. We discuss this further in Section 4.

The goal of our update strategy of the merit parameter is to ensure that the chosen value
Tk € (0,7,—1] (where 7,1 € (0,00) is the value from the prior iteration) yields, for some prescribed
o € (0,1), the condition

Amy(dy, 1) > Smuf Wiewr, + o (|[erl] — llex + Jrowl))- (16)

(This is the same kind of approach as has been employed in the noiseless setting; see, e.g., [15].)
From (12) and positive-definiteness of Wy with respect to null(Jy), the right-hand side of this



expression is always nonnegative, and in fact in our analysis we show that this quantity is strictly
positive when the algorithm does not terminate in iteration k. To determine such a value for the
merit parameter 7, the algorithm uses the trial merit parameter value

) 00 if ggdk + %u;‘SWkuk <0
T = (o) ekl ~llew+ Tuve) - (17)
k R e otherwise,
9y, dic+ 5 uy Wiug
then, with prescribed d, € (0,1), sets the merit parameter as
Th— if 75,_q < rfrial
=g el opherstan, (18)
min{(1 — 6;)7,—1,7,"*} otherwise.

(In Lemma 4.11, we show that this ensures that (16) holds.) For future reference, let us also
define the sequence {7y} as the one that would have been generated in this manner if the algorithm
generated the same iterate sequence {x}, but employed noiseless values for updating the merit
parameter value for all £ € N.

Now that the value of the merit parameter has been determined, the algorithm proceeds to
compute a step size to take along the primal search direction. At this stage, it is necessary to
characterize the primal search direction in terms of two components—corresponding to the variables
x and s, respectively—and the search direction corresponding to the unscaled derivatives as well.
The scaled and unscaled search directions, respectively, are

xr xr
dy, =: B’;] and dj, [Sdfis] , where (df,dj) e R" x R
k kS
One rule for the step size is that it must ensure that the slack variables remain sufficiently positive.
This is done through a fraction-to-the-boundary rule. The unscaled direction in the slack variables
is the latter component of the direction (fk, namely, Sidi. Therefore, the fraction-to-the-boundary
rule involves computing the largest value of a** in (0, 1] such that

sk + ap®™Skdy > (1 —ns)sk, (19)

where ns € (0,1) is a prescribed parameter. Once this maximum step size has been determined,
the algorithm backtracks, if necessary, until a relaxed Armijo condition is satisfied [1, 23]. Defining
ek € (0,00) for all k € N by ¢, := 7e¢ + €, and with n, € (0,1) and ¢ € (0,00), the condition is

O(z1, + apdy, k) < G2k, ) — Ner Amg(dy, i) + (2 + e (20)

(In practice, we expect one to set ( relatively small, at least less than 1. For example, in our
numerical experiments, ¢ <— 0.1.) Observe that (20) is well defined since it is always satisfied for
sufficiently small oy, € (0,1] in the presence of positive ey and/or e.. Given ay, € (0,1] obtained
by backtracking (starting from amax) that yields (20), the algorithm sets xj1 + x + apdf and
Sk+1 < max{sy + apSkdy, —cr(xpy1)} > 0, for which one finds that

c(zk41) = cr(Tpg1) + Skt (21)
= cr(xp41) + max {sx + apSkdy, —cr(zr41)} > 0.

It is important to observe that, after employing this update for the slack varia}ales, which as in the
literature we refer to as a slack reset, one finds that ¢(zg11,7%) < ¢(2k + ardg, Tx), meaning that
(20) holds with the left-hand side replaced by ¢(zk+1, 7). This is clarified in the following remark.
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Remark 3.1. Line 11 of Algorithm 1 guarantees ¢(zpi1,7) < ¢(zr + ozkcik,Tk). To see this,
consider arbitrary i € {1,...,q}. If [er(wg+1)]D > —[sg + arSid;] @, then it yields S,E:Z}rl — sk +

akSkdz](i); otherwise, sgrl — [—cj(wk+1)](i), in which case [c(zg41)] ’) =0. In any case, one finds

Sk+1 = Sk + akSkd27 f(szrl) </f ([Sk fgﬁgkdz}); and H Zk+1 H <[3k fg;igkdz})

d(2h+1, k) < P21 + akdk, Tk), as claimed.

, SO

Algorithm 1 : Algorithm for Solving (7) with Noisy Function Evaluations

Require: (zg,s0,%0) € R" x R? x R? with sg > 0 and ¢(29) = cr(wo) + s0 > 0; (e, €) € (0,00)?
from Assumption 2.1; 71 € (0,00); w € (0,00); 0 € (0,1); §r € (0,1); s € (0,1); 0y € (0,1);

and ¢ € (0,00)
1: for k=0,1,... do
2: if Jchk =0 and c¢;(xg) £ 0 then return (xg, yxi1)
3: compute vy as the solution of (12)
4: choose Wy, satisfying (upcoming) Assumption 4.1
5: compute (dg, Yx+1), where dy, = v + ug = [ZS] , by solving (14)

if Jlc, =0 (so cr(wg) < 0) and gx + Jlyg1 = 0 then return (zx, yri1)
set 7, by (18)
set o’ as the largest value in (0, 1] such that (19) holds

9: set oy, + (3)7aP®, where j = min {j € N : (20) holds with dj + [ di ] }

Sd3,
10: set 1 < T + agdy
11: set spy1 < max{sy + arSid;, —cr(xp11)}
12: end for

4 Analysis of Algorithm 1

In this section, we analyze the behavior of Algorithm 1 for solving (7). Before starting our analysis,
we discuss its main goals by remarking on the convergence guarantees that one aims to show in a
noiseless setting for an algorithm such as ours. Then, we discuss our main assumptions and show
that the algorithm is well posed before proceeding to our main convergence analysis.

4.1 Discussion of Aims of Convergence Analysis

Given the fact that Algorithm 1 aims to solve (7), but only has access to noisy function and
derivative values, it is important to establish at the outset what one can hope to prove about the
behavior of the algorithm. First, we note that if for some k € N the algorithm terminates in line 2,
then at least with respect to noisy quantities it has reached an infeasible stationary point. The
point is not necessarily an infeasible stationary point with respect to noiseless quantities, but it
is still reasonable for the algorithm to terminate since, by (11) and upcoming Lemma 4.2 in our
analysis, one respectively has

”E](a}k) — C](wk)H < €. and HJgEk — chkH = O(Ec + 6]).
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Similarly, if for some k € N the algorithm terminates in line 6, then at least with respect to the
noisy quantities it has reached a point that appears to be stationary for (7). The point is not
necessarily stationary for (7) with respect to noiseless quantities, but it is still reasonable for the
algorithm to terminate since, under the assumptions of our upcoming analysis, one can show that

Gk + JE Tkt — (gk + T yer1)]] = Olec + €5 + €g).

For the sake of brevity and since finite termination is unlikely in practice, we omit the details of
this bound, but claim that it would follow under the assumptions and results in Section 4.3 up
through and including Corollary 4.1.

Assuming that Algorithm 1 does not terminate finitely, the aims of our analysis are to prove
results that are modeled on the noiseless setting. In particular, we note the main convergence
result in [11] and the main convergence result for a fixed barrier parameter in [15]. In both of these
cases, the main aim is to show that, when the sequence of constraint Jacobians has singular values
that are bounded away from zero, one has that the merit parameter remains bounded below by a
positive real number and in the limit one finds

. g+ JT5
{Amy(d, )} — 0, which in turn yields {H [gk + ‘é]k yk+1}
k

‘} — 0. (22)

(See, e.g., Lemma 3.18 and its proof in [I1].) Otherwise (when the constraint Jacobians tend
toward rank deficiency), one at least has that {||JF¢||} — 0. In our noisy setting, the case of
potential rank deficiency of the constraint Jacobians presents a practical hurdle, especially when
the noisy Jacobians tend toward rank deficiency while the true Jacobians do not. Our analysis
thus focuses on the stronger results that can be proved when the constraint Jacobians do not tend
toward rank deficiency and do not differ too much from their true values (see Assumptions 4.3
and 4.4 in Section 4.3). Overall, the main aim of our convergence analysis is to show that, under
reasonable assumptions, Algorithm 1 generates merit parameter values that remain bounded below
by a positive number and generates iterates such that, at least for some iteration index k € N, the
value Amy(dy, 7) (see (22)) is below a threshold that depends on the magnitude of the noise in
the function and derivative values.

We also show under looser assumptions that the algorithm generates iterates such that, at least
for some k € N, the value ||J'¢,||? is below a threshold that depends on the magnitude of the noise.
This result, which is arguably of less interest in practice, is relegated to Appendix A.

4.2 Assumptions and Well-Posedness

Before proceeding to our analysis, let us introduce the assumptions that we make beyond As-
sumption 2.1. We also make an additional assumption on the bounds on the noisy function and
derivative evaluations; this is presented after Lemma 4.8 since it relies on quantities introduced in
that lemma.

First, we formalize our assumption pertaining to the sequence {W}} as follows. Recall that
this assumption with respect to the noisy quantities has already been justified in the paragraph
following (14). We strengthen it slightly to refer to noiseless values as well, since later on this will
allow us to quantify, e.g., the difference between dj, and dj. (Alternatively, we could introduce a
“true” matrix W), that satisfies similar properties with respect to noiseless quantities as W), does
with respect to noisy ones. However, this would add extra complication without adding significant
value to our analysis.)

12



Assumption 4.1. The symmetric matrices {W}} defined by (13) is chosen such that: (a) for all
k €N, (14) has a unique solution when either the noisy quantities (Ji, gk, Vi) or noiseless quantities
(Jk, Gk, Ux) are used; (b) for some oy € (0,00) and all k € N, one has p? Wyp > ow||p||? for all
p € null(Jy) Unull(Jy); and (c) for some ky € (0,00) and all k € N, one has |[Wy| < k.

Second, while most of our analysis merely requires that the generated slack iterates have positive
components, our later results require that the slack variables remain bounded. Thus, we introduce
Assumption 4.2, below. In the noiseless setting, boundedness of the slack variables can be proved
by the behavior of the algorithm and boundedness of the function and derivative values, as in
Assumption 2.1; see [6, 15]. However, in our noisy setting, it happens that a similar conclusion
cannot be drawn in the same way since the merit function values are not monotonically decreasing.
In any case, we contend that the following Assumption 4.2 is weak under Assumption 2.1.

Assumption 4.2. There ezists ssup € (0,00) such that ||sg| < ssup for all k € N. Thus, along
with Assumption 2.1, {¢(zk, )} is bounded below.

Under Assumptions 2.1 and 4.2, there exists (gsup, Jsup) € (0,00)? such that
Gkl < gsup, and || Ji|| < Joup for all k€ N. (23)

Third, many parts of our analysis merely require that Jj, has full row rank for all k¥ € N, which
in our setting is guaranteed since s has positive components for all & € N. However, some of our
results require that, at least eventually, the Jacobians have singular values that are bounded above
the noise level for the Jacobian values. Hence, let us introduce the following assumption.

Assumption 4.3. There exist k;j € N and v € (e,00) such that, for all k € N with k > kj, one
has that omin(Jx) > 7.

Under Assumptions 2.1 and 4.3, it follows that for all k¥ € N with k& > k; one has omin(Jp) >
v — €y > 0. Thus, there is (57,0) € (0,00)? such that, for such k,

I(JeTi) I <5 and [I(Jedg) M < 0y (24)

It is worth emphasizing that both Assumption 4.3 and upcoming Assumption 4.4 impose implicit
bounds on the noise level for the constraint Jacobian matrices.

Let us close this subsection by showing that, under our stated assumptions, the algorithm is
well posed. For this purpose, it is worthwhile to note that the normal step vy, which is the exact

solution of (12), satisfies the Cauchy decrease condition [22], i.e., for some prescribed ¢, € (0,1],
one has
ekl = llek + Jrvkll = du(llerll = llex + duJrdrl]) = 0, (25)
where vy, := —J,? ¢ and &y is a solution of the one-dimensional problem
min 3ley + &g )® st & € [0,w]. (26)
(6%

A Cauchy decrease condition also holds for the noiseless normal step o), with (¢, J;) in place of
(ck, Jx) and with é&; redefined accordingly.

The lemma below summarizes prior remarks to show that, by its construction, Algorithm 1 is
well defined in the sense that if it reaches iteration k € N, then each step involves finite computation
and the algorithm will either terminate in iteration k£ or proceed to iteration k + 1. The lemma
also shows that, as claimed, one finds s; > 0 and ¢(z;) > 0 for all generated k € N.
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Lemma 4.1. Suppose that Assumptions 2.1 and 4.1 hold. Then, if Algorithm 1 reaches iteration
k € N such that s > 0 and c(zx) > 0, then it either terminates finitely or proceeds to iteration k+1
such that sp41 > 0 and c(zk11) > 0. Thus, the algorithm either terminates finitely or generates an
infinite sequence of iterates, where in either case s > 0 and c¢(z) > 0 for all generated k € N.

Proof. Suppose that Algorithm 1 reaches iteration k € N such that sy > 0 and c¢(z) > 0. First,
if it terminates in line 2, then there is nothing left to prove. Hence, we may proceed under
the assumption that it continues, in which case one finds that (12) is feasible and there exists
v € range(J!') that is feasible for (12) and satisfies (25), meaning that the computation of vy, is
well defined. It then follows under Assumption 4.1 that the computation of ux and (dg, yr+1) is
well defined. Next, either the algorithm terminates in line 6 or it reaches line 7, in which case it is
guaranteed to reach line 8. Since ns € (0, 1), line 8 is well defined. Similarly, since ¢ € (0, 00), it
follows that (20) holds for sufficiently small aj, meaning that line 9 is well defined. It follows that
line 11 is reached, which guarantees that si;1 > 0 and ¢(zx41) > 0. O

4.3 Convergence Analysis

Let us now proceed to the main part of our analysis. Since we have already discussed the conse-
quences of finite terminate of the algorithm in Section 4.1, our analysis in this section presumes
that the algorithm does not terminate.

Let us define for all k¥ € N the errors

Evk =V — Uk, Eyk = Uk — Uk, Eqk = dp — dp, and Erk ‘= Tk — Tk- (27)

Our preliminary analysis, prior to our main results, focuses on providing bounds on these errors in
terms of the bounds on the errors from (11). Observe that, since {7} and {7} are monotonically
nonincreasing and bounded below by zero, it follows trivially that e, < 7 for all k¥ € N.

Our next few lemmas focus on properties of the constraint function value, constraint Jacobian
value, and normal step. The lemmas involve properties of these quantities as well as differences
between noisy and noiseless values.

Lemma 4.2. Suppose Assumptions 2.1 and 4.1 hold. Then, for all k € N,

15 T = Ty Till < egleq + 2/ J), (28a

1Tk = Tidie || < es(es + 2/ Jl), (28b

I(Te i) = (T i) < (eales + 201k1)) 2, (28¢
and ||JE e, — JEer|l < || Jkllee + (|ekll + €c)e. (28d

~— ~— ~— ~—

Proof. Consider arbitrary £ € N. By Assumption 2.1, the triangle inequality, and submultiplicity
of the matrix 2-norm, one finds that

T~ TEd = e — T+ T~ TR
< T es + 1 Tulles < (eq + 1T Des + 1 Tulles = es(es + 211 x]),

which gives (28a). The proof of inequality (28Db) is similar to that of (28a). Next, by i-Holder
continuity of the square root operator for symmetric positive definite matrices and the fact that
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the matrix 2-norm is unitarily invariant, inequality (28c) follows from inequality (28a). Lastly, by
(11), one finds

13 e = Ji exll < 17k e — Ji e+ T e = Tierll < [ kllec + (2]l + ec)es,
which gives (28d). O
The following useful lemma is well known. Its proof can be found in [(].

Lemma 4.3. Givena € R, b € [0,00), and w € (0,00), the optimal value * of

min  ®(2) = 12%a — 2b satisfies ®* < —Lmin{% w}.
z€[0,w) |al
Lemma 4.3 can be used to prove our next lemma. A proof of a similar result, with less detail
on the form of the lower bound that is proved, can be found in [11]. We provide a proof here to
show the precise form of the lower bound.

Lemma 4.4. Suppose Assumptions 2.1 and 4.1 hold. Then, for all k € N,

el (aell = [k + Jetel) = el TE a2, where &1 = 16, min{

g
—— W .
1757 Tl
Proof. Consider arbitrary k& € N and recall that vy, is the solution of (12) when (¢, Ji) is replaced
by (ek, Jx). If || JFe|| = 0, then v, = 0, so the desired conclusion follows trivially. Hence, we may

proceed under the assumption that || JFe|| > 0. By (26) with respect to noiseless quantities, for
which the steepest-descent direction is U = —JkTék, Cauchy decrease is attained with

Qg € argdlgl[(i)n] %dQHJkaTEk’P — &l T e

Hence, by Lemma 4.3 and || JFe||?||JE Je| > || e JE e l|?, it follows that
3(llew + awdntnl” — llewll*) = 3680 Je i all® — anll Iy ell®

- jTEkHQ
< —1HJTEkH2min{H_k_ w
20k [Tk T} ]2

IN

—;nf,fckwmm{ (20)

)
— W
175 T
Since vy, satisfies Cauchy decrease (see (25)) with respect to noiseless quantities and since 2a(a—b) >
a? — b? for arbitrary (a,b) € R x R, one finds that

lerll(llerll = llex + Jrvrll) = dullerll(leell — e + ardrinl)
> 16u(llexll® — ek + drJre]?)
1
> dotemin{ ool
27 15Tl
which is the desired conclusion. O
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We now show that, under all of our aforementioned assumptions, the difference between the
noisy and noiseless normal step is bounded uniformly for all sufficiently large & € N. The proof
follows a similar argument as in [4].

Lemma 4.5. Suppose Assumptions 2.1, /.1, /.2, and 4.3 hold. Then, there exists €, € [0,00) such
that for all k € N with k > kj one has

[0k = vkl| < €v. (30)
In addition, (30) holds with €, — 0 as (ec, €5) ¢ (0,0).

Proof. Consider arbitrary k € N with k& > k. Since (12) requires v € range(J}), one can express
the solution of (12) as vy = Jgtk, where tj solves

min  glex + JJgt]? st [Tt < wll T exll. (31)

Let us now define, as allowed under Assumption 4.3, the change of variables

~ JTre _ - _

Fim ey (L) 2T ) 2 (52)
. ; o 77 7 AT - JPell ) 777
Since ||(JxJ1)2| = |78 and [|(J T3 = | TFE, it follows that [ J7E] = eyl 7.

Now considering (31) with respect to the noiseless quantities, but replacing the variable ¢ with

”j’%ii” (JxJE) Y2 (. JF) V2L, one obtains
k
. Tl 5 7 . A
min e + ey IV I VP s T < ol el (33)

The feasible regions of (31) and (33) are identical. Thus, let us denote the feasible region of these
problems as the nonempty, closed, and convex set IT := {t € R? : ||Jt|| < w||JF ck||}. Problems (31)
and (33) can now be written respectively as

min %H(JkaT)*lck+t|]?Jng)2, and (34)

2

min 3|55l (g 0) 2T e + (35)

o 2 7Tl

(ST 2 (T T (T I T2

Let (t*,1*) € TI x II be the optimal solutions of (34) and (35), respectively. (Since their objective
functions are strongly convex, these solutions are unique.) By first-order optimality, respectively,
for all ¢ € IT one has

(—(JJE) Loy — t,t — t) (pry2 <0

Jr — T — — Ik gk
<HJ’I:T§:H(Jng) VRITD) T e+ 8 =) gy g, ar gy < 0.

Substituting ¢* for ¢ in the first inequality, substituting ¢* for ¢ in the second inequality, and
summing the results, one finds that I < 0, where

Ii=—((Je ) ren + )T (I I — t)
| T crel (JkaT)_l/z(jkjkT)_l/25k 4 f*)T(Jng)l/ijjE(Jng)1/2(5* — ).

73 el

+

By expanding the inner products in I, one may write I = I1 + I, where

I o= — () (L JE2 (@ = ) + @) (eI V2T TE (T i)Y — )
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and I := Hj;;’k” & (T T2 (I T D)2 (0 = ) — L L (0 — ).
By adding and subtracting (£*)7 (Ji.JF)?(t* — t*), I can be written as
I = (5* . *)T(J JT)2(A* —t%)
+ V(T2 (BT — T I (Je T2 — 1)
= (| =112 yrye + @V IO (TeE = Tedi) (IO = 17),

In addition, by adding and subtracting both ¢} (Jy JI) Y2 (Jp JE) V2 (#* —t*) and ¢f (Jy JO) V2 (T JE) V2 (8
t*), Iy can be written as

_ [T ekl & 1/2
I —( (1 - HJTCk”) (J Jk) /

(@ — en) (T2 4 L (T TOY? = (DO i (@ = 1)

Thus, I = I + I, < 0 along with these inequalities yields

P 2
Ht* - t*||(JkaT)2

e - 7 Ji ¢ _
< () T RIIE = TeTD) + (1= el ()2

+ (er — &) (T2 4 L (T IOV = (DT i) (@ = 1),

Thus, by submultiplicity of the matrix 2-norm, the facts that (T JE)Y20)| = || JE | and || (T JE) Y 26| =
|| T ek ||, the definition of the feasible set II, and the fact that for any pair of vectors (a, b) € R™ x R"
one has |||a]| — [|b]|]| < ||a — b]|, it follows that

I = 115, g2

1T el
ey

+ el (Te i)Y = (TN V2 — )]
< @I erlllTe i = Judi |+ i e = Jierll + lew — el Jxl
+ el (e i)Y = (T T2 21— ]

< (IR T MTe i = Tudi |l + 11— T @l + llew = el (T T2l

This bound, submultiplicity of the matrix 2-norm, and Lemma 4.2 yield

I = 4125 oy
< @Il + €5) el + echestes + 201 Tl + 20 Tellee + (] + ec)es
+ (el + ee) (eales + 20T Y2 Wil + en)lE* = £°].

Hence, along with [[i* £ < |(JoF) [ — 17,z and (24) one has

I — ]|
< o3 (1 Tell + en) @kl + en)(llewll + ec)es(es + 2)1Jill)
+ 2| Tillec + (1ell + ec)es + (lerll + ec)(es(es + 2] Jl)) /)
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= €1, k- (36)

Now let ¢* € II be the unique optimal solution of (31) with respect to the noiseless quantities.
Our next aim is to bound [|* — ¢*||. That being said, since ||t* — ¢*|| < || — £*|| + [|t* — ¥,
where ||£* — t*|| has the bound given in (36), we only need to bound ||t* — #*||. By (24), (32), and
Lemma 4.2,

e~ )

=t _ijTEkH(kk) (Jedi )T

= ey T = e + 1 = ey T 2T AT
JTc Jre B o

= ”J:TEZHQHJ:TCZH U = (D)D)

AN TR TE) T2 IR
wl| T el (T TF )~
(11 — Mg el T IV 1200 (T g T2 — (. T2
(0~ S T E) NI — (TN

= Wl (T i) NI exll = 17 el

+ T el (T2 T = (T2
< wvVa([[kllec + (el + €c)es

+ (17 el + N1 Tkllee + eallen] + e v/as(es(es + 20 Tl) ) =: ety p-

Thus, with (24) and (36), one has [|[£* — t*|| < €, 1 + €1p.k = €1k, SO

IN

[0k — well = 1T T — JEE + JEE = e
<N Tk = Tl (T ) 2T FOY28 |+ (| Tel1E = ¢
< EJw\/ﬁjngEkH + (ijH + 6(])6,57]6.

Thus, under Assumptions 2.1 and 4.2, the fact that €, := €,  + €, k, and the definitions of €, s
and €, 1, the desired conclusions follow. ]

We now present a few lemmas that focus on properties of the tangential steps. Our goal in
these lemmas is to prove a result similar to Lemma 4.5, except in terms of the tangential steps.
Our derivation of this result relies on expressing each tangential step as the result of an oblique
projection onto the null space of a constraint Jacobian. Hence, our first result pertains to oblique
projection matrices. The result is known, but we present it for the sake of completeness. For a
matrix A € R"*", the M-adjoint of A is a matrix A* € R™*" such that (u, Av)y; = (A*u,v)
for all (u,v) € R™ x R™. For a symmetric positive definite matrix M, the M-adjoint of A equals
A* = M—'AT M. In addition, a matrix P is called an M-orthogonal projection matrix if and only
if it is idempotent (P? = P) and M-self-adjoint (P = P*).

Lemma 4.6. Suppose that the matriz J € R0 has full row rank, the columns of the matriz
Z € ROTDX form an orthonormal basis for null(J), and I' € ROHDX0+a) s symmetric and
positive definite. Then,

P:=2zZ"r2)'\Z'T = 1 -1~ JTJr—tgh) "l e RIFDx(n+a)
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is a T'-orthogonal projection matriz that projects u € R4 onto null(J) and
Q = F_IJT(JF_IJT)_IJ E R(n—i—q)x(n—i—q)

is a I'-orthogonal projection matriz that projects v € R"T9 onto range('"1J7T), i.e., the space that
is I'-orthogonal to null(.J).

Proof. 1t is straightforward to verify that the stated matrices for P are equal and that both P and
Q are idempotent and I'-self-adjoint. Furthermore, given any v € R"™9, one finds that JPu = 0,
which shows that Pu lies in null(J), and given any v € R"*9, one finds that Qv € range(I' "' J7),
as claimed. O

Let us now introduce the following result, which shows that the noisy and noiseless tangential
steps can be expressed in terms of solutions of linear systems involving certain positive definite
matrices that, under our assumptions, have eigenvalues that are uniformly contained within a
positive interval.

Lemma 4.7. Suppose that Assumptions 2.1, 4.1, /.2, and 4.3 hold. Then, there exists (\,or) €
[0,00) x (0,00) such that, for all k € N, one can express

[Wk+AJEJk JkT:| [uk ] _ [gk-f-va}

J 0| |Yk+1 0 (37)
and - i =— ,
Ik 0] [Uk+1 0

where 'y, := W}, + /\JkTJk and Ty = Wy, + )\jijk satisfy
min{omin(Cx), omin(Tk)} > or.

Proof. Consider arbitrary k € N. By the second block equation in (14), one finds that ug € null(J)
and 1 € null(Jy). Therefore, by (14), the pairs (ug,yrr1) and (g, Yrr1) satisfy (37) for any
A € [0,00). The remainder of the proof follows by known results; see, e.g., Section 5.4.2 of [15]. O

Lemma 4.8. Suppose that Assumptions 2.1, 4.1, /.2, and 4.3 hold. Then, for all k € N with T'
and L'y, defined as in Lemma /4.7, one has that

T =T < AopPes(es + 201 i) (38)

Proof. Consider arbitrary & € N. By Lemma 4.7, submultiplicity of the matrix 2-norm, and
Lemma 4.2, it follows that

T =Tt = T (T — TR Tl
< T T T, — Tl
< Ao | Tk = Tedi | < Aopeger + 2] k),

which gives the desired conclusion. O
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We are now prepared to prove a uniform bound on the norm of the differences between the noisy
and noiseless tangential steps. The bound that we prove, stated in Lemma 4.9 below, requires an
additional assumption pertaining to the noise in the constraint Jacobians, which we state next. That
the assumption pertains to the noise in the constraint Jacobians specifically can be seen by observing
the manner in which the matrices {I'x} and {T'x} are defined through Lemma 4.7 (i.e., with the
same matrix Wy, for both the noisy and noiseless linear systems in (37)). Whereas Assumption 4.3
requires that, for large k, the noise in each constraint Jacobian estimate is small relative to singular
values, the following assumption essentially requires that the noise in the constraint Jacobian
estimates is small enough such that the null space defined by the noisy and noiseless values does
not differ too much.

Assumption 4.4. Let k; € N be defined as in Assumption /.3, and for all k € N let T', and T,
be defined as in Lemma 4.7. Then, for all k € N with k > kj,

VT T NI T — T TE + I T ler + ITNE = T e < 1.

Observe that if €; = 0, then J;, = J; and I'y, = T}, in which case the expression on the left-
hand side of the inequality in Assumption 4.4 is 0, so the assumption holds. It follows that the
assumption also holds for €; sufficiently small relative to the magnitudes of the elements of .Jj, and
W, for all k € N.

Lemma 4.9. Suppose that Assumptions 2.1, 4.1, 4.2, 4.3, and 4.4 hold. Then, there exists ¢, €
[0,00) such that for all k € N with k > kj one has

lue — || < €. (39)
In addition, (39) holds with €, — 0 as (ec,€5,€4) N\ (0,0,0).

Proof. Consider arbitrary k € N with k > kj. Let Z;, and Z;, have columns that form orthonormal
bases for null(J;) and null(J;), respectively. From (37),

U = —Zk(Zle“ka)’IZkTFk(P,;lgk + F,;lwkvk),

and U = —Zk(Zle_“ka)’leTFk(f,;lgk + f;lwkf;k),

where I';, and I';, are defined as in Lemma 4.7. By Lemma 4.6, the matrices
P = Zk(Z,?Fka)_IZ]{Fk and pk: = Zk(Zkaka)_lZ,Z’fk

are a I'j-orthogonal projection matrix on null(.J;) and a I'y-orthogonal projection matrix on null(J),
respectively. One finds that
ug — k|| = |1Pe(Ty P + T  Wivk) — Pe(Ty Mgk + T Wiy
+ Pe(Ty g+ Ty Waww) — Br(Ty gr + Ty Waan) |
< 1Py = PilllITy gk + Ty Wi (40)
1 PllIT gk + Wior) = Ty gk + Wiog) |-

Our aim now is to establish upper bounds for the terms on the right-hand side of (40). To bound
| Py, — By||, we define Qi = T, ' JI (JT, P I 1y and Qp = T JE (i L TE) =1 Jk. By Lemma 4.6,
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Theorem 3.4 in [27] regarding the properties of the oblique projection matrices (under Assump-
tion 4.4), one finds

1Py — Prll = |Qr — Qx|

S A : r—1 7T 7 1—177\-17 HFI;ng — fgljg"
S NQI +1Qr) min{m(Ly " Jy ), £ (kL™ Ji )™ Jk)}

e
— — . — — - = _ €
QL+ QI min{w( ), w(T I (A ) ™
k
+ O(| @kl max{||T IE = T T e3). (41)

By Lemmas 4.2, 4.7, and 4.8 along with Assumption 2.1, one has
14T _ #-17T -1 4T -1 35T 17T _ #-17T
||Fk Ji — Fk; Ji; | = ||Fk Ji; _Fk; Ji; +Fk1<]k _Fkljk |
1 _ =— T
< T3 les + T3t = T 1k
< op (7 + Aop g (eg + 2/ Tk )1 Txl)-
Similarly, under the assumptions of the lemma, one can establish uniform upper bounds on the
remaining terms on the right-hand side of (41) in terms of €7, A, or, Jrsup, and Sgp in such a
manner that they all vanish as €; N\ 0.

Let us now turn to the next term on the right-hand side in (40). By Lemma 4.7, (12), and the
assumptions of the lemma, one finds that

IT5 g+ T Waorll < o (lgkll + € + sww ([l k]l + ex)(lew] + ec)).

Consequently, one has a uniform upper bound on this expression in terms of the error bounds
(€c; €, €g) that vanishes as (e, €7, ¢4) \ (0,0,0).
Next, with respect to || P/, one finds that
5 m—1 7T 7 —171\—1 7 m—1 7T 7. 7—1 7T\—1 7
1Pl = 1T = T T (D VT )™kl < 1+ T T (TRD T ) ™ -

Following a similar approach as for ||P, — Pg||, one can derive a uniform upper bound for this
expression that vanishes as e ™\, 0.
Finally, with respect to the last term on the right-hand side in (40), one has along with (12)
(i-e., log] < w||JFex]|), Lemma 4.7, and Lemma 4.8 that
0% (gk + Wivk) — T H(gr + Wioe) |
= |0 (g5 + Wivk) — T (gk + Wiog)

+ T gk + Wio) = T3 (g + Wity
T3 =T Hlgi + Wwill + 1T 11 (9x = Gr) + Wie(vr — B)|
op(Aores(eq + 2] Tel)(1gkll + eg + rww ([Tl + es)(llexll + ec))

+ €5+ Kwey).

IA N

Consequently, under the assumptions of the lemma, one can establish a uniform upper bound for
this term in terms of €7, A, 0.7, JIsup, Ssup> 90,sups s €gs KW, W, CLsup, €c, and €, in such a manner
that the upper bound vanishes as (e, €7,€4) \, (0,0,0). Combined with prior results, the proof is
complete. ]
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The following corollary now follows with dj, = uy, + vy, and dj, = g, + Uy

Corollary 4.1. Suppose that Assumptions 2.1, 4.1, 4.2, 4.3, and 4./ hold. Then, there exists
€4 € [0,00) such that for all k € N with k > kj one has

ldi — d | < €a. (42)
In addition, (42) holds with eg — 0 as (€., €1,€4) ¢ (0,0,0).
Proof. The proof follows from Lemmas 4.5 and 4.9 with €; := €, + €. O

Observe that we have shown upper bounds for the quantities in (27), as desired. For the
next phase of our analysis, we focus on properties of the computed search directions, where in
particular we are interested in showing that they yield positive reductions in the model of the merit
function, which in turn are reductions that (generally) vanish as the algorithm progresses. As a
brief aside, we present the following lemma, which shows that in terms of noiseless quantities the
model reduction is a valid stationarity measure. This lemma provides further detail to our claim in
(22) that reducing the noiseless model reduction corresponds to improvement toward stationarity
of the barrier subproblem (namely, (7)) that the algorithm aims to solve.

Lemma 4.10. Suppose that Assumptions 2.1 and 4.1 hold. Then, for all k € N such that Tp_1 > 0,
one has that either

(a) JLe, =0 and ¢1(zx) £ 0;
(b) jgék =0, E[(l’k) <0, and g + jkTngrl =0, or
(¢c) T >0 and Amk(cik,%k) > %fkﬂgwkﬂk + o(||ekl| — llex + jk@kH) > 0.

Thus, if x1, is not an infeasible stationary point, then Amy(dy,7) = 0 if and only if (xk, Yrs1)
satisfies the first-order conditions for (7), i.e., (8).

Proof. Consider arbitrary k € N such that 7,_; > 0. If (a) or (b) holds, then there is nothing left
to prove. Thus, one may proceed under the assumption that jgék # 0 and/or gy + jkTng # 0.
If JFe, # 0, then it follows from well-known properites of (12) (e.g., see [22]) that ¥ # 0 and
lexll — |lek + Jxtg|| > 0, which in turn shows by (15), (16), and (17) that (c) holds. On the other
hand, if J] ¢ = 0, but gy + JI §r41 # 0, then from (12) and (14) one has v = 0 and

Witg + JL k1 = —Gx = G # 0 and 0 < ) Wil = —gp g
Thus, 7 < Tx—1 > 0 and from (15)—(16) the conditions of part (c) hold. O

Following a similar line of argument as in the proof of Lemma 4.10, but with respect to the
noisy quantities, the following result can be established due to our previous assumption that the
algorithm does not terminate finitely.

Lemma 4.11. Suppose that Assumptions 2.1 and 4.1 hold. Then, for all k € N, one has that
T > 0 and (di, 73;) together satisfy (16).

Proof. Since the algorithm does not terminate, for all £ € N either J,%,Fck # 0 or g + ngk_i_l £ 0.
Thus, the proof follows like that of Lemma 4.10. O
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The aim of our next three results is to establish a bound on the difference between Amy(dy, 71)
and Amy(dy, 7) for all k& € N. Ultimately, the purpose of this bound is to show that, as the
algorithm is designed to drive Amy(dg, ) to small values, this in turn means that Amy(dg, 7x)
is driven to be small as well. We establish the bound in two steps, first by proving a bound on
the difference between Amy and Amy with respect to (dg,7), then by proving a bound on the
difference between Ay, with respect to (dy, ) and (d, 7).

Lemma 4.12. Suppose that Assumptions 2.1 and 4.1 hold. Then, for all k € N, one has that
Amy(di, ) = Ay (dy, ) + EJV, where
’1 J—
E" =
— (7 + erm)egu(dr + ean) + l1ek + ecull = llew]
— (”Ek + jkc?k + jk€d,k + Eck + aJ,ka + 6J’k€d7kH — Hék + ijk + jkgd,kH) .

Moreover, supposing that Assumptions 4.2, 4.3, and 4./ also hold, then for all k € N with k > kj
and €4 € [0,00) defined in Corollary J.1, one has

|EY < (T + erp)egea + 26c + €5€a + (7o + erp)eg + €5) il == €.
Proof. For any k € N, one finds from (11), (15), and (27) that

Amk(dk,Tk) — Amk(dk,Tk)
= — 7ueg i+ llckll = ekl = (lek + Jedill = ek + Jrdy )
= — (Te +erp)epr(di + €ap) + || + el — ek

— (Hék +eck + Jka -+ jké‘d,k + augc?k + €J’k€d’kH — ||Ek + jk(ik + jkgd,kH)a

as claimed. Now by the additional assumptions of the lemma, Corollary 4.1, and the triangle
inequality (applied twice), one finds that

B < (P + enp) el rean] + el
+ lleek + eancarll + ((Tx + erp)eg + €1) | di|
< (Tk + €rp)egea + 2ec + egeq + (T + erk)€g + €1) || dic]|5

which completes the proof. O
Our next lemma provides the aforementioned complementary result.

Lemma 4.13. Suppose that Assumptions 2.1 and /.1 hold. Then, for all k € N, one has that
Amk(dk,Tk) = Amk(dk,?k) + E;ng, where

E? = —gtcan — erngt d — ekt car + ||ek + Jedil| — [|ex + Jedi + Jeear]-

Moreover, supposing that Assumptions 4.2, 4.3, and 4./ also hold, then for all k € N with k > kj
and €4 € [0,00) defined in Corollary J.1, one has

B < (i + era)gnllea + lerallgelldell + 1| Tellea =: €72,
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Proof. For any k € N, one finds from (11), (15), and (27) that

Amy(d, 7x,)
= — ki di, + ekl — 16k + Jrdy|
= — Tkgi di, + ekl — 16k + Jrdy|

— TkGL €dk — Ergdi Ak — r ket Cap + |10k + Tedi| — ek + Jedy + Jrea||
= Amy(dy, 7) + B2,

as claimed. Now by the additional assumptions of the lemma, Corollary 4.1, and the triangle
inequality, one finds that

B2 < (T + i) Gk eak] + ekl 1Tl dkll + | Treal
< (7w + er)llgrllea + lerkl | grllldrll + [Tk llea,
which completes the proof. ]
Remark 4.1. If, for some k € N, one finds e5, = ||eck|l = |legkll = llesrl = 0, then E,T’l = 0.

However, these errors being zero does not imply that e, is zero since one might find e, # 0 due
to updates of the merit parameter in prior iterations. Thus, one finds that noise in any iteration
can cause a nonzero difference between Amy(dg, ) and Amy(dy, T) for any subsequent indez k.

The following corollary follows easily from the previous two lemmas. Thus, we state the corollary
without a proof, since it is straightforward.

Corollary 4.2. Suppose that Assumptions 2.1 and j.1 hold. Then, for all k € N, one has that
Amy(dg, 1) = Amg(dy, 7) + EF, where B = EJ' 4+ EJ™? with E}' and EJ* defined in
Lemma /.12 and Lemma 4.13, respectively. Moreover, supposing that Assumptions 4.2, /.3, and
4.4 also hold, then for all k € N with k > kj and €4 € [0,00) defined in Corollary 4.1, one has

By < &= + & (43)
where SIT’I and 5,?’2 are defined in Lemmas /.12 and J.13, respectively.

We have by now established bounds on differences between the noisy and noiseless model re-
ductions. For our next two lemmas, we explore the effect of steps on changes in the noiseless merit
function values. By construction of the algorithm, it follows that each step yields an upper bound
on the change in the noisy merit function value given by (20). However, to establish that the al-
gorithm also ensures certain progress with respect to the noiseless quantities, the next two lemmas
provide bounds with respect to the noiseless merit function ¢. The proof of our next lemma is
similar to that of [15, Lemma 3.5].

Lemma 4.14. Suppose that Assumptions 2.1, 4.1, and 4.2 hold. Then, for all k € N, one finds
for all a € (0,1] with ad;, > —ns that

Oz + ady, ) — G2k, ) < —aliny(dy, i) + Ea(7i) ]| dy||?,

where &(1y) = max{3(m,Ly + L), ff,f;s :
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Proof. For any real numbers ¢ and ¢ with £ > 0 and £ > —n&, one has

5/ 5/ 5/ - 1 (§/>2
T 1-ns \ & .

log(+¢) —log&—>| < sup |2 —>
Thus, by Taylor’s theorem and Assumptions 2.1, 4.1, and 4.2, for any k& € N

T eegere €€

G2k + ady, 11,) — G2k, k)
q q )
=m(ﬁ@wﬂwﬁ—ﬁ@w—uE}%«%+a&ﬁWU+u§ﬁ%G?O

i1 =1
+ [|er(zr + ady) + (sk + aSkdp) || — [[er(zk) + skl

_ Tk
< mrago(ar) " di + 570’ Lyl di|* — meope” di + 7 o dg |
S

+ler(zn) + aVer(an) T di + (si + aSed}) || = |ler(wr) + sill + 5 Lylldg |

:
= magl di + J0 (L + Ly) |1 + 1 -a?di P

+ [1a(z) + adidi| = 21|
< —al-ngld + o) - a(z0) + Jidi]) + Ea(mi)a? | di |

= — aAmk(dk, Tk) + 52(77@)0‘2”‘116”27
as desired. -

Our next lemma extends the result of Lemma 4.14 by expressing the right-hand side of the
inequality in terms of the stationarity measure Ay (dg, 7x).

Lemma 4.15. Suppose that Assumptions 2.1, 4.1, and 4.2 hold. Then, for all k € N, one finds
for all o € (0,1] with adj, > —n; that

2

Y

gg(zk + a(jk, Tk) — Q_S(Zk, Tk) < —OzAmk((Zk, 7_'k;) — OZE,T’Q + gg(Tk)OzQHCZk + €d.k

where EZ%2 and &(7x) are defined as in Lemmas 4.13 and 4.1/, respectively.
Proof. The result follows directly from (27) along with Lemmas 4.13 and 4.14. O

Following the result of Lemma 4.15, our next aim is to establish, for all £ € N, a relationship
lzetween the noiseless model reduction Amyg(dg, 7x) and the norm of the noiseless search direction
di. This relationship is established by tying both quantities to a combination of ||ug||* and ||.J] ¢ |?.

Lemma 4.16. Suppose that Assumptions 2.1, 4.1, and 4.2 hold. Then, there exist & € (0,00) and
&4 € (0,00) such that, for all k € N, one has

Ay (dy, ) 2 Ea(Tullael|* + 11T )
and ||di||* < &alllarll? + 1T &)

Proof. Consider arbitrary k € N. Following a similar argument as in Lemma 4.10, one has
Amy(dy, 76) > Amal Wiag + o(||ell — |k + Jkkl|), regardless of whether xy is an infeasible
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stationary point or a first-order stationary point for (7). Hence, along with Lemma 4.4, one has
under the given conditions that

Amk(Jk,%k) > fkﬂZWkﬂk + O'(HEkH — ||Ek + jk@kH)

| T exll?

1
2
sTrow |[akl” + 051,k| EY]

>
The existence of &3, as claimed, now follows since ||¢x|| is bounded under the conditions of the

lemma. On the other hand, by the triangle inequality and the definition of the normal subproblem
in (12), one finds that

ldkll* < 2(l|axll* + Noxl*) < 2(/faxl® + 2| T el),
from which the desired conclusion holds with &, := 2 max{1, w?}. O

Following Lemma 4.16, we are able to prove a stronger relationship between Amy(dy, ) and
||y ||? if there exist a positive lower bound for the elements of the noiseless merit parameter sequence
{7k }. This may occur more generally, but let us at least establish that this is guaranteed to occur
under Assumptions 2.1, 4.1, 4.2, and 4.3. We do this through our next few lemmas.

Lemma 4.17. Suppose that Assumptions 2.1, /.1, and 4.2 hold. Then, for all kK € N, one has
1Okl < wsup(Cr,sup+Ssup)- Moreover, supposing Assumption 4.3 also holds, there exists {5 € (0, 00)
such that for all k € N with k > kj one finds

19kl < & (llexll = Nl + Jevkl)-

Proof. Under the initially stated conditions, the first desired conclusion follows from (12) and
(2?) Now suppose Assumption 4.3 also holds and consider arbitrary &k € N with k& > k. Then,
| JEex|| > ~l|ex||. Hence, by Lemma 4.4,

_ _ T JLe|1? _
lewll = llex + Jivnll > €06 EAE > € 1922
Thus, by the conditions of the lemma and (12), there exists &5 € (0, 00) with
1okl < wll TE ekl < &pr 2wl Ti I11ek] = l1ex + Jevxl)
< &(llerll = Nk + Txel]),
which completes the proof. O

Lemma 4.18. Suppose that Assumptions 2.1, /.1, and 4.2 hold. Then, for all k € N, one has that
Hﬁk” < UI}/I (gsup + HWWJsup(CI,sup + Ssup))-

Proof. Consider arbitrary k € N. Let Zp € RUHDX1 ho g matrix whose columns forr_n an orthonor-
mal basis for null(J;). As in the proof of Lemma 4.9, one has 1, = —Zi(ZETy Z) L ZT (G + Witg).
Thus, under the conditions of the lemma, one finds with || Zx|| < 1 and Lemmas 4.7 and 4.17 that

k|| < 1 Z(ZE Tk Z) = 23 |Gk + Wi
= | Z1(Z Wi Z1) " Zi ||k + W)
< O-Ig/l (gsup + /{WWJsup(CI,sup + Ssup))a

which completes the proof. ]
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We now show the aforementioned fact that the noiseless merit parameter values can be guaran-
teed to be bounded below by a positive real number. The proof of the following lemma is similar
to that of Lemma 3.16 in [11].

Lemma 4.19. Suppose that Assumptions 2.1, 4.1, 4.2, and 4.3 hold. Then, there exist k= € N and
7 € (0,00) such that 7, = T for all k € N with k > kz.

Proof. By construction, {7;} is monotonically nonincreasing. Thus, by (18), one can reach the
desired conclusion by showing that the corresponding sequence of trial merit parameter values is
bounded below. Consider arbitrary k& € N with k& > k;. By (14), it follows that Widy + gr +
JkTng = 0. This, along with @ € null(J), yields ﬂ{Wk@k + ﬂ;{Wk@k + ﬂ%gk = 0. Thus, along
with Lemmas 4.17 and 4.18, there exists & € (0,00) such that

Gk i + 5 Witik = i, g, + gi O + 32, Wil

<~y Wil + gi O, — 30f Wiy,

—sowllarll + |gelllox ] — af Wiow
Gk 1Dkl + Nl W |0k |
< &oll k||
< &e&s(llckll — llex + Jkvkl)-

<
<

(A=) (llerll=ller+Trtel) ~ 1-0

Hence, S e & which, as stated, completes the proof. ]
Gj, A+ 5ty Wity 5

o

Our next lemma now builds upon the result of Lemma 4.16.

Lemma 4.20. Suppose that Assumptions 2.1, /.1, 4.2, and /.3 hold. Then, there exists {; € (0, 00)
such that, for all k € N, one finds

Ealldi||* < Ay (d, ).
Proof. Consider arbitrary k € N. By Lemmas 4.16 and 4.19, one finds that
A (dy, Tr) = E(7l|arl® + [T &)
> & min{7, (@l + || Ty ell?) = Ealldil,
where &; := 5354_1 min{7, 1}, which completes the proof. ]

We are almost prepared to present our main theorem about the behavior of our proposed
algorithm. The theorem considers two situations: one when only Assumptions 2.1, 4.1, and 4.2
hold, and another when Assumptions 4.3 and 4.4 also hold. For the latter situation, we provide
the following corollary.

Corollary 4.3. Suppose Assumptions 2.1, /.1, 4.2, 4.3, and 4.4 hold. Then, for all k € N,
g < e ey di| and &7 <" + 3 dil. (44)

where 5,2”’1 and 8;;”’2 are defined in Lemmas /.12 and J.13, respectively, and
1 1
el = (Toeg + €5)€q + 2€c, €5 = Toeg + €,
m72 Py— m72 pp—
cq = (Togsup + Jsup)eda and Cy ‘= ToYsup>

with gsup and Jsup defined in (23).
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Proof. Under the stated assumptions, the desired conclusions follow from Lemmas 4.12 and 4.13,
(23), and the facts that 7 + e, = 7 < 70 and |e, | < 7. m

Our last lemma prior to our main theorem, stated next, shows situations in which the relaxed
line search condition is guaranteed to hold.

Lemma 4.21. Suppose that Assumptions 2.1, 4.1, and 4.2 hold, and for all k € N with o
computed to satisfy the fraction-to-the-boundary rule, 4 defined in (27), and (1) defined in
Lemma .14, let

(1 — ) Ara(dy, 7) max} ‘ (45)

Qj = min = , QU
{ 2o (1)l di + carl? "

Then, with (E;n’l, El:.'”) from Lemmas /.12—4.13, one has for any k € N that
et — (1 —ng) E? < $(1 — ng) Arny (di, 7) (46)
implies that (20) holds for all a € [0, &x]. Now suppose that, in addition, Assumptions 4.3 and /.}

hold, and let ks be defined in Lemma 4.19, &; be defined in Lemma 4.20), (67171,17 e;n’l, c’ln’2, cgn’Q) be
defined in Corollary /.3, and

_ . (1 — ng)EaAmy(dy, 75) }
Qap, = min - ,ap® 5 for all k> ks. 47
o min ) o
Then, one has for any k > kz that
(o™ + (1= me)el™?) + €52 (ngel" + (1= ng) ™) A (g, 7)™
< (1 — ng) Amy(di, ) (48)

implies that (20) holds for all a € [0, ag).

Proof. Consider arbitrary k£ € N. Our first aim is to show that if (46) holds, then (20) holds for all
a € [0, &y]. Toward this end, observe that by (10) and Lemma 4.15, one finds for all o € (0, o]
that

&z + ady, ) — D2k, )

@(zk + OéCZk,Tk> — (21, ) + 26k

— alv(dy, ) — aB? + @2 ()| di + carll® + 22

— amp Ay (di, 1) + 26, — (1 — 77¢)Amk(dk, Tr)

+ang B — a(l = ng) B + o2& (m) || di + canl®. (49)

IN A

Hence, along with (45) and (46), one finds that

¢(Zk + Oécziﬁ Tk) — (2K, Tk)
— ampAmp(di, 7)) + 265 — Sa(1 — 1) A (di, Tr) + & (k) | di + a1
— amgAmy(dy, k) + 2e,

IA A
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which implies that (20) is satisfied, as desired.

Now let us prove the second part of the lemma with the addition of Assumptions 4.3 and 4.4.
Consider arbitrary k£ € N with £ > kz. By (49), Lemmas 4.12 and 4.13, and Corollary 4.3, one
finds for all a € (0, a}***] that

Oz + ady, ) — G2k, Th)
< — angAmy(dy, ) + 2ex — (1 — 1g) Ay (dy, 7)
+amgElt + a(l = ng)E? + 2026 () (I di | + €3)
< — angAmy(dy, 1) + 2ex — (1 — 1g) Ay (dy, T)
+ ang(ef" + e5" i)
+ a(l =) (e + &5l dx]) + 20°Ea(me) (il + €3)-

Now by Lemmas 4.19 and Lemma 4.20, one has

Sz + ady, i) — G2k, k)
< — om¢Amk(dk, Tk) + 2ep — a(l — 7]¢)Amk(dk,’7‘k)
+a(nge™ + (1= ny)™?)
-1/2 m,1 - M2 A (d. 7\ L2
+ag, T(ngey” + (1 —ng)ey ) Amy(dy, T)

+ 2076 (1) € Ay (dy, 7) + 20°Ea (7)€
Hence, by (47) and (48), one finds that
& (2 + ady, k) — G2k, )
< — anpAmy(dy, 7)) + 265 — (1 — ng) Ay (dy, 7)
+ 2a2£2(7'k)§;1Amk(Jk, Tr) + 204252(Tk)6?l
< — angAmy(dy, k) + 2¢k,
which implies that (20) is satisfied, as desired. O

We are now ready to prove our main theorem. We following the proof of the theorem with
commentary on the theorem’s consequences.

Theorem 1. Suppose Assumptions 2.1, 4.1, and 4.2 hold. Then, with E?’l defined in Lemma 4.12,

E,T’Q defined in Lemma 4.13, EJ* defined in Corollary 4.2, and &y, defined in Lemma 4.21, there
exists k € N such that

_ 2(n, EM™Y — (1 — ny) E™? 4(4 42
Amy(d, ) Smax{ (o B (1_(%)%) k ),—QE;T,W}. (50)

Now suppose that, in addition, Assumptions 4.3 and /.4 hold, and let k7 be defined in Lemma 4.19,
&g be defined in Lemma 4.20, and (61171,1’651,1,07171,2’031,2) be defined in Corollary 4.3. Then, there
exists k € N with k > k= such that

Ay (dg, 7) < max{pk.1, k.2, Pk.3}» (51)
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where
Pk1 = 2( Bo_giml g +5_1/2( % 6m1 + ¢ )Amk(czkﬁ)m),

Pr2 =2 (GT’l + CT’2 + £d_1/2(egn’ + 5" )Amk(dk, )1/2) ,

200 _ 408200 (DOm0 )

and pg3 = agng ¢ (1—ng)éalmy(di,7) 7 o™

Proof. To derive a contradiction to the first desired conclusion, suppose (50) does not hold for all
k € N. Under this supposition, consider arbitrary k& € N. Since (50) does not hold, it follows that
(46) holds, which in turn means by Lemma 4.21 that (20) holds for some step size o > /2. Thus,
with Corollary 4.2,

¢ 2k, k)

bz + audy, 73,) —

(zk + ady, 7)) — A2k, TE) + 26
(
(d

< ¢
< — fagmeAmy(dy, k) + 26k + (2 + (e
k> Th) — §ak77¢Ek (4 + Qe (52)

This, again with the fact that (50) does not hold, implies

= akn¢Amk

G2 + ady, ) — G2k, ) < —%6ume Ak (di, 7o) + (4 + Qe < —Cey.

However, with Remark 3.1 this implies that ¢(zpy1,7%) — &(2k, 7) < —C(eg, which contradicts
Assumption 4.2, specifically the fact that {¢(zx,7)} is bounded below. Consequently, (50) must
hold for some k € N, as desired.

Now consider the second desired conclusion under the addition of Assumptions 4.3 and 4.4. To
derive a contradiction, suppose that (51) does not hold for all £k € N with & > k7. Under this
supposition, consider arbitrary such k. Since (51) does not hold, it follows that (48) holds, which
in turn means by Lemma 4.21 that (20) holds for some step size o > @ /2. Thus, by a similar
derivation that led to (52), Corollary 4.2, Corollary 4.3, and Lemma 4.20,

& (2 + ady, ) — G2k, Th)

— SapneAmy(dy, ) + 5arneER" + (44 Q)ex
akn¢Amk(d ) (4+ Q)eg

+ sang(el” e s (5™ + e 2)lld )

— Sapne Ay (di, T) + (44 ek

+ L (e + & €2 (8 + ) Ay (d, 7o) V).

VANVA

IN

This, again with the fact that (51) does not hold, implies

O (21, + ady, k) — G2k, 71) < —TarneAmy(di, Tr) + (4 + Qe < —Cey,

However, with Remark 3.1 this implies that &(zky1, k) — d(21,Tk) < —Ceg, which contradicts
Assumption 4.2, specifically the fact that {¢(z,7%)} is bounded below. Consequently, (51) must
hold for some k € N, as desired. O

The following observations explain the strong consequences of Theorem 1.
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e The first conclusion of the theorem, expressed in (50), shows a preliminary upper bound on
the stationarity measure Am(dy, 75) in terms of error quantities in the given iteration k € N.
If E;n’l, E,T’Q, and E}" are each relatively small and the step size threshold d&;, (recall (45))
is not exceedingly small, then (50) describes that the algorithm has reached an iteration in
which Am(dy,7¢) is small, as is desirable; recall §4.1. One should of course note that dy, itself

max

depends on Am(dg, 7x), ||di + cqxl?, and o™ and in particular & not being exceedingly
small means that ||dj, + e4,]|? is not exceedingly large relative to Am(dy, 7;) and that o>
is not exceedingly small. It is not straightforward to guarantee that such a situation occurs
without considering the overall behavior of the algorithm over the entire sequence of iterations,
rather than in the particular iteration £ € N in which (50) holds. Therefore, let us turn to the
second desired conclusion wherein we have effectively shown an iteration-independent bound

on the threshold reached by the stationary measure Am(dy, 7x).

e In the second conclusion of the theorem under the additional Assumptions 4.3 and 4.4, the
bound Am(dy, 7)) < max{p1,pr2} would imply that

Aﬁl(dk, fk) <c + CgAm(Jk, ?k)l/Z

for some iteration-independent constants ¢; € (0,00) and ¢z € (0,00), which in turn would
bound Am(dy, %k)l/ 2 in terms of these constants. Recalling Corollary 4.3, one finds that these
constants would all vanish if the noise bounds were to vanish, except for the term derived
from an,2 = Togsup, Which depends on the initial merit parameter value. This directs us back
to Remark 4.1, where we first observed that poor behavior can be exhibited by the algorithm
if the noisy and noiseless merit parameter sequences diverge substantially. Specifically, the
worst case is when the noisy merit parameter values does not decrease sufficiently, in which
case the algorithm does not put enough weight on reducing constraint violation. One way in
which this poor behavior can be mitigated is by choosing 79 to a conservative, small value,
although this might not always yield the best performance in real-world practice.

e In the second conclusion, the bound Am(dg, 7x) < pk,3 would imply that

4(4+ 20)ey {452(f)(Amk(cZk,f> +&acy) 1 }
s (1 —ng)ealmy(dy, 7)™

Am(dk, fk) <

Recall that by Corollary 4.1 it follows that ||d; — d|| < €4. One can also show under our
assumptions that {dj} is bounded in norm; see, e.g., Lemma 3.7 in [15]. Consequently,
following Lemma 3.11 in [15], one can show that there exists a constant dg,, such that
(ap@) =t <n7M|di || < ngtds,, for all k € N. In fact, this is quite a pessimistic bound, since
in fact one should expect ||di|| to be small at points at which Am(dj,7) is small. In any
case, overall one can essentially conclude that Am(dg, 7) < pi3 implies that Am(dy, 7) is

bounded by constants that vanish with the noise.

5 Numerical Experiments

The purpose of our numerical experiments is to demonstrate the practical performance of our
proposed algorithm on a large and diverse set of test problems. Our aim is to show that, in
practice, our algorithm is able to drive stationarity measures below levels that are proportional
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to the noise in the function and derivative values. Similarly as for our theoretical results in the
preceding section, our experiments consider runs with a fixed barrier parameter. We discuss a
proposed heuristic for reducing the barrier parameter in Section 6.

We implemented our algorithm in Matlab. We chose, in the following manner, test problems
from CUTE (Constrained and Unconstrained Testing Environment) [5] for which AMPL models
[17] were available.! First, of all available CUTE/AMPL problems, we restricted attention to
those involving at least one (potentially nonlinear) constraint given by CUTE/AMPL in their
standard form 1 <= c(x) <= u. (Problems with only bound constraints on an individual variable
or variables were ignored.) Second, of these problems, we restricted attention to those with 1 < u,
componentwise. Third, we removed from consideration all problems with more than 100 primal or
dual variables. This resulted in a set of 137 test problems for our numerical experiments.

The following initialization strategy and algorithmic parameters were fixed for all runs. (Values
not mentioned here were chosen differently for different experiments, as discussed later on.) For
the initial primal iterate xzg, we took the initial point offered by CUTE/AMPL and projected it
inside any present bound constraints using the strategy proposed in Section 3.6 of [31]. The initial
slack variable sy was set to a vector of all ones, then a slack reset was performed; recall (21). The
initial merit parameter was set to 7_; < 10~!, the normal-step trust-region-radius parameter was
set to w < 103, the merit parameter update parameters were set to o < 10~! and §, < 1074, and
the relaxed Armijo line-search parameters were set to 7y < 1078 and ¢ «+ 10~ %

Important implementation details were as follows. First, as is typical for software for solving
continuous optimization problems, each problem was scaled before our algorithm was applied.
Specifically, if the noiseless gradient of the objective function evaluated at the initial point had an
/~ norm greater than 10, then the objective function was scaled by 10/|/go||cc. Similarly, if the
noiseless gradient of any constraint function evaluated at the initial point had an ¢,, norm greater
than 10, then the constraint function was scaled similarly. All of our subsequent numerical results
refer to solving the resulting scaled problems. Second, during the run of our proposed algorithm to
compute the normal step vy for all £ € N, our code employs an implementation of the well-known
Moré-Sorensen method [20] for solving the trust-region subproblem (12). Third, for all £ € N, to
compute the tangential step ug, we initialize Wy as in (13) with a noisy Hessian value (see next
paragraph) and X < SkYy. Then, a Hessian modification subroutine is performed to ensure that
it is sufficiently positive definite over null(Jy). This is done by using Matlab’s built-in 1d1 method
to compute a block LDL factorization of the matrix in (14), then checking its inertia [22]. If the
block diagonal matrix in this factorization has n positive eigenvalues with value at least 10719,
then no modification is performed. Otherwise, sequentially larger multiples of the identity matrix
are added to Wy until the block diagonal matrix in its LDL factorization has n positive eigenvalues
with value at least 1071°. Once the Hessian modification strategy is completed, the tangential step
ug and multipliers yx11 are computed using Matlab’s built-in mldivide routine for solving linear
systems of equations.

We present the results of experiments with two barrier parameter values and two noise levels. For
the barrier parameter, we considered y < 10~! and p < 10™%. In each case, the initial dual variable
yo was set to uS; ‘e and the fraction-to-the-boundary parameter was set to 75 + max{0.99, 1 — u}.
For the noise levels, we considered €5 = €. < 1072 and e = € & 1075, In each case, we chose
€g = €J = €n < /€ = /€. Given these constants, noise was added to each CUTE/AMPL
function and derivative value for each k € N as follows. For the objective and constraint functions,

! https://vanderbei.princeton.edu/ampl/nlmodels/index.html
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we set fo(zr) < fo(zr) + € ok and cr(xy) < ¢r(xk) + €c; i, Where €y, was drawn from a uniform
distribution over [—€y, €f] and €., , was drawn from a uniform distribution over an fo-norm ball with
radius €.. For the objective and constraint first-order derivatives, we set go(x) < go(xx)+€4o,x and
Jr(xg) < J(zk)+ey, b where £4 1 was drawn from a uniform distribution over an ¢2-norm ball with
radius €4, €7, 1 had the same sparsity pattern as J(x1), and the nonzero components of each row
of £, 1 were drawn from a uniform distribution over an f3-norm ball with radius €;/,/q. Finally,
with Hj, defined as the Hessian of the Lagrangian evaluated at (g, yx), we set Hy < Hi. + EH k>
where ep j, is a diagonal matrix with each diagonal element drawn from a uniform distribution over
[—em, el

For each test problem, barrier parameter, and noise level, we ran our code until 2000 iterations
were conducted or a time limit of 1 hour was reached. In actual practice, it would be more
reasonable to run Algorithm 1 with termination conditions corresponding to those stated in the
algorithm itself, i.e., for prescribed thresholds, the algorithm may terminate when—according to
noisy quantities—an approximate infeasible stationary point or approximate first-order stationary
point has been reached. However, for our purposes here, we chose to disable these termination
conditions in order to be confident that the algorithm has reached the highest quality solution that
it can in each run.

In Figure 1, we show the quality of the solutions found with g = 107! in terms of noisy
stationarity measures, both with respect to ey = 1072 and € ;= 1075, (Recall from above that the
value for ef determines all of the values for €., €4, €7, and eg as well.) Specifically, for varying
thresholds on the stationarity measure for solving the barrier subproblem (left) and a stationarity
measure for minimizing infeasibility (right), we show the percentages of problems for which the
geometric average of the last 10 iterates satisfied the given threshold for each measure. Figure 2
provides the results for these same runs of the algorithm (using noisy quantities), but considers
values of the measures with respect to noiseless function and derivative values. These are included
to show that the algorithm is reaching points that can be considered nearly stationary for noiseless
values, even though it only has access to noisy ones.
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Figure 1: p = 10~!, measured with noisy function and derivative values

Figures 3 and 4, respectively, show results in terms of noisy and noiseless stationarity measures,
this time when the barrier parameter is u = 1074,
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The results for 4 = 10~* are comparable to those with x = 10~!. On one hand, these results
show that the performance of our algorithm is robust with respect to the barrier parameter value,
which is good news. At the same time, the results show that with a smaller barrier parameter, one
should not necessarily expect to be able to obtain significantly better final solution estimates. This
can be attributed to the fact, which we mentioned at the end of §1.1, that regardless of the barrier
parameter value, one may be inhibited from obtaining high-accuracy solutions due to the presence
of noise.

6 Conclusion and Future Work

We have presented, analyzed, and tested the practical performance of an interior-point algorithm
for solving continuous inequality-constrained optimization problems when function and derivative
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values are corrupted by noise. Our algorithm focuses on solving a single barrier subproblem. We
have shown that the algorithm either terminates finitely due to one of two reasonable termination
criteria, or it generates an infinite sequence of iterates, and in this latter case it is guaranteed under
certain assumptions to reach a point at which a stationarity measure is below a threshold that
depends on the noise level.

As previously mentioned in the paper and shown in our numerical experiments, in the noisy
setting there is not necessarily a benefit of reducing the barrier parameter too small, since in any case
the noise in the function and derivative values may inhibit the ability to acquire a highly accurate
solution (to the underlying noiseless problem). That being said, it is very reasonable to expect that,
in some cases, one may obtain better solutions by solving a sequence of barrier subproblems for a
diminishing sequence of barrier parameters. We propose that this may be done by incorporating a
practical stopping condition for a given barrier subproblem that builds off of the practical condition
proposed in Theorem 3.9 in [16]. This would essentially involve employing an iteration-dependent
variant of (51) where the unknown quantities are estimated. Since (ey, €y, €., €7) are presumed to
be known, and both ggup and Jgup, are easily estimated during a run of the algorithm using (23), the
main quantity that requires some attention is £;. By its definition in Lemma 4.20, one finds that
this value is affected by the choice of w in (12). If w is chosen to be a relatively large value, then
&4 becomes relatively small, which in turn can cause {p 1, pr.2, p,3} to become relatively large. In
some sense, this makes (51) easier to satisfy, but at the expense of only having a looser bound on
Amy(dy, 7). By contrast, one may obtain a tighter, computable bound on Amyg(dg,7) by replacing
w in the definition of €5 with ||JF c||/||vk||. Passing this value through the definition of €4, one can
use the resulting right-hand side of (51) as a threshold for terminating the solve for a given barrier
subproblem. (Specifically, the solve may terminate if/when Am(dy, 1) is below this threshold.)
If /when this bound holds, the barrier parameter can be reduced using a typical update rule; see,

e.g., [31].
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A Convergence of || J] ¢

Under looser assumptions than for the first part of Theorem 1—specifically, without Assump-
tions 4.3 and 4.4—we prove in this appendix that Algorithm 1 is guaranteed to generate a sequence
of iterates such that, for some k € N, one finds that ||.J¢;||? is below a threshold that depends on
noisy quantities. The statement is similar to the first part of Theorem 1. As in Section 4.3, the
result presumes that the algorithm does not terminate finitely.

Theorem 2. Suppose that Assumptions 2.1, 4.1, and 4.2 hold, and for all k € N, with & (%)
defined in Lemma 4.14, (§3,&4) defined in Lemma .16, €4, defined in (27), and o} computed to
satisfy the fraction-to-the-boundary rule, let

3 . 1 (1 —ng)&s)l I el? > }
Gy, = min — A ,apts 53
{452(Tk) (54(!w<:|!2 +HITFeRl?) + lleanl? /)" %9)

Then, with E;n’l defined in Lemma 4.12, E,T’Q defined in Lemma /.13, and EI* defined in Corol-
lary 4.2, there exists k € N such that

5 2Bl — (1 —ng)EP™?)  2EM™ §(2
[T k]2 < max 4 2B~ (L= no)By ™) | 2B 82+ O | (54)
(1 —n)&s §3  uneés
Proof. Consider arbitrary k£ € N. Our first aim is to show that if
neEpt — (1 =ng) B < (1= my)&sl T e, (55)

then the relaxed Armijo condition (20) is satisfied for all @ < &y. Toward this end, first observe
that by (10), Lemma 4.13, and 4.14, one finds for all a € (0, o}***] that

Dz + ody, 73) — D21, ) < D2 + ady, k) — Bz, Th) + 26
< — aling(dy, T) — a B + Eo(mr) ]| d]|? + 26
= — a%Amk(Jk, Tr) —a(l — 77¢)Amk(czk, Tk)
— QB2+ (i) 0|\ di % + 2e4
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Consequently, by Corollary 4.2 and ||dg||* < 2(||dk||* + ||leax||?), one finds

oz + ady, Tk) — O(2k, Tk)
< — angAmy(dy, ) + ang B + 28k:
—a(l 777¢)Amk(dk,77€) —aE" +2§2(Tk) 2(|\dx1
= — angAmy(dy, 7) + &,
—a(l- 77¢)Am (di, 7) + 260 (i) @ (| dkl|” + llear?)
+ang Bt — a1l —ng) B2

%)

Thus, under (55), one finds from Lemma 4.16 that

o(zx + ady, Te) — &2k, k) < — angAmy(di, ) + 25,
— a1 = ny)&(Tllarl® + 11T el?)
+ 26a () Eac® ([l ]|* + 1T @ )1?) + 262 ()| |ea ]l
+ 5ol —ng)&|l i el
< — angAmy(di, 1) + 2ey,
— sa(1l = )&l Jf & ?
+ 280(m)ac® (|| + (197 exll®) + 262 (i) lean]®,

which along with (53) implies that, for all o < d&, (20) holds, as claimed.

Now, to derive a contradiction to the desired conclusion, suppose that (54) does not hold for
all k € N. Under this supposition, consider arbitrary & € N. Since (54) does not hold, it follows
that (55) holds, which in turn means that (20) holds for some step size o > ¢y /2. Thus, with
Corollary 4.2, one has

O(zk + ady, 7)) — (2, 7)) < B21 + ady, ) — B2k, T) + 265
< — LapngAmy(dy, 71,) + 265 + (2 + Qey,
= — SapneAmg(di, ) — 3ane Bl + 26k + (24 ()ek

_TEkHQ 8(24+Q)ex

Now by Lemma 4.16, ||J} ¢ ||? GrEs

, one finds

2B
&3 0
ke&sl|l i arll® — Souns ER + 2e5 + (2 + Q)ex

b2k, + ady, 11,) — P2k, ) < — %
< %o’z neEsll I ck]]2+25k+(2+§)6k < —(eg.

However, with Remark 3.1 this implies that (ZE(Z]C+1,T]€_) — ¢(2k, i) < —Ceg for all k € N, which
contradicts Assumption 4.2, specifically the fact that {¢(zx, 7%)} is bounded below. Consequently,
(54) must hold for some k € N, as desired. O O
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