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Abstract

With the success that the field of bilevel optimization has seen in recent years,
similar methodologies have started being applied to solving more difficult applica-
tions that arise in trilevel optimization. At the helm of these applications are new
machine learning formulations that have been proposed in the trilevel context and,
as a result, efficient and theoretically sound stochastic methods are required. In
this work, we propose the first-ever stochastic gradient descent method for solving
unconstrained trilevel optimization problems and provide a convergence theory that
covers all forms of inexactness of the trilevel adjoint gradient, such as the inexact
solutions of the middle-level and lower-level problems, inexact computation of the
trilevel adjoint formula, and noisy estimates of the gradients, Hessians, Jacobians,
and tensors of third-order derivatives involved. We also demonstrate the promise
of our approach by providing numerical results on both synthetic trilevel problems
and trilevel formulations for hyperparameter adversarial tuning.

1 Introduction

Multi-level optimization (MLO) is a general class of problems with the goal of optimizing an upper-
level objective while requiring subsets of the considered variables to satisfy optimality principles for
some number of nested sub-problems. Hierarchical in nature, these MLO problems have a variety
of applications that appear in fields such as defense industry [1, 27, 45, 43, 21], signal recovery
and power control [28, 9], supply chain networks [44, 35, 15], and more recently in the field of
machine learning [23, 13, 20, 24, 29, 18, 25]. Due to the difficulty of these MLO problems, most of
the algorithms have largely only been developed for solving the bilevel case. However, the trilevel
case has recently seen further interest by applying similar methodologies that have been utilized in
the bilevel case. With this interest comes the aim of developing efficient and theoretically sound
first-order stochastic gradient methods for handling large-scale applications of trilevel optimization
problems that arise in the field of machine learning. As far as we know, this is the first work that
addresses the stochastic setting of a trilevel problem, both theoretically and numerically.

In this paper, we consider the general trilevel optimization (TLO) problem formulation

min T,Y, 2
zER™, yeR™  z€R? fl( y )
st. xe X
Y,z € argmin  fo(x,y,2) TLO

yeY (z), z€R?
s.t. z € argmin  f3(z,y, 2).
z€Z(z,y)

The goal of the upper-level (UL) problem is to determine the optimal value of the UL function f; :
R™ x R™ x RY — R, where the UL variables z are subjected to UL constraints (z € X), the
middle-level (ML) variables y are subjected to being an optimal solution of the ML problem, and the
lower-level (LL) variables z are subjected to being an optimal solution of the LL problem. In the ML
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problem, the ML function f» : R” x R™ x R! — R is optimized in the ML variables ¥, subject to
the ML constraints y € Y (). Similarly, in the LL problem, the LL function f3 : R” x R™ x R* — R
is optimized in the LL variables z, subject to the constraints z € Z(z,y). In this paper, we will
assume that the ML and LL problems are strongly convex (see Subsection 3.1 below) and that the UL
problem is possibly nonconvex (see Theorem 3.1 below).

1.1 Trilevel optimization in the literature

Trilevel and multi-level optimization has been studied as early as the 1980s (see [6, 3, 2, 41, 5]), but
in many of the aforementioned fields (e.g., defense industry, supply chain networks, etc.), problem-
specific formulations typically lack general solution methodologies. We mention here a few notable
exceptions that do consider general methodologies. The authors of [40] introduced an evolutionary
strategy to update each level sequentially, but without convergence guarantees, as their method
failed to account for the hierarchical dependencies present in the MLO problem. In contrast, the
authors of [39] proposed a proximal gradient method for TLO problems with convex objective
functions, offering convergence guarantees but lacking numerical validation, leaving the method’s
practicality uncertain. For thorough reviews of the development of multi-level optimization, see the
surveys [42, 31, 30, 10].

Trilevel optimization for machine learning. More recently, TLO (also referred to as trilevel learning
when taking on applications in a machine learning context) and MLO problems have seen utilization
in being applied to solving large-scale hierarchical machine learning problems with applications of
hyperparameter tuning, adversarial learning, and federated learning. In [38], the authors developed a
gradient-based method for solving an approximate formulation of the general MLO problem, as well
as presenting convergence guarantees and numeric results for their method in the deterministic case.
Such a paper builds on pre-existing methods utilized in [16] for the bilevel case that approximate
the solution to each of the lower-level problems with an iterative method. Complimenting this
development, the authors of [13] introduced BETTY, an automatic differentiation library for general
multi-level optimization, which has helped facilitate applications like neural architecture search
(NAS) with adversarial robustness [20]. Trilevel optimization has also been further extended to
decentralized learning environments in [23, 24], where the authors aim at developing methods with
convergence guarantees for federated trilevel learning problems. However, it bears mentioning that
all of the aforementioned papers only consider the deterministic setting in their analysis.

1.2 Contributions of this paper

The field of bilevel optimization has seen a rich development of first-order descent methods for solving
large-scale problems that arise in the field of machine learning (e.g., see [12, 11, 29, 18, 19, 25]).
However, as we have seen in the existing literature, no works have yet begun extending the theory
and implementation of stochastic methods to trilevel and higher-level problems. In this paper, we
propose TSG, the first stochastic gradient method for solving trilevel optimization problems, along
with an extensive convergence analysis with general nonlinear and nonconvex UL functions. This
is done by extending the concepts and methodologies developed for first-order bilevel optimization
methods that utilize the so-called adjoint gradient (or hyper-gradient) via implicit differentiation, and
adapting them to the trilevel setting. To address the significant difficulties imposed by the presence of
second-order and third-order derivatives in handling these problems, we also propose practical and
efficient strategies for implementing our TSG method and demonstrate its performance on a series of
trilevel problems through numerical results.

2 Trilevel optimization

In this paper, we will only focus on the unconstrained ML and LL cases of problem TLO, i.e.,
Y (z) = R™ and Z(z,y) = R*. Since our goal is to propose and analyze a general optimization
methodology for a stochastic TLO, the LL problem is assumed to be well-defined, in the sense of
having a unique solution z(z, y) for all z € R™ and y € R™. Thus, problem TLO is equivalent to the
following bilevel optimization (BLO) problem, which is defined solely in terms of the UL and ML



variables:

et filz,y, z(2,y))

s.t. ye argmin f(l',y) = fQ(xvyaZ(‘T7y))'
y€Rm,

BLO

Similarly, problem BLO can be even further reduced to a single-level optimization problem under
the assumption that the lower-level problem in BLO also has a unique solution y(x). In this way,
since y(x) is solely determined by z, it is clear that the unique solution z(x, y(z)) is solely determined
by x as well, which we denote simply as z(z). Thus, problem TLO ultimately reduces to the single-
level optimization problem given by

gfrel]i@ flz) = filz,y(x), z(x,y(x))) st xe€X. 2.1

We define the trilevel adjoint gradient of f at = as
VI = (Voh1 = Vo fsV2 L5 V1) = Vo, IV, UV i = Vi V[V ), 22)

where all of the gradient and Hessian terms involved are evaluated at the point (z,y(x), z(z)).
Notice that this is essentially a classical adjoint gradient calculation applied to problem BLO. The
complete statement, along with all term definitions and full derivation, is given by Proposition A.1 in
Appendix A.

2.1 The trilevel stochastic gradient method

The stochastic algorithm developed in this paper proceeds by iteratively updating the LL variables first,
followed by the ML variables, and lastly the UL variables. The iterations corresponding to the UL,
ML, and LL problems are denoted by ¢, 7, and k, respectively, with the total number of iterations
denoted as I, J, and K, respectively. Let {¢'}, {¢57}, and {¢%9%} denote sequences of random
variables defined in a probability space (with probability measure independent from z, y, and z) such
that i.i.d. samples can be observed or generated. Such random variables are introduced for gradient,
Jacobian, and Hessian evaluations, and their realizations can be interpreted as a single sample or
a batch of samples for a mini-batch stochastic gradient (SG). For simplicity, we also adopt the
following terminology throughout this paper: z%7 = 2570, zhd+l = »J+1,0 — Hig. K pi — 53,0,0,
and zt1 = z+1.0.0 — 40/ K for the LL iterations and y* = y*© and 3't! = ¢*+10 = 47 for
the ML iterations. Most of this terminology is merely notation; however, by letting z'*1 = 2%/ K
Z0IHl = 263K and it = ¢/, we are saying that the initial iterates for new cycles are the last
ones of the previous corresponding cycles.

Given the current iterate (2%, y"/, 2%7:*), the update direction that is used for the LL problem
is simply the stochastic gradient of the LL objective function f3, denoted as g}gk and given by
g;c;k = V. f3(xt,yhd, 200k ¢85k Letting v; € (0, 1] denote the step size for the LL problem at
the UL iteration 4, the update of the LL variables is given by 7 F+1 = 285k _ ’ylg}j % The SG

algorithm used to obtain the approximate solution 2/ ™1 ~ z(x%, 4*7) is stated by Algorithm 1.

The exact gradient for the ML problem is computed via the following standard adjoint gradient (by
combining equations (A.9) and (A.4) in Appendix A):

Vyf(@,y) = Vyfo— Vo, sV f5 'V fo, (2.3)

where all gradients and Hessians are evaluated at the point (x, y, z(z, y)). However, since we solve
the LL problem inexactly to obtain an approximate solution z/+! ~ z(x?, y*7), the ML adjoint
gradient (2.3) now becomes “inexact”. Thus, given the current iterate (z*, y*7, 259+1), the update
direction that is used for the ML problem is the inexact stochastic gradient of the function f, denoted

as g}j and given by
gp) = Vyf(a' g 2T E) = Yy fy = V2 V2 V. fa, (2.4)

where all gradients and Hessians are evaluated at the point (2%, y»J, 24471, £5.7). We highlight this
slight abuse of notation, since f is a function of (x,y) and not (z,y, 2), as we are utilizing the
approximation 2"/t~ 2(x,y"7) in computing the gradient V,, f. It is for this reason that we adopt



the notation g to denote an “inexact” SG (as opposed to simply go, which would denote the “exact”
SG Vf(z',y"?)). Letting 3; € (0, 1] denote the step size for the ML problem at the UL iteration 7,

the update of the ML variables is given by 4+t = ¢ — 3,5 f’] The bilevel SG algorithm that is

used to obtain the approximate solution y**! & y(x?) is stated by Algorithm 2. It bears mentioning
that after every ML iteration, we will perform another LL update to obtain an approximation 2+l
to z(at, y*+1).

Algorithm 2 Bilevel SG (ML Problem)
Input: Initial yivo, Bi € (0,1], v € (0,1].

Algorithm 1 SG (LL Problem)

Input: Initial zi’j>0, %- € (0,1]. For j = 0,1 J—1ldo

Fork=0,1,2,. —1 %O 1. Compute 200+ yia Algorlthm 1
L Compute an SG 9 f’J : 2. Compute an approximation § f
2. Update 27781 = 217k — o, g, 3. Update y™7+1 = yiJ — B, g/

Return z%71t1 = ;65K Return (yit! = yi7, 207). 12

Now, recall that the exact gradient
for the UL problem is computed via
the trilevel adjoint gradient given by
equation (2.2). Since we only solve
the ML problem inexactly to obtain an
approximate solution y**! ~ y(z?),

Algorithm 3 Trilevel Stochastic Gradient (TSG)

Input: Initial (2°,4%°, 2909 o, € (0,1], 8; €

the trilevel adjoint gradient (2.2) also (0,1], i € (0,1].

becomes “inexact”. Notice that the For:=0,1,2,...,1 —1do

inexactness here comes from two 1. Compute y'*! = 2% and 2%/ via Algo-
sources: one related to the inexactness rithm 2.

of the LL variables and the other to the 2. Compute z+1 = 209K yig Algorithm 1.
inexactness of the ML variables. The 3. Compute an appr0x1mat10n G, -

first source of inexactness arises from
the two Hessian terms of the true ML
problem, i.e., V2, fand V2 f~!, due Return z
to them being evaluated at the approx-

imate solution z**! instead of z(x?, y(z%)). The second source of inexactness comes from all of the
terms involved being evaluated at the approximate solution 3 instead of y(x*). Thus, given the
current iterate (x?, y**!, 2+1), the update direction that is used for the UL problem is the inexact
stochastic gradient of f, denoted as §Z]}1 and given by

3, = V@' gt e, 2.5)

We again highlight this slight abuse of notation, since f is a function of (z) and not (z,y, z), as we
are utilizing the approximations y**! ~ y(z°) and 2'™! ~ z(2%, y(z")) in computing the gradient
f- It is again for this reason that we adopt the notation g; to denote an “inexact” SG (as opposed to
simply g1, which would denote the “exact” SG V f(z*)). Letting o; € (0 1] denote the step size for
the UL problem in the UL iteration 4, the update of the UL variables is given by 2'*! = z¢ — «; g,
Finally, the schema of the resulting trilevel stochastic gradient (TSG) algorithm developed in thls
paper is given by Algorithm 3.

4. UII)date et = 2t - g

3 Convergence analysis of the TSG method

Throughout this section, to simplify notation when there are no ambiguities, we will write func-
tions, gradients, Jacobians, and Hessians by omitting their arguments (z, y, z). When dealing with
stochastic estimates, we will replace the arguments (x, y, z; £) with an -superscript. For example,
we denote V2, f?f = V2_f3(x,y, 2;€). It also bears mentioning that in the following assumptions,
we will omit the iterates (4, 7, k) for the evaluated point (x, y, z) and the iterate 4 for the step sizes a,
B, and ~, as the results are required to hold true for any iterate. For convenience throughout the
analysis, we utilize the following composite step-size:

0; = «;fB;vi (orf := «afy inthe general case). (3.1)



Further, we define the expectations to be taken over o-algebras generated by the sets of the relevant
random variables. For simplicity, we define a general o-algebra F; that includes all the events up
to the generation of a general point (z,y, z), before observing a realization of {. Further, E[-| F¢]
denotes the expectation taken with respect to the probability distribution of § given F¢. We will also
use [E[-] to denote the total expectation, i.e., the expected value with respect to the joint distribution of
all the random variables. For a full description of all o-algebras used in the analysis, see Section B.1
of Appendix B.

3.1 Assumptions on the trilevel problem

We now provide all of the assumptions that are required for the convergence analysis of Algorithm 3.
It bears mentioning that throughout this paper, we use || - || to denote the ¢>-Euclidean norm when
dealing with vectors and the spectral norm when dealing with matrices. We begin by imposing
Assumption 3.1 below which ensures that the functions of interest are differentiable and satisfy
appropriate smoothness requirements on the functions, gradients, Jacobians, Hessians, and tensors of
third-order derivatives involved in problem TLO.

Assumption 3.1 (Differentiability and Lipschitz continuity) The function f is once continuously
differentiable, fy is twice continuously differentiable, and fs is thrice continuously differentiable.
Further, the functions f1, V f1, fa, V fa, V2 fa, V f3, V2 fs, and V3 f5 are Lipschitz continuous with
constants Ly, Ly, Ly,, Lvy,, Ly2y,, Ly, Ly2ys,, and Lysy,, respectively.

To ensure that problem TLO is well-defined, Assumptions 3.2-3.3 below require that the LL func-
tion f3 as well as the true ML function f are strongly convex. These kind of assumptions are
standard in the stochastic approximation literature (e.g., see [17]) and will guarantee the existence
and uniqueness of the ML and LL optimal solutions y(z) and z(x), respectively, for any fixed value
of x. Further, the constants u, and ji,, defined in these assumptions are positive.

Assumption 3.2 (Strong convexity of f5 in z) For any fixed x and y, f3 is p,-strongly convex in z,
Le., f3(x7ya Zl) > f3(x7yv 22) + vZf?)(:ray?ZQ)T(Zl - ZQ) + %”Zl —z2 2,f01" all (Zl7 22)'

Assumption 3.3 (Strong convexity of finy) For any fixed z, f is y-Strongly convex in y, i.e.,
fl@y) = fl@,y2) + Vyf(z,y2) T (yr — y2) + By — Y22 for all (y1,y2).

In practice, f will be strongly convex when f5 is strongly convex in (y, z) and z(z, y) is an affine
function in (z,y). Hence, assuming strong convexity of f covers cases where the LL problem is
a QP problem or even certain special cases of polynomial functions of even order, such as the squared
norm of a quadratic function (see (F.16) in Subsection 4.2).

Next, as is standard in the stochastic approximation literature, we require that all stochastic estimates
be unbiased with bounded variances and that all random variables that are sampled are independent
and identically distributed, stated in Assumption 3.4 below. This ensures that the stochastic terms
that are used to approximate the gradients, Hessians, Jacobians, and third-order tensors are reliable
approximations of their corresponding deterministic counter-parts. In applications of empirical risk
minimization like machine learning, such an assumption can easily be satisfied in practice by taking
larger sample sizes when approximating these terms.

Assumption 3.4 (Stochastic estimates) The stochastic derivatives V f*, N 5, V2f5, V 15, V25,
and V3 f§ are unbiased estimators of ¥V f1, V fa, V2 fa, V f3, V2 fs, and V3 fs, respectively. Further,
the variances of the stochastic derivatives are bounded by constants O'QV o 0% for 02v2 by O'QV o ‘72v2 £
and 0%3 fa? respectively. Further, all of the random variables & that are sampled are independent and
idententically distributed (i.i.d.).

Although Assumptions 3.2-3.3 ensure that the Hessian sub-matrices V2, f3 and sz f are bounded
away from singularity, we also require that their stochastic estimates be bounded away from singular-
ity, stated as Assumption 3.5 below, which ensures that these estimates provide a robust measure of
the curvature of the functions f3 and f.

Assumption 3.5 (Uniform bound on inverted stochastic Hessians) The stochastic principal sub-

matrices [V2, f§ |7t and [sz f¢]~ are upper-bounded in norm at all points by the positive constants
b.. and by,, respectively.



In the stochastic gradient literature concerning second-order derivatives, it is common to assume
that a Hessian matrix, stochastic or not, is uniformly bounded below [7], implying that its inverse is
uniformly bounded above. The motivation is that, if the Hessian matrix is not uniformly bounded
below, a regularization term can be added to such a matrix to ensure it is non-singular.

Lastly, Assumption 3.6 below is imposed to ensure that the bias of the inverted stochastic es-
timates [V2, f5]~! and [V2,f¢]~" approach zero on the order O(f). It is known that such an
assumption can be satisfied in practice, e.g., by utilizing a truncated-Neumann series (see [17]) and
incrementally increasing the number of samples used when approximating the terms V2, f3 and
sz f (the authors in [11] utilize such a property to establish a similar bound; though they do not
state it as an assumption, but instead leave the number of samples as a parameter in their analysis that
they choose to yield their desired convergence result).

Assumption 3.6 (Bounded bias of inverted stochastic Hessians) The stochastic principal sub-
matrices [V2, f5]~" and [V2,f817 " are estimators of [V2, fs] ! and [V2, f]71, respectively, with
biases that are bounded on the order of O(0), i.e., there exist positive constants W, and Wyy
such that [[[V2, fa) ' = E[[VZ, 5]~ Fe] |l < We.0 and [|[V3, f1~1 = E[[V5, f) 7 Felll < Wy, 0,
respectively.

3.2 Convergence of the TSG method

We now present the convergence result of Algorithm 3 in Theorem 3.1 below, in which we consider
the general case where the true UL function f is possibly nonconvex. For a full discussion of the
analysis, see Appendix B. Further, for the full proof of this theorem, see Appendix C.5.

Theorem 3.1 (Convergence of TSG — Nonconvex f) Under Assumptions 3.1-3.6, choose the step-
sizes oy = 1)V, Bi = (1/v/ T, and y; = (1/(VIVEK))a. Then, the iterates {x'};>q generated
by Algorithm 3 satisfy %Zf;ol E[|Vf(2)]]?] = O(J/VI), when choosing any I € N, J € N,
and K € Ny such thats < J, w < I, and Z(I,J) = O(J?I) < K, where ¢ € R is defined
by (C.52), w € R, is defined by (C.54), and (I, J) : N4 x N4 — R, is defined by (C.56), all in
Appendix C.5.

We state this theorem as our primary convergence result due to the intuitive choice of its step-sizes and
the appeal to its direct implementability. It bears mentioning that a tighter rate, matching the best that
has been derived for general nonconvex bilevel optimization (see [11]), can be derived by choosing
more complex step-sizes dependent on unknown Lipschitz constants, as stated in Remark 3.1 below.

Remark 3.1 Under Assumptions 3.1-3.6, when choosing the step-sizes «;, [3;, and 7y; to incorpo-
rate more problem-specific information, a stronger convergence rate of Zf;ol E[|Vf(z)|?] =

O(1/V/T) can be obtained. Such a result also does not require lower-bounds on the UL or ML
variables I and J, but requires K > O(J*I). The formal statement of this result is given by
Theorem B.2.5 in the PhD thesis [26].

Notice that both of these results share a common constraint: the LL iterations K must scale linearly
in [ and polynomially in J. We argue that such a requirement follows intuitively, as the accuracy of
the LL solution directly impacts the inexactness of the bilevel adjoint gradient for the ML problem.
Further, this constraint reveals the hierarchical interplay within trilevel problems, i.e., more LL
iterations are required to obtain a higher accuracy in the ML problem than in the UL problem. This
implies that the trilevel adjoint gradient V f tolerates more inexactness from the ML problem than the
bilevel adjoint gradient V,, f does from the LL problem. Such a relationship underscores how errors
in the LL propagate upward through the levels: greater accuracy at any sub-upper level necessitates
significantly higher precision in the LL solution. Whether this pattern extends to all sup-upper levels
in general multi-level problems or entirely shifts the computational burden to the lowest level remains
an open question for future research. Lastly, we highlight that the extra J present in the iteration
complexity on K in Remark 3.1 (i.e., K > O((J x J?)I) can be thought of as the .J that is present

in the numerator of the convergence bound O(J/+/I) from Theorem 3.1.
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Figure 1: Quadratic problem, deterministic case. Figure 2: Quartic problem, deterministic case.

4 Numerical experiments

The experimental results were obtained on a desktop workstation with 128GB of RAM, an Intel(R)
Core(TM) 19-13950HX processor (24 cores, 32 threads) running at 2200 MHz under Windows 11.
Our code is available at https://github.com/GdKent/TSG.

4.1 Our practical TSG methods

A major difficulty in the adjoint gradient (2.2) is the need for second-order derivatives of f (a
challenge that also arises in the adjoint gradient of a BLO problem), and, in particular, the presence
of third-order derivative tensors in V, f and V, f in (A.1) and (A.2), due to (A.5) and (A.6),
respectively. We consider two approaches to address this issue (see Appendix F.1), leading to two
practical versions of the TSG method, referred to as TSG-N-FD and TSG-AD. In the numerical
experiments, we are mainly interested in testing these two practical implementations (Algorithms 4
and 7 in Appendices F.2 and F.3, respectively) rather than the method we refer to as TSG-H, which
uses the true Hessians and third-order derivative tensors (Algorithm 3 in Section 2).

The first algorithm we propose, TSG-N-FD, is based on the adjoint equation approach and involves
solving any adjoint system arising in (2.2) and (F.2) by using the linear CG method, where each
Hessian-vector product is approximated via a finite-difference (FD) scheme. When using TSG-H,
we will apply the linear CG method to solve any adjoint system arising in (2.2) and (F.2) until
non-positive curvature is detected. The second algorithm we propose, TSG-AD, is based on the
truncated Neumann series approach and consists of approximating each Hessian-vector product
by using automatic differentiation (AD). Note that TSG-H is not suited for practical optimization
problems, but we include it in the experiments for completeness. For very large problems, one must
use TSG-N-FD or TSG-AD.

To determine the ML and LL iteration iterations J and K, we used an increasing accuracy strategy
inspired by [18]: the number of ML iterations increases by one when the change in f; between two
consecutive UL iterations drops below 1072, and the number of LL iterations increases similarly
when the change in f» between two consecutive ML iterations drops below 1071,

4.2 Numerical results for synthetic trilevel problems

We first report results for two synthetic trilevel problems that differ in their LL problem formulations
(see Appendix F.4). In the first, all levels have quadratic objective functions, leading to a quadratic
trilevel problem (with zero third-order derivatives). In the second, the UL and ML objective functions
are quadratic, while the LL objective is quartic (resulting in non-zero third-order derivatives). For
simplicity, we refer to the second trilevel problem as quartic.

Figures 1, 2, 3, and 4 compare the sequences of f(z*) values obtained by TSG-H, TSG-N-FD,
and TSG-AD over UL iterations and running time. In the stochastic case, we computed the stochastic
gradients and Hessians by adding Gaussian noise with mean zero to the corresponding deterministic
quantities. We did not add noise to the third-order tensors, as these are not used in the practical
algorithms TSG-N-FD and TSG-AD. All figures involving stochasticity include 95% confidence
intervals computed using the t-distribution over 10 runs.

For the quadratic problem, Figure 1 shows that TSG-H, which uses Hessians and third-order tensors,
outperforms TSG-N-FD and TSG-AD in terms of both UL iterations and time in the deterministic
case. Figure 3 shows the plots for the stochastic case. Note that TSG-N-FD and TSG-AD are not
affected by the noise in the Hessians of f5 and f3, as they rely only on first-order derivatives. TSG-H
is highly sensitive to the standard deviation of the Hessian of f3 (which appears in the trilevel adjoint
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Figure 4: Quartic problem, stochastic case (low noise: two left plots; high noise: two right plots).

gradient (2.2)), and its performance deteriorates significantly when this value exceeds 0.1. Such
behavior aligns with the well-known fact that stochastic Hessians require lower noise levels (i.e.,
larger mini-batch sizes when noise arises from sampling finite-sum Hessians in SG contexts) than
stochastic gradients to perform well [8, Section 6.1.1]. For this reason, we omit TSG-H from the two
right plots. As noise levels increase, the performance of TSG-N-FD deteriorates, whereas TSG-AD
remains more robust. The most critical source of noise for TSG-N-FD is that added to V f3, which
is used to approximate the matrix-vector products involving the Hessian of f3 via the FD scheme
in (F.5). Note that such an FD scheme affects the computation of both (F.3) and (F.4).

For the quartic problem, in the deterministic case, Figure 2 shows that TSG-H is the least competitive
algorithm in terms of time, as the computation of third-order tensors slows it down. In the stochastic
case, shown in Figure 4, increasing noise levels lead to performance deterioration for both TSG-N-FD
and TSG-H, whereas TSG-AD remains the most robust. We can conclude that when third-order
derivatives are non-zero, the FD approximations used in TSG-N-FD become less accurate.

4.3 Numerical results for trilevel adversarial hyperparameter tuning

In the TLO formulation we propose for adversarial hyperparameter tuning (see problem F.18 in
Appendix E.5 for the rigorous formulation), the UL problem aims to minimize the validation loss
over a regularization parameter used in the training loss, the ML problem minimizes the training
loss over the model parameters, and the LL problem is posed on the variables that perturb the
data in a worst-case fashion. In the formulation proposed in [38], the ML and LL problems are
swapped compared to our formulation in problem (F.18). We adopt (F.18) because it more accurately
reflects the original minimax formulation for adversarial training (F.17), and indeed leads to improved
performance (see Appendix F.5.1). We will also evaluate BLO formulations obtained by removing
either the UL or LL problem from (F.18). Removing the UL problem yields a BLO problem similar
in spirit to the original minimax formulation of adversarial learning, while removing the LL problem
results in a BLO problem for hyperparameter tuning without adversarial learning.

The BLO problems obtained from (F.18) are solved using corresponding bilevel algorithms (de-
noted as BSG-AD) derived from TSG-AD. Such algorithms are essentially equivalent to the well-
known StocBiO [22]. In this section, we will not test TSG-H, as it requires second and third-order
derivatives, which are impractical to compute in applications involving large-scale datasets. Similarly,
we will not test the trilevel algorithm proposed in [38], as it is designed specifically for the determin-
istic setting. When using (F.18), TSG-N-FD does not perform well and is therefore excluded from
further analysis (see Appendix F.5.1 for a discussion).

For the experiments, we consider three popular tabular datasets: the red and white wine quality
datasets [14] and the California housing dataset [34]. To assess the performance of the algorithms
and formulations on these datasets, we compute the test MSE after adding Gaussian noise (with a
standard deviation of 5) to the features of the test data, averaged over 100 realizations of the noise.
The optimal solution obtained from the trilevel formulation (F.18) is expected to yield a model robust
to such noise.
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The results for our TLO formulation in (F.18), along with those for the BLO formulations obtained
by removing the UL and LL problems from (F.18), are shown in Figures 5-7. The TLO formulation
in (F.18) proves to be the most consistently effective for adversarial hyperparameter tuning, with
the BLO variants demonstrating competitive runtime but greater sensitivity to the nature of the
dataset, reflected in the contrasting dependencies observed across the datasets. In fact, the superior
performance of BSG-AD (without LL) over BSG-AD (without UL) on the red and white wine
datasets is an indication of the reliance of these datasets on hyperparameter tuning, whereas the
inverted performance of the BSG algorithms on the California housing dataset is a symptom of this
dataset’s dependence on adversarial learning. Overall, TSG-AD, which leverages both adversarial
and hyperparameter tuning components during model training, consistently yields the most robust
performance across all the tested datasets and will likely deliver further performance improvements
in settings where both components are jointly critical.

5 Conclusion

In this paper, we proposed the first stochastic
first-order method for trilevel optimization along
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exact computation of the trilevel adjoint formula, Figure 7: Adversarial learning formulation (F.18),
and noisy estimates of the gradients, Hessians, California housing dataset.

Jacobians, and tensors of third-order derivatives

involved. Our experiments demonstrate that the

proposed TLO formulation can be more robust than the BLO formulations corresponding to its UL
and ML (i.e., hyperparameter tuning without adversarial learning), or its ML and LL (i.e., the original
minimax adversarial training), as well as the TLO formulation in [38], where the ML and LL are
swapped compared to ours. A natural direction left for future research lies in thoroughly exploring
how the accuracy at any given intermediate level relates to the precision required at lower levels
within general multi-level optimization problems. Specifically, such an investigation would seek
to clarify whether increasing the accuracy at a particular level necessitates higher precision at all
subsequent lower levels, or if the computational burden entirely shifts to the lowest level.

0 035 2500

75 10 135 075 100 135 150
UL Iterations Time (s)

Potential limitations of our work include the strong convexity assumptions on the ML and LL
objective functions, which constrain the applicability of our TSG method. Following directions
similar to those emerging in the BLO literature, one avenue to relax such assumptions would be to
explore penalization techniques that allow for non-convex objectives at lower levels. Furthermore,
although our experiments on trilevel adversarial hyperparameter tuning demonstrate that a TLO
formulation can outperform a BLO formulation in terms of iterations, BLO formulations remain
competitive in terms of running time. Finally, we only evaluated the algorithms on regression tasks
with tabular data, but we expect similar performance on other tasks, such as image classification.
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Technical Appendices

A Derivation of the trilevel adjoint gradient

This appendix contains the formal statement and derivation of the trilevel adjoint gradient given by
equation (2.2).

Proposition A.1 (Trilevel adjoint gradient) Under assumptions that will ensure all terms are well-
defined (specifically, Assumptions 3.1-3.3), we define the adjoint gradient of f as (referenced as (2.2))

Vi = (Vaft = Vi f3V2f5 'V f1) = Vo, IV, (Vyfi = Vi fsV2. 5 'V 1),

where all of the gradient and Hessian terms of fi and fs on the right-hand side are evaluated
at (z,y(x), z(x)). Further, the f terms are evaluated at (z,y(x)) where

- 0
V;ﬂayﬁzVaﬁ+v;hvﬂT+5;WMvgﬂ7 (A.1)
. 0
V@ﬂam::V;h+V@hV¢T+5§WMVJﬂ, (A2)
with
Vez(z,y) = =V2 [V, fs, (A.3)
Vya(z,y) = =V, f5 V2, fs, (A4)
0 _ _
%[VyszfQ} = _[vzzx-]% + vzzzf3vl’z—r - vizfévngd 1(v§zxf3 + ngszszT)]szfs 1v2f2
— Vo [V fs (Vi fo+ V2, foVazT), (A.5)

0 _ _
@[vyszfQ} = _[vzzyf3 + vzzzf?)vyz—r - v;zf3v§zf3 l(vgzny + v222f3VyZT)]v3zf3 lefQ

— VsV (Vi o+ Ve V2 ). (A.6)

Notice that all of the gradients and Hessians of fo and the gradients, Hessians, and tensors of
third-order derivatives (which we denote by V>)* of fs in (A.1)~(A.6) are evaluated at the point
(z,y,2(x,y)) and all of the V z terms are evaluated at the point (x,y).

Proof. One arrives at the adjoint formula (2.2) by first applying the multivariate chain rule
to f1(z,y(x), z(x,y(x))) in the following manner:

_ 4 _Oh  dyof  d of
where
4wy = 2 W
da DY Oxr  dx Oy
Thus, we have
_Oh  dydfr 0z dydz Of
Vi= or +claz: dy Jr(@erdxay) 0z
= Vo1 +VyVyfi + (Vaz + VyV,y2) V. fi
= Vofi + Vo2V fi + Vy(Vy, f1 + Vy2V. f1). (AT)

The Jacobian of y(z), i.e., Vy(z)T € R™*", can be computed from the first-order necessary
optimality conditions of the ML problem, defined by V,, f(z,y(x)) = 0. In particular, taking the

“To clarify the notation for third-order derivatives, consider the following example: given anm X t X n
tensor ngzfg and a t X t matrix Vizfgl, the product Vf,zzf3V§zf§1 yields an m X ¢t X n matrix. Left-

multiplying a ¢-dimensional vector V., f2 by ng [V fy ! results in an m x 1 X n matrix (or m x n, for
brevity).
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derivative of both sides with respect to x, utilizing the chain rule and the implicit function theorem
(which ensures y(-) to be continuously differentiable [36]), we obtain V3, f + V3, fVy(z)" =0
(where all Hessians are evaluated at (x, y(z))), which yields

Vy(z)" = =V, fz,y(2) Vi, f(z,y(@)). (A.8)

Since B
vyf($7 y) = vny(xv Y, Z($7 y)) + vyzvzfQ(ma Y, Z(LL’, y))7 (A9)

taking the derivative of both sides with respect to x and y and utilizing the chain rule, we obtain the
expressions for V2 f(z,y) and V3, f(x,y) in (A.1) and (A.2), respectively.

Similarly, we can derive expressions for both of the Jacobians of z(z, ), i.e., V z(z,y) | € Rt*"
and V,z(z, y)T € R**™, respectively, from the first-order necessary optimality conditions of the
LL problem, defined by V., f3(x,y, z(z,y)) = 0. In particular, taking derivatives of both sides with

respect to = will yield V2, f3(z,y, z(z,y)) + V2, f3(2,y, 2(2,9))Vz(z,y) T = 0, whereas taking
derivatives with respect to y will yield V2, f3(z,y, z(z,y)) + V2. fa(z, y, 2(z,y)) Vyz(z,y) " = 0.
Solving these two equations for both V,z(z,y)" and V,z(z,y) ", respectively, we obtain the

expressions for V. z(z,y) " and V,z(z,y) " in (A.3) and (A.4), respectively. Now, substituting (A.8),
(A.3), and (A.4) into (A.7), we obtain the adjoint gradient defined by (2.2).

It remains to derive (A.5) and (A.6). Using the property that the derivative of the inverse of a
matrix K (g(z)) with respect to =, where g is a vector-valued function of z, is given by

SR (00) ! = <K (o)™ | 22K (o) | K (o(0) "

and applying the product rule twice, it follows that the last term in (A.1) can be written as

0 0 _
o [VyzV.fo] = oz [_vizf3v§zf3 1sz2]

_ 0 _
$V§Zf3) vizfs 1V2’f2 - vzz-f3 (%VEZ]{; 1vzf2)

- 0 - 4 (0
fo,zfs) VLS Voo = ViLfs [(axvzzfg 1) V.fat VLI (axvzﬁﬂ ,

(A.10)
where
0 2 3 3 T 0 2 2 T
%vyzfi)) = Vyz:rf3 + vyzzf3vl’z($7y) ) %szz = Viofot vzzf2vzz(x7y) )
0 _ _ 0 _ 0 .
%ngfg b= 7v§zf3 ! (axvgz.}%) vizfg 13 %visz’) = visz?) + Vﬁzzfgsz(I,y)T-

(A.11)

Substituting these equations into (A.10) and simplifying, we obtain (A.5). Through a similar process,
we obtain that the right-most term of (A.2) is given by (A.6). U

B Discussion on the convergence analysis of the TSG method

In this appendix, we outline the convergence analysis for the TSG method (Algorithm 3) and highlight
all of the relevant results and notation involved. For simplicity of the convergence analysis, we utilize
the following Lyapunov function:

V= f(ah) + " —y(@)? + 12" — 2@ + (|2 — 2(a", )1 (B.1)

There is no particular property that is required from Lyapunov functions for our analysis. Rather,
(B.1) is defined to allow for appropriate telescoping cancellations in the proof of Theorem 3.1 (which
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is an extension of the methodology utilized in [11] for bilevel problems). Further, the difference
between two consecutive Lyapunov evaluations can by quantified as

Vi+1 o Vz
= f@) = f(@) + Iy —y@ )~ |y -y
Lemma B.1 Lemma B.4
F 2 = 2@ = |2 = (@) 4 ]2 = 2@y P 2 - 2y B.2)

Lemma B.2 Lemma B.3

Notice that this consists of four differences: the first difference measures the amount of descent that
is achieved in the UL problem, the second and third differences correspond to the error present in
the ML and LL problems, respectively, and the fourth difference is an auxiliary term that corresponds
to the inexact LL error relative to the ML variables. Further, it bears mentioning that Appendix C
contains the proofs of Lemmas B.1-B.4 and Theorem 3.1, and Appendix D contains the statements
and proofs of intermediary results that are required for the arguments used in Appendix C. Lastly,
Appendix E includes auxiliary lemmas proving Lipschitz contlnulty properties for the following
functions, gradients, and Jacobians: z(x), z(x,y), y(x), Vy, f, V2, f, V2, f, Vf, Vz, and Vy. For
ease of reference, Table 1 below compiles all the relevant constants utlhzed throughout the theory
which are not defined in Lemmas B.1-B 4.

Table 1: Reference table of constants associated with derived bounds.

Descriptions Constants References
Bounds on bias & variance Uz, Uy, Uzy, Uyy, Vg, Vyy Lemmas D.1 -D.2
Bounds on UL inexactness w, T, ( Lemmas D.3 -D.4
Bounds on ML inexactness w, 7, T Lemmas D.5 -D.6

LZ’ Lzl s LZ s L’L/7 Lv27 LF; LF’,,/

Derived Lipschitz properties L, va N LV2 7 Le, Lp,., LVy

Equations E.1 — E.13

B.1 Descriptions of o-algebras

We denote three auxiliary sets ¥;, X; ;, and X; ; ., each corresponding to the set of iterates generated
by Algorithm 3 for the UL update, ML update, and LL update, respectively. We define these sets
explicitly in the following way:

= {a',y', 2" |Vie{0,1,..,i}},
Sy = {xt,y", 27 |Vie{0,1,..,i} andVj € {0,1, ..., j}},
Sk = {atytl, 29k | Vie {0,1,...,it and V) € {0,1,...,5} and Vi € {0,1, ...k} }.
Now, we define the corresponding o-algebras generated as F; := O'(Ei U{yi“,z”l}),
Fiji=o0 (Ei,j U {z"j“}) and F; ;1 := o (X k), respectively. Further, we will use the ex-

pressions E [-|F;], E [-|F; ;], and E [-|F; ; &] to denote the conditional expectations taken with respect
to the probability distributions of £%, £, and %9 given F;, F; j, and F; ; i, respectively. Recalling
from the beginning of Section 3, we also define a general sigma-algebra F that includes all the events
up to the generation of a general point (z, y, z), before observing a realization of &; similarly, E[-|F¢]
denotes the expectation taken with respect to the probability distribution of § given F¢. We also
use [E[] to denote the total expectation, i.e., the expected value with respect to the joint distribution
of all the random variables.

B.2 Statements of descent and error bound results

We now provide the statements of Lemmas B.1-B.4 below, that bound the terms in the Lyapunov
difference given by (B.2), and which are ultimately required to prove the main convergence result of
Algorithm 3, presented in Theorem 3.1. The proofs of such lemmas and the theorem are provided
in Appendix C. They required a non-trivial adaptation of the proofs in [11], which were specific for
bilevel problems.
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Lemma B.1 (Descent of the true trilevel UL problem) Recalling g5 = E[g}, |Fi], under Assump-
tions 3.1-3.6, the sequence of iterates {x'};>q generated by Algorithm 3 satisfies

I/ ] - Bl )] < ~SEIVAIR - (5 - 2520 ) Bl 12 + Ga?
Fould, Elly) -y B - S, B

where & is given by (C.1) in Appendix C.1.

Lemma B.2 (Error bounds of the trilevel LL problem) Suppose that Assumptions 3.1-3.6 hold.

Then, choosing the LL step-size y; such that ~v; < ﬁ, there exists the positive constant py.,
- 73

given by (C.3) in Appendix C.2, and a positive quantity k;, such that

B[l — 22 < (1= ypp) <l — () 2] + Kr2od . B.4)
B[l = 2@)?) < (= wpp) Ellet — 292 + JKA2od ®5)
2

B2 — 2z )7 < (1+2m+LV;‘”<> B[]+ — 2(z)|

L? Ly, » 2
(202 + 22+ 22 ) Q2B |6k 14 + (202 + Y2 ) a2, (B.6)
26 2 1
Lemma B.3 (Auxiliary error bounds of the trilevel LL problem) Suppose that Assumptions 3.1—
3.6 hold. Then, choosing the LL step-size y; such that ; < ﬁ there exist positive quantities 1;
z 3
and 7); such that

i, i, 4,9 K i, i, 0,7 A
E[[[2"%" — 2(a", g™ I < (1= 7ipg,)" +m)ElI27 — 2(2',y™) P + 5 L2, Y67 + K~jody,,

(B.7)

E[ 27 — 2@ y)2] < (= ipn) N Bl — 22,y 2] + KaZody,, (B)
E[l=% — 2 y)2] < (=) N El - 2 )P + TEA 0, (B.9)
E[l2*! — (2™, y )P < 2E[|2* — 2(at,y))?] + AL2, oX(El|gh, 2] + 7) + 272 TL2,
(B.10)

E[l29 — 2,y )P < (= ipp) “Ellz - 2,y + KyPody,. (Bl

Lemma B.4 (Error bounds of the trilevel ML problem) Suppose that Assumptions 3.1-3.6 hold.
Then, choosing the ML step-size 3; such that 3; < = L o7 and f; < 56—~ 1 as well as choosing the

LL step-size y; such that y; there are posmve quantities vp; and ¢; such that

< 1
— pet+Lvgy’

Blly* oI < (- i) Bl o)+ (14 50 - DAz, ) 05

i i, J+1
+ (1= yipg,) " JE[|2" = 22, y)|*) + =T KN 0%y, (B12)

2
Blly* - eI < (14 200+ T4 E[Hyi“fy(zi)u?]

o, Ly Ley ) annii 2 2 Lvy 2
+ 2L +%+T aiE[||gf1||]+ 2Ly+7 TOG, (B.13)

where p is given by (C.7) in Appendix C.4. Specifically, 1; is a function of 0; given by (C.7) in
Appendix CA4.

C Convergence theory proofs

This appendix contains the proofs of Lemmas B.1-B.4 (which are utilized to bound the terms in the
Lyapunov function given by (B.2)) as well as the proof of Theorem 3.1.
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C.1 Proof of Lemma B.1

Proof. From the Lipschitz property of V f (equation (E.11)), taking expectation conditioned on 75,
and letting g%, = E[g} |F:], we have

E[f (=" IR - E[f(@)F] S E[VF(@)" (@ = )R] + S-Ella™ - o' |?|F]

2
‘ ‘ ~i i L i ~i i
B[V (@) (o — ighy, — o) + LE[la’ - augy, — ||

T, Lr
= —a;Vf(a') gy, + —-aFE[lg}, 1?7,

2
Using the fact that 2a b = ||a||? + ||b]|? — ||a — b]|? twice, with a and b real-valued vectors, yields
. . Q5 . Q5 . _ LF -
E[f (@ DIF] - Elf ()R] < =V - ||gf1||2 o5 IVF(@") = g5, I” + = a7Elllgy, |*17:]
o; . o; . >
= =5 IVAEII* - ||gf1||2 S IVF(') =gy,
LFa2 ~i . ;i ) s
LE2(5}) " g5, — 15 P + 1155, — g 1717
Q; i Qi N
=—*||Vf(w)||2—*||gfl||2 S IVF(') =gy,
LFa LFOé: ~i _i
+ : E[”gﬁ” | Fi] + 5 ——E[llg}, — gf1||2|]:i]'
Utilizing Lemma D.3 and realizing that IE[||§}1 1%[F:] = 113%, II*, we have
a; Lpa? TLFoz?

B[ (o) F)-Elf ()] < % V5 (e >||2—( -

) —1 Qg
5~ T5) la P+ G190 -gh P

2

Further, we decompose the gradient bias term by adding and subtracting V f(x?, y**1, 2i*+1), using
the fact that ||a + b||? < 2||a||? + 2/|b]|?, with a and b real-valued vectors, yielding

IVF(@") = g, |17 <2V f(a' y(a"), 2(2") = V", y™* L 2P+ 2 V(' g™ 2 — g5 |
< 2L, |(y(a'), 2(2") = (1 2|2 + 20?67
<2L%, (ly(x") =y P + l2(a”) = 277%) + 20?as,

where the second inequality follows from (E.12) and Lemma D.3, and the last inequality follows
from the fact that 8, = «; 8;v; < ; and 0 < a? < «; < 1. Putting this all together, we have

E[f (a"|F] - Elf ()| 7]

o i a; Lpa? i ; ; .
< ~SITHEIE = (G = Z5 ) 105 ol (Iyte?) =y D) = =) +
L
where @ = <w i T2F) . (C.1)
Taking total expectation, we obtain the final bound, completing the proof. U

C.2 Proof of Lemma B.2

Proof. To derive the error bound defined by (B.6), we start by decomposing the error of the LL
variables by adding and subtracting z(x*) in the following way:

Efl — 2™ = E[ll2"" — 2(2") ] + E[|l2(2") — 2(="*1)]%]
Agl) A(Ql)
+ 2E[(z7! — 2(2Y) T (2(2?) — 2(2'T1))]. (C.2)

AfY

17



(Analysis of A!"): To derive an upper-bound on A" in (C.2), recall that zi+! = zi+1.0.0 = i.J.K

and g};j’k = V. fs(a?,y"7, 240k, £63F) | Further, notice that there will be a total of .J K updates to
the LL variables starting from z° to obtain z**!. Thus, in general, taking expectation conditioned
on F; ; x, we have
E[l|z"5 1 — (2|2 Fi ] = E[l2"7% — ig?* — 2(2") 1?1 Fijin)
= [["F = 2(@")|P = 2:("F = 2(2) TV f37F + APEllg s P F )
where the last equality follows from the unbiasedness of the stochastic estimates (Assumption 3.4).
Using the fact that Var[X Y] = E[X?|Y] — E[X|Y]2, where X and Y are random variables, along
with Assumption 3.4, we have
E[[l2"75 = 2(2)) [P Figa] < 125F = 2(@)IP = 29(2"0F = 2(2") TVLf5 N+ AR IV f37E P+ Afod

Now, utilizing [33, Theorem 2.1.12], which follows from the strong convexity and Lipschitz continuity
of f3 (Assumptions 3.1 and 3.2, respectively), we have

[l — 2(a") 1?17 ]

i ; Ly i ; 1 i ik i ik
< lgbdk (28|12 — 2 < Mz f3 JUdk o (pt 2Jr AV 2 2) + 2 v, i 2Jr 2,2 '
< (=)l "\t Ly, | (")l 7ﬂz+LVf3H 2f37 ] VIV 37 17 +viovy,
2%‘/1sz]¢> ik 112 ( 2 ) igkn2 2 2
= (1 - =222 B 12008 — ()P + v | vi — ——— ) IV 75 1P + i
e e e I L
< (L=7ipg) 1277 = 2(2)1? + 7703,

where the last inequality follows from the assumption that ; < ﬁ and by letting

+L
, = — (C.3)
Pls Mz + vag
Using induction over K and taking total expectation, we obtain the bound (B.4).

At this 4 4p0int, there would be an update in the ML variables 1y, i.e.,
(28, yd, 200 8) (2 yI L 280 K) However, since this upper-bound is not dependent
on y, we can use induction over all J iterations (each consisting of K iterations), which yields the
bound (B.5). These results follow by ensuring that 0 < 1 — ~;pr, < 1, which is satisfied by the
. i 1 . . ..
assumption y; < s e and recalling that «y; and py, are positive.
(Analysis of Agl)): Taking expectation conditioned on F; and applying (E.1) yields
Ell2(z") = 2(z"H|*|F) < LIE[||2* — 2™ Y| Fi] = LIaZE[||gy, 1°|F:]-

Adding and subtracting g5, = E[g}, |F;] followed by using the fact that [|a + b]|> < 2 ([|a/|* + [|b]|?),
with a and b real-valued vectors, along with Lemma D.3, we have

E[|lz(«") — 2(z") || F] < L2aFE[l|g}, — af, + a5, 171F] < 2L2a} (B[}, I*Fi] +7) -

Lastly, taking total expectation, we obtain the bound
Eflz(a") — 2= IP] < 2L%0 (E[llgy, [I°] +7)-

(Analysis of Aél)): Taking expectation conditioned on F; followed by adding and subtracting
\ (xl)T (2! — 2) in the following way:
E[(z"! — 2(2") " (2(a") — 2(2"))|Fi)
= B[z = 2(2") T (Var(a") T (@™ = a) + 2(a"™) = 2(a") = Vaz(a") T (2" = ")) | F]
—E[(z"! — 2(2)) T (Voz(2") T (' —a"))|F]

B
—E[(z"t — 2(2%) T (2(2™) — 2(2%) — Vaz(a) T (2! — )| Fi] . (C4)

B{Y
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(Analysis of B\"): Utilizing the update 2+! = 2 — a;g}, , the fact that E[X] = E[E[X|Y]], along
with the Cauchy-Schwarz inequality, yields

BY < qE[|z* - 2(2?)||||Vaz(a?) T gk, ||| F]
< o LE[|z — 2(2%)|[|| g%, ||| F]
7 7 2L§
< mEllle = 217 + LR P17

where the second inequality comes from (E.1), and the last 1nequahty comes from using Young’s
2 2

inequality (i.e., ab < % + % for ¢ > 0), where ¢ = 2k; for some x; > 0, and where a =

I+t = 2(2")] and b = a; L. |5, |-

(Analysis of Bél)). Now, we can bound the term B in (C.4) by using the Cauchy-Schwarz
inequality and applying the Lipschitz property of (E.5) (1 e, z( ) — 2(2%) = Vz(2t) (2 — 2%) <
Lyz |2+ — 27||?) to obtain:

—E[(z"" = 2(2") T (2(2"F") = 2(a") = Vaz(a") T (2" —2"))|F]

Los . . o . .
< SR =A@l - ol - | FL

Further, using Young’s inequality with a = [|2*+! — 2(z?)|||2*** — 2¢| and b = ||2*+! — 2?|| such
thathab < & + ¥ along with the update 2! = 27 — ; g}, and the fact that E[X] = E[E[X Y]],
we have

—E[(z"" = 2(2") T (2(2""") = 2(a") = Vaz(a") T (2" —2"))|F]

Ly i i i i 1 i i
< I3 (GE0 - <x>2||x+1—:c2|ﬂ]+21@[|x+1—x||2|f4)
Lyv.ai¢ i i Ly.af
< Botlpan e 2iE) + B g 1217
LVZOQZC i i vaa? i
< Lo )21 + B, 21 + 7).

where the second inequality follows by applying Lemma D.4 and the last follows by applying the
definition of variance along with Lemma D.3.

Substituting these bounds for Bgl) and Bél) back into (C.4) and taking total expectation, we obtain
(1)
the bound on the term A5’ as

Bl = 2(e) () - o))
o i o; La? i TLv,
< (m+ 05 Bt — o)+ (22 4 0 ) g 1+ T,

Finally, substituting these bounds for Agl), A(l) and A( ) back into (C.2), we obtain the desired
upper-bound on E[|[z¢T! — z(z1)]|?], completmg the proof O

C.3 Proof of Lemma B.3

Proof. To derive the error bound defined by (B.7), recall that z'+1 = 2100 — »i.J.K a4
gf’j L = V. [fs(x?, ybI, z53*; ¢13:k) and notice that there will be a total of K updates to the LL
variables starting from 2%/ to obtain z*/*!. Further, following the exact same steps utilized in
Lemma B.2 to derive bound (B.4) (only with z(x?) replaced with z(z¢, y*771)), we have

E["H = 2(2',y ] < (L= mip) ™ 125 = 2@y P + Kfody,.

Now, adding and subtracting z(x%,3%7) in the norm, followed by using the fact that ||a + b||*> =
llal|? + ||6]|* + 2a T b, with @ and b real-valued vectors, the Cauchy-Schwarz inequality, and the fact
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1

< ——=——— we have
— petLvgy’

that (1 — ~v;p fg)K < 1 which is satisfied by our choice of ~;
Efl|2%7% — 2(a?, y™ )]
< (L=ipg) " 257 = 22y )P + (1= yipg) " llz(a’, ™) = 2,y
+2[[2" = 22ty ) lll2(a", y) = 22,y )|
< (U=7ipge) " 1297 = 22,y )P + (1= vips) ™ ll2(a’,y™7) — 2,y )| + Kyfoky,

+nill25 = 22",y )P + ;\\Z(xl,y“) 2,y )12

2

I PP+ Koy,

K i, i, K 1 i, i,
< (L =7ipgs)" +m)ll2 = 2", y" )| + ((1—%%) +n_> L2 |ly™ 7 =y |° + Knfogy,

K ij i i k1 ij ~i ij
= (L =vipg)" +m)llz" = 2(z",y™)|* + <(1 —en)” L2, ly" = Bigy) — |
7
—&—K’yfa%f3
K 1,7 i ,.0,] ~1,
< ((L=7ipp)™ +m)llz™ = 2(a, ™)1 + L2, B33 |I?

where the second inequality follows from applylng Young s inequality (i.e., ab < <% —|— » - for e > 0)

with € = 7); for some 77; > 0 (notice thata = |25 —2(z%, y*7)| and b = ||2(z%, y 73) (CU yHI |
here), the third inequality follows from applying (E.3), and the last inequality follows from the fact
that 0 < 1 — v;pp, < 1 (where we define 1j; := 1 + #). Lastly, taking total expectation and using

the fact that E[X| = E[E[X Y]], we will obtain the bound (B.7)
E[|z"7+! — 2(z*, ¢/t |1?]
K 1,7 i, 1,7 ~1,
< (A =7ipg,) "+ m)E[2 = 2(2®,y™)|?]) + 5 L2, BEEIE]|33 217 51 + KAZody,

< (X =ipp)™ +m)E[|z" — 2(2®,y™9)|?] + 0 L2 2T + KyPod
where the last inequality follows by applying Lemma D.6.

+K71'20'2Vf3a

Now, to derive results (B.8), (B.9), and (B.10), we start by decomposing the expected error of the LL
variables by adding and subtracting z (2%, ") followed by using the fact that ||a+b||?> < 2(||a||*+]b]|?)
with a and b real-valued vectors:

Bl = 2(2™ g™ 7] < 2E[l2™ — 22, y) ] +2E[ll2(2", y") — 2™,y

AEQ) AgQ)
(C.5)

(Analysis of AgQ)): To derive an upper-bound on Agz) in (C.5), we can follow the exact same steps
that were utilized in Lemma B.2 to derive bound (B.4) (only with z(z*) replaced with z(z*, y*)),
which will yield the bound (B.8). Further, using induction over J (each consisting of K iterations) will
yield the following bound on A(2) in (C.5) (which is the bound (B.9)). Notice that this induction result
again follows by ensuring that 0 < 1—+;py, < 1, which is satisfied by the assumption ; < ﬁ

3
and recalling that «y; and py, are positive.

(Analysis of Ag)): Now, the upper-bound on Aég) in (C.5) can be derived by taking total expectation,
using the fact that E[X] = E[E[X|Y]], applying (E.2), and recursively using the fact that 3"/ =
y"I — Bigy! (while recalling that y*** = y*/ and 2" = 2* — ;g% ):

Ellz(a",y") — 2(a"y" D] < L2, Efla* — 2™ 7] + L2, E[E[ly" -y [|*|Fi )]

= L2, oiEllgy, 1" + L2, E[E[ly’ - Z Bigy! — ' Fis]]

< L2, ofE[lgy, |17 +JL§WBQZE 1557 1171 F5,51]
2 2 2
S Lzmj 1 [Hgle ]+‘] TLZJm 19

20



where the second inequality follows from using the fact that || Zf\il ai|* < N Zf\il l|la;||? (for

some a € RY) and the last inequality follows from applying Lemma D.6. Now, using the fact
that E[X] = E[E[X|Y]], adding and subtracting g}, in the norm, followed by using the fact that

la+bl|> <2 (|la]|* + [|b]|*), and applying Lemma D.3, we have

Ell=(a',y") — 2(a"",y" D] = L2, oFE[E[llg5, |°|F:]) + J*TLE, B
< 2L% of(Ellgy, 1P +7) + J*TLE, 5.

Notice in the inequality that E[[|g, [|*] = E[E[||g}, [I?|F:]] = [}, [|* since g}, is deterministic.
Finally, substituting these bounds for A(12) and AgQ) back into (C.5), we can obtain the desired
upper-bound on E[[|z7+! — z (21, y1) ||?] defined by (B.10).

Lastly, to derive the upper-bound (B.11), we can follow the exact same steps that were utilized
in Lemma B.2 to derive bound (B.4) (only with z(z") replaced with z(z",y"7)). Notice that this
induction result again follows by ensuring that 0 < 1—~;pr, < 1, which s satisfied by the assumption

1 . ..
of y; < s . and recalling that ; and py, are positive. O

C.4 Proof of Lemma B.4

Proof. To derive the error bound defined by (B.13), we start by decomposing the expected error of
the LL variables by adding and subtracting y(z*) in the following way:

E[ly"™ — g% = E[lly"*" — y(@)|?] + Elly(z*) — y(a™)|?]
+2E[(y" —y(a) T (y(a") — y(2"t)]. (C.6)

AP

(Analysis of Agg)): To derive an upper-bound on A(13) in (C.6), recall that y**! = y»/ and §;c23 =
V, f(at y®I, 243+1; €63) Further, notice that there will be a total of .J updates to the ML variables
starting from y" to obtain y*™!. Thus, in general, taking expectation conditioned on F;_ ; and applying
Lemma D.6, we have

Eflly" " —y(@")*Fig] = Elly™ - Big5 — y(a")|?1 7]

"7 = y(@*)* = 26:" — y(a") gy + 67

= Iy — y(@)? + T8 = 285" — y(=) TV, fla',y")
2B (@) @~ Vol @y ),

IN

where the last equality follows from adding and subtracting V, f(z?, y»7) to the gj;zj term in the

cross-product. Now, under the strong convexity of f (Assumption 3.3) and the Lipschitz continuity
of V,, f in y (equation (E.7)), we can utilize [33, Theorem 2.1.12], yielding

Eflly™*! —y(@)*1Fis] < lly™7 —y(a)|? + 167
/,Lyva . iN 112 _ N2
2 (L )P 9 )]
ty + Ly § ty + L !
+ 28y = y(@)Plgy) — Vyfa g, 2|1
+2Billy" = y(@)IVy f(a' y™7, 270 =V, 'y,
where the last two added terms come from adding and subtracting V,, f(z%,y"7, 257 %1) to the

Fhd _

g5, —Vy f(x?, y»7) term in the cross product followed by applying the Cauchy Schwarz inequality.
Now, utilizing the Lipschitz continuity of V, f in z (equation (E.8)), the bound on the biasedness of
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gy, (Lemma D.5), and the fact that 2B’ ||Vyf(xz, y*7)||? is non-negative, we have
E[lly*! —y(a)[?|Fi,j]

20y Lo 7 R ; o . i P
(1 ~ b ( TTe; 2w29?)) Iy — y(a) 2 + 281y — y(a) |29+ — 2(a,y9)]| + 152
By + Ly

20y Lo 7 o ) o S
< (1= 50 (5L 00— 1) ) I - P + 55 ol )P + 152
Hy +va

= (L= i) lly™ = y(@)* + |27 = 2(2’,y"7)|* + 157,

where the last inequality follows from the fact that 2ab < a? + b? (a and b positive scalars) where

2uy Lo 7
b = p—20%07 — B; and p = TVVE (C.7)
ty + Ly
Taking total expectation and using bound (B.11) from Lemma B.3, we have
Eflly™ " = y(a")||?] (C.8)

< (1= 4iBs) Ellly™ —y(a")|*] + Y67 + (1 —%‘Pfa)KE[HZi’j —2(2", y" )P + Knjogy,
< (1—v:B)  Elly' — y(@) ] + (1 = vipy,) ZEIIZ’J 2@ty )P+ JYBE + TKA oy,

(C.9)

where the last inequality follows by using induction over .J. Notice that this result follows by ensuring
that 0 < 1 — ¢;8; < 1, which holds when choosing 3; such that 3; < and B; < In

other words, to show that 0 < 1 — ;3;, we have

=y +L ; < s

2py Ly §
ViBi = Bilp — 20207 — ) < Bip < ———1— <1,
( ) (My + va)2

where the first inequality follows by observing that —20%62 3; — 3% < 0, the second inequality follows
by choosing 3; < uT along with the definition of p, and the third inequality follows from the fact

that 2ab < (a+b)?, with a and b positive scalars. Notice that showing that 1 —1);3; < 1 is equivalent
to showing that 1; > 0, i.e., using the fact that 0 < 0? < #; < 1along with 8, = «;8;v; < B;, we
have

p—20%07 =B >0 = 2°B;+B<p = ’62_22#;1
J—-1

Now, looking at the 77 E[[|2"/ — z(a’,4")[?] term in (C.9) and defining ©; :=
MiLZ Y67 + Kvjog,,, we have

ZEIIz’J (@', 5%

= ]EHIZ“O = 2@’y )P+ Ellle" = 22’y DIP 4+ - + BT = 22ty
= E[ll2* - 2(=",5")[1%]

FE 2@y DI (S =)+ mEL - 2 )P+ ©5)
—

(
+E[)22 = (2, y )] (= (= ps)" +m)?ElI2" = 2", y)]I%] + 26;)

FE| T = oy (S0 =)™ ) T — 2y + (T - 1)6;)

J—1 J—1
Efl2" — 2z’ y")IP) + (1= vipg)™ +m)VElllz" = 2(2",y")1?] + ©: Y _ 4, (C.10)
j=1 j=1
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where the intermediate inequalities follow from applying equation (B.7) from Lemma B.3
repeatedly while choosing 7; such that 7, < 1 — (1 f’yipf3)K (which will ensure that
0<(1- 'yl-pf3)K + n; < 1 when considering the fact that 0 < (1 — ’yipfS)K < 1 which is

satisfied by our choice of v; < ﬁ and recalling that ;, py,, and 7); are positive). Now, looking
z 3
at the Zj;ll((l - %-pr)K + n;)? term in (C.10), we have

Jz_:l((l —Yipgs) " i) = <((1 —3ips) " ) — (1 —yips,)™ + 771')‘]) _ (z% — 19%]>

K ,
j=1 1= (1 =ipg)™ +mi) 1-9;
where the last equality follows by using the geometric series Z]J:—f al = % when a € [0,1] and

defining ¥9; := (1 — y;py, )K + 1), for ease of notation. Now, using the partial sum Zj:_ll j= @

s

we can see that the bound (C.10) on the expression Z}]:_Ol E[||z57 — z(x?, y*7)||?] is given by

J—1

y o 9; — 97 . o J(J -1
Sl - syl < (14 (G50 ) B - st P+ T e €
J=0 ¢

N .
Now, we wish to analyze the limiting behavior of the term 1911:99_" as v — 0 and 9 — 1 in order to

obtain an upper-bound. Starting by analyzing the limiting behavior as ¥ — 0, we have

(1 —9/71 :
g 097 _ 01

=0.
¥;—0 1-— ’191

Further, when ¢; — 1, we can analyze the limiting behavior via ’Hopital’s rule to obtain

9 4 (9, — 9
lim 2V a, l>:lim (=g H=J-1.

91 1 —19; 9i—1 dT%(l — ) 9;—1

Therefore, we can see that (since 1 < J € N)

C_9d
OS%SJ—L (C.12)

Utilizing the upper-bound of (C.12) in (C.11) yields

J-1
S E[l2 — 22t y)|P] < JE[|2* - 2(2f, )17 +
=0

%@i. (C.13)

Now, substituting (C.13) back into equation (C.9) and using the fact that 0 < 1 — v;p¢, < 1, which

is satisfied by our choice of v; < m +}lw and recalling that -; and py, are positive, yields
z 3

J(J—1)

5 O

i i J i i
Ellly™" = y(@)I?] < (1= v:B)  Ellly" — y(@) ] + JYF + TEA o5y, +
K i i
+(1=7ipp)" JE[|2" — 2y,
Further simplifying this expression, we obtain the bound (B.12).

(Analysis of Ag})): The derivation of the upper-bound on AéB) in (C.6) follows the exact same steps

that were used to derive the upper-bound on the term Agl) in Lemma B.2 (only with using (E.4)
instead of (E.1)), from which we have

Elly(a") =y )] < 2L50? (Elllgh, 7] + 7).
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(Analysis of A:(;))): The term Ai(;’) in (C.6) can be bounded by taking expectation conditioned on J
followed by adding and subtracting Vy(z?)(z*t! — 2%) in the following way:

El(y"™ —y(@)) " (y(a") — y(a"))|F]

=—E[(y"" —y(=") " (Vy(a") (2" — 2") + y(a'") — y(a’) — Vy(a') (""" — 2))|F]
= —E[(y""" —y(=") " (Vy(a') (&' — 2"))|Fi]
B
—E[(y"t! —y(a") " (y(@™t) — y(a') — Vy(a') (@ — 2¥))|F]. (C.14)

(Analysis of B§3)): The derivation of the upper-bound on B§3) in (C.14) follows the exact same
steps that were used to derive the upper-bound on the term Bgl) in Lemma B.2 (only with using (E.4)
instead of (E.1)), from which, for some ¢; > 0, we have

) . o ) ) . o2L? )
—E[(y"" —y(2") (Vy(a') (@' — )| F] < B[y — y(a")|?|1F] + i@y]E[llfl}l I121F4).

(Analysis of Bég) ): The derivation of the upper-bound on Bé?’) in (C.14) follows the exact same steps

that were used to derive the upper-bound on the term Bél) in Lemma B.2 (only with using (E.13)
instead of (E.5)), from which we have

—E[ly"™ —y@) " (y(at) —y(a) - Vy(a) (@ —a"))|F]
Lvya?
4

Ly 0‘?( i i
< L E]ly ™t - y(@)|1P1F] +

4 (Elllg5, I717:] + 7).

Finally, substituting these bounds for BEB) and Bég) back into (C.14) and taking total expectation,
we obtain the bound on the term Agg) as

4

CYELQ Lv 042 ) TLV
+ <y+ LV E[llgh 117+ — Lol

E[(y"" - y(a) T (w(a') — y(@ )] < (@ n LVO‘C) Efly**! — y (') |

46; 4 4

Finally, substituting these bounds for Agg), Aég), and A:(;’) back into (C.6), we obtain the desired
upper-bound on E[[|y* T — y(2**1)||?], completing the proof. O
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C.5 Proof of Theorem 3.1

Proof. To begin, using Lemmas B.1, B.2, B.3, and B.4, we can bound the two Lyapunov difference

terms (defined in (B.2)) by taking total expectation in the following way:

E[Vit] — E[VY)
=E[f(2")] = E[f(2")] + Ellly™" — y(a")II”] ~Ellly’ — y(2")||*]
Lemma B.1 Lemma B.4

+E[|l2™ — 2@ P B[l — 2(@) 1) + Bl = 2@y ?] -E

Lemma B.2 Lemma B.3

LFa2

< - SEIVAOI - (5 - 5 ) Bllgh 17 + ao?

+ ;L% Ellly(=") =y *] + au L3, E[flz(2®) — 22

2
# (1 200+ 2 ) i1y -y

L L , L
2 Vy 2 —i 12 2 Vy 2
+<2Ly i )aiE[nghnH(an) o

Ly.a? ) )
" (1 + 26 + T2 ) B[] - 2(a) |
L
Vz ) ra2
2 2 > i
+2E[[[2H = 2(at, )P + 4L,

2
+ (o4 24 I a?E[ng;ln?H(zm

2 QGE[lgy 17+ 4L aiT +2J°YL2 57
~Ellly’ — y(a)) B[ — 2] - Efl — ()2

2K;

Simplifying, we have

v~ BV < - B9 - (4 - 255 Bl 11

[Il2* = 2(a*, y")II°]

Lvya;
+(1+ it + 200+ T Bl -yl 15
Lemma B.4
Ly,o? ) )
+ (1 + il 42k + V;“) E[|| 2 — 2(2)|)?] (C.16)
Lemma B.2
+2E[|z - z(2f, "))
Lemma B.3
L? Le, L> L ,
2L2 Yy Vy z Vz 4L2 2E -1 2
+ ( + 2¢Z 2 z + 251 + 2 + Zxy a’L [||gf1|| ]
(C.17)
2, Lvy 2, Lv: 2 -\ 2
+ 2Ly+T+2Lz - +4L T+w ) o (C.18)
+2J°TL2 37

—Ellly" - y@")II"] = E[lz" - 2(=")[I*] - E[l]z" - 2(x
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Now, for ease of notation, we denote the coefficients in (C.15)—(C.18) as follows:

; Ly, o2

Gi = (1+aiL%yz+2¢i+Vglg>7 (C.19)
. Ly.a?

G = (1+aiL%yz+2m+ V;"C>, (C.20)
_ L? Ly, I Ly

Gi = 202+ 2% 4 2Y¥ 49124 = C.21
3 ( y+2¢i+ 5 Z+2m— 2 oy | 0 (C.2D)

Ly L. N
> = <<2L2+ 5 Y492+ 2V ZM>T+M). (C.22)

Then, using these definitions and applying Lemmas B.2, B.3, and B.4, we have

oy Lpa ’
o ) E{lgi, 2] + ®a?

]E[Vi“]—E[Vi]S—%E[HVf( z*)|1%] - (‘ 2

G B Elly —yI7) + G (1 F 5= D0, ) s

i J+1 i i
+ G g TEN o g, + G (1= ipg,) " TE[|2" — 2",y )

+ Gy (L= ipg,) N E[||2° — 2(a%)|]?] + GhT K~ 0%,
+2(1 = yipg,) F E[|2 — 2(2',y)|2] + 2T K20, + 2°YL2 B}
—Ellly’ — y(")*] = E[l|z" — 2(z")|1*] — E[||2" — 2(«", y")||*].

Simplifying once again while using the fact that (1 — ~;p fS)JK < (1 —7ipg, )K (recalling that py,
from Lemma B.2 and ~; are positive) as well as J — 1 < J, we have

E[ViJrl] _ ]E[Vz]

<~ VBV + 202 - (5 - 5 - Gla? ) Bllgh 1P

A
+(GLT+2) (1 =vipg,)" = DE[|2* = 2(a*, 4")]%]
Az
+ (G (L= 0:B) = DE[lly — y(@)IIP] + (G5 (1 = 7ips,)”" = DE[|l2* — 2(2")]%]
As Ay
2 1 A T2 7 2 J+ 1 7
+ (2JLZM + (1 n 2Jm-LZy> G1> JTB? + ( S+ G+ 2) JKA20%, . (C23)

(Choice of step sizes): In the proof of this theorem, we choose the UL, ML, and LL step sizes to be
the following:

1
= —, 24
@ Vi (C.24)
B; = La- _ b (C.25)
VI VT ‘
! L (C.26)

T VIVEY T VIVIVE

(Analysis of 4;): Now, consider the coefficient A; of the E[|| g}l ||?] term in (C.23). We wish to
determine an appropriate bound on «; (in terms of I) such that this term in non-negative. To that end,
we wish to ensure that A; > 0, which is true if




Now, choosing

¢i=4L}a; and k; =4L2q;, (C.27)
we have
1
a; < L 1 = 2 : 2 2 )"
Le por2 4+ 55 4202 4+ Lg= 4 ar2 - 2ALp+4L) + Lyy +4L2 + Ly: + 812, )
(C.28)

Now, recalling our choice for ; given by (C.24), then from (C.28) we see that we must choose I € N
such that

A(Lp +4L; + Lyy +4L2 4+ Ly, +8L% )? <. (C.29)
Therefore, when choosing I such that the inequality (C.29) is satisfied, the coefficient A; of
the E[||g%, ||?] term in (C.23) will be non-negative.
(Analysis of A5): Now, consider the coefficient A, of the E[||2* — z(x%,3%)||?] term in (C.23). We
wish to determine an appropriate bound on +; (in terms of I, J, and K) such that this term is
non-positive. Now, recall from Lemma B.2 that py, = 2peLvgy (see (C.3) in Appendix C.2) as well

HztLvyg
as the assumed bound (imposed in Lemmas B.2, B.3, and B.4)

1
Vi <

< —. (C.30)
P+ Ly,

Utilizing our choice of ~; given by (C.26), this can be satisfied by choosing I, J, and K such that
(2 + Lyy,)? < IJK, (C.31)

Recall the fact that -; and py, are positive, along with (C.30), which ensures that
0 <1 —;ps, <1. With this, to guarantee that A, is non-positive, we wish to ensure that

(GLT+2) (1= ipp,) " <1, (C.32)
Now, recall the fact that 1 + a < e® for any a € R. Multiplying both sides of this equation by the
quantity (1 — %) K, we can see that

(1+a) (1 — %)K <e (1 — %)K <e (e_%)K =e% e =1. (C.33)

Now, to ensure that (C.32) holds, applying (C.33) with a = Kv;py,, yields the new inequality we
wish to satisfy given by

GiJ+2 < 1+ Kvipy,. (C.34)

Now, using the fact that a;; < 1 along with the choice ¢; = 4L§o¢¢, we can upper-bound G as

LVyC
2

Thus, utilizing (C.35), we can guarantee (C.34) if Jg; + 1 < K«y;py, is satisfied. Now, utilizing the
choice of ~; given by (C.26), we have

ng—|—1< K N IJ(Jg1 +1)2
Pfs \/j\/j\/? p?fs
Therefore, when choosing I, J, and K such that the inequality (C.36) is satisfied, the coefficient Ay
of the E[||2* — 2(2%, y*)||?] term in (C.23) will be non-positive.
(Analysis of A3): Now, consider the coefficient A3 of the E[||y* — y(2%)]|?] term in (C.23). We wish
to determine an appropriate bound on 3; (in terms of I and J) such that this term is non-positive.

Recall from the proof of Lemma B.4 that p = % (see (C.7) in Appendix C.4) and that

Gi=1+a;Ly, +26:i + <1+ L, +8L +

L 2
WT‘”C = g1. (C.35)

<K. (C.36)

1 p
Ny"‘va,

Bi < (C.37)
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Utilizing our choice of ; given by (C.25), this can be satisfied by choosing I and .J such that

202+ 117
max{,uy—i—[,vf’ Wp—i— } <1IJ (C.38)

Further, recall from Lemma B.4 that these two upper-bounds ensure that 0 < 1 — ¢, 5; < 1, where
; = p — 20202 — ;. With this, we wish to ensure that G} (1 — 1/1151) < 1. Now, once again using
the fact that (1+a) (1 — 7) < 1 as discussed for the analysis of As, we need to choose an a such

that 0 < § < 1. Choosing a = J1;/3;, we have § = M’ Bi — 4, 8;, which from Lemma B.4, we
know that 0 < 4;B; <1, and by extension that 0 < 5 < 1 Thus, we have

. Lo o
GL<1+J0:f = ol +20i+ WT“C < T, (C.39)

Notice that from equation (C.37), /3; is upper-bounded by the constant 3; (defined as the largest value
that ; can take) given by

_ 1 P
'=min< 1 . C.40
61 mln{ ’My+va7 2w2+1} ( )

Using the fact that 6; = «;8;v; < 5; (by a; < 1 and ; < 1) and (C.40) in the definition of
Y = p — 202%0% — B3;, we can define the new lower-bounding constant I as

I = p—20°37 — . (C.41)

Notice that 0 < T" < ¢); for all feasible values of 6; and $3; in v);. Now, using this definition of I, the
fact that o; < 1, and the choice ¢; = 4L§ai, we have that the following implies (C.39):

L
o (Lfm +8L2 + Vf) < JTB.

Utilizing the choices for «; and 3; given by (C.24) and (C.25), respectively, it follows that the bound

2
(L3, +8L3 + £5)
- <J (C42)

implies that (C.39) is satisfied. Therefore, when choosing J such that the inequality (C.42) is satisfied,
the coefficient A3 of the E[||y® — y(2%)||?] term in (C.23) will be non-positive.

(Analysis of A,): Now, consider the coefficient A4 of the E[||2* — z(2%)||?] term in (C.23). We
wish to determine an appropriate bound on ~; (in terms of I, J, and K) such that this term is
non-positive. That is, we wish to show G% (1 — v;p fS)JK < 1. Now, recall that equation (C.30)

ensures 0 < (1 — v;py, )JK < 1. With this, and using the same reasoning that was used earlier, we
need to show that

LVza?C
2

Gy <1+ JKvips, = Ly, +2ki+ < JKipy,. (C.43)

Now, using the fact that a;; < 1 along with the choice x; = 4L§0¢¢, we can see that (C.43) is satisfied

if
LVZC
2

i (L%yz +8L% + ) < JKipy,.

Utilizing the choices for a; and ; given by (C.24) and (C.26), respectively, it follows that the bound

2
(L3, +8L2 + £5¢)
. < JK, (C.44)

2
Py,

implies (C.43). Therefore, when choosing J and K such that the inequality (C.44) is satisfied, the
coefficient A, of the E[||2* — z(2%)||?] term in (C.23) will be non-positive.
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(Upper-bounding 7j;): We need an upper-bound on the positive quantity 7j; in the second to last term
of (C.23). Specifically, we wish to upper bound the term given by
1

W=1+ - (C.45)

Further, recall that 0 < (1 — y;p fS)K + n; < 1 from the assumed bound (imposed in Lemma B.4)

m <1—(1—=~ps,)"~, (C.46)

on the positive quantity 7; > 0. To ensure that bound (C.46) is always satisfied, we can start by
choosing 7; to be
n =& —(1- fyipfS)K), (C47)

for some constant 0 < £ < 1. When utilizing the choice of 7; given by (C.26), we have

”i:‘f(l(lﬁp/fm)l()

Thus, we want to derive an upper-bound on the term 1/7;. Recall that 1 + a < e® for all a € R.

Letting a := \ﬁ\pﬁ%, we h.ave that (1 - a)k § e~ Ka, For simpliﬁ.cation, leta = K& = %p{%.
Further, multiplying both sides of the inequality by —1 and adding 1 to both sides, we obtain

1—(1—a)X >1—e9 Lastly, multiplying by £ and inverting, we obtain the inequality

1 1

ni=E1-1-a)f)>E01—e) e E§m~

(C48)

It is clear that as @ — oo (i.e., /K approaches infinity faster than v/T+/.J) then limg . e~% = 0,

leading to the lower-bounding limit of
1

lim ———— =

! 11
K—oo 5(1767‘_1) £

< .

— m = E(—e )

Now, notice that the expression m grows toward infinity as @ — 0% (which will occur when

V/Iv/J approaches infinity faster than v/K), since lim,_,o+ e~® = 1. Therefore, to prevent the term
a from approaching 0, we can impose the bound

1J < K. (C.49)

Thus, when imposing bound (C.49) and considering that / > 1, J > 1, and K > 1, we can see that
a= flﬁ%ph is bounded by

Pfs <a. (C.50)
Therefore, utilizing the lower-bound in (C.50) will yield the desired upper-bound on 1/7; of
1 1
— < (C.51)

i - 5(1767’73).

(Consolidation of bounds): To summarize, we choose the step-sizes «;, (;, and ~; according
to (C.24), (C.25), and (C.26), respectively, as well as impose the following bounds on I, J, and K
(defined by (C.29), (C.31), (C.36), (C.38), (C.42), (C.44), and lastly (C.49), respectively), restated
here for convenience:

A(Lp + 4L + Ly, +4L2 + Ly. +8L% )* <1,

IJ(Jgi +1)2 202 + 112
M maX{Hy‘f'va’wp_'_} <1,

<K
2
Ps

— 3

(2 + Lyy,)* < IJK,

2
Ly
(L3, +812+ £5)
2
P,

2
LyyC
(£3,. +8L2 + )

= < JK, 1] <K.

SJ;
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We can denote the constant lower-bound on J given by (C.42) as

2
[ 2 8[‘2 Lvy(
( Yz v )

J>¢:= 2 (C.52)

Using (C.52), the bounds (C.29) and (C.38) are implied by the consolidated bound
w<l, (C.53)

where the constant o is defined as
. 2
max {,uy + Ly, 2w2+1 }
@ :=max { 4(Lp + 4L, + Ly, +4L? + Ly + 8L2_)?,
v S

(C.54)

Similarly, using (C.52) and (C.54), we can see that the bounds (C.31), (C.36), (C.44), and (C.49) are
implied by the following consolidated bound

=E(I,J) <K, (C.55)
where the function = : Ny x N — R is defined as
2
Ly-
(0 + Ly 1I(gy + 1) (LR, +8L2 455

E(,J) := max ,
= 7

LTS (Cs6)

)

from which it is immediately clear that K > O(J3I).

(Upper-bounding the remaining terms in (C.23)): When choosing the step-sizes «;, 5;, and ~;
according to (C.24), (C.25), and (C.26), respectively, as well as choosing I, J, and K according
to (C.53), (C.52), and (C.55), respectively, it follows that A; is non-negative while Ay, Az, and Ay
are non-positive in (C.23). Thus, we can simplify inequality (C.23) to

. ) ; . J 41 ;
E[V*] - E[V'] < —ZE[|V £(a")|)] + ®a? + (Gi‘; G+ 2) TKA 0%,

1 L? _
2 zy \ v 2
+ <2JLZM + <1+J (5(1 _e_pfg)) . ) G1> JY B

< SB[V + (8 + o1 + o) o, ©s7)

where the last inequality follows from utilizing the step-sizes «;, 3;, and ~; according to (C.24),

(C.25), and (C.26), respectively, as well as the inequality (C.35), recalling that g1 = 1 + L%yz +
8L + vayg , and defining the upper-bound on G% of G% < 1+ L%yz +8L2 + £9=¢ = g, (obtained
from (C.20) by using o; < 1 and k; = 4L§ai). Further, the constants ¢; and ¢y are defined as

9oy, N Y 1
2 2 E(l—ers))”

c = O'2Vf3 (%1 + g2 + 2) + 97T, co = 2L§IyT +

(Telescoping): Now, rearranging (C.57) and telescoping over ¢ = 0, 1, ..., I — 1 leads to

I-1 I-1

1 ’

3 D B[V S VO =V + D (Dt 1 + ead)af. (C.58)
=0 =0

Note that «; is a constant that does not depend on 7 given by (C.24). Thus, dividing both sides of (C.58)
by %Iai, while noting that Zf;ol a; = I, and considering that 0 < V' forall i € {0,1,...,1 — 1},
we have

VO—&—((I’—&-cl—FcQJ)ZiI:_Ol a? 2VO + 2(® + ¢1 + c2J)

1171 N2 —
7 LBV < o - - :

Therefore, we have obtained the desired convergence result, completing the proof. (]

30



D Bounds on bias, variance, and inexactness

This appendix contains derivations of results that yield bounds on the biasedness and variance of
stochastic terms as well as bounds on the sizes, inexactness, and variances of the UL and ML search
directions. For ease of notation, since all expectations that are present in the proofs of Lemmas D.1,
D.2, and D.3 are conditioned on F¢, we utilize the short-hand notation of E[-] := E[-|F¢], unless
stated otherwise.

Lemma D.1 (Bounds on bias of Vz and V2 f) Under Assumptions 3.1, 3.2, 34, 3.5
and 3.6, the stochastic terms V.25, V2%, Viyfg, and Viyff estimate Nz, Vyz, Vi, f,
and V?Jy f, respectively, with biases that are bounded on the order of O(9), i.e., there exist positive
constants Uy, Uy, Uy, and Uy, such that

1Vaz(z, y) —E[Voz(z,y: )T Fell < Ulb, (D.1)
IVyz(z,y) " —E[Vyz(z,y;€) " |Fe] |l < Uyb, (D.2)
V2, f (2,9, 2) = E[V3, (2,9, 2 EIFe]ll < Uz, (D.3)
IV, (2,9, 2) = B[V, [z, 9,2 )| Fel| < Uyyb. (D.4)

Proof. For this proof, we will omit the point (z, y, z) that the terms are evaluated at; we will simply
use a &-superscript as short-hand to indicate any random terms. We can obtain the bound on the
biasedness of the estimator V. z(x, y; €) in equation (D.1) by utilizing the consistency of norms
along with (A.3) and Assumption 3.4 to obtain

IVaoz(z,y) " —E[Vaz(z,y:6) | = [[[V2 f3] 7 V2, fs — E[[V2, f5]11V2, f3]|
< I\megllH[ 2 B = EIVZ 5171
< Ly, W..0 := U0, (D.5)

where the last inequality follows from applying Assumptions 3.1 and 3.6. The proof of biasedness
for the estimator V, z(z, y; §) in equation (D.2) can be established following identical arguments.

Now, to prove the biasedness of the estimator Viy f(z,y, z; €), referencing equations (A.1) and (A.5),
utilizing Assumption 3.4, applying the triangle inequality along with the consistency of matrix norms,
we have

IV2,f - E[V2,Fl

< |V3. AV FlllIVE f5) 71 = E[IVZ 517 (D.6)
+ V2 Vol Va2 TV, f3] 71 = E[V,2 TV, £5] 7] (D.7)
VL FlIV- flll V2, 3] 7V, fa V2 fa) 7 — E[V2 5] VELBSIVL I (D8)
+ Ve Bl [V2 fs) 7 Ve, £3Vaz T [V2, f5] 7 — B[[V2,f5]™ 1vizzf3vmz”[v§£§9])1]||
+ Ve FIIVE LIV £ = EIIVZ 517 (D.10)
V2 LIIVE 5] V2, o Va2 T —E[V2 £5]7 V2, 57,2 ). (D.11)

Notice that there are six difference terms here. Applying Assumption 3.1 and 3.6, we can bound
equations (D.6) and (D.10) in the following way:

IV a IV Sl [V f) 7 = EIVE S5 < Loz g Ly Weab, (D.12)

IV2, 51V 2, £ [V2. 371 = B[V £5)7) < Ly g, Ly s, We.0. (D.13)
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Now, looking at equation (D.7), applying Assumption 3.1, adding and subtracting
V.2 TE[[V2,f5]~!], and applying the triangle inequality, we have

IV SV fall Vo TIV2 £ 7 — B[V T [V, £

< Lyag, Ly, Va2 (V2 f5] 70— B[V, TIE[VZ, £5] 7Y

< Lyag, Ly, Vo2 V2, f5]70 = Va2 TE[VE, 5171

+ Ly2g, Lp, | Vo2 "E[V2, £5]71] — BV, TJE[VZ, £51 7|
< Lyag, Ly, Vo2 TNIIV2 S5l = EIV2 £S04 Lozg, Ly [ENVZ 5]V ozT — E[Va2"T]|
szLVfg

z

L
< vastfQ%Wma + Ly2f, Liybo.Us0 = Ly2p, Ly, ( + bzzUz> 6, (D.14)

where the second-to-last inequality follows from the consistency of norms, and the last inequality
follows from applying the derived bound (D.5), equation (E.14), and Assumptions 3.5 and 3.6.
Now, looking at (D.11), applying Assumptions 3.1 and 3.4, adding and subtracting the

term [V2, f3]"'V2, foE[V,z"T], applying the triangle inequality, and using the consistency of
matrix norms, we have

V2, fllI[V2, fs] ' V2, foaVez | — E[[V2, f5]71 W2, 159,27
< Lvg, |I[V2 ]‘1V2 FoVaez | — V2, f3]7IV2, fE[V,2 ]|
+ Ly [[V2 fs] V2, FE[V.2 7] - B[V, f§]71V2, HEV,2 ]|

_ 3
< Lyg [V szs] YIVE ol VezT —E[Ve2 Tl
3 _ _
+ Lyg, V2, IIENV2 TIIVE 57 — E[[V2, £5] 7.

Now, applying Assumptions 3.1, 3.2, and 3.6, along with the derived bound (D.5), we have

_ _ 3
V2. f3 (V2 f3] I V2, faVaz | —E[V2, f5]7 V2, f5Va2 ]|
< vasLVfQU-%

2z

U,
0+ vaavaszszﬁsze = vaaLsz </J, + bzzLVf3Wz2> 9, (D.15)

where the last inequality follows from ||E[V,z"T]|| = || — E[[V2, f5]71V2, fs|| < b..Lv, (from
Assumptions 3.1, 3.4, and 3.5).
Now, looking at (D.8), applying Assumptions 3.1 and 3.4, adding and subtracting the term

(V2. f3]71V3_, fsE[[V2, 5]~ 1], applying the triangle inequality, and using the consistency of matrix
norms, we have

V2. FslIV = fall I [V2, £ V2, 3 [ V2, fa] 7 = EIIV2, £5]7 V2 51V 2 5171l

< LvyLp|[V zzf3]71viz:cf3[ zsz} — V2. fs] 7'V zzx.f?)EH 2l
+vast2||[ V2. fs] T VL FBE(IVE, S5 — E([VE 5]V zza:f3 V2. #5171

< Ly, Ly, [I[V2 fs] NIV, a2, f3) " — E[[V2 ] Bl
+va3Lf2||Vsz3||||E[[ 215 ]||||[ 2T - [[ 2571

<LyyLy, ELVZf;;sze +LvpLpLyop,b, W0 = Lyp, L, L2, W (Mlz + bzz) 0,

(D.16)

where the last inequality follows from applying Assumptions 3.1, 3.2, 3.5, and 3.6.

Now, looking at (D.9), applying Assumptions 3.1 and 3.4, adding and subtracting the term
[V2, fs]'V3_, fsV,2 T E[[V2, f5]~'], applying the triangle inequality, and using the consistency of
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matrix norms, we have

V2. f5 IV = ol (V2. fa] IV, £ Va2 T [V2, fa] 74 — E[V2, £33, 5 V.2 T V2, 75|

< Lyp Ly V2. fs] 71 Ve £3Vaz T [V2 f5] 71 — [V2, fs] lvznfgv 2 E[[V2 f]—lm
+va3Lf2H[ )TV L £V TEVE, 5171 — BIIVE £5) V2L RV TRV, £5]7Y)

< Ly Ly, ||[V2 f3] IV £l Vaz T IV2. fs) 7 — E [[ 251711
+ Lo, L, [ENV2, 51 IIIV2. f5) V2, f3Ve2 T — E[[V2, £5] V2. EV.2 ]|
LVfgszLszs

NJ WZZ9+va3Lf2 ZZ”[ f3] 1V§zzf3v$ZT_E[[vng§] ] zzszE’[ HI’

where the last inequality follows from applying Assumptions 3.1, 3.2, 3.5, and 3.6, along with
equation (E.14). Now, using nearly identical arguments to those that were used in deriving the bound
on (D.11), we have

V2 Fs V= ol 192 fs] 7 2L fo Ve T [V2, fo] 1 = BIIVE SV £ 92 TV 517

[2, L, L U,
WWZZH + va3Lf2bzz (LV2f3 <,u + bzzLVf3sz) 9)

L U,
— Ly, Ly, Lyes, (ZJW + b, (u + bZZva3WZZ)> 0. (D.17)

z

Finally, substituting the newly-derived upper-bounds (D.12)—(D.17) in for the terms (D.6)—(D.11),
we have the desired upper bound (D.3) as

szLVf3

z

IV2,f —EIVZ,fll < L2, Lp,W..0 + L2y, Ly, ( + bzzUm) 0+ Ly, Ly, W..0

%sz + bzz < + bzzLVf3Wz2>) 0
Iz Hz

JrLVJC3LJ‘2LV2f3 (

U, 1
+Lvnlvr | = b by Wee ) 0+ Lygy Ly, Loz g, W /j+bzz 0
= nyoa

where

W.,.L
Umy = LVQstfz (sz +b..Uz + Lstwzzbzz + 2st>

fhe
L Uy Uz

+ vag <Lf2LV2f3 <’ZQf3sz + bzz </14 + bzzLVf3WZZ>) + LVf2 <'u + bzzLVf;;sz + sz)) .

: (D.18)

The proof of the biasedness errors for the estimator ng f(z,y,2;€) in equation (D.4) can be
established following nearly identical arguments. O

Lemma D.2 (Bounds on variance of V2 f) Under Assumptions 3.1, 3.4, and 3.5, the variances of
the stochastic matrices V2 of f¢ and V2 of f& are bounded, i.e., there exist positive constants Vay and
Viyy such that

E[|V2, f(z,y,2€) — E[V3, fz,y, 2 O|F] P Fe] < Vay,
E[||V}, f(2,y, 2€) — E[Vy, f(z,y, 2 EIFE]|I*| Fe] < Vi

Proof. For this proof, we will omit the point (z, y, z) that the terms are evaluated at; we will simply
use a &-superscript as short-hand to indicate any random terms. We can obtain the bound on the

variance of V2, f* by first referencing (A.1) and applying the fact that | SN alP < NN a?
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(for some a € R™) to the two initial difference terms as well as all of the resulting terms (leading to
a total of 12 terms), Assumption 3.4, and the consistency of matrix norms, to obtain

E[|V2,F* — E[VZ, FI°]
< 12E(||V., 5 IPIEN V. S] T IPIENIVL S + 120V fslPIENVE 5] PV - foll?
+ 12E(|V5. f5 IPIEN Va2 TIPIENIVZ £5] IPIEN V- /5 1°)
+12/|V5.. flPIEV. 2 TIPIEIVE £5] P IV = fel?
+ 12E[| V5. £ IPIEN V. £5]7 PR [IImegHQ]]EHI[Vﬁzf:»f]’lIIQ]E[IIVfoHQ]
+12| V5. f5IP B[V } M2V 1P NEIVE A5 1PV 2 fo )
+ 12E[| V. £5 I°JE HI[ SRRV £ IPIEN V2T BNV 51 IPIEN V- f5117)
+ 120V, AP IEIVE 5] IR IV ABIPIENV 2 TPV 5] PV - foll?
+ 12E[|| V5. f5|I°]E HI[ SITPENVE ST + 120V AP IEVE 5] WPIVE, ol
51PNV E A5 IPTE(I V22T 117)
TPV LIPIEVL2S T

+ 12E[| V2, £51IPIENI[V2. £5
+12|Vy £l IE[VZ, 5]

Now, using the result that ||IE[VQCZ§T]||2 < |IB[VZ, £517YIIPIV2, f3]|? < 02,12 v, (from Assump-
tions 3.1, 3.4, and 3.5 along with the consistency of matrix norms), the result that E[||V,2¢"||?] <
E[||[V2, 5] PRI V2, f3€]|%] < b2.E[||V2, f3€]|] (from Assumptions 3.4 and 3.5 along with the

cons1stency of matrix norms), and applying Assumptions 3.1 and 3.5, we have

E[|IVZ,f* —EV, o7
< 12E[||Vysz3||2]b2z]E[Hsz§|| |+ 12050, b2, L7, + 12E(|[ V. f5 P10 BN V2, 5 1P 102 BN V- £511%]
+ 12052 ,b2, L3, b2, L7, + 12E(| V5. S5 1702, E V2., 517102 ElI V- £5 )

+ 12LVf3b2 LV2f362zL22 + 12E[||V§zf§||2}b [llezzfsﬂz]bﬁzEHle f§||2]b22E[||sz§H2}

Finally, with all of the remaining expectation terms, we can apply the definition of variance (i.e.,
E[X?] = Var[X] + E[X]?) followed by Assumption 3.4 to upper-bound the variance term along with
Assumptions 3.1 and 3.4 to upper-bound the E[X]? term. These bounds are given as:

E(|Vi.of5I1P) < 0%p, + Laps ElIVi..f517] < 0%y, + Lz,
E(|VL.f5 %) < 0%p, + Liap,, ENVILSEIP] < 0%y, + L3y,
B[V /517 < 0%y, + Lis,  ElIVif517] < 0%y, + Ly,
E(|VLA517 < 0%y, + L3y, ElVaf51°7] <oy, + 15,
Applying these bounds, we will obtain
E[||V3, /¢ —E[VZ, /1%
<12(0%s g, + L2y, )02, (0% 5, + L},) + 120354, b2, L3,
+12(0%s s, + L2y, )02, (0%, + Lo, b2 (0% 5, + LF,)
+ 12030 5,02, LY 1,02, L5, +12(0%2 4, + L3 1, )02, (0%s 4, + L2y, b2 (0%, + L7,)
+ 1205 ;b2 L2, 02 L3, 4+ 12(0%2 , + L 5 b2 (095, + Loy, )02 (0%2p, + Lo, V2. (0%, + L7,)
F 121G b2 Lnp 02 L 1 b2 LG, 4+ 12(092p, + LYy )2 (092, + LY y,) + 12055, b2, L3 ),
+12(0%2p, + L1, )b2.(0%2p, + LVfg)bgz(o-V2 + LYyp,) + 1205, b2 L35, 02, LY g,
= Viy- (D.19)

34



This completes the proof for the variance bound on Viy f&.

The proof of the variance bound on Viy f¢ follows nearly identical arguments. O

Lemma D.3 (Bounds on bias and variance of UL direction) Recalling the definition of g;l in
equation (2.5), define g}l = E[g}l | Fi]. Then, under Assumptions 3.1, 3.2, 3.4, 3.5, and 3.6, there
exist positive constants w and T such that

IVf@' g™ 2" — gy |l < w0 and  E[lgy, — gy, [IPIF] < T

Proof. For this proof, we will omit the point (z,3"™!, 2/*1) that the terms are evaluated at; we
will simply use a £*-superscript as short-hand to indicate any random terms. Similarly, we will use

the notation ()5 to denote that every term in the parenthesis is a random variable. To prove the
upper-bound on the biasedness of g , we can begin by referring to (2.2) and applying Assumption 3.4,
yielding

g4, =E[g} | =E[Vf(a',yt, 2 ¢h)
= Vo fi = V2, BEV2, 517UV A — EIV2, FE IRV, FE 1V, A
+E[V2, IRV, FE Ve, BEV, 5 ]V fi

Now, to derive a bound on the biasedness ||V f(z",y**", 2'*1) — g7 ||, we can begin by utilizing the
triangle inequality, the consistency of matrix norms, and Assumption 3.1 and 3.6, yielding

||vf(xl> yi-Hv ZH_I) - g}l H
< Lyg Ly Weoli + Ly, [E[V, fE IRV, £ = V2, VS, A7l

T

+ L IV2, FIV2, F17 V2, f5[V2, o)L — E[V2, fE V2, FE T V2, BEIVZ, £ 171,

TV
(D.20)

(Analysis of T 1(1)): Now, to upper-bound Tl(l) in (D.20), we begin by adding and subtracting the
term V2, f E[[sz f¢'171], applying the triangle inequality, and utilizing the consistency of matrix
norms to obtain

Lp T < Ly [E[IVE, FETIENVE, fE] = V2, Al + L | V2, FINELVZ, £ 171 - V2, 717
< (byyUmy + TryVVyy) Lf1 Oi, (D.21)

where the last inequality follows by applying Assumptions 3.1, 3.5, and 3.6 along with Lemma D.1,
and where HViyf || < Ty, which follows from the following reasoning (applying the triangle
inequality, the consistency of matrix norms, along with Assumptions 3.1 and 3.2, and equation (E.14)):

V2,7l

<NViafell + IV foVoz | + Vo0 fsVEF5 Ve fol + V5.2 fsVa2 T VI f5 Vo foll
IV fIV2 f3] T Ve fs [V 3] Ve fall + Vo, f3 (V2L fs] T Ve f3Ve2 T [V2, f3] V. fo
+ ||v§zf3[v§zf3]_lvizf2“ + ||v§zf3[visz]_lvizfQszTH

Ly24, L 2L L3
< (vaz + =Lk f2> <1+ e+ Zf) = Tuy. (D.22)

(Analysis of TQ(’U): Now, to upper-bound T2(1) in (D.20), we begin by adding and subtracting the term

V2, fIV2, [T VE, fSE[[V2, #5171, applying the triangle inequality, along with the consistency of
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matrix norms to obtain
Ly, TS < Ly, |92, FINIVE, A V2 A IIV2. £ = EIV2 A5 171

+ L, V2, S IIELVZ, 5 1V, FIV2, A7 — B2, PRV, 76T

< LjLoy, (TW

Y
where the last inequality follows from applying Assumptions 3.1, 3.3, 3.5, and 3.6, the bound

f < T}, we derived in (D.22), and the bound we derived on the term in (D.21).
V2, T,., we derived in (D.22), and the bound we derived on th 7" in (D.21)

4 b2z (byyUsy + Txywyy)) 0;, (D.23)

Finally, substituting the bounds (D.21) and (D.23) on the terms Tl(l) and TQ(U, respectively, back
into (D.20), we obtain the desired bound on the biasedness as

IV f(',y 2 = g5, |

TCD WZZ
< Lf1 (vaswzz + byyUIy + TryWyy + Lst ( 5

Y

(D.24)
Now, to bound the variance of §}1, we can begin by using the fact that |ja + b + ¢ + d||* <

4 (lall* + [[6]1* + [ll[* + ||d[|?), with a, b, ¢, and d real-valued vectors, to obtain (it bears mentioning

that for ease of notation, we will use ()5 to denote that all terms in the parenthesis are random
variables)

Elllg}, — 3% 17 = Elllg}, — Elg%, [F:]lI1%]

<AR[|V, 8 — B[V, )2 + 4E[IE[(V2, £5[V2 f3] V. £1) S ] — (V2 f3(V2 £ V. £1) |1

T T
+AR[E[(V2, FIV2, A7, )6 ] = (V2 FIV2, F17 1, 1) |2
T
+AR]| (V2, fIV2, FI 192, £51V2, £ VL 1) — EL(V2, FIV2, F1 V2, £092, £V ) )12

Yy

(D.25)

(Analysis of Tl(Q)): Notice that the term T1(2) in (D.25) can be bounded by Assumption 3.4
AE[|[Vaff —E[Vafi I7] < 40d;, = (D.26)

(Analysis of T2(2)): Now dealing with the contents of the term T2(2), we can apply Assumption 3.4
and re-factorize to obtain

]E[(Vizfs[Vizfg]_lvzﬁ)gi] - (vizfii[vizf?)}_lvzfl)gi
= V2 LBV LS VLS = VLSS (V2L LS
= (V2.f5 — V2 ORIV 5 17V A

+ V2L BV 17— V25 TOVLh
+ V2 VTNV - VL.

By using this, the fact that |la + b + ¢|[* < 3 ([|al|* + [|b]|* + ||c]|?), with a, b, and c real-valued
vectors, along with the consistency of matrix norms, and Assumptions 3.1, 3.5, and 3.4, we can see

that the term T2(2) is upper-bounded by
AR[[E[(V2, f3[V2, fa) Vo 1) ] = (V2 V2 fa) VL 1) )12
<120%., b2, L3, + 12E[| V2, f5 |IPIE[|E[VZ.£5 171 — [V2.£5 11 PIL3,

+12E[|V2, £5 202,02, (D.27)
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Consider the term IE[HV?EZﬁ |?] in (D.27). Using the definition of variance (i.e., E[X?] = Var[X] +
E[X]?) along with Assumptions 3.4 and 3.1, we have

E(IV2.f5 17 =ElIV2. /5 —EIVLSE 1IP+ENENVE S P < 0%ep, + Ly, (D28)

Consider the term E[||[V2, f5']~! — E[[V2, ££]1]|12] in (D.27). Using the fact that [|a + b||?> <
2 (|lal|* + ||b]|*), with a and b real-valued vectors, and applying Assumption 3.5, we have

EVZ A5 = EIIVZ/5 170 < 2BN[V£5 17 1P) + 2B[IEIVZ. /5 17111°] < 462,
(D.29)
Now substituting the bounds (D.28) and (D.29) back into (D.27), we obtain the bound on the term
T2(2) as
B &-i _ f'i
AR[|E[(V3. f3[V2. f3) 7'V )" 1= (Vo fs[VE £ VL) I
S 120%2]’3()32[’21 + 48(0'2V2f3 + L%fg)bzzL21 + 12(0’%2]03 + L%fg)bgzo—zvfl = T2. (D30)

(Analysis of TéZ)): Applying similar reasoning that was used in bounding the term T2(2)

utilizing Lemma D.2 and Assumptions 3.1, 3.5, and 3.4, we have
AE[|E(V2, FIV, /1719, 1) ) = (V2 F13, 179, )¢ I
< 12V by, L], + 12B(|[V2, /¢ P EE(V;, 7€' - (V5,717 IPIL,
+ 12E[| V2, FC|1P12, 0%, - (D.31)

, along with

Consider the term E[]| [ngffi]_l - E[[szﬁi]_l] %] in (D.31). Applying the same reasoning that
was used to derive (D.29), we have

E[|[V2, /€] —E[V2,FET717 < 482, (D.32)

Consider the term ]E[HViyf5 2]in (D.31). Using the definition of variance (i.e., E[X?] = Var[X] +
E[X]?) and applying Lemma D.2, we have

E[[|V2,fS1?] < Vi + |E[VZ, FE)% (D.33)

Now, consider the \\E[Viyfgl] |2 term in (D.33). Noticing that E[V,2¢' 7] = E[[szfgi]’l]vszg
(from Assumption 3.4), we can apply the triangle inequality along with the consistency of matrix
norms and Assumptions 3.1, 3.4, and 3.5 to obtain

IE[V2, 7 < Log, +baa(Ldy, + Ly, Ly g, (14 22 Ly gy + 62,03 ) + Loy Lo g, (1 + .. Loy,))
=T, (D.34)
Finally, squaring both sides of this inequality, we have
IE[VZ, fE1P < T2, (D.35)
Thus, substituting (D.35) back into (D.33), we have E[[| V2, &P < Vay "’Tny- Finally, substituting
this and bound (D.32) back into (D.31), we obtain the bound on the term Tng) as
AE[|BI(V2, J1V, /)71, 1) ) = (V2,013,179 )¢ |

< 12V b2 L5 +48(Vey + T2 )02 LY, + 12(Vey + T3 )b 0%, = Ts. (D.36)

(Analysis of T4(2)): Now, dealing with the contents of the norm in term T4(2), we can apply Assump-
tion 3.4 and re-factorize to obtain

(V2, 71V, 11712, f5[V2, £ IV £1)S = B[(V2, V2, 17 V2, f3[V2 f3] V. 1) ]
= (V2, 7€ —E[V2, FEDIVE, FE1 V2 (V2 £S5 VL fE
+E[V2, FE (V2 V2L S (VA 1 — BVE, P V2, ARV S 1) VL
7@

E[V2, fE V2, /€T V2, ARV 1 (V.S — V. fo). (D.37)
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We can further re-factorize the term Tf) in (D.37) to obtain

T = (95, F 17 = BV, 1 DV S5 (V2 £5 17+ BV, T (VEL 5 = Vi f)l Vs 1

Yy
+E([V5, 1V AV T - EIVELS ). (D.38)
Substituting (D.38) for Tf) in (D.37), we have
(V2,FIV2, 1V (V2 ) V. f1)S = BI(V2, FIVE, FI T VL f5V2 f] 7'V )]
= (V2, S =BV, DIV, 1 VLA VLA V.
+E[V2, NV, 1T =BV, T VLSS VL TV
+EV, SOEIV ST (Ve S5 = Ve fa)IV2 S 1TVL ST
+E[V2, FEIEV,, fE IV (V2 /5 ] —EIVL A T DVaf
+E[V2, PRV, VL ABEIVE £ 17V f = Vaf). (D.39)
Finally, substituting (D.39) back into the norm for Tf) in (D.25) and using the fact that |[a + b+ ¢+
d+e|? <5 (|lall® + 6] + llell® + |d]|* + [le]|?). with a, b, ¢, d, and e real-valued vectors, along

with the consistency of matrix norms, and applying Assumptions 3.1, 3.4, 3.5, along with Lemma D.2
and bounds (D.29), (D.32), and (D.35), to obtain

T < 200202 Vi BIIV2, 5 IPIELIV. £5 2] + 8002, 72,62, ElIV2, £5 IPIEIV. £ %]

Yy zz ZZ2TTY Yy

(D.40)

Consider the terms E[[[ V2, § %] and E[||V., ff %] in (D.40). Applying nearly identical reasoning
that was used to derive (D.28), we have

(V2. /5 |7
E[|V. £ 2]

IN

042, + LY, (D.41)
oy, + L3, (D.42)

N

Now substituting the bounds (D.41) and (D.42) back into (D.40), we obtain the bound on the term
T4(2) as
AR[|[(V2, FIV2, FI7 V2 5[V, 5] IV f1)E — BI(V2, FIV2, F17 V2, £V, fs) V2 f)S |
<2002, b2 Vo (0824, + L1 ) (0%, + LF,) + 8002, T2, 02 (0924, + L1, ) (0%, + LF,)

2 2 32 42 (2 2 2 72 7232 (2 2 2 72 12 2 2

zzT Y

= Ty. (D.43)

The proof is completed by substituting the derived bounds for T1(2), TQ(Q), TS(Z), and T4(2)
(bounds (D.26), (D.30), (D.36), and (D.43), respectively) back into (D.25), yielding the desired
variance bound (including the omitted o-algebra F; that the expectation is conditioned on):

E[||g}1 — f]}l I?|F] < 7, where 7 := 7 +7o+ 73+ 74 (D.44)

O

Lemma D.4 (Boundedness of UL direction) Under Assumptions 3.1, 3.2, 3.4, 3.5, and 3.6, there
exists a positive constant ( such that

Ellg}, I°17] < ¢
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Proof. For this proof, we may omit the point (z*,y"t1, 2'*1) that the terms are evaluated at; we
will simply use a £*-superscript as short-hand to indicate any random terms. From the definition of
variance along with using Lemma D.3, we have

E[lg5, 11*1F:] = 115, 1I* +Ellgy, — g5, I1°1F] < g, II* + 7. (D.45)
Now, considering the || g}l || term in (D.45), we can apply the triangle inequality, Assumption 3.4,
along with the consistency of matrix norms, to obtain

g5, 1| < IVafrll + V2, HEIVZ £S 17 FIVL Al + EIVZ, FE I RIENVE, f ) FIV, Al
+ B[V, FE | FIEV2, FE 1 FIVE AEIVE f5 1 FIV. Al
< Ly, + Lo, Ly BNV 5 T7HFN + Ly, [E[V2, 7| FINIELV, 76174 F
+ Ly 1, L, IEIV2, F€ | FIENV, 7 1 HENNENV2. £5 17 F

S Ly + Lyp Ly + Ly, Trybyy + Lvs Ly, szbyybzz’

where the second inequality follows from applying Assumption 3.1 and the last inequality fol-
lows from applying Assumption 3.5 along with the derived bound (D.34) from Lemma D.3. Fur-
ther, squaring both sides, we have the bound |34 > < (Lf, + Ly Lp,boz + Lf, Tuybyy +

L, L, Trybyyb..)?. Substituting this back into (D.45), we obtain the bound
E[”§}1”2|f1] < Cv where C = (Lfl +LVf3Lf1bzz+Lf1Txybyy+LVf3Lf1Txybyybzz)2+T
(D.46)
]

Lemma D.5 (Bounds on bias and variance of ML direction) Recalling the definition of g;; in
equation (2.4), define g}’j = ]E[g}j | Fi,5]. Then, under Assumptions 3.1, 3.4, 3.5, and 3.6, there exist
positive constants w and T such that

IV f(a' g™, 2% gl || < @8 and  Ellgy] — gy IP|Fig) < 7.

Proof. For this proof, we may omit the point (2%, y*7, 2/ *1) that the terms are evaluated at; we will
simply use a £*7-superscript as short-hand to indicate any random terms. From Assumption 3.4, we
have

IVyF = g1l = IV, fo = V2. fa[ V2 fsl Ve fo = (Vy fo = V2, HEIVZ £S 1Y Fig VL fo)
= V2. f(EIVZ 5T Fiy) — V2 V. fo

< Lyg, Ly, |E[V2. f5 1M Fig] = V2 £,

where the inequality follows from Assumption 3.1 along with the consistency of matrix norms.
Utilizing Assumption 3.6, we obtain the desired first result of

||§}2j —Vny <@h;, where & := Lyp, L, W,,. (D.47)

Now, to estimate the variance of g}j’ , we can apply Assumption 3.4 and the fact that |la + b||?> <
2||a|* + 2||b||?, with a and b real-valued vectors, yielding

Ellg) — 3¢ I1P1Fi5] = Ellgy] — Bl 1FisllI?|Fis]

1,7 g i,J VI 1,7
=E[|Vyfs " = Vyfo+ V2 BEVL S HF IV o = V2SIV 1V s T IPIF )

<20, + 2E[||V2, BE[VZ f5 T HF IV o = V2 IV SIS T 1PIFL,
(D.48)

Now, dealing with the contents of the norm in the right-most term of (D.48), we have
V2BV S T FGIV L = VRS VRS LS
= (V2 fa = V205 VENVES | NFGIVLe + VaufS EIVEL T FG) = VLTVt
F VB VRS T (Ve - V).
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Using this, the fact that [|a + b+ c[|? < 3 (||a]|* + [|b]|* + ||c[|?). with a, b, and ¢ real-valued vectors,
along with the cons1stency of matrix norms, and applying Assumptions 3.1, 3.5, 3.4, and 3.6, we can
see that the norm term in (D.48) can be bounded as

E[||V2. f5E[V2, £ ] |]",J]V Fo= Vo S5 T IVELSS VLSS PRI
<30V2f3b2 L3, +3E[|V2, £ |1 |7:u}Wz2z9z2L2 +3E(IVE £ IPIF RNV £ 17U RIF oy,
< 3092y, b2, L%, +3(0%ay, + LVfg)W3z0$L2 +3(0%2y, + Ly, ) (W2O7 + biz)Gny

where the last inequality follows from using E[||V§zf3i’jH2|]-}’j] = Var[V;, f3 | i)
+ ||E[V§Zf3w|f¢7j]||2 < 02V2f3 + L2Vf3 (by the definition of variance along with As-

sumptions 3.1 and 3.4) and by using E[|[VZf5 |7V 2IF,] = Var[VZf5 7)Y F) +
IE[[V2, /5172 Fi )12 < W2.62 4 b2, (by the definition of variance along with Assumptions 3.5

and 3. 6) Plugglng this expression back into (D.48) and using the fact that 0 < 67 < 1, we obtain the
desired result

Hl@}f 75 1P1F 5]

<2 6 b2, L3 + 6(o% L3 W2 L3 +6 L W2, +b2,)0%

= OVfg + UV2f3 zztfo + (0V2f3 + Vfg) zzt fo + (UV2 + Vfg)( 2z + zz)UVfg
— 3 (D.49)

d

Lemma D.6 (Boundedness of ML direction) Under Assumptions 3.1, 3.2, 3.4, 3.5, and 3.6, there
exists the positive constant Y such that

Ellgy I?1Fi;) <0 and gy

2 < T

Proof. From the definition of variance, we have E[Hg}j 2\ Fiql = ||g;c27 24 IE[||§;; g}j 12 F: 51-

Now, adding and subtracting V,, f(x, y*7, 25F1) to the first term, followed by utilizing the fact that
lla + b]|? < 2||a||? + 2||b]|?, with a and b real-valued vectors, along with Lemma D.5, we have

E[llgy]

P1Fig] < 2057 = Vol @y 2P 4+ 2|V f(af y™ 2P+ 7 (D.50)
Referencing (A.4) and (A.9), the |V, f(z?,y"7, 2571)| term can be bounded by applying the

triangle inequality, the consistency of matrix norms, and Assumptions 3.1 and 3.2, yielding

Pl 0, g Ly, L P4, Jisg Ly, L ?
19y f(a'y 2 < Lyy b SRR — 9, (g 2 < (Lh + ;f)
Substituting this back into (D.50), utilizing Lemma D.5, and letting W := Ly, + vaﬂ, yields

(g 1P| Fi ] = 20°07 + §,  where ¢ :=2W?* + 7. (D.51)
Finally, using the fact that 0 < 9? < 1, it follows that

[||~”|| |Fi;] <Y, where Y :=20°+ ¢. (D.52)

The second result follows from the definition of variance and applying bound (D.52), yielding

g 1> = Ellge 1117 - ENlgy — gl IP1Fi] < Ellgg 11Fi,] < T
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E Lipschitz continuity properties

This appendix contains all of the statements of derived Lipschitz continuity properties of the func-
tions, gradients, Hessians, and Jacobians involved in the trilevel adjoint gradient (2.2). All of their
corresponding proofs are provided in Appendix B.5 of the PhD thesis [26] .

Proposition E.1 Under Assumptions 3.1-3.2, there exist positive constants L, Lzzy, and Lzy, such
that the following Lipschitz continuity properties hold:

[2(21) = 2(@2)|| < Lellzy — 22, (E.1)
lz(z1,91) — 2(22,92)|| < Lo, [[(z1,91) — (z2,92), (E.2)
[2(2,y1) — 2(@,92)[| < Lz, llyr — yall- (E.3)

Proposition E.2 Under Assumptions 3.1-3.3, there exist positive constants Ly, Lv., Ly, Lg , L,
L2 7 L2 7 Lr, Lp,., and Lyy, such that the following Lipschitz properties hold:
yx Yy L

ly(z1) —y(@2)[| < Lyllzr — 22|, (E4)

[Vz(z1) = Vz(z2)[| < Lv:llz1 — 22, (E.5)

IVyf(x1) = Vyf(z2)| < Lpllar — 22|, (E.6)

IVyf(@,y1) = Vyfl@p2)l < Lg,llyi — vl (E7)
IVyf(@,y,21) = Vyf(z,y,22)l < Lp. [l — 22, (E.8)

Vs, f(x1,y(21)) = Vi, flaa,y(x2))| < Lz jllzr — 2af|, (E.9)
V5, fary(e1)) = Vi, f(z2,y(22))| < Ly fllar — 22, (E.10)
IVf(z1) =V [f(z2)| < Lp|lzy — 22|, (E.11)

IVf(z,y1,21) = Vf(z,y2,22)[| < Lp,.[[(y1,21) — (y2, 22)|s (E.12)
[Vy(z1) = Vy(z2)l| < Lvyllzr — 2. (E.13)

A useful intermediary result of Proposition E.1 is the following:

L L
[Vez(z,y(@)]| < 22 and ||Vy2(z,y(2)| < 22L&, (E.14)

ez Mz

where 1, is the constant of the strong convexity of f3 (Assumption 3.2).

F Numerical experimental setup

F.1 Computing the TSG adjoint gradient inexactly

Let us rewrite the adjoint gradient (2.2) in x as follows:
Vf = a— AB™ b, (E.1)

where a = V,fi — V2, fsV2 f;'V.fi, A = V2, f,. B = V2, f,and b = V,fi —
Viz f3V2, f5 V. f1. Note that this is the same structure arising in the adjoint gradient of a BLO prob-

lem. Two approaches have been proposed in the BLO literature to deal with B~!. One option is to
compute the adjoint gradient by first solving the linear system given by the adjoint equation B A = b
for the adjoint variables A, and then calculating a — A . The second option is to truncate the Neumann
series given by B~ = "7 (I — B)", which requires the assumption of || B||> < 1 to guarantee
the convergence of the series. Note that the same two approaches can be used to deal with V2, f5” !
in a and b in (F.1), as well as in the expression for V, f , given in (F.2) below. The expression for the
adjoint gradient V,, f follows from (A.9) in Appendix A, together with (A.4):

Vyf(x,y) =Vyfo— Vo, fsV2,f5'V. fa, (F2)

where all gradients and Hessians on the right-hand side are evaluated at (z,y, z(z,y)).

41



F.2 TSG-N-FD

Our first proposed method, TSG-N-FD, solves the adjoint systems in (2.2) and (F.2) by using an
iterative method where each Hessian-vector product is approximated with an FD scheme. In particular,
let us rewrite (2.2) and (F.2) by highlighting the adjoint systems as follows:

Vi = (Vah = Ve fs VL fs 'V f1) = Vo, fVo (V1 = Vo s V2 f3 'V 1),

——
A. x. (F.3)
/\y
Vyf =Vyfo =V sV f3'V.fa. (F4)
—7,_/
Az

Specifically, the adjoint systems in (F.3) are V2, f3s\. = V. fi and V2, fA, = V, f1 — V2_f3)..
The adjoint system in (F.4) is V2_fs\, = V. fo.

First, we focus on (F.3). In TSG-N-FD, the adjoint system V2, fs\, = V. f; is solved for the adjoint
variables )\, by using the linear CG method, with V2, f3\, being approximated as follows:

V. fa(ah,yid, 2500 €00R) — V1 fy(af, yd 2B ghaky
2 ’
(E.5)

where z57F = z53% £ ¢),, with e > 0. Then, the adjoint equation V2 Ay =Vyfi— Vi fs\.
is solved for the adjoint variables A\, by using the linear CG method again, with VZZ fs A, being
approximated via an FD scheme similar to (F.5), and sz f Ay being approximated as follows:

Vﬁzfg(xi, ym‘7 Zw',k; fi’j’k))\z ~

Vyf(ah yy? 20t ¢h0) — v, f(af, yt? | 25T ¢ha)

Vi (@' y? 28T g, ~ o , (F6)
where y2/ = yJ + e\, withe > 0. Then, the adjoint gradient is calculated from
Vi~ (Vafi — Vi fshs) = Vi, Ay, (E7)

vyheire V2, f3 A, and Viy f Ay are approximated via FD schemes similar to (F.5) and (F.6), respec-
tively.

Let us now focus on (F.4). The adjoint system V2, f3 . = V. f5 is solved for the adjoint variables X
by using the linear CG method, with V2_ f3). being approximated as in (F.5). Then, the adjoint
gradient is calculated from - -

Vof & Vyfa= V. fss, (F8)

where Vflz f3 . is approximated via an FD scheme similar to (F.5).

The schema of BSG-N-FD is included in Algorithm 4. The “N” in the algorithm name refers to the
Newton-type system defined by the adjoint equation, while the “FD” refers to the finite-difference
approximations we use. We set the FD parameter value to ¢ = 0.1.

Algorithm 4 TSG-N-FD
TSG-N-FD is obtained from Algorithm 3 with the following modifications:

In Step 1, replace Step 2 of Algorithm 2 with the following:
Step 2. Compute an approximation g/, using (F.8).

In Step 3, replace the content with the following:
Step 3. Compute an approximation g , using (F.7).

F.3 TSG-AD

Our second proposed method, TSG-AD, is based on the truncated Neumann series approach. We
will illustrate such an approach by applying it to the two terms from the adjoint gradient (2.2) that
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require it, i.e., V2, f3V2, f5'V. f1 and V2 fV2 f~1b, where b = V, fi — V2_fsV2 fi'V.f1.
A similar approach can be applied to handle the term szf 3V, fy V. fo in (F2).

Let us start with V2 f3V2, fs 'V f1 from (2.2). Approximating V2, fs ! using a Neumann series
(e, B! = 307 (I — B)", where B plays the role of V2, f3) requires ||V2, f3]|2 < 1, which
is a strong assumption in practice. However, recall that f3 is thrice continuously differentiable
and V, fs is Lipschitz continuous in z with some constant Cy > 0 by Assumption 3.1, implying
that ||V2, f3]| < Co [4, Theorem 5.12]. Therefore, following a common approach in the BLO
literature [22], we apply the truncated Neumann series to approximate [(1/Co)V?2, f3] !

Given an accuracy level Q > 0, we can write the truncated Neumann series as B~ ~ Z?:o(f —

B)" Z 0 Hz _np1(I = B), where we define H?:Q—i—l(') = [ for simplicity. Therefore, we
can approximate sz f3 'V f1 as follows

V2. f5'Vafi & (1/Co) Z H — (1/Co)V2, fs(z', y™T, 200%, ebIR)) | v, 1o,
h=0¢=Q—h+1
o (F9)
with &, ok representing the ¢-th sample (or batch of samples) from the sequence of random vari-
ables {¢%9%}. The expression on the right-hand side of (F.9) can be efficiently computed using
the AD procedure detailed in Algorithm 5. Then, given v, returned by Algorithm 5, we can compute
the desired term as follows

- d U N | ,J
Vi fsVefs 'Vafi & (Ve falaliy 205 808 o), (F.10)

where differentiation with respect to « is performed using AD (note that V, fs is a function of z
and v, is fixed).

Algorithm 5 Automatic differentiation procedure to compute V2, f5 V. A

Input: (2%, y"7, z43:F).
For/=1,2,...,Q do N
Ge(2H7F) = 2198 — (1/Co)V . fa(a' ™7 200k 67).
Setrg = V. fi(a!,y"7, 20k €07F),
Forh=0,1,...,Q —1do N
Caleulate 1 = £(Grya (274) Tr) = (1= (1/Co) V2 fala?,yt, 2095 6078)) 1y,
where differentiation with respect to z is performed using AD (note that G 1 is a function of 2z

and 7, is fixed).
End

Output: v, = (1/Cy) Zgzo T

Let us now focus on Viy f V?/y f~'b from (2.2). Recall that f5 is twice continuously differentiable

and V, f is Lipschitz continuous in 3 with some constant C; > 0 as a consequence of (E.7) in
Proposition E.2 of Appendix E (such a proposition implies that C is equal to L, , but we prefer to

use C for generality). Similar to (F.9), we apply the truncated Neumann series to [(1/C1)V3, f] 1,
which allows us to approximate V2, f~'b as follows:

Vol b & (1/Ch) Z H — (1/C)V2, [y, 25 g 0) | b, (B
h=0f=Q—h+1
where §z’j represents the /-th sample (or batch of samples) from the sequence of random vari-

ables {¢%7}. The expression on the right-hand side of (F.9) can be efficiently computed using the AD
procedure detailed in Algorithm 6. Then, given v, returned by Algorithm 6, we can compute the
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desired term as follows
7 F— d Food i i i.j
Ve fVi, fl ~ 2Vl (@ Ly 2T R Ty ), (E.12)

where differentiation with respect to x is performed using AD (note that V, f is a function of x
and v, is fixed).

Algorithm 6 Automatic differentiation procedure to compute V3, f~'b

Input: (z?, y%7, 253+,

For/=1,2,...,Q do B N
Go(y™) =y = (1/C)Vyf(a',y™7, 271 67).

End

Set ro = b.

For h=0,1,...,Q — 1do B N
Calculate 11 = d%(GhH(yW)Trh) = (I —(1/CV)V2, f(a’,yhd, 20T 607 ) s

where differentiation with respect to y is performed using AD (note that G4 is a function of y

and ry, is fixed).
End

Output: v, = (1/C1) Y72 .

The schema of TSG-AD is included in Algorithm 7.

Algorithm 7 TSG-AD
TSG-AD is obtained from Algorithm 3 with the following modifications:

In Step 1, replace Step 2 of Algorithm 2 with the following:
Step 2. Compute an approximation gy by applying to V2 f3Vi [y 1V, f» the same
approach that was used to compute V2 f3V2_ o IV, f1 in (E10).

In Step 3, replace the content with the following:
Step 3. Compute an approximation g%, , using (F.10) and (F.12).

F.4 Synthetic trilevel problems

Given h, € R™, h, € R™, and h, € R, the UL and ML objective functions for both the quadratic
and quartic synthetic trilevel problems considered in the experiments are respectively given by

1(x,y,2) = hlz+ hTy +hl 2405 :ETHM:E + xTHI Y+ xTHmz, (F.13)
x Yy z Yy

folw,y,2) = 05y Hyyy —y Hypw —y " Hy.2, (F.14)

where H,, € R™*" and H,,, € R™*" are symmetric positive definite matrices, and H,, € R"*™,

H,, e R™*' H,, = ;y, and H,, € R™*! are arbitrary matrices. The LL objective functions of
the two problems are respectively defined as follows

fa(x,y,2z) = 0.5 2"H,,z — 2 Hypx — ZTHZyy, (F.15)

f3(x,y,2) = 0.5)|z" Hooz — 2" Hopx — 27 Hoyyl?, (F.16)

where H.. € R™" is a symmetric positive definite matrix, and H., = H,, and H., = H,/, are
arbitrary matrices.

In all the numerical experiments, we considered the same dimension at all levels (i.e., n = m =
t = 50) for the quadratic problem, and varying dimensions (i.e., n = m = 5 and ¢t = 1) for the
quartic problem. In (F.13), the components of the vectors h;, h,, and h, were randomly generated
from a uniform distribution between 0 and 10 for the quadratic problem, and between 0 and 0.1 for
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the quartic problem. We set all matrices in (F.13)—(F.16) equal to identity matrices, except for H,
in (F.14), which was set to four times the identity matrix.

When using (F.15), our choices for the matrices in (F.13)—(F.15) ensure that f5, f, and f have unique
solutions.” When using (F.16), the resulting LL problem has two optimal solutions: z(z,y) = 0
and z(z,y) = H.,x + H,y. Our choice for the initial points 29, 420, and 290 ensures that the
methods considered in the experiments converge to the LL optimal solution z(z,y) = H .z + H,,y.
Specifically, the components of the initial points were randomly generated from a uniform distribution
over the interval [0, 20] when using (F.15), and over the intervals [-0.4, 0], [-0.2, 0], and [-0.6, 0] (for
the UL, ML, and LL variables, respectively) when using (F.16).

All algorithms (i.e., TSG-H, TSG-N-FD, and TSG-AD) were compared using a decaying step size
at each level. Specifically, we used o; = @/i, 8; = 3/j, and v, = 7/k, where &, 3, and 7 are
positive scalars carefully chosen to ensure good performance for each algorithm (without conducting
extensive, time-consuming grid searches at all levels, as our goal is not to compare our algorithms
against others). The values of @, /3, and 7 are provided in Table 2.

Table 2: Details of the stepsizes (ov; = &/i, B; = /4, 7 = 7/k) used across algorithms for the
synthetic quadratic and quartic trilevel problems

Problem  Algorithm  Case o B ol

TSG-H Deterministic 0.3 0.2 0.1
TSG-N-FD Deterministic 0.01 0.1 0.05
TSG-AD Deterministic  0.01 0.1 0.1

Quadratic  rgq 1 Stochastic 0.1 01 0.1
TSG-N-FD  Stochastic 0.01 0.1 0.1
TSG-AD Stochastic 0.01 0.1 0.1
TSG-H Deterministic 0.3 0.2 0.1
TSG-N-FD Deterministic 0.3 0.2 0.0001

Quartic TSG-AD Deterministic 0.3 0.2 0.0001
TSG-H Stochastic 0.3 0.2 0.1

TSG-N-FD Stochastic = 0.01 0.0l 0.001
TSG-AD  Stochastic 03 02  0.0001

F.4.1 Additional figures and discussion for the synthetic trilevel problems

In the deterministic case, Figures 8 and 9 break down the behavior of TSG-H, TSG-N-FD, and TSG-
AD at the UL, ML, and LL levels. Specifically, such figures plot the sequence of f(x?) values (upper
plot), f(z%,y"7) values (middle plot), and f3(z*, y*7, 2%9*) values (lower plot). They also include
the values f(z.) (only for the quadratic problem, where it can be computed analytically), with .. de-
noting the optimal solution of the trilevel problem, as well as (%, y(z?)) and f3(z?, y»7, z(x?, y*7)).
The goal is for the sequences of f, f, and f3 values to converge to their respective dashed lines. In
the middle- and lower-level plots, the horizontal axis represents cumulative ML and LL iterations,
respectively.

As evident from Figure 8, for the quadratic problem, the sequences of function values at the UL
and ML problems converge when the function values at the ML and LL problems, respectively, also
converge. As evident from Figure 9, for the quartic problem, the sequences of function values at all
levels converge after a few iterations.

"We have z(z,y) = H..'(Hzow + Hayy), y(z) = (Hyy — 20y H ' Hey) N (Hyo + Hy H2. He),
Vyf(z,y) = Hyyy — Hyzx — Hysz_zl (Hzzx + 2H.yy), and viyf(lﬂ y) = Hyy — 2Hysz_lezy~ We
omit the expressions of V f () of V2 f(x) for brevity.
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Figure 8: Breakdown of the algorithms, quadratic problem, deterministic case.
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Figure 9: Breakdown of the algorithms, quartic problem, deterministic case.

F.5 Trilevel adversarial hyperparameter tuning

Let us denote the whole learning dataset used in the experiments by D = {(u;,v;), j € {1,...,N}},
which consists of N pairs given by a feature vector u; and the corresponding true label v;. We
denote the datasets used for training and validation as Dy,i, and Dy,), which respectively consist
Of Nirain and Ny, pairs extracted from the original dataset D (with additional pairs set aside for
testing). Let ¢(u;; 6) be the prediction function, where 6 is a vector of parameters. The adversarial
training problem can be written according to the following minimax formulation (see, e.g., [32]):

>

0| <e
(u,9) € Dirain leuli<

max £(p(u+ dy; 0), v),

(F.17)

where §,, is a perturbation vector associated with each sample w in the training set, and € is a positive
threshold. Introducing 6 = (0, | (u,v) € Diyrain), we propose the following TLO problem for
adversarial hyperparameter tuning, inspired by [38]:

1

min
A€R, 0cR™, §eRt  Nya

U(o(u; 0), v)

(u,v)E€Dyal

st. 6,6 € argmin
feR™, SER?

s.t. § € argmax

1

Ntra'n
"™ (u,0)€Dirain

1

Ntrain

t
oER (4,9) € Dirain

Lp(u+ 0y 0), v) + D(O; N)

(F.18)

where ) is a penalty coefficient, and ®(6; \) = (e*[|0||1+)/m (with || - ||+ being a smooth approxi-
mation of the £1-norm [37, Eq. (18) with = 0.25]) and ¥ () = (c[[6]|?)/ (M Nirain) (With ¢ = 0.1
being a penalty coefficient) are penalty terms that penalize large values of 6 and §, respectively.
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Table 3: Details of the stepsizes (o = a/i, 3j = B/j, v = 7/k) used across algorithms,
formulations, and datasets in the trilevel adversarial hyperparameter tuning experiments

Algorithm Formulation Dataset a B ~
TSG-N-FD [38] Red Wine 0.1 0.1 0.1
TSG-AD [38] Red Wine 0.01 0.01 0.01
TSG-AD (F.18) Red & White Wine 0.1 0.01 0.1
TSG-AD (F.18) California Housing  0.01  0.001 0.01
BSG-AD (without UL) (F.18) Red & White Wine - 0.01 0.1
BSG-AD (without UL) (F.18) California Housing - 0.001 0.1
BSG-AD (without LL) (F.18) Red & White Wine 0.1 0.01 -
BSG-AD (without LL) (F.18) California Housing 0.1 0.001 -

To convert the LL problem into a minimization problem, we switch to argmin by multiplying the
objective function by —1. Following [38], we use a linear prediction function and mean squared
error (MSE) as the loss function in our experiments.

Regarding the datasets used in the experiments, the red and white wine quality datasets [14] con-
tain 1,599 and 4,898 samples, respectively, each with 11 features, while the California housing
dataset [34] contains 20,640 samples and 8 features. Each dataset is split into training, validation,
and test sets in proportions of 70%, 15%, and 15%, respectively.

For TSG-N-FD and TSG-AD, we use the same configuration described in Section 4.2, including
decaying stepsizes (o; = a/i, 5; = [/, and v, = 7/k), where the positive scalars &, 3, and 7
are selected via grid search over the set {0.1,0.01,0.001}. For the BSG-AD algorithms, which are
derived from TSG-AD to solve the BLO problems obtained from (F.18), we once again use decaying
stepsizes selected via grid search over {0.1,0.01,0.001}. Specifically, the values of &, /3, and 7 are
provided in Table 3. In all experiments, the algorithms use a minibatch size of 64 for training, and the
results presented in the figures are averaged over 10 runs.

F.5.1 Additional figures and discussion for trilevel adversarial hyperparameter tuning

In Figure 10, we assess the TLO problem for adversarial hyperparameter tuning proposed in [38],
which can be obtained by swapping the ML and LL problems in (F.18). The results on the red wine
dataset demonstrate that both TSG-N-FD and TSG-AD exhibit essentially similar performance in
terms of test MSE. However, the test MSE values are consistently worse or comparable to those
obtained using the formulation in (F.18) (see Figure 5), which is why we discontinued testing the
formulation from [38].

When using (F.18), TSG-N-FD does not perform well and is therefore excluded from further analysis.
This outcome is not surprising, as the results from the synthetic problems in Section 4.2 indicated
that TSG-N-FD is more affected by noise in V f3 than TSG-AD. In (F.18), the noise is further
amplified by the fact that the size of ¢ corresponds to the number of rows times the number of
columns of the entire dataset, making V f3 more susceptible to minibatch sampling.

-~~~ TSG-N-FD |

~- TSG-N-FD |
—— TSG-AD N {

—— TSG-AD a0

~-= TSG-N-FD

—— TSG-AD

. 1\ --= TSG-N-FD
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Test MSE
,’/

Test MSE

Test MSE
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@0 &
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Figure 10: Trilevel adversarial learning formulation proposed in [38], red wine quality dataset. The
two left plots correspond to noise with standard deviation 0, and the two right plots to standard
deviation 5.
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