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Abstract

A new strategy for fair supervised machine learning is proposed. The main ad-
vantages of the proposed strategy as compared to others in the literature are as
follows. (a) We introduce a new smooth nonconvex surrogate to approximate the
Heaviside functions involved in discontinuous unfairness measures. The surro-
gate is based on smoothing methods from the optimization literature, and is new
for the fair supervised learning literature. The surrogate is a tight approximation
which ensures the trained prediction models are fair, as opposed to other (e.g.,
convex) surrogates that can fail to lead to a fair prediction model in practice. (b)
Rather than rely on regularizers (that lead to optimization problems that are diffi-
cult to solve) and corresponding regularization parameters (that can be expensive
to tune), we propose a strategy that employs hard constraints so that specific tol-
erances for unfairness can be enforced without the complications associated with
the use of regularization. (c) Our proposed strategy readily allows for constraints
on multiple (potentially conflicting) unfairness measures at the same time. Multi-
ple measures can be considered with a regularization approach, but at the cost of
having even more difficult optimization problems to solve and further expense for
tuning. By contrast, through hard constraints, our strategy leads to optimization
models that can be solved tractably with minimal tuning.

1 Introduction

Prediction models that have been created using supervised machine learning techniques are very
effective in modern practice. For a few examples relevant to this paper, researchers and practition-
ers have witnessed impressive performance by such models in areas such as finance [18], criminal
justice [7], hiring [34, 14], and healthcare [30]. However, it has also been found that such predic-
tion models can be affected by and/or introduce biases that can lead to unfair decisions. This can
have both discriminatory and legal implications [4], such as when certain demographic groups re-
ceive favorable or unfavorable outcomes [16] to a disproportionate degree compared to other groups.
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Overall, these biases—either inherited from historical data [22, 26] or resulting from model training
procedures [45, 22]—raise significant concerns about the use of supervised machine learning models
in real-world applications. For only a few examples: Research has shown that Black individuals are
often offered higher interest rates for auto loans [10], small business loans for women can involve
higher interest rates than for men [1], and gender biases persist in algorithmic hiring tools [14].

Various strategies have been and continue to be explored that aim to produce prediction models
that may be considered fair decision-making tools. Broadly characterized, these can be referred to
as pre-processing strategies that involve modifying training data before model training (see, e.g.,
[23]), in-processing strategies that involve modifying training algorithms in order to produce fair
models (see, e.g., [41]), and post-processing strategies that adjust a model after it has been trained
in order to have it yield fairer predictions (see, e.g., [33]). Our focus in this work is to devise a new
in-process strategy for generating fair prediction models. In particular, we focus our attention on
the incorporation of unfairness measures in the optimization problems that arise for model training,
since such an approach has been shown to lead to promising improvements [17]. (The literature
refers to both fairness measures and unfairness measures. We refer to unfairness measures in this
paper since they lead to quantities that we aim to constrain, i.e., to have low levels of unfairness.)

The use of unfairness measures in an optimization problem that is formulated for model training
has been explored previously in the literature. However, due to certain computational challenges
that arise from the incorporation of such measures, certain compromises are often made that can
diminish the effectiveness of such an approach. For one thing, the straightforward formulation of
an explicit unfairness measure can lead to a function that is nonconvex and/or nonsmooth, which in
turn causes computational challenges in the empirical risk minimization (ERM) problems that are
formulated for model training [35]. As a result, convex surrogate functions [41, 15]—such as those
based on covariance approximations [19]—are often employed with the aim of making the ERM
problem easier to solve. However, a downside of this approach is that while it may ensure that a
covariance measure (between predictions and a sensitive feature) is reduced, it does not guarantee
that an original unfairness measure of interest is kept within reasonable or required limits. Second,
the widespread availability of software packages and typical focus on (stochastic-)gradient-based
algorithms often leads researchers and practitioners to incorporate unfairness measures only through
regularization terms in the objective function [24, 5]. However, this leads to formulations that are
computationally expensive to tune, and may ultimately fail to enforce fairness strictly [9]. As a
result, the prediction model may possess residual biases and lead to disparate outcomes [37].

Previously proposed strategies face other challenges as well. For instance, some previously pro-
posed strategies face difficulties when trying to incorporate multiple unfairness measures that may
conflict with each other [25, 12]. This adds to the fundamental challenge of aiming to balance accu-
racy and fairness [29], where—if one is not careful—model performance can suffer when trying to
enforce a limit on an unfairness measure [17]. In addition, some previously proposed strategies—
say, involving relaxed constraints [19] or adversarial techniques [43]—can struggle when trying to
balance computational efficiency with fairness guarantees and model performance [27].

1.1 Contributions

We propose a new in-process strategy for fair supervised learning with the following contributions.

* We propose the use of smooth nonconvex and bounded empirical models of discontinuous un-
fairness measures that, through a scalar parameterization, can approximate an unfairness measure
of interest to arbitrarily high accuracy. Moreover, we prove that the unfairness measure is small
whenever our proposed model value is small (e.g., if used as a constraint in an optimization for-
mulation). This is in sharp contrast to commonly used convex or unbounded nonconvex surrogates
[8, 28, 38, 41, 43], which do not provide such a guarantee, meaning that the unfairness measure
can be large even when such surrogates are small. These claims are supported by our numerical
experiments with multiple datasets and multiple (convex and nonconvex) surrogate functions.

 Rather than incorporate unfairness measures only through regularization terms (otherwise known
as soft constraints) [24, 5, 32], we propose the use of hard constraints on surrogates of unfairness
measures [41, 15]. This is the first paper to combine hard constraints with smooth nonconvex
surrogates in such a way that desired bounds on unfairness measures are actually realized (to high
accuracy) when a prediction model is ultimately trained. Our approach of using hard constraints



significantly reduces training cost, since otherwise a significant amount of computational expense
needs to be devoted to tuning regularization parameters. We also show through our experiments
that setting a higher regularization in order to ensure further decrease in an unfairness measure can
have a significantly adverse affect on prediction accuracy, whereas by formulating and solving a
problem with hard constraints the effect on prediction accuracy can be much more mild.

» Formulations that involve only a single unfairness measure might fail to account for different per-
spectives that may make a prediction model unfair [21, 41, 43]. In contrast, by employing hard
constraints on accurate unfairness-measure surrogates, our approach readily allows the incorpo-
ration of multiple (potentially conflicting) unfairness measures at the same time [3, 28, 9]. This
flexibility enhances the capability of our approach to mitigate multiple types of biases, ensuring
broader applicability and robustness [17] for training fair prediction models.

2 Background on Unfairness Measures

The purpose of this section is to provide background on unfairness measures that are relevant for
our setting. We begin by referencing a few fundamental fairness criteria that are well known in the
supervised learning literature, then present probabilistic statements of fairness concepts that will, in
turn, be used to formulate measures of unfairness that we will employ in our subsequent problem
formulations and numerical experiments. We conclude this section with some comments about the
use of convex and nonconvex surrogate functions for approximating unfairness measures.

2.1 Fundamental Fairness Criteria

Let us consider the setting of supervised learning for classification, where in contrast to the standard
setting of having only a combined feature vector, we distinguish between nonsensitive and sensitive
features. (One possibility for trying to produce a fair classifier is to remove the sensitive feature.
However, as is well known, this runs the risk of producing an unfair classifier since nonsensitive
features can be correlated with sensitive ones [20].) For the sake of simplicity of presentation, let us
consider the case where there is a single sensitive feature that takes binary values and a single label
that also takes binary values. Our proposed approach can readily be extended to cases involving any
finite number of sensitive feature values and multiclass settings with more than two labels.

Let (X,S,Y) be a tuple of random variables that is defined with respect to a probability space
(Q, F,P), where X represents the nonsensitive feature vector, S represents the binary sensitive
feature (in {0, 1}), and Y represents the binary true label (in {0, 1}). Through a supervised learning
procedure, suppose one defines a prediction function parameterized by w so that, with a trained w,

the predicted label corresponding to a given pair of features is given by Y = Y(X ,S,w). Three
fundamental fairness criteria that are recognized in the literature are independence, separation, and
sufficiency [3]. The independence criterion requires that the prediction Y is independent of the

sensitive feature S; the separation criterion requires that the prediction Y is independent of the
sensitive feature S' conditioned on the true label Y'; and the sufficiency criterion requires that the

true label Y is independent of the sensitive feature .S conditioned on the prediction Y.

For our purposes, we focus primarily on unfairness measures based on the independence criterion,
although our proposed strategy can be extended readily to the context of these alternative criteria.

2.2 Probabilistic Statements of Fairness

From the aforementioned fundamental criteria, various specific probabilistic statements of fairness
have been derived [17]. Here, we provide two related examples based on the independence criterion.

Demographic Parity (or Statistical Parity). Demographic parity requires that a model’s predic-
tions are independent of the sensitive attribute [42]. For our setting, this can be expressed as

P(Y(X,S,w) =1|S =1) = P(Y(X, S,w) = 1|S = 0). (1)

Later on, we will discuss the empirical violation of this equation as an unfairness measure.



Disparate Impact. Disparate impact relates to the requirement that selection rates are similar
regardless of the value of the sensitive feature. The aim to avoid disparate impact can be seen, e.g.,
in the “four-fifths rule” in US employment law [4, 16, 31]. Stated mathematically in the setting of
binary classification, the requirement to avoid disparate impact between two groups can be stated as

SP(Y (X, S, w) =18 =1) <P(Y(X,S,w) =1[S = 0)

N N 2
and SP(Y (X, S,w) = 1S = 0) < P(V(X, S,w) = 1|S = 1), @

where 6 € [0,1] is a threshold parameter (e.g., § = 0.8 in the context of the four-fifths rule). Later
on, we will employ empirical approximations of the terms in these inequalities in order to formulate
constraints (on smooth nonconvex surrogates) to be imposed during model training.

2.3 Empirical Surrogates for Probabilistic Statements of Fairness

The probabilistic statements of fairness from the previous subsection can be incorporated into op-
timization problem formulations designed for prediction model training if and only if they are re-
placed by empirical approximations. Suppose that w represents trainable parameters, such as of a
deep neural network, and that a set of feature-label tuples {(z;, si, ;) }ie[n) is available for pre-
diction model training, where [N] := {1,..., N}. For each ¢ € [N], let the output of the neural
network be given by ' (z;, s;, w) and suppose that, for a given threshold 7 € R and with 1 denoting
the indicator function, the predicted label for (z;, s;) is given by

U(xs, 56, w) = ]1{./\/’(331‘, Si,w) > T}
For each value s € {0, 1}, the probability of a positive prediction over group s can be estimated as

5 N5 st D(T4, 85, W
P(V(X,S,w) = 1|5 = 5) ~ D (ie[N]ss;=s} U( )’ where N, = 3 1{s; = s}

Ny )
i€[N]

However, since the indicator function is discontinuous, it cannot be used directly to formulate an
optimization problem that is to be solved using an algorithm for continuous optimization [37]. Thus,
as is common in the literature, let us suppose that for all ¢ € [N] one approximates

9(x;, 85, w) = d(t(x;, 85, w)), where t(x;, s;,w) = N (x4, 85, w) — T 3)

Here, t(z;, s;, w) represents the distance-to-threshold function for data point¢ € [N]and ¢ : R — R
aims to approximate the step function from O to 1 (at the origin). Various such approximations have
been explored in the literature for approximating fairness measures and other purposes as well.
To list a few, we mention the linear function ¢(t) = t [41], the max function ¢(t) = max{t,0}
[39], the sigmoid function ¢(t) = o(t) := (1 + e~*)~! [6], and the hyperbolic tangent function
¢(t) = tanh(t). For our purposes in the next section, we focus on the sigmoid function and another
approximation—based on a smoothing function that is common in the optimization literature—for
use in the optimization problem formulations that we propose for prediction model training.

A question that arises in the use of a surrogate to approximate a step function is how large dis-
crepancies can be once the model is trained. The following theorem, derived from Yao et al. [40],
establishes a revealing bound on such discrepancies when the codomain of ¢ is the unit interval and
the shifted function ¢ — % is symmetric about the origin; a proof is given in Appendix A to account
for minor changes in the properties of ¢ as compared to [40]. It is important to note that while the
corresponding theorem from [40] refers to bounds on absolute values of differences of empirical
estimates of probabilities, the numerical studies in that paper involve the use of regularization for
model training, meaning that such tight constraints were not necessarily satisfied in practice. This
further motivates a unique feature of our work in this paper, which shows that by enforcing hard
constraints we can meet the useful bounds stated in this theorem.

Theorem 1. Suppose ¢ : R — [0, 1], the function ¢ — % is symmetric about the origin, and for some
v € (0, %) one has ¢(t(x;, 5;,w)) € [0,7] U[1 —~,1] for all i € [N]. Suppose also that, for some
e € (0,00), the surrogate of the empirical estimate of the violation of demographic parity has

- Z{iE[N]:sizl} gb(t(l’“ Si, U))) _ Z{ie[N]:si:O} ¢(t($2, Sis w))

lcap(w)| <€, where cqp(w) : N, No

“4)



Then the actual empirical estimate of the violation of demographic parity has

_ Z{iE[N]:-%:l} g(@i, si, w) _ Z{ie[zv];si:o} 9(zi, si, w)
B Nl NO ’

|Edp(w)‘ S €+’Y, where Edp(w) :

Let us close this section by mentioning that the common covariance-based surrogate for indepen-
dence [41] can be understood in terms of a specific surrogate of the form mentioned above. A benefit
of this surrogate is that it is convex. However, a downside is that it does not readily offer a means to
leverage the useful result in Theorem 1. Specifically, the surrogate is given by

cov(V(X, 8,w), S) = E[(V(X, S,w) — E[Y(X, S, w)])(S — E[S])]

~ % Z (8i = 3) - N(24, 85, w) =: Ceov(w),

1€[N]
where 5 = % Zz’e[ N Si- The following theorem (see [6, 40]) shows that this surrogate is propor-
tional to cq4, from (4) with the specific choice of ¢(t) = ¢ (linear function), namely,
E[Y (X, S,w)|$ = 1] = E[Y (X, S, w)|S = 0]

- Z{iG[N]:sizl} (i, 85, w) _ Z{ie[N]:si:O} (i, 85, w) . c(b(t):t(w)
~ N, No =1 cgp .

Theorem 2. The functions c.,, and cf[ft)zt satisfy ey (W) = % . cf[ft)zt(w) for all w.

The proportionality shown in Theorem 2 suggests that one might be able to enforce a bound on the
violation of demographic parity by enforcing a bound of the form |c.o, (w)| < € for some € € (0, 00).
However, the useful bound in Theorem 1 is not readily applicable to this setting since the codomain
of the linear function ¢ defined by ¢(t) = t is unbounded; thus, it is essentially impossible to
ensure that the surrogate yields, for some € (0, ) and all i € [N], the inclusion ¢(¢(z;, s;, w)) €
[0,7] U [1 — ~,1] for all points in the training set. Therefore, |ccoy(w)| < € does not necessarily
enforce a useful bound on the actual empirical estimate of violation of demographic parity, which
motivates our choice of studying more accurate, nonconvex and bounded surrogates.

3 Methodology

Motivated by our prior discussions, in this section we present our proposed methodology that com-
bines smooth, nonconvex, and accurate surrogate functions for unfairness measures with hard con-
straints that are to be imposed during model training. We emphasize that this combination leads to
a tractable training paradigm where the optimization problem can be solved using stochastic New-
ton/SQP techniques from the recent literature [13]. The benefits of our proposed methodology are
realized in practice in the experimental results that we present in the following section.

3.1 Smooth, Nonconvex, and Accurate Surrogates

At the heart of the definition of a surrogate function for our setting is an approximation of the step
function from O to 1 (at the origin), also known as the Heaviside function. In particular, due to
Theorem 1, we are interested in bounded approximations, say, ones with a codomain of [0,1]. A
common choice with these properties is the sigmoid function, so that is one of the choices that we
consider for our methodology and experiments. However, we also consider a second approximation
that employs ideas from smoothing techniques from the mathematical optimization literature; see,
e.g., [11]. In our experiments, we often find better results for this second approximation—which we
refer to as the smoothed-step function—as compared to the sigmoid function.

A piecewise-affine approximation of the step function that, as required by Theorem 1, has a graph
that passes through (0, 0.5) is given by ¢ : R — [0, 1] with ¢(¢) = min{max{0,¢ + 0.5}, 1} for all
t € R. This can be viewed as a composite involving two max functions; indeed, one finds

o(t) = ¢(¢(t)), where ¢(t) =min{t,1} =1 — max{1—¢,0} and ¢(t) = max{0,¢+ 0.5}.



Now employing the smooth approximation given by max{t, 0} =~ 2(t+ V2 +p), where 1 €
(0, 00) is a user-defined smoothing parameter, one obtains the smooth, nonconvex approximation

¢M(t<xi75iaw)) =1- % (1 7$M(t(xiasivw)) + \/(1 - aﬂ(t(xia Siaw)))z + p’>

where ¢, (t(xi, si,w)) == 3 <t(xi, Si,w) + 3 + \/(t(xi, si,w) +3)2 + u) .

Figure 1 shows the step function (Heaviside function) along with linear, sigmoid, and smoothed-
step approximations. We also want to emphasize that, to obtain improved results in practice, these
functions should be scaled in order to encourage values that are closer to 0 or 1 [40]; in particular, in
place of o(t) and ¢,,(t) one should consider o(at) and ¢, (at) for a € (0, 00), likely greater than 1.
Such scalings make the derivative of the function larger near the origin. Overall, such scaling is
beneficial in terms of Theorem 1, but one might wonder if it will make the training problem more
difficult to solve. We did not find this to be the case with our proposed algorithm, discussed next.
Indeed, overall, our experiments demonstrate improved results with larger scaling values.

(a) Surrogate functions (b) Scaled surrogate functions

Figure 1: On the left, graphs of the step/Heaviside function (1{¢ > 0}), linear function (¢(t) = 1),
sigmoid function (¢(t) = o(t)), and smoothed-step function (¢,,(t) defined in this section). On the
right, graphs of a scaled sigmoid function (¢(10¢)) and scaled smoothed-step function (¢,,(10t)) to
illustrate that scaling can make the functions more closely approximate the step function.

3.2 Complete Training Problem with Unfairness Constraints

Given a set of feature-label tuples {(z;, s;, i) }ic[n]» prediction function V, loss function /, regu-
larization function r, regularization parameter A € (0, c0), (hard) constraint function ¢, and pair of
bounds (I, u), we propose that a fair prediction model can be trained in a supervised learning context
by solving the following tractable optimization problem with unfairness constraints:

min Z UN (zi, si,w), ;) + xr(w) subjectto | < c(w) < u. (3)

For example, A may be a (deep) neural network with w as the trainable parameters, £ can be any
typical loss function for classification, » may be a sparsity-promoting regularizer or one aimed to
penalize a prescribed surrogate for an unfairness measure, and ¢ may be a vector-valued function cor-
responding to a surrogate for an unfairness measure (or surrogates for multiple unfairness measures).
In our experiments in Section 4, we consider for illustrative purposes a regularization function based
on the desire to impose demographic parity, namely, rqy(w) = |q(w)|* where

o Z{ie[N];sizl} o(t(wi, si, w)) B Z{ie[zv];sizo} o(t(zi, si, w))
B Ny No

q(w) (©)
and ¢ is a prescribed approximation of the step/Heaviside function and ¢ is defined as in (3). Given
a trained prediction function determined by w, one can evaluate its performance through 7, (w),
which is evaluated in the same way as rq,(w) except with ¢(t(-)) replaced by g(-). As for the
constraint function ¢, we focus primarily on one to constrain disparate impact. Specifically, given



0 € [0, 1], we consider | = (—o0, —00), u = (0,0), and ¢ = (cai 1, c4i,2) Where

i 18, = ¢t iy 91 i 1S, = ¢t iy 91
cai,1(w) =0 (Z{ E[N]:s: O]}\/'O( (@i 5 w))) - 2o (ie[N]:s: 1;\71( (i, 8i,w))

D ie[N):si=1} ¢(t($i,5i7w))> 2 ie[N]si=0p Pz, 80, w)

)

and cgi2(w) =90
d172( ) ( N1 NO

Given a trained prediction function determined by w, one can evaluate any potential violation of

these constraints through cg;(w) = max{cgi 1(w), cgi,2(w)}, where in particular a violation occurs

if and only if this value is greater than 0. One can also consider qi(w) = max{cai 1(w), Cai 2(w)},

where these functions are defined similarly to cg; 1 and cqi 2, except with ¢(¢(-)) replaced by §(-).

For the sake of tractability, the constraints can be formulated with only a subset of a full training
dataset and one can employ stochastic objective gradients. One needs to be careful with a regularizer
defined through (6) in order to ensure that the stochastic gradient estimate is unbiased. The following
informal theorem shows that unbiased stochastic estimates of the gradient of ¢ in (6) can be obtained
as long as the mini-batches involve the same number of data points with s; = 0 and s; = 1 in all
iterations, which is straightforward to enforce. A formal theorem and proof are in Appendix B.

Theorem 3. (Informal) Suppose that Ny points with s; = 0 are chosen uniformly at random and
Ny points with s; = 1 are chosen uniformly at random and that these points are used to compute a
stochastic estimate of Vq(wy), where q is defined in (6). Then, the estimate is unbiased.

4 Experiments

Our experiments focus on two benchmark datasets: Adult [2] and Law School [36]. Detailed statis-
tics for these datasets are provided in Appendix C. Adult contains 32,561 data points that are split
at a ratio of 80:20 into training data (26,048 points) and testing data (6,513 points). Each data point
has 90 features (after one-hot encoding) with gender as the sensitive attribute. Law contains 20,798
data points that are split at a ratio of 80:20 into training data (16,638 points) and testing data (4,160
points). Each data point has 11 features with race as the sensitive attribute.

Our proposed approach is agnostic to the prediction model. For our experiments for Adult, the
prediction model was a feed-forward neural network with two hidden layers (with 128 and 64 nodes,
respectively), Leaky ReLU activation at the hidden layers, and sigmoid activation at the output layer.
For Law, the prediction model was a linear neural network with sigmoid activation. In all of the
experimental results displayed in this section, the models were trained using a sequential quadratic
optimization (SQP) method, Binary Cross-Entropy loss (BCELoss), and 500 epochs with an initial
learning rate of 0.5 that was adjusted dynamically during training; see Appendix D for further details
about the training algorithm. The results in this section use full-batch gradients, but Appendix E
contains results with stochastic gradients as well, using the result of Theorem 3.

All results presented here are with respect to the training data. Appendix E shows that prediction
accuracies, unfairness measures, etc. are similar for all experiments when one considers testing data.

4.1 Effect of Surrogate Function on Actual Limit on Unfairness that is Achieved

Our first set of experiments demonstrates that having a loose approximation of an unfairness measure
can cause a trained prediction model to be less fair than desired. Toward this end, we first trained
prediction models using unscaled surrogate functions. Constraints were imposed as in (7) for various
values pf d. For each 9, we considered the trained model and determined the maximum value of 4§,
call it 0, such that ¢g;(w) < 0 (a similar calculation is also performed based on ¢q(w) < 0); the

results are plotted in Figure 2. In particular, the graphs labeled ¢(¢) and § are the plots of the (4, d)
pairs that correspond to cgi(w) < 0 and ¢4 (w) < 0, respectively. These results show that the desired
limit on disparate impact was almost achieved when the smoothed-step surrogate was employed,
but that the desired limit was not nearly achieved when the sigmoid surrogate was employed. By
contrast, when the surrogate functions are scaled (with o = 50) as described at the end of §3.1, one
obtains the results shown in Figure 3, where for both the smoothed-step and sigmoid functions one

finds that the imposed ¢ and the realized § values are tightly matched. Note that these experiments



law, smoothed-step law, sigmoid adult, smoothed-step adult, sigmoid

Figure 2: Levels of disparate impact actually achieved (6) when prediction models are trained with
constraints as in (7) for varying values of § without scaling of the surrogate functions. The surrogate
approximations not being tight causes large gaps between the levels of disparate impact desired and
the levels actually achieved. The graphs indicated by ¢(¢) show the values such that cgi(w) < 0,
whereas the graphs indicated by 3 show the values such that ¢4 (w) < 0.

law, smoothed-step law, sigmoid law, covariance

adult, smoothed-step. adut, sigmoid adult, covariance

Figure 3: Levels of disparate impact actually achieved (6) when prediction models are trained with
constraints as in (7) for varying values of § with scaling of the surrogate functions. These results
should be contrasted with those in Figure 2. In particular, it should be observed that scaling the

surrogate functions leads to much tighter correspondence between ¢ and & when the constraints
are tight. Also, the plots on the right are the levels of disparate impact actually achieved when a
constraint on a covariance surrogate (less than or equal to €) is imposed.

show that the constraints on disparate impact become active for Law and Adult around § € [0.7,0.8]
and 0 € [0.3,0.4], respectively. In Figure 3, we also show that one can impose a constraint on
disparate impact through a constraint on a covariance surrogate. However, in such an approach, it is
nontrivial to determine the specific limit on the covariance (¢) that corresponds to a specific desired
limit on disparate impact. This demonstrates that our use of accurate, nonconvex surrogates can
make it easier to impose a specific desired limit on an unfairness measure such as disparate impact.

Figure 4 confirms our prior claim that, through the use of hard constraints on nonconvex surrogates
of unfairness measures, one is able to train prediction models that also offer high-accuracy predic-
tions. The results in this figure correspond to those in Figure 3, i.e., with the models trained through
scaled surrogate functions. The prediction accuracies remain high, even as the value of § or € is
adjusted to the point where the imposed hard constraints become active.

4.2 Comparison of Constraint-Only-Based vs. Regularization-Only-Based Approaches

Our second set of experiments demonstrates that enforcing hard constraints on unfairness-measure
surrogates yields better prediction models and offers more precise control over unfairness measure
values. We consider two approaches: A constraint-only-based approach that imposes hard con-
straints as defined by (7) with no regularization (i.e., A = oo in (5)) versus a regularization-only-
based approach that employs § = 0 and varying values of the regularization parameter A in (5).

As depicted in Figure 5, the regularization-only-based approach has notable limitations. First, the
unfairness measure does not always improve monotonically with decreasing \ (see the results for
the Law data set). This unexpected behavior is a consequence of formulating optimization problems
that are increasingly difficult to solve as A decreases. Second, the relationship between A and the
resulting unfairness measure is nonlinear, thus requiring expensive tuning to reach a desired level of
unfairness. Overall, it is clear that the complicated relationship between the regularization parameter
and unfairness measure makes it difficult to effectively use a regularization-only-based approach.
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Figure 4: Training accuracy and constraint violation measures for smoothed-step, sigmoid, and
covariance models on the Law and Adult datasets. The plots show training accuracy alongside
constraint violation metrics for different surrogate functions. The results indicate that fairness con-
straints can be satisfied without compromising prediction accuracy.

In contrast, the constraint-only-based approach ensures monotonicity in the unfairness measure and
allows a desired bound on unfairness (defined through group-specific probability ratios) to be en-
forced explicitly. Together, these properties allow the constraint-only-based approach to avoid re-
quiring any significant hyperparameter tuning. It should also be noted that the constraint-only-based
approach maintains high accuracy across many values of the unfairness thresholds, which is yet
another advantage of it over the regularization-only-based approach.

curacy (%)

epoch " epoch : : ) : "~ epoch epoch

adult adult adult adult

«
uracy (%)

Figure 5: Comparison between the constraint-only (two right columns) and regularization-only (two
left columns) approaches for enforcing fairness using the smoothed-step surrogate on Law and Adult
datasets. The constraint-only-based approach consistently meets the targeted threshold (§) with min-
imal impact on accuracy, while the regularization-only-based method exhibits unpredictable out-
comes and greater accuracy loss, underscoring an advantage of using explicit constraints.

4.3 Simultaneous Implementation of Multiple Unfairness Measures

The proposed framework can easily accommodate multiple unfairness constraints at the same time.
To demonstrate this capability, we tested our framework when constraints on both disparate impact
and equal impact were enforced simultaneously, each with varying thresholds. As shown in Table 1,
combining multiple unfairness constraints often leads to a reduction in accuracy that exceeds the
reduction observed when only one of the constraints is enforced, especially as the thresholds become
more demanding. Since our constraint-only-based approach consistently satisfies both unfairness
criteria when enforced as constraints, it highlights the practical value of our approach in real-world
applications when multiple unfairness measures must be taken into account.



Table 1: Accuracies (overall, male, and female) and constraint violations when disparate impact
(DI) and/or equal impact (EI) constraints are enforced with § = 0.8 for the Law and Adult datasets.
Enforcing both constraints reduces overall accuracy, particularly for Adult, but the constraint-only
method consistently satisfies both unfairness constraints, as indicated by non-positive constraint
model violations (cg; and c.;) and non-positive constraint violation measures (C4; and Ce;).

Dataset Scenario Overall Acc Male Acc  Female Acc Cdi Cei Cdi Cei
Only DI 90.095 92.3973 77.9039 -0.0124  0.0602 -0.0127 -0.1082

Law (6 = 0.8) Only EI 89.8606 92.4116 76.3526 -0.1186 -0.0 -0.1187 -0.1704
Both DI-EI 90.089 92.3973 77.8661 -0.0124 -0.1076  -0.0131 -0.1082
Only DI 81.3729 76.3707 91.5002 0.0 0.1088 -0.0 0.1102

Adult (0 = 0.8) Only EI 84.6437 81.022 91.9763 0.1255 -0.0371 0.1251 -0.0383
Both DI-EI 75.7294 69.259 88.8295 0.0001 0.0 -0.0001  0.0008

5 Discussion and Conclusion

We present a hard-constraint-based approach to fair supervised learning that accurately yields pre-
diction models that meet prescribed limits on unfairness. Additionally, our method readily allows
limits on multiple unfairness measures simultaneously. A limitation of our approach is that there are
slightly higher computational costs to train a model with hard constraints, although these additional
costs are outweighed by the savings that our approach offers in terms of parameter tuning costs.
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A Proof of Theorem 1

For the purposes of the proof, let us simplify notation and define §;(w) := ¢(x;, s;, w) along with
t;(w) := t(x;, s;, w) for all i € [N]. Let us also define the sample sets and their sizes given by

Ny ={i€[N]:s;, =0Ag(w) =0}, Ny :=|Ny]|,
N ={i € [N]:8; = 0Ag;(w) =1}, Ny = [N,
NT ={i €[N]:si =1 AGi(w) =0}, Ny =[N ],
and N7 = {i € [N]:s; = 1 Agi(w) = 1}, N{" == |N["|.
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Proof. Consider the shifted function ¢ = 2(¢ — 1) = 2¢ — 1, which under the conditions of the
theorem is symmetric about the origin, meaning @%t) = —p(—t) for all ¢ € R. One finds that

_ Z{iG[N]:s.;:1} 2¢(tl(w)) _ Z{ie[N]:s.;:O} 2¢(tl(w))

2¢qp(w) N, No
2 ie(N)isi=13 (P(ti(w)) + 1) B > (ie(N):si=op (P(ti(w)) + 1)
Ny No
 YfieNgs,—1y P(ti(w) 3 > (ie[N}isi—o} P(ti(w))
Ny Ny
5 et P ~ Sion 2l60))  Trenss #160)) = Trerg ltiw))
N+ Ny Ny + Ny '

Now the condition that |cqp(w)| < € implies that

NNy Ng - Ng | N N+ Yienr e([ti(w)]) = Xien— (lts(w)])
N +N;  Nj + Ny N+ Ny
No = Ng = Ziens e(ti(w)]) + Zieni e (lts(w)])
+ T = < 2e.
Ny + Ng

This inequality has the form |A + B| < 2¢, where by the triangle inequality one has that |A + B| >
|A| — | B|, which in turn means that |A| < |A 4+ B| + |B| < 2¢ + | B|. Consequently, from above,

Nf—N© Ny -Ng
N+ N7 Nf+ Ny
Ny = N+ Siens @((ti(w)]) = Cien o([t(w)])

o Nfr + Ny,
Ny = Ny = Yienr e(ti(w)]) + Xien e(Jti(w)])

+ NOJF TN + 2¢
S @ti@)) = 1) = ien- (@ltw)]) = 1)
B Ni + Ny

Lo ZieN;(w(lti(w))J\—[;):NZO_)ENU (e(ti(w)]) — 1) o

Now defining
St =" (e(lt:(w)]) — 1) ®)
ieN

and similarly for S, Sar ,and S , one finds from above that
S =S Sy =5
N +N7 Nf+N;
N —N Ny — Ny
N+ N7 Nf+N;

NE (N NS (N
N+ Ny N+ Ny Ny + Ny Ny + Ny
Ny N
N+ N7 N+ Ng
which in turn implies that
, N Ny
|Cdp(w)| = ¥ e -
N+ N Ny + N,

+ 2¢

v

Y

)

<1( ST —=Sr S5 -5
T2\|INf+N; NS+ Ny

+2e).
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Under the conditions of the theorem, one has for all i € [N] that ¢(¢;(w)) € [0,v]U[1 -7, 1], which
in turn means that o(|t;(w)]) € [1 —7,1] € [I — 7,1 +4],s0 S]" € [-yN;",vN;"] and similarly
st

-Sr Sg =Sy S
for i, Sg, and S; . Thus, N++N, € [—v,~] and N++N, € [—, 7], which in turn shows
SI =S S5 =S
+ - nt —| €1[0,29].
N+ N Ny + N
With the prior conclusion, one obtains that |cep(w)| < 7 + €, as desired. O

B Formal Statement and Proof of Theorem 3

Let the features be defined by a pair of random variables (X, S), which are in turn defined by a
probability measure (2, F,P). Here, S represents the sensitive feature, and S(w) € {0,1} for
all w € €. Subsequently, let {(X;,S;)}X, be a set of N random-variable pairs, where for all
i € [N] the pair (Xl-, S;) has the same distribution as (X, S). The set of possible outcomes of
(X5, 8:) L SQAx---xQ= vazl Q, and the corresponding o-algebra and probability measure
for {(X;, S;)}Y,, call it Py, can be derived from (F,P).

In general, a realization of {(X;, S;)}}¥,, call it {(z;,s;)}}¥;, can have 0 < """ | s; < N. (For
example, if S indicates female or male, then a random sample of N data points could have any
numbers of females or males.) It would be problematic to work with all such realizations when
aiming to ensure an unbiased estimate of an unfairness measure; e.g., if a sample contains no males
or no females, then the unfairness-measure estimate is not well defined. Instead, we want to work
with the conditional distribution of {(X;,S;)}}¥, subject to the condition that any realization has
Ny € {1,..., N} values with s; = 0 and N; = N — Ny values with s; = 1. Let this conditional
distribution have measure Py, n,. Let Ex, n, denote expectation taken with respect to Py, n, .

At the same time, we can define the conditional distribution of X subject to S = 0 and the condi-
tional distribution of X subject to S = 1. Let the corresponding probability measures be Py and PP,
respectively. Let Eq and E; denote expectation taken with respect to Py and [Py, respectively.

Given w, the values in which we are interested are the real number

c(w) = Eo[p(t(X, 0, w))] — Ea[p(¢(X, 1, w))]

and the random variable

— Y X, 0w) = — Y (X, L, w)).

{’LS =0} {zS’ =1}

Theorem 3. (Formal) For any w, the random variable C(w) is an unbiased estimator of c(w). That
is, Eny. v, [C(w)] = c(w) for all w.

Proof. We start by taking the expectation of C(w)

Eng [C)] = Enyv | S0 (X0 0w) = — 3 6(t(Xi, 1, w))
0 {i:5:=0} M (i:5:=1}
Using the linearity of expectation

Eng i [Cw)l =Enonv, [ > 0tX:,0,w) | —Engw, | Y. ¢(HXi, 1,w))
O (i:8,=0} U fisi=1}
Using the property that the expectation of a sum is the sum of expectations
1 1
Eno,m [C(w)] = 7 Z Eo [p(t(X,0,w))] — A Z Eq [¢p(t(X,1,w))]
{i:5;=0} {i:5;=1}
Since the samples are i.i.d., the expectation of each term in the sums is the same
B [C(w)] = Bo [9(t(X. 0, w))] - Ex [9(t(X, 1,w))]
By comparing the above result with the definition of c(w), we see that
ENO,Nl [C(’LU)] = C(w)v
as claimed. O
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C Opverview of Datasets

An overview of the datasets employed in our numerical experiments is provided in Table 2. Along
with basic information including the number of data points N, numbers of data points with sensitive
feature value equal to 1 or 0, etc., the table includes some statistics that are relevant for measuring
how innately fair or unfair is the dataset. These are motivated in the following paragraphs. In each
of the descriptions below, the measure P corresponds to the empirical distribution of the dataset.

Demographic Parity Violation with Rote Learning. If a prediction model were to predict the

true labels with 100% accuracy, i.e., Y = Y over the entire dataset, which corresponds to rote
learning of the dataset, then the violation of demographic parity is given by

P(Y =1|S = 1) - P(Y = 1|S = 0)|.

This measure quantifies the absolute difference in the likelihood of a positive outcome ¥ = 1
between one of the groups (S = 1) and the other group (S = 0) based on the sensitive feature.

Equal Opportunity Violation with Rote Learning. If a prediction model were to predict the true
labels with 100% accuracy, then the violation of equal opportunity is given by

IP(S = 1]Y = 1) — P(S = 0]y = 1)|.

This measure assesses the disparity in true positive rates between the protected and unprotected
groups, focusing on individuals who actually received a positive outcome (Y = 1).

Disparate Impact with Rote Learning If a prediction model were to predict the true labels with
100% accuracy, then the disparate impact—namely, the largest value of § such that both of the
inequalities in Equation (7) of the main paper (Section 3.2) would be satisfied—is given by

(P(Y=1S=0) B(Y =1]S=1)
mm{myz1w:1ymyzu5:m}'

This measures the relative disparity in the likelihood of a positive outcome between the protected
and unprotected groups, providing insight into potential biases in the model’s predictions. For the
datasets shown in Table 2, this measure provides insight into why our constraint on disparate impact
was not active until § ~ 0.78 for the Law dataset and was active with § = 0.36 for the Adult dataset.

All-Zero Prediction and All-One Prediction Accuracies A potential concern in the pursuit of a
fair prediction model is that model training would result in consistent predictions for all individuals
regardless of their feature data. This corresponds to no learning, and simply to predicting the same
outcome for all individuals. To determine whether such predictions could be desirable from the
viewpoint of achieving near-optimal accuracy, one can compute

P(Y = 0) d PY =1)
P(Y =0) +P(Y =1) "¢ P(Y =0) + P(Y = 1)

For the datasets shown in Table 2, one finds that the optimal accuracy in terms of a learned prediction
model should be at least 89.1% for the Law dataset and at least 75.6% for the Adult dataset.
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Table 2: Statistics for the Law and Adult datasets.

Metric Law Adult
N 16,638 26,048
#S=1 13,995 17,436
#5=0 2,643 8,612
#Y =1 14,826 6,354
#Y =0 1,812 19,694
#Y =1/NS5=1 12,915 5,391
#Y =1NS5=0 1,911 963

#Y =0NS=1 1,080 12,045
#Y =0NS5=0 732 7,649
PY=1S=1) 0.923  0.3092
P(Y =1|S=0) 0.723 0.1118
P(S=1Y =1) 0.871 0.8487
P(S=0Y =1) 0.129 0.1513

Demographic Parity Violation with Rote Learning  0.200  0.1974
Equal Opportunity Violation with Rote Learning 0.743  0.6974

Disparate Impact with Rote Learning 0.784  0.3615
All-Zero Prediction Accuracy 0.109  0.7560
All-One Prediction Accuracy 0.891  0.2440

D SQP Algorithm and Learning Rate Adjustment Strategy

For the purposes of describing the SQP algorithm (based on that in [13]) that we employ for model
training for our experiments in the paper, let us write the optimization problem of interest in the
following form, where we consider the case of having two constraint functions:

H}Li)n Z U(N (2, si,w), y;) + xr(w) subject to [éj < [m(w)} < [Ul} . )
]

€[N c2(w) 2

The algorithm that we state is readily extended to the case of more than 2 constraint functions.

Each iteration of the SQP algorithm involves solving a quadratic optimization (QP) subproblem to
compute a step. In each iteration k£ € N, in which the current iterate is wy, this QP has the form

mdin g(wy)"d+ 2d"Hyd

—VCl((’lU];;T ll(— C)l (U)k) (10)
| Ver(wy ci(Wg) —ur| _,
s.t. J(wy)d = —Vea(wy)T d<— I — ca(wy) | = —r(wg).

Veo(wi)T co(wy) — ug

where g(wy,) is a gradient or stochastic gradient of the objective function of (9) at wy, and Hy, is a
positive definite matrix. Since Hj, is positive definite and the feasible region of this QP is convex,
it follows that the QP has a unique optimal solution. Moreover, as is well known, if it is known
which of the inequality constraints are satisfied at equality at the optimal solution of the QP, then the
solution can be obtained by solving a symmetric indefinite linear system of the form

st 5| [ =~ o] ab

Here, J 4 and r 4 are the rows of J and r (see (10)) corresponding to the indices in A4 C {1, 2, 3,4}.

Our SQP algorithm, stated as Algorithm 1 below, specifies a procedure for solving (10) in each
iteration by considering, when necessary, different choices for the optimal active set .A. We note
that for computational efficiency any matrix of the form in (11) only needs to be factored once in
order to solve any number of linear systems of the form (11) in the iteration.
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Algorithm 1 Stochastic Sequential Quadratic Programming (SQP)

1: Require: initial iterate wy, prescribed learning-rate sequence { [y}, initial merit parameter 7_1
2: fork=0,1,2,...do
Choose Hj, (our implementation uses an Adagrad-type scheme)

Compute d,,,, as the unconstrained minimizer of (10), i.e., solve (11) with A = ()

3:

9:
10:
11:
12:
13:

14:
15:
16:
17:
18:
19:

20:
21:
22:
23:
24
25:
26:
27:

B AN

if d,,,, is feasible for (10) then
Set dk- — (dmm)
else

Compute dy,,, as the minimizer of (10) for 4 = {1}
Compute d,,;,, as the minimizer of (10) for A = {2}
Compute d,,; as the minimizer of (10) for A = {3}
Compute d,,, as the minimizer of (10) for A = {4}
if any of these candidates is feasible for (10) then

Setdy = argmin

de {dlm 7dum sdml 7dmu}

else

g(wk)Td + %dTde

Compute dy; as the minimizer of (10) for A = {1, 3}

Compute dj,, as the minimizer of (10) for A = {1,4}
Compute d,,; as the minimizer of (10) for A = {2, 3}
Compute d,,,, as the minimizer of (10) for A = {2,4}

Set dy, = argmin

de {dll 7dlu ~,dlu, -,duu}

end if
end if
Set 74, based on dy; see [13]

Set «;, based on (3, and 7; see [13]

Set wi41 — wg + apdy

g(wk)Td + %dTde

Apply Learning Rate Adjustment Strategy (Algorithm 2)

k+—k+1
end for

Algorithm 2 Learning Rate Adjustment Strategy (based on [44])

Require:
1. 7%
2: Qimin 10~7
3: Kmin < 200
4: Ak <« 5
5: v+ 10
6: 1+ 0.85
7: § 0
8: N,
9: f(wr)
10: r(wg)
1 g 7 f(wg) + r(wi)]l
12: if £ = 0 then
13: Set ¢ <+ ¢
14: else ~
15: Set ¢r < ngr + (1 —n)dr—1
16: end if
17: if k > kmin and o > oumin then
18: if ¢, < ¢, then
19: if 6, > Ak then
20: Qg1 < g/
21: 0, <0
22: end if
23: end if
24: Op +— 0 +1
25: end if

> merit parameter

> minimum learning rate

> minimum iterations

> adjustment interval

> reduction factor

> initial weight for convex combination
> iterations since last adjustment

> number of constraints

> objective value at iteration k (see (9))
> constraint value at iteration k (see (10))
> compute merit value

> initialize moving average

> update moving average
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E Additional Experimental Results

This section provides supplementary experimental results that complement the findings presented in
the experiments section. We first report the compute times for training of each model and dataset at
Table 3. Following this, we present additional plots.

Table 3: Compute times for training with the Law and Adult datasets. ”Avg time” is minutes for one
500-epoch run on the laptop CPU (Each number is averaged over all (\, constraint threshold(d or ¢)
runs of the given model); "Max peak” is the largest memory use seen in any run; “Total CPU” is the
overall core-time spent on each dataset.

Dataset Model Type Avg Time (min) Max Peak (MB) Total Runs Total CPU (h)

smoothed-step 11.48 48.50 16 3.06
Law sigmoid 10.92 7.10 16 291
covariance 10.85 7.10 16 2.89
smoothed-step 380.40 52.30 16 101.44
Adult sigmoid 216.90 10.90 16 57.84
covariance 149.19 10.90 16 39.78

law, smoothed-step law, sigmoid o law, covariance

5 0 - . Y > o TR 5
o o> o o° o® ot o o® o o o 53 o® o o® o® o o o & (o8 o o o
5 13

adult, smoothed-step N adult, sigmoid o1 adult, covariance
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Figure 6: Constraint violation of the model across varying fairness thresholds for smoothed-step,
sigmoid, and covariance models on the Law and Adult datasets. These plots show how constraint
violations of the model behave as thresholds tighten, with each method activating constraints at
different values.

Table 4: Accuracies (overall, male, and female) and constraint violations when disparate impact
(DI) and/or equal impact (EI) constraints are enforced with 6 = 0.9 for the Law and Adult datasets.
Enforcing both constraints reduces overall accuracy, particularly for Adult, but the constraint-only
method consistently satisfies both unfairness constraints, as indicated by non-positive constraint
model violations (cg4; and c.;) and non-positive constraint violation measures (¢4; and Ce;).

Dataset Scenario Overall Acc Male Acc Female Acc Cdi Cei Cdi Cei
Only DI 89.88 92.38 76.62 0.00 0.07 -0.00 -0.06

Law (6 = 0.9) Only EI 89.53 92.40 74.31 -0.07 -0.00 -0.07 -0.09
Both DI-EI 89.88 92.38 76.62 0.00 -0.06 -0.00 -0.06
Only DI 80.79 75.50 91.48 0.00 0.18 -0.00 0.18

Adult (6§ =0.9) Only EI 83.96 80.09 91.78 0.13 -0.01 0.13 -0.01
Both DI-EI 75.68 69.20 88.79 0.00 -0.00 -0.00 0.00
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Figure 7: Comparison between constraint-based (right) and regularization-based (left) approaches
for enforcing fairness using the sigmoid function on the Law and Adult datasets. This figure com-
pares the effectiveness of constraint-based and regularization-based methods in achieving fairness.
The constraint-based approach consistently meets the targeted fairness thresholds (4 or €) with min-
imal impact on accuracy, while the regularization-based method exhibits unpredictable fairness out-
comes and greater accuracy loss, underscoring the advantages of hard constraint enforcement.
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Figure 8: Comparison between constraint-based (right) and regularization-based (left) approaches
for enforcing fairness using the covariance function on the Law and Adult datasets. This figure
compares the effectiveness of constraint-based and regularization-based methods in achieving fair-
ness. The constraint-based approach consistently meets the targeted fairness thresholds (4 or €) with
minimal impact on accuracy, while the regularization-based method exhibits unpredictable fairness
outcomes and greater accuracy loss, underscoring the advantages of hard constraint enforcement.

— 1

Figure 9: Training and test accuracies for different model formulations: smoothed-step (6 = 0.9),
sigmoid (6 = 0.9), and covariance (¢ = 0.01). All formulations show similar convergence with
minimal generalization gap, achieving comparable training and testing accuracy.
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Figure 10: Levels of disparate impact actually achieved (6) in the minibatch training setting when
prediction models are trained with constraints as in Equation (7) of the main paper (Section 3.2) for
varying values of § with scaling of the surrogate functions. The plots on the right are the levels of
disparate impact actually achieved when a constraint on a covariance surrogate (less than or equal
to €) is imposed.
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Figure 11: Training accuracy and constraint violation measures in the minibatch training setting
for smoothed-step, sigmoid, and covariance models on the Law and Adult datasets. The plots show
training accuracy alongside constraint violation metrics for different surrogate functions. The results
indicate that fairness constraints can be satisfied without compromising predictoin accuracy.
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Figure 12: Constraint violation of the model across varying fairness thresholds in the minibatch
training setting for smoothed-step, sigmoid, and covariance models on the Law and Adult datasets.
These plots show how constraint violations of the model behave as thresholds tighten, with each
method activating constraints at different values.
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