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Abstract

In this paper, we address stochastic optimization problems involving a composition of a non-
smooth outer function and a smooth inner function, a formulation frequently encountered in
machine learning and operations research. To deal with the non-differentiability of the outer
function, we approximate the original non-smooth function using smoothing functions, which are
continuously differentiable and approach the original function as a smoothing parameter goes to
zero (at the price of increasingly higher Lipschitz constants). The proposed smoothing stochastic
gradient method iteratively drives the smoothing parameter to zero at a designated rate. We es-
tablish convergence guarantees under strongly convex, convex, and nonconvex settings, proving
convergence rates that match known results for non-smooth stochastic compositional optimiza-
tion. In particular, for convex objectives, smoothing stochastic gradient achieves a 1/ TY4 rate
in terms of the number of stochastic gradient evaluations. We further show how general compo-
sitional and finite-sum compositional problems (widely used frameworks in large-scale machine
learning and risk-averse optimization) fit the assumptions needed for the rates (unbiased gradient
estimates, bounded second moments, and accurate smoothing errors). We present preliminary
numerical results indicating that smoothing stochastic gradient descent can be competitive for
certain classes of problems.

1 Introduction

Stochastic compositional optimization problems, in which the objective function involves a com-
positional structure of an inner and an outer function, have found increasing applications in
machine learning and risk-averse optimization (see [5, 40]). In this paper, we will consider the
following two stochastic compositional problems

min G(E(. ), (1)
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and

min Elg(y(z,¢))], (1.2)
where x is the vector of decision variables, £ is a random vector, E is taken with respect to
the probability distribution of &, v is a differentiable function, and ¢ is a function which is not
necessarily smooth (meaning that the function ¢ may be non-differentiable).

Both types of problems naturally occur in fields like reinforcement learning [8, 22], risk man-
agement [1, 26], meta-learning [17], and distributionally robust optimization [23]. An example
of ¢(E[)(x,&)]) involves super and sub-quantiles and functions that can be written as

max {0, E[¢(z,§)])}.

An instance of mingern E[p(1(x, §))] is expected risk minimization, which is widely adopted in
machine learning applications. A specific example is given as follows

min  Efjz"u+b— o],

TeR"
where the outer function is the L1 loss, the inner function is linear, and £ = (u,v). We will
discuss the formulations (1.1) and (1.2) in more detail in Sections 4 and 5.

Due to the existence of non-differentiable points of the non-smooth outer function ¢, tra-
ditional gradient-based methods cannot be directly applied to problems (1.1) and (1.2). To
deal with the non-smoothness of ¢, we will use a smoothing function (see Definition 1 below).
Smoothing functions have been introduced in [4, 51].

Definition 1 Let g : R® — R be a locally Lipschitz continuous function. We call g : R™ x
[0,400) = R a smoothing function of g if, for any p € (0,400), §(-, ) is continuously differen-
tiable in R™ and, for any x € R™,

lim | 3(z.p) = g() (1.3
z—x,ul0

In Section 2, we will provide an introduction to the essential properties of smoothing func-
tions. We will also see in Sections 4 and 5 what conditions (}5 and v need to satisfy to ensure
that E[G(4(-,€), )] and $(E[(-, €)], ) ave smoothing functions of E[¢(t(-, €))] and $(E[p(-, £)]),
respectively (satisfying appropriate accuracy and convexity requirements). We will assume that
we can compute stochastic smoothing gradients for both E[p(1(-, €), p)] and ¢(E[¢p(z, €)], 1) (the
explicit forms will be shown in Sections 4 and 5). As the smoothing parameter approaches zero,
the smoothing function will approach the original function but at the price of larger Lipschitz
constants.

1.1 Short review of convergence rates for gradient descent

Gradient descent (GD) and stochastic gradient descent (SGD) are widely used in optimization
and machine learning problems due to their simplicity, efficiency, and effectiveness, particularly
in terms of low iteration cost and memory storage requirements. The first development of GD can
be traced back to 1847. Cauchy introduced a method of iterative improvement, laying out the
fundamental idea of moving toward function minima by repeatedly taking steps proportional to



the negative gradient. SGD arose in the context of the statistical approximation method, which
was first introduced by Robbins and Monro [38] in 1951. Over the subsequent decades, SGD
gained widespread popularity in large-scale problems [3], owing to its efficiency and scalability
in handling large datasets and high-dimensional parameter spaces.

Modern convergence theory traces back to Polyak’s seminal work on GD for L-smooth ob-
jectives in the 1960s [35, 36]. For a convex and L-smooth function f, taking a fixed stepsize 1/L
yields the classical sub-linear rate O(1/T") [33]. When f is additionally p-strongly convex, the
same scheme converges at the linear rate O((1 — u/L)T) [36]. In the non-smooth convex set-
ting, replacing gradients with subgradients and using the diminishing stepsizes v, = ©(1/v/%)
attains the optimal rate O(1/+/T) [31, 41]. Furthermore, for non-smooth and p-strongly convex
objectives, choosing v, = ©(1/t) tightens the bound to O(1/T) [37].

For SGD, analogous complexity results were developed. On a convex and L-smooth ob-
jective with unbiased stochastic gradients of bounded second moments, SGD with diminishing
stepsizes v, = O(1/y/t) achieves the optimal sub-linear rate O(1/v/T) [30]. If the objective
is additionally p-strongly convex, choosing v, = ©(1/t) tightens the rate to O(1/T) [29]. If
smoothness is absent, in the convex setting, replacing gradients with subgradients while re-
taining v, = ©(1/v/%) yields the classical O(1/+/T) bound [31, 41]. Finally, for non-smooth and
u-strongly convex objectives, a subgradient scheme with v, = ©(1/t) attains the optimal O(1/T)
convergence rate [29, 30].

We identify two main categories of optimization problems: the additive form f(x) = g(x) +
h(x), which leads to a composite optimization problem, and the inner—outer (nested) form f(z) =
@(1(x)), which leads to a compositional optimization problem, each bringing its own algorith-
mic challenges and solution methods. Considering the additive composite formulation f(x) =
g(z) + h(x), suppose that g is smooth and L-Lipschitz differentiable, and h is proximable and
potentially non-smooth. Proximal-gradient methods have been extensively studied and widely
used for solving this type of problem. Notable methods include ISTA [9] and its accelerated vari-
ant FISTA [2]. Stochastic variants, such as FOBOS [12] and RDA [47], have also been explored.
Additionally, accelerated stochastic proximal methods like Prox-SVRG and SAGA [10, 48] have
gained popularity due to their improved convergence rates. In contrast to the well-studied ad-
ditive composite form, research on stochastic compositional optimization, defined by its nested
inner-outer structure, has begun to attract attention in recent years. An early contribution
is due to Ermoliev [14], who proposed a two-timescale stochastic approximation method for
optimizing the composition of two expectation-valued functions; see Section 6.7 of [15] for a
brief related discussion. A more recent advance came from Wang et al. [43], who formally in-
troduced the stochastic compositional gradient descent (SCGD) method to solve problems of
the form f(z) = E[¢(E[¢(x,&1)], 2)], where the outer expectation is taken with respect to the
probability distribution of &3, the inner one is taken with respect to the probability distribution
of &1, and the inner function may be non-smooth. The SCGD algorithm operates on two in-
tertwined time-scales, employing an auxiliary sequence to estimate the inner expectation via an
exponential moving average, while the outer iterate descends along a stochastic quasi-gradient
formed from this estimation. For non-smooth objectives, SCGD achieves sample complexities of
O(T~/*) and O(T~?/3) in the convex and strongly convex cases, respectively. Compared to our
method, SCGD primarily focuses on handling the non-smoothness of the inner function, whereas
our approach specifically targets scenarios where the outer function is potentially non-smooth.
Additionally, our method employs an iterative smoothing parameter scheme, ensuring controlled
smoothing accuracy throughout the optimization process.



Building on SCGD, subsequent work further developed the nested type stochastic composi-
tional optimization problems (and their variants). Wang et al. [24] integrated SVRG into SCGD
for finite-sum compositional objectives f(z) = + Ziil Oi (ﬁ Z]Ail wj(x)) (where ¢; and ;
denote the values of ¢ and ¢ for specific realizations of their respective random vectors) and
proved a linear convergence rate under strong convexity. For smooth but non-convex stochastic
compositional objectives f(z) = E[p(E[)(x, &1)], &2)], advances have been made by [27, 50]. In
addition, several works extend proximal-gradient methods and their variants [20, 44], employ
ADMM [49], use SARAH [53], or adopt SAGA [52] to address stochastic compositional problems
of the form f(z) = E[¢(E[¢(x,&1)],&2)] + h(x), where both the inner and outer functions are
smooth and a non-smooth regularization term h is incorporated.

1.2 Gradient descent using smoothing techniques

Besides the methods discussed in Section 1.1, another prominent approach for handling non-
smooth objectives is the use of smoothing functions, which approximate a non-smooth function
by a smooth surrogate that converges to the original function as the smoothing parameter
diminishes. Nesterov proposes a smoothing framework [32] (infimal convolution smoothing)
and demonstrates that structured non-smooth convex problems admit an O(1/¢) first-order
complexity bound for obtaining an e-accurate solution, improving upon the classical subgradient
rate of O(1/e2). Alternative smoothing techniques, such as randomized smoothing [13] and
Moreau envelope smoothing [28], have been extensively explored in the literature. In derivative-
free settings, notable smoothing approaches include Gaussian smoothing [34] and direct search
using smoothing functions [18].

For additive composite optimization problems of the form f(z) = g(z) + h(z), where h(x)
may be nonsmooth, various smoothing techniques have been explored in the literature. Ran-
domized smoothing [13] was introduced to address this type of problem. Accelerated proximal
gradient methods enhanced by Nesterov’s smoothing technique have also been explored [25, 45].
Additionally, an approach using the Moreau envelope along with a variable sample-size acceler-
ated proximal scheme to manage nonsmoothness has been proposed in [21]. By contrast, to the
best of our knowledge, existing studies on stochastic compositional problems with an inner—outer
structure do not employ a smoothing gradient method that iteratively updates the smoothing
parameter, as proposed in this paper.

1.3 Compositional case using smoothing functions—our contribution

The main goal of this paper is to develop a smoothing stochastic gradient (SSG) method using
the gradients of smoothing functions, where the smoothing parameter is decreased at a con-
trolled rate. Our motivation is drawn from compositional problems (1.1) and (1.2), but we will
abstract from these two settings and develop the SSG method and its convergence theory for a
general scenario (see formulation (3.1) in Section 3) for which there is an accurate smoothing
function, and for which there is the possibility of drawing unbiased smoothing stochastic gra-
dients satisfying a bounded second order moment dependent on the Lipschitz constant of the
smoothing function. We will investigate the convergence of the SSG method for this general
scenario under strongly convex, convex, and nonconvex regimes (see Sections 3.2-3.3 and Ap-
pendix B). Notably, for convex objectives, the SSG method attains a 1/T1/4 convergence rate
in terms of stochastic gradient evaluations. We also show in Sections 4 and 5 that widely used



frameworks such as compositional and finite-sum compositional problems (which are instances
of problems (1.1) and (1.2), respectively) meet the required smoothing assumptions, including
convexity, unbiased gradient estimates, bounded second moments, and controlled errors. The
illustrative numerical experiments reported in Section 6 show that the SSG method can perform
competitively for certain problem classes.

2 Introduction to smoothing functions

In this section, we will present two main examples and their relevant properties of smoothing
functions for the context of our paper. We specifically address widely used non-smooth functions
in optimization, namely the L1 and the Hinge losses. At the end of the section, we mention one
way of constructing smoothing functions through convolution with mollifiers, yielding smoothed
functions that satisfy the key properties we outlined.

The L1 norm is widely used in optimization, for instance in sparse optimization and com-
pressed sensing (see [11, 42]). Due to its non-smooth nature, it is advantageous to replace it
with a smooth approximation. One way to smooth |-| is introduced in [7]

“+oo
5(t,p) = / ’t - MT’ p(7) dr, (2.1)

where p : R" — [0, +00) is a symmetric and piecewise continuous density function with a finite
number of pieces, satisfying fj;o |7] p(7) dT < 0.

The function (2.1) holds several important properties. Firstly, (-, 1) is continuously differ-
entiable on R, with its derivative expressed as § (¢, u) = 2 fot /n p(7)dr. As p approaches zero, the
function converges uniformly to |¢| on R, with the approximation error bounded by a multiple
of the smoothing parameter pu. Moreover, this smoothing function satisfies the so-called gra-
dient consistency, meaning that the limit points of §'(¢, 1) approach the Clarke subdifferential
of |t[, more specifically, it holds that {lim; 0,08 (t,)} = [~1,1] = 0,4(0). Finally, for any
fixed g > 0, the derivative §'(t, 1) is Lipschitz continuous with a constant that is proportional

to 1/p.
An explicit example of (2.1) with a uniform density

o s

0, otherwise,
yields

2 u pbop
7+77 te T 9y 9 ]
Stp) = {“ o el (22)

[t], otherwise.

Besides the L1 loss, the Hinge loss is also broadly used in machine learning and optimization
applications. Similarly to the L1 case, a particular smoothing function for the Hinge loss is

1—t, t<1—p,
h(t,n) = 4 (1—t+p? 1—p<t<l+p, (2.3)
0, t>1+p.



This smoothing function holds the same properties as (2.2).

Generally speaking, there are various techniques to construct a smoothing function. For
example, one can smooth the non-smooth function by convolution with mollifiers (see [39]). A
parameterized family of measurable functions {1, : R" — [0,+00), u € (0,00)} is called a
mollifier (or mollifier sequence) if it satisfies [p, 1u(2)dz = 1 and if B, = {z : ¢,(z) > 0} is
bounded and converges to {0} as p | 0. A smoothing function f for a non-smooth function f is
then constructed via convolution with mollifiers as follows

flap) = | fl@—2)¢u(z)dz= [ [f(2)Yu(z —2)dz. (2.4)
R R”

This construction guarantees pointwise convergence from f(x, ) to f(z) as pu goes to 0 (thus
satisfies (1.3) in Definition 1). If the mollifiers are continuous on R”, then f(-, ) is contin-
uously differentiable. Note that when f is locally Lipschitz continuous at a limit point x,,
one always has 9f(z.) C coG () (see [6]), where df(z.) is the subdifferential, co denotes

the convex hull, and G () = {limz—a, 0 Vf(z,1)}. Moreover, using construction (2.4),
when f is Lipschitz continuous near z,, the so-called gradient consistency property, which says
that 9f(x.) = co Gf(x*), is satisfied. Other than convolution with mollifiers, smoothing func-
tions can also be constructed by convolution with probability density functions (see [39]).

3 The smoothing stochastic gradient method

3.1 Algorithm and assumptions

We will be stating and analyzing a smoothing stochastic gradient method to solve the expected
risk problem written in the general form

;Iel]iRI}L f(x) (f involves &, ¥ and ¢), (3.1)
where again x is the vector of decision variable, £ is a random vector, v is a differentiable
function, and ¢ is a function which is not necessarily smooth. Problem (3.1) is meant to include
cases (1.1) and (1.2) as two particular instances. We consider that a smoothing function f(x, 1)
is available for f(z) involving a smoothing function ¢ of ¢ and also including the randomness
given by £. We also assume that one can draw gradient estimates sz (z,€&, 1) for the smoothing
function f(z, ). A smoothing stochastic gradient method can then be stated in Algorithm 1 and
it only differs from the traditional stochastic gradient algorithm in the update of the smoothing
parameter [ig.

Algorithm 1 Smoothing stochastic gradient (SSG) method

Input: z1, {ag}, and {ux}.

For k=1,2,... do
Step 1. Generate a realization &, of the random variable &. Then compute V fo. (g, &x, fi)-
Step 2. Update iterate 41 = xf — akaI(xk,fk,,uk).
Step 3. Update smoothing parameter ppy1 < pg.

End do




In this section, we will analyze the convergence of the SSG algorithm in the convex and
nonconvex regimes. The strongly convex case has less applicability and is left to the appendix
of this paper. We first introduce the general assumptions required for the convergence of the
SSG algorithm in all three regimes.

Assumption 3.1 states the unbiasedness of the smoothing gradient fo (z,&, 1), meaning that
its expectation over random vector £ coincides with sz (z,p). This requirement is typically
mild and will be shown to hold under reasonable conditions in Sections 4 and 5.

Assumption 3.1 (Unbiasedness of the smoothing gradient) For all x € R" and for all
u > 0, the smoothing gradient V. f (x, &, 1) serves as an unbiased stochastic estimator of V. f(x, p),
meaning that

Ee[Vof(,& 1) = Vaof (x,p1).

Assumption 3.2 requires that the second moment of the smoothing gradient is bounded by
a constant of the same order as 1/u2. This is again a mild requirement, and it will be shown to
hold under suitable conditions for most smoothing functions in Sections 4 and 5.

Assumption 3.2 (Bounded second moment of the smoothing gradient) Forallx € R"
and for all u > 0, the smoothing gradient V. f(x,&, 1) is bounded as follows

~ 1
Ee[[IVaf(z, & m)|?] < ?02,

where G > 0 is a positive constant.

Lastly, Assumption 3.3 ensures that the smoothing function f (x, p) closely approximates the
true function f(x), with their difference (accuracy) controlled by the smoothing parameter p.
Similarly as for Assumption 3.1 and Assumption 3.2, such a requirement is mild and will be
shown to hold under appropriate conditions for most smoothing functions in Sections 4 and 5.

Assumption 3.3 (Accuracy of the smoothing function) For allx € R™ and for all n > 0,
the difference between the true function and the smoothing function is bounded by some constant
times the smoothing parameter in the following way

(@) = f(z,m)] < Cp, (32)
for some C' > 0.

By now, we have outlined the general assumptions required for the SSG algorithm. Next,
we will present additional specific assumptions for the convex and nonconvex cases, and then
develop the corresponding convergence results.

3.2 Rate in the convex case

In this subsection, we examine the convex case. While this generally leads to milder convergence
guarantees compared to the strongly convex setting, it applies to a wider range of problems. We
begin by outlining the assumption specific to the convex case and then present the convergence
analysis for the SSG algorithm under such a condition. Assumption 3.4 states the convexity of
the smoothing function.



Assumption 3.4 (Convezcity of the smoothing function) For all x € R™ and for all pn >
0, the smoothing function f(x,p) is convex.

To establish the convergence results, we also need to consider an additional assumption
regarding the boundness of the sequence of iterates.

Assumption 3.5 (Boundness of the sequence of iterates) There exists a positive constant
M > 0 such that ||z — x.|| < M for all k, where x, is any minimizer of f.

Building upon the convexity assumption and considering specific rates for both the smoothing
parameter and the stepsize in the SSG method, we now present the convergence results in the
convex setting, which provides a weaker convergence rate compared to the strongly convex case
given in the appendix.

Theorem 3.1 (Convergence rate in the convex case) Under Assumptions 3.1-8.5, sup-
pose that the SSG algorithm runs with the smoothing parameter py, = k= and stepsize ay, = k=2,
where a > 0 and b > 0. Define fg;st = ming—(o,1,...7} f(zk). Then for any minimizer x, of f,

one has o ) @
2 C1 M C9 1

where c¢1 and co are some positive constants.
Moreover, one can show that the best convergence rate of (3.3) is of the order of 1/T1/4.

(3.3)

Proof. First, analogous to the proof for the strongly convex case, we apply the update rule of
the SSG algorithm to obtain the following

Ellwes1 — 2*a]

= B[z, — ax Vo f (@, &k i) — 24 [k]

. - (3.4)
= Ellzg — 2. |?[2x] — 2006 (Vo f (@h, ks i), e — @) |2k] + B[V f (ke ks i) 1]
= [lzk — 2l® = 20k (Vo f(wr, k), 2 — 2) + RE Vi f (@, ks ) P28
Then, by the convexity assumption of f(z, ) (Assumption 3.4), we have
<fo(xk, ,LLk?)a T — I*> > JE(Ik,Mk) - fN(‘T*a N’k) (35)

By combining (3.4) and (3.5), and taking the total expectation on both sides, we get

Elller1 — @) < Elller — ] — 200E[f (@, i) = f (@, 1)) + RE Voo f (2, €y i) 7]

Using the boundedness assumption of the smoothing gradient estimates (Assumption 3.2), and
dividing both sides by ayj, we obtain

Elllzr — x.]|?] — E[||l — 2.2 o
[l|zx I°] = Elllzk+1 1] e

2E[f(xk,ﬂk) - f(m*,,uk)] < . i



Then, by summing the inequality from & = 1 to T for some T > 0 and using the boundedness
assumption of the sequence of iterates (Assumption 3.5), we obtain

T
~ k
sz (@) = Foes )] < - Ellr = . +Z;k—a E{ — .| ng
- 2.2

k=2
9 T
< M + G?
ar = He
(3.6)
From inequalities (3.2) (for z, and z.) and (3.6), we have
T
Z 2E[f () — f(2.)]
T T T
. 2M? a
Z Far i) = @] + > 2BIf (e, ) — flm)] + —— + Y —5G? (3.7)
k=1 ar = Pe
4 «
Z Lk -l- — + Z kGQ
k=1 Hi

Now let us first consider E;;F:l e = Zgzl k—la, when a € (0,1), one can easily show the
following inequality hold

T 1 T
Y =<1 +/ k™ < e TV, (3.8)
k=1 . 1

where ¢; > 0 is some positive constant.
Similarly, consider Zle Z—g = Zle k=% when b — 2a < 1, one can also prove that it

satisfies the following inequality

T
ZkQafb < C2]12afb+17 (39)
k=1

where co > 0 is some positive constant.

Next, let us define fg;st =ming_o1,..7} f (zr). Consider the left hand side of the inequality
(3.7), we have

T
> C2E[f(wx) — fl@4)] = 2TE[fle, — f(z)]. (3.10)

Thus, combining (3.7), (3.8), (3.9), and (3.10), one arrives at (3.3).
Finally, we will establish the optimal convergence bound achievable by the algorithm. Under
the constraints b — 2a < 1 and 0 < a < 1, we aim to maximize

t= min {a,1—-0b, —2a+ b},
a,beRy

One can easily show using an LP formulation that the maximum value of ¢ is 1/4 with the
optimal solution (a,b) = (1/4,3/4). This result shows that the best bound the SSG algorithm
could achieve for the expected risk problem (3.1) in the convex case is of the order of 1/T%/%. O



Before moving on to the nonconvex case, we note that the best convergence rate of the SSG
algorithm in the convex setting is of the order of 7/4, which matches the rate for a different
non-smooth convex stochastic composition problem (see [43]), where the non-smoothness lies
instead in the inner function 1. In Section 4 and Section 5, we will demonstrate how the
non-smooth convex compositional problems (1.1) and (1.2) can be fitted in the SSG algorithm
as instances of the general problem (3.1), thereby allowing the SSG method to achieve the
developed convergence rate of the non-smooth convex compositional setting.

3.3 Rate in the nonconvex case

In this subsection, we examine the nonconvex setting of the SSG method. The lack of convexity
in this context introduces additional analytical challenges compared to the strongly convex and
convex cases. We begin by outlining the assumptions necessary for the nonconvex scenario and
subsequently develop the corresponding convergence results for the SSG algorithm under these
assumptions.

Assumption 3.6 requires that the gradient of the smoothing function is Lipschitz continuous
with a constant inversely proportional to the smoothing parameter p. This inverse relationship
indicates that decreasing p, thereby reducing the degree of smoothing and allowing the function
to more closely approximate the original non-smooth objective, results in an increase in the
Lipschitz constant. Most smoothing functions (see Section 2) satisfy this property. We also
require that the stepsize should be of a diminishing type, as shown in Assumption 3.7.

Assumption 3.6 For all x € R" and for all p > 0, the gradient of the smoothing func-
tion f(x, ) is Lipschitz continuous with a Lipschitz constant Cy/p for some Cy > 0.

Assumption 3.7 The sequence of diminishing stepsizes {ay} satisfies > po ;o = 00, and
Y2 ad < oo for somed > 1.

After having listed all the required assumptions, we now establish a first convergence result
for the nonconvex setting on the gradient of the smoothing function. In what follows, we present
the asymptotic convergence analysis, drawing inspiration from the proof in [19].

Theorem 3.2 (Convergence in the nonconvex case) Under Assumptions 3.1-3.3 and 3.6—
d, 2

3.7, for d € (1,2), by choosing j = a,:§+3, one has

T
lim E of 2 : 11
Jim LZ_laklv f(fkaﬂk)H] < o0 (3.11)

Moreover, with Ap = Zgzl ag, one has

lim E

T
;T;lakuvxf(fkvﬂk)wl = 0. (3.12)

Proof. From Assumption 3.6, one has

Co

2
Thet1 — Tk -
o 71 =l

Flerir) — Flar) < (Vof (xh, pr), Thpr — 2x) +

10



Recalling the update rule of the SSG algorithm x4 =z — akvgcf(ﬂck, &k, pi), we have
04200

24,

F(xen) = Flan) < —an(Vof (@n, ), Vo (@, G i) + 25— |V (@r, & ). (3.13)
Then, by taking conditional expectations with respect to the distribution of & of (3.13), we
obtain

aiCbE

2k 1V f (s &y 1) 1?6 (3.14)

E[f (i) |ék] = Fan) < —al|Vaf (r, ) I” +
Now we take the total expectation of (3.14) and obtain

: N ~ .
Bl (k)] ~ BIF(@)] < BV (o m)l) + ]

2k Vo f (@h, k) |17)- (3.15)

Next, by summing the inequality (3.15) from k& =1 to T for some T > 0, we have

~ ~ T _ T 052 ~
E[f(z7+1)] — E[f (21)] < =) 0BV f(zr, ) %] + % > ;ZEHW@:;@, Eks pax)|[*]- (3.16)
k=1 k=1

By defining f{;’;st = ming—(o,1,..7} f(xk) and applying Assumption 3.2, we obtain

T COG2 T

S kBl Vo Fon )P < Blf )] = flo + =5 >

2
Xk
3
k=1 =1 Mk

(3.17)

d 2
By choosing pj = a,;§+§ for some d € (1,2), the diminishing stepsize assumption (Assump-
tion 3.7) ensures that the right-hand side of (3.17) converges to a finite limit as ' — co. Since the
left-hand side is a nondecreasing sum (all terms are nonnegative), we prove that the theorem’s

first statement (3.11) holds.

Next, we turn to prove the second statement of the theorem. We divide both sides of (3.17)

by Ar = Zgzl oy and get
- - . CoG: T
Ch CuBlVaf (o ) ] _ B @) = flo | 2 2kt ]
Ar - Ar Ar .
d, 2
Taking the limit as T — oo, using (3.11), recalling py = a;§+§, and using the assumption of
the stepsize (Assumption 3.7), we prove that the theorem’s second statement (3.12) holds. O

Theorem 3.2 provides the convergence of the SSG method for gradients of the smoothing
function f . We want to further investigate the convergence for subgradients of the true non-
smooth function f. For this purpose, we impose Assumption 3.8 which guarantees the existence
of a nearby true subgradient within a distance of the order of y to any smoothing gradient.

Assumption 3.8 For all x € R"™, and for all p > 0, there exists a y € B(x, E1p) and a
subgradient g(y) € 0f(y) such that

IVaf(@,m) =9 < Ean, (3.18)

where By and Ey are some positive constants.
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Note that when f is locally Lipschitz continuous at a limit point x,, Assumption 3.8 im-
plies the gradient consistency property (see details in Section 2). In fact, consider any se-
quence {(zg, pg)} satisfying zr — . and py | 0, and let yi be the corresponding points that
satisfy Assumption 3.8. It is easy to show that yr — =, as ug | 0. Since f is locally Lipschitz
continuous at z,, its Clarke subdifferential is outer semicontinuous at z. (see [39, Theorem 5.19]),
which leads to g(yx) — g(x«) € Of(z+). Thus, taking limits in ||V f(xg, ux) — 9(e) |l < Eapg
yields )

lim  V.f(x,u) =g(x.) € 0f(x). (3.19)

LTy, ud0

Using (3.19) and the fact that the Clarke subdifferential 0f(z.) is always a convex set, we
have co Gf(:z:*) = co{limyq, ujo Vaf(z, 1)} € Of(xx). Since one always has 0 f(z.) C co Gf(m*)
for a locally Lipschitz continuous f (see in Section 2), we have thus showed that Assumption 3.8
implies the gradient consistency property.

Corollary 3.1 (Convergence in the nonconvex case) Under Assumptions 3.1-3.3 and 3.6
d, 2

3.8, for d € (1,2), by choosing j = a,:§+3, one has

lim E

T—o0

T
Zakng(yw] < oo (3:20)
k=1

Moreover, with Ap = Z;{:l ag, one has

lim E

T—o0

L
ATgaHg(ykﬂzl =0, (3.21)

where g(yi) s a subgradient satisfying (3.18).

Proof. For any yx € B(xy, E1p) such that the subgradient g(y) satisfies Assumption 3.8, we
have

T
E [zakng@kw _E
k=1

T
Z arllg(yr) — Vo f (@n, mr) + sz@k»ﬂk)”ﬂ
=1

T

<2E Y arllg(yr)) = Vaf (@, m)|”
h=1

+2E

T
Zak|vxf(mkaﬂk)||21
k=1

T
<2E3) oppi +2E
k=1

T
Zakllvmﬂxk,ukwl .

k=1
(3.22)

with d € (1,2), we observe that limy_,., E3 ZZZI gy < oo.
Combining limy_,, F3 Z;{Zl a3 < 0o with (3.11), we know that the right-hand side of (3.22)
is upper bounded when T — oco. Since Z;{:l allg(yr)|?
conclude that (3.20) holds.

Next, we prove the second statement of the theorem. Notice that (3.12) from Theorem 3.2
also holds here. Consider (3.22) again and divide its both sides by Ar = 25:1 ay, obtaining

B[S anlg@ol?]  2m2s T apz 2B [ Sh onl Vo (o ) 2]
< = + .

d
. . -4
Given our choice of y = o °

W

is a nonnegative-term sum, one can

(3.23)

12



When d € (1,2), we use the finiteness of limy_,, F3 25:1 a3 together with (3.12) to establish
the second statement (3.21) of the theorem.
(]

4 Case f(x) = o(E[t(x,§)])

An objective function of the type (3.1) takes a compositional form in many real-world appli-
cations, such as risk-averse optimization. An outer function ¢(-) is composed with an inner
function E[)(-, £)], leading to the problem formulation (1.1). In this case, the smoothing func-

tion of f (with ¢(z) = E[¢(z,§)]) is

And the gradient of V, f(z, ) is

Vof(z,p) = ¢'(W(2), p) V().

To compute the smoothing gradient as an unbiased estimator of V f (z, 1) (to satisfy Assump-
tion 3.1), we independently sample two batches &' and ¢? from the random vector ¢ and then
compute ¥(zx, &) and Vb (wy, £2) separately. By doing so, the smoothing gradient estimator
is written as follows

Vof (2,6, 1) = & (W(2,6"), W)Varh(z,6?), (4.1)
where ¢/(-, ;1) denotes the derivative of the smoothing function ¢ evaluated at 1 (z, '), We will

show in Proposition 4.2 that V. f(z, ', €2, 1) is indeed an unbiased estimator of V. f(, ).

To deal with this compositional setting, we present a particular SSG method in Algorithm 2.
We assume that the sequences {ay} and {u} are both decreasing and converging to zero. An
initial point z1, along with a sequence of stepsize {ay}, and a sequence of smoothing parame-
ter {1y} are required as input. At each iteration, the algorithm samples realizations f,i and 5,% of
the random variable ¢ independently and then computes ¥(zy, &) and Vyih(zy, £2) separately.
Next, the algorithm compute smoothing gradient V, f(x, £, £2, 1) as in (4.1). This smoothing
gradient V, f (z,&1,€2, 1) is used in a standard stochastic gradient descent update procedure,
scaled by the stepsize aj. Lastly, the SSG algorithm updates the smoothing parameter p at the
end of each iteration.

Algorithm 2 SSG method for case f(z) = ¢(E[¢)(x,&)])

Input: z1, {ay}, and {ux}-
For k=1,2,... do
Step 1. Generate realizations f,i and {,% of the random variable £. Then compute
V(zk, &) and Vop(zy, £2), respectively.
Step 2. ComPUte V:rf(xk, §é7 5%7 Mk) = Qz’/(lb(xka 6}1;)7 Mk) wa(mk; EI%)
Step 3. Update iterate xx4+1 = ) — akvmf(a?k,ﬁi, 5,3,/%).
Step 4. Update smoothing parameter pgr1 < pg.
End do
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4.1 About convexity

In this section, we will investigate under what properties of ¢ and 1) the assumptions needed in
Section 3 are met.

In many real-world optimization problems that are under uncertainty, the non-smoothness
of the outer function ¢ arises from max-operations and absolute values. For example, problems
that we are looking at could be like max{0, E[¢)(x, )]} or |E[¢)(z, £)]|. Consider a finance scenario
as an instance, the inner function v computes the profit for a given market realization and the
expectation E[¢(-, £)] averages this profit over all possible market conditions.

To smooth the outer function ¢ with a hinge type function max{0, -}, we can use smoothing
functions provided in Section 2. In such a case, <;~S(t, 1) is non-decreasing and convex with
respect to t. Then if one has that ¥(z) = E[¢)(x, £)] is convex, the convexity assumption of the
compositional smoothing function f(z, W) = qg(w(:v), ) is satisfied. A similar property holds for
the smoothing of || if ¥ (z) is always evaluated with nonnegative values.

4.2 About stochasticity

Next, we will show that the bounded second moment assumption given in Section 3 (Assump-
tion 3.2) can be met in this compositional case. For this purpose, we first require that the second
moment of the gradient of the inner function be bounded in expectation. Such an assumption is
typically met in machine learning models (for example, linear regression and logistic regression)
with bounded feasible regions X C R".

Assumption 4.1 Forallx € X, the gradient of the inner function (x,£) has a bounded second
moment

E[|Ve(x, &)%) < Gf,
for some G1 > 0.

We also need to assume that the expected squared derivative of dN) does not exceed a positive
quantity that inversely depends on the smoothing parameter pu.

Assumption 4.2 For all z € X and for all u > 0, the gradient of ¢p(¢(x, &), 1) satisfies

B[ (4(2, ), 1)) < ((/’;)

for some Go > 0.

We note that Assumption 4.2 is satisfied when using smoothing functions ¢ of the types
shown in Section 2 (see (2.2) and (2.3)), which correspond to functions of type |-| and max{0, -}.
In such cases, ¢'(1(x,&), ) is a multiple of 1/ of ¥(z, ), and Assumption 4.2 is met as long
as ¥(x, &) is bounded. Hence, Assumption 4.2 is a combination of the boundness of ¢ (z, &) and
the properties of the smoothing function (5(, ).

Using these two assumptions, we can ensure the bounded second moment of the smoothing
gradient and thus confirm that Assumption 3.2 is valid in this compositional setting.

Proposition 4.1 Suppose Assumptions 4.1 and 4.2 hold. Additionally, assume that 1)(z, &) is
sampled independently from ¥V 1p(x,&%). Then, the smoothing gradient satisfies

G1G2>2
. .

B[ (¢(x, 1), p)Vaib(x, €2)|?] < (
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Proof. By the definition of the smoothing gradient estimate (4.1) and the independence of ¢!
and €2, we have the following equalities

E[ ¢ (¢(x, "), 1) Vot (2, €)|°] = E[|¢ (¢(x, €1), 1) [ Vatp (2, €2)]|7]
=Ea[|d'(¢(x,€"), n) PIEe: | Vatp(a, €)[I7).
The final bound can be determined from Assumptions 4.1 and 4.2. O

Having established the bounded second moment of the smoothing gradient, we now proceed
to demonstrate the unbiasedness of the smoothing gradient estimator using the dominated con-
vergence theorem [16, Theorem 1.19] (to confirm that Assumption 3.1 can also be satisfied in
this setting).

Proposition 4.2 Suppose Assumptions 4-1 and 4.2 hold. zilssuming the unbiasedness of ¥(x, &1)
and V) (z,£2), the smoothing gradient Vaof(x, &2 1) = &' ((x, £Y), u)Votb(z, £2) serves as an
unbiased stochastic estimator of V,f(x, 1), meaning that

sz(%li) = E[&W(%fl)aM)Vxlb(%fQ)]

Proof. Again, since we sample ¢! and £2 independently, we have

B¢ (¢ (2, &), 1) Vatb (@, €%)] = Eer [¢ (v (, €), )| Ee2 [ Vo) (2, %)) (4.2)
Then using the dominated convergence theorem and the unbiasedness of ¥ (x, &%) and Vip(x, £2)
on (4.2) completes the proof. O

4.3 About smoothing

Lastly, to fit the convergence theory that we discussed in Section 3.2 into this compositional
case, we also need to make sure that f is a smoothing function with an accuracy of the order
of p. This is guaranteed in Proposition 4.3 as long as the smoothing function gzNS satisfies the
same property (Assumption 4.3).

Assumption 4.3 For all y € R and for all > 0, the difference between ¢(y) and ¢(y, ) is
bounded by some constant times the smoothing parameter in the following way

lp(y) — oy, )| < Cu,

where C' > 0 is some positive constant.

Proposition 4.3 Under Assumption 4.8, for all p > 0, the smoothing function f(x, W) satisfies
Assumption 3.3.

Proof. By Assumption 4.3, the smoothing accuracy assumption of f (z, p) is naturally satisfied
as follows

|f (@) = fla, p)] = |6((x)) = $(4(x), )| < Cp.
0

Notice that as a consequence of Proposition 4.3, one can infer that f(w,u) is indeed a
smoothing function for f(x) (see Definition 1).
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Building upon established assumptions and propositions of this section, we have demon-
strated that the SSG method and its convergence results hold in a convex compositional setting
of type f(z) = ¢(E[t)(x,£)]). Specifically, Proposition 4.1 and 4.2 ensure the bounded second
moment and unbiasedness of the smoothing gradient estimates, and Proposition 4.3 ensures
the accuracy of the smoothing function. Consequently, our analysis paves the way for practi-
cal application in diverse optimization problems characterized by such a convex compositional
structure.

5 Finite-sum compositional case

In this section, we will focus on case f(z) = E[¢(¢(z,€))]. In particular, we are interested
in a finite-sum compositional structure because of its wide applicability. In many real-world
applications, particularly in machine learning and large-scale optimization, the objective function
naturally takes a finite-sum compositional structure. The finite-sum compositional objective
function is defined in the following way

N

fla) = 3 ol ), (5.1)

i=1

where N € N, denotes the number of components and &; represents the i-th data sample. Note
that this finite-sum compositional function (5.1) approximate function f(z) = E[¢(¢(z,£))]
using finite samples.

We then define the smoothing function f of the finite-sum compositional function f as follows

~ N
f Z -7751

where ¢(¢(x, &), 1) serves as a smoothing function of ¢(¢(x,&;)) for each i € {1,2,...,N}. To
compute the stochastic gradient in this finite-sum setting, we use a stochastic batch gradient
approach

9(@r, i) = \B | > & Wk, &) ) Vot (wr, &), (5.2)
1€ By

where B}, denotes the sample batches. As a result, the update rule of the SSG method for the
finite-sum compositional scenario is formulated as xzp11 = x — arg(x, tr)-

After pointing out the modifications of the SSG method for the finite-sum compositional
setting, we now present the corresponding particular method in Algorithm 3.
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Algorithm 3 SSG method for the finite-sum compositional case

Input: z1, {ag}, and {ug}.
For k=1,2,... do

Step 1. Select a batch By from {1,2,...,N}. For all i € By, compute ¥(z,&;)
and V:vw(mkafz)

Step 2. Use (5.2) to compute the stochastic batch smoothing gradient §(xg, ux)-
Step 3. Update iterate zx11 = T — o g(T, k).
Step 4. Update smoothing parameter pg1 < pg.

End do

5.1 About convexity

In the context of machine learning, the outer function ¢(-) often represents a loss function that
measures the discrepancies between predictions and observed data. Many commonly used loss
functions, such as L1 loss, hinge loss, and quantile loss, are convex but non-smooth. In these
cases, by selecting an appropriate smoothing function gg(, 1), it is possible to reformulate the
compositional problem to fit the convex framework discussed in Section 3.

For example, consider the setting where the outer function is the hinge loss. Let & =
(u,v) represent a pair of features and labels. The inner function is a linear function defined as
Y(x,€) = x"u+b—v. Suppose we have N realizations of ¢ = (u,v) denoted by & = (u;,v;),

where ¢ € {1,..., N}. In such a setting, the problem can be expressed as
X
= NZ¢( (z,&)) = Zmax{Ox u; +b— v}
i=1

A popular smoothing function for max{0,-} was described in Section 2 (see (2.3)). In such a
case, gz~5(t 1) is nondecreasing with respect to nonnegative ¢. If the inner function ¢ is convex, then
for any reahzatlon & of &, p(1p(x, &), p) is convex. Consequently, the sum of convex functions
in f(x,p) = N ZZ 1 d(p(x, &), p) is convex and Assumption 3.4 is guaranteed.

Another example is the L1 loss, where we have

N

Zd) x& = JbZ|xTul+b—vl\

=1

By using the smoothing function described in Section 2 (see (2.2)), if ¥(z, &;) is always evaluated
with nonnegative values, we can also obtain the convexity of ¢(¢(x,&;), ), therefore also meet
the convexity of f(x,u) required in Assumption 3.4.

5.2 About stochasticity

In this subsection, we introduce the specific assumptions and propositions relevant to the finite-
sum compositional case, thereby showing that this case can be fitted into the convergence result
established in Section 3.2. Assumption 5.1 requires that the mini-batch is sampled uniformly at
random.
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Assumption 5.1 The mini-batch B is sampled uniformly at random from {1,2,..., N}, with
each index v equally likely to be selected without replacement.

This standard uniform sampling mechanism is crucial for maintaining the unbiasedness of
the stochastic gradient estimates derived from the mini-batch. Thus, under Assumption 5.1, we
have the following proposition.

Proposition 5.1 Under Assumption 5.1, the smoothing gradient g(x, u) given in (5.2) serves
as an unbiased stochastic estimator of V. f(x, 1), satisfying

Vof(z,p) = Eg(z, p)].

Proof. By the chain rule, we can express V. f(z, p) as

N
Ve (o) = 3 38 (0l 6), 1) Va2, 6.
i=1

The stochastic batch gradient estimator is given by (5.2). By taking the expectation over
the random sampling of By and utilizing Assumption 5.1, which guarantees a uniform selection
probability for each index 4, the unbiasedness directly follows from standard results in stochastic
gradient methods (see, e.g., [3]). O

Assumption 5.2 ensures that the gradient of every inner function (z,&;) has a bounded
second moment.

Assumption 5.2 For all x € X, the gradient of ¥ (x,&;) is bounded for each i € {1,2,...,N}

by
E[|Vy(z, &)%) < Gf,

for some G > 0.

Similar to Section 4, Assumption 5.3 guarantees that, given the boundedness of the decision
variables, the expected squared derivative of the smoothing function ¢ is controlled by a number
that depends inversely on the smoothing parameter pu.

Assumption 5.3 For all 11 > 0, the gradient of ¢(v(x, &), 1) satisfies
- Go )\ 2
B0 < ()

for some Go > 0.

Proposition 5.2 states that the second moment of the smoothing stochastic batch gradient
is bounded under the assumptions listed above.

Proposition 5.2 Suppose Assumption 5.1-5.8 hold. Additionally, assume that ¥ (x,&;) is sam-
pled independently from VYV, (x,&;) for each i. Then, the smoothing gradient estimate satisfies
the following condition

2
g 0] < (GLGQ) . (5.3)
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Proof. The stochastic gradient estimate is given by

gl ) = |B|29“ where g = ¢/ ((x, &), 1) Vath (2, &),

i€B

from which we have
E [[|g(z, m)|I”]

|B|Zgz

From Assumption 5.2 and 5.3, each g; satisfies

< I8l B llail?). (5.4)

i€EB

G1G2)2

B [lail?) < & | (F0(e.60.0) IVavtz. 1P| < (24

Substituting the above bound into (5.4), we conclude (5.3). O

5.3 About smoothing

Lastly, to fit the convergence theory that we discussed in the previous section into this case, we
need to consider Assumption 4.3 on the bound of the difference between each function ¢(-) and
each smoothing function é(, 1). The final result concerns the approximation accuracy of the
smoothing function.

Proposition 5.3 Under Assumption 4.3, we have

|f(x) = f(z,p)| < Cp.

Proof. Using Assumption 4.3, it is easy to show that

N
|f(@) = flw, 1) = &}j@wm&m—&wm@%mﬂ
1 ;\71 ~
< 5 2 [et(a. 6) - dv(, &).)
< Cu._

O

Using the assumptions and propositions outlined in this section, we can fit the finite-sum
compositional case into our convergence results presented in Section 3.2.

6 Numerical results

In this section, we are going to report some preliminary numerical results on the performance of
the SSG method for the finite-sum compositional case using Algorithm 3. We will use a hinge
loss as the outer function and a linear model as the inner function (see Section 5.1 for the detailed
problem formulation). The SSG is run using the smoothing version of hinge given in (2.3), and
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it is compared against a standard smooth SGD method ignoring the non-differentiability of the
hinge-loss at the non-smooth point.

We test a dataset called Breast Cancer Wisconsin [46], which is widely used for benchmarking
binary classification in medical diagnostics. It comprises N = 569 fine-needle aspirate samples
of breast masses, each described by 30 real-valued features derived from digitized images of cell
nuclei. The target label indicates the clinical diagnosis—malignant (0) or benignant (1). We
map the original labels {0,1} to {—1,+1} for hingeloss training. The dataset is randomly split
into an 80% train set and a 20% test set. For both methods, we are using decaying stepsizes
and, for the SSG method, we are also using a decaying smoothing parameter. The decaying
rules are oy = agk 3% and py = pok /4 (which are the choices for the SSG method to achieve
the best convergence rate in the convex case as discussed in Theorem 3.1). We performed
a grid search (ag and po € {1, 5, 10, 15, 20, 30, 50, 75, 100, 150, 200}) to determine the best
initial ap = 50 (for both methods) and g = 15. We run 7' = 50,000 epochs with mini-batches
of size 128.

Figure 1 plots the training and test loss curves for the standard SGD and the SSG method on
the Breast Cancer Wisconsin dataset. In the first few hundred epochs, the SSG curves descend
more steeply than the SGD curves (both on training and test). This accelerated descent can
be attributed to the smoothing of the hinge loss which yields p-related Lipschitz-continuous
derivatives instead of discontinuous gradients of the standard hinge loss. The smoothing function
eliminates erratic jumps of gradient updates near the non-smooth point, reduces variance in
mini-batch gradients, and allows for more consistent descent direction, thus leading to faster
convergence. Moreover, by the end of training, the SSG method achieves lower losses on both
the training and the test sets.

Training Loss vs. Epoch Test Loss vs. Epoch

0.14 —— standard SGD —— standard SGD
SSG method SSG method

004 ¥ 0.08

0 10000 20000 30000 40000 50000 o 10000 20000 30000 40000 50000
Epoch Epoch

Figure 1: Training and test loss curves for standard SGD vs. SSG method

7 Conclusions and future works

This paper presented a smoothing-based stochastic gradient method addressing compositional
optimization problems with a non-smooth outer function and a smooth inner function. The SSG
method smooths the non-smooth component and progressively decreases the smoothing param-
eter. We highlight the role of the smoothing parameter, noting that iterative decreases in this
parameter allow the smoothing function to more closely approximate the original non-smooth
function at each iteration. Additionally, this controlled smoothing scheme prevents erratic jumps
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in gradient updates near non-smooth points, reduces variance in gradient estimates, and provides
more consistent descent directions. Consequently, the SSG method can converge fast without
significantly compromising accuracy in approximating the nonsmooth problem. We established
convergence guarantees for SSG under convex, nonconvex, and strongly convex settings. In the
convex case, SSG matches the best-known convergence rate O(1/7/4) for comparable composi-
tional problems in which the inner function may be nonsmooth. In the strongly convex case, the
rate of SSG is arbitrarily close to O(1/T"/?). To achieve optimal convergence rates, the smooth-
ing parameter decreases more rapidly in the strongly convex setting with pu; = k~'/2, than in
the convex setting with py = k~1/4. This illustrates how stronger curvature conditions permit
more aggressive reductions in the smoothing parameter, enabling faster smooth approximations.
Similarly, the stepsize oy must also decay more quickly (ay = k~3/% in the convex case and ap-
proximately aj = k=3/2 in the strongly convex case), revealing a dependency in SSG methods,
where a faster decrease in the smoothing parameter necessarily demands a correspondingly faster
decay in the stepsize to preserve stability and achieve optimal convergence.

We further demonstrated how the general SSG algorithm can be specialized to two particular
compositional settings of interest by satisfying the required assumptions. These two settings fre-
quently arise in risk-averse optimization, machine learning, and large-scale optimization. We did
not consider the double-expectation formulation examined in previous works, as the applications
we target involve only a single expectation.

For future work, a promising direction is the integration of variance-reduction techniques—such
as SVRG and SAGA—into this smoothing stochastic gradient framework, which may signifi-
cantly accelerate convergence, especially in large-scale machine learning and optimization set-
tings. Another direction is the exploration of practical applications in machine learning and
risk-sensitive optimization, where compositional nonsmooth structures naturally arise, such as
in CVaR minimization. Evaluating the empirical performance of the SSG method in such do-
mains remains an important task for further study.
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A Assumption 3.8 for the case f(z) = ¢(¢(x))

In this part of the appendix, we want to show strong evidence, for the case f(z) = ¢(v(x)), that
there exists y € B(z, Eyu) for some E; > 0, such that ||V, f(z, 1) — g(y)|| < Eap for some Ey >
0, where g(y) € 0f(y). In this case, we have Jf(x) = J¢(x)Vi(z), flz,pn) = o((x), pm),
and V. f(x, p) = ¢'(z, 1) Vi) ().

If ¢(z) > &, then f and f coincide, and the result is trivially satisfied for y = . If ¢(z) < &,
assume the existence of y € B(x, E1p) such that ¢(y) = 0. For most ¢, such as in the L1 and
Hinge cases (see Section 2), one has |¢/(t, )| < Es|t|/p for some E3 > 0 and ¢ (t, 1) € 96(0).
Hence, g(y) = &' (¢(z), p)Vib(x) € df(y), and we can derive (assuming that V) is Ly,-Lipschitz
continuous for some Ly > 0)

Ve (@, 1) = g(w)ll = &' (), Wl Ve (2) = Vip(y)|

Es|y(x)

< B@Ir e -y
B

< 12 3va = Eop.

Note that for most v, it is reasonable to assume that such a y exists. If that was not the
case, then for all E; > 0 and ¢(y) = 0, one would have ||y — x| > Eju. This would imply
that ||y —z|| > 2E19(x), and one would obtain (¢(z) — ¢ (y))/||lz —y|| < 1/(2E>2) for all E5 > 0,
which would mean that 1) would be arbitrarily flat.

B Rate in the strongly convex case

In this part of the appendix, we analyze the rate of convergence of the SSG algorithm under
the assumption that the smoothing function is strongly convex. We begin by stating the strong
convexity setting and subsequently present the corresponding convergence theorem. Assump-
tion B.1 states that the smoothing function f is strongly convex, with the strong convexity
constant depending on the smoothing parameter pu.

Assumption B.1 For all x € R", the smoothing function f(x,u) is strongly convex with a
strong convezity constant c(p) given by c(u) = ¢/, where ¢ > 0 is a constant.

Assumption B.1 is satisfied for the smoothing functions (2.2) and (2.3) when z is relatively
close to the kink point. After having stated the assumption we need, we now establish the rate
of convergence for the strongly convex case.

Theorem B.1 (Convergence rate in the strongly convex case) Under Assumptions 3.1-
3.3 and B.1, suppose that the SSG algorithm runs with the smoothing parameter py, = k%, where
a > 0, and stepsize i = m Define fL ., = ming_ro1,... 7y f(zr). Assume that z. is a
minimizer of the function f and x1 is the initial iterate. Then for all s > 0 and a > %, we have

1 G? 1
T1l-a + ng—s—a'

4aC 1 S S
2a_1+§||$1—$*|| +2G)

BlfL,] - f(z.) < ( (B.1)
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Proof. We first recall the update rule of the SSG algorithm. For each iteration, we set the new
iterate as xx11 = 2 — Vi f (K, &k, pi). We use the update rule to get the following

Ef||zrs1 — 24| |s]
=E[||lzr — arVaf(zk, &k i) — |||k

. . (B.2)
= Ellzx — alex] — 206E (Vo f (21, ko i), 1 — ) [2k] + GRE[| Vo f (21, ks i) 1P 8]
= ok — 2al® = 200V f (2, 1), @ — ) + ORE( Vi f (&, 1)1 ]-
By the strongly convexity assumption of f(x, i), we have
~ C /’Lk ~ ~
(Vo) — 22 2 U 2 4 Fla, ) — Flaaome). (B.3)

Combining (B.2) and (B.3), and taking the unconditional expectation E[-] of both sides, the
following inequality is obtained:
Ellzest — 2l’] < Elllor — 2.)*] — anc(un)Elllar — ]
- 20516E[f(‘rk7 Mk) - f(l‘*v Mk)] + aiE[Hvlf(xkygk’uk)”Q]

Then, by applying the bounded second moment assumption of the smoothing gradient as
stated in Assumption 3.2, we have

B ~ 2
204 E[f (@p, 1) = f (s )] < (1= () Elllar — 2.%) = Elllzgsr — *] + %GQ- (B.4)

Recall that we have ap = m, c(pr) = k%, and pp = k=% Consequently, inequality (B.4)
can be written as:

2 ~ ~ k 1
— K _ " o — T 21 E — T 2 2
ka(k + 1) [f(xkauk) f(:E v,uk‘)] “k+1 [ka € H ] [ka‘Jrl T H ] + (k I 1)2
Multiplying both sides by k + 1, it follows that
2 = = 1
o Blf (2h, i) — fl@ns )] < RE[llog — 24l|*) = (k + DE[|z1 — 2l|*] + T 1)G2~ (B.5)

Next, summing the inequality (B.5) from k =1 to T for some T > 0, we obtain

~

T
%E Fl@r, i) — F(w, )] %E — flag) + F(@2) — foa) + flan, me) — flae, )]
k=1

,_.

Efle1 — 2% = (T + DE[lor+1 — 2.7 +

< Jlzy — @ f?

(B.6)
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From inequality (B.6), together with (3.2) (for z,, and x,), we have

K
2> LBl (ar) — f(a)]

k=

1 T 9 ~ T 9 R T 1
S - Z EE[f(xk‘nuk) - f(xk)] + Z E]E[f(x*muk) - f(.T*)] + ||$1 - x*”Q + G2 Z (k + 1)
k=1 k=1 k=1
T ENT
2
§4C;ﬁ+”x1 — 2]+ G kzﬂ S
(B.7)

Now, our goal is to demonstrate that the right-hand side of inequality (B.7) can be bounded
by a constant. To achieve this, let us first consider the term 2521 k%’ it holds that

1 T 1 1.17211 T T172a —2a
= +/1 220t +1—2a1 1-2a

=< < _ (B.8)

Notice that for all T > 0 and s > 0, the inequality InT < % holds. Therefore, we have

T s

1 T
<mT+1< 41 B.
L e S s (B.9)

Next, by defining fI_, = min,_ {0,1,..,7} f(7x) and considering again inequality (B.7), we
have

T T
1 1 1
2 Z @E[f(xk) — f()] 2 2E[filog, — Z Ta = E[ fres; — f($*)]ﬁ- (B.10)
k=1 k=1
Thus, when a > £ and s > 0, combining (B.7), (B.8), (B.9), and (B.10) gives the following:

4aC TS + s 1
E[fg;st — flzs)] < (2(1— 1 + 5”371 —x*||2+G2 9% ) Ti—a

from which we arrive at (B.1). O
The rate in the strongly convex case is arbitrarily close to 1/ T'/2 in the sense of being worse
than 1/7%/2 but better than 1/T"/P for any p > 2. This rate can be translated into a worst-case
complexity bound arbitrarily close to €72, in the sense of being slower than =2 but faster than
any bound of rate e P with p > 2. Note that the rate in [43] is 1/7%/%, but in their approach,
the authors used a similar but different problem formulation and also a form of momentum.
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C Strongly convex case rate for f(z) = ¢(E[¢(z,&)])

In this part of the appendix, we consider the case f(z) = ¢(E[¢(z,£)]) (which follows the same
structure as in Section 4) when f is strongly convex. In this setting, we aim to improve the
convergence rate established for the general case of f in Appendix B. The specific algorithm
we will use is shown in Algorithm 4, which follows the lines of the SCGD algorithm in [43].
The main modification in Algorithm 4 compared to Algorithm 2 in Section 4 lies in Step 2,
which updates a moving average of the inner function ¢ and computes the outer derivative at
that averaged value. By doing so, the modified algorithm reduces the variance of ¥ (zy, &) and
provides more consistent outer derivative estimates. Besides, also notice that here we will be
requiring {ay} decaying faster than {8}, meaning ay /B — 0.

Algorithm 4 SSG method for strongly convex f(z) = ¢(E[¢(x,&)])

Input: x1, y1, {ox}, {Be}, and {u}.
For k=1,2,... do

Step 1. Generate realizations ¢} and & of the random variable £. Then compute
Y(xk, &) and Vo (zk, £2), respectively.
Step 2. Update ys1 = (1 — Br)yk + Brto(2x, &) and compute ¢/ (yr1, k).
Step 3. Update iterate 11 = x — Oék(,g/(yk_t,-l,,uk)vr'(/)(xk,g%).
Step 4. Update smoothing parameter g1 < p.-
End do

Since the problem in this appendix has the same structure as in Section 4, we retain Assump-
tions 4.1 and 4.2. Following [43], we also introduce the additional assumptions stated below to
establish the convergence result. Assumption C.1 states that the function f is strongly convex.

Assumption C.1 For all x € R™, the true function f is strongly convex with a strong convexity
constant 20, where o is some positive scalar.

In the proof of Theorem C.2 below, we will use the following inequality known for strongly
convex functions with minimizer x,

f(@) = flz) 2 ofle -z (C.1)

Assumption C.2 states the Lipschitz continuity of the derivative of the smoothing outer func-
tion ¢, where the Lipschitz constant is inversely proportional to the smoothing parameter pu.

Assumption C.2 The smoothing outer function qg has a Lipschitz continuous derivative with
constant L(Z)/u, meaning that for all y,y € R and all > 0,

/ (= 1 _
16" (y, ) — &' (g, )| < ;Ldgl\y—yll,

where L& is some positive scalar.
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Assumption C.3 requires that the inner function v is Lipschitz continuous, and its stochastic
sample (-, £) is an unbiased estimator with a bounded variance.

Assumption C.3 Forallx € R", the inner function (x) is Lipschitz continuous with Lipschitz
constant G1 (and here we are using the same scalar as in Assumption 4.1), and its stochastic
estimator ¥ (x, &) satisfies

(i) Unbiasedness: El(x, )] = ().

(it) Bounded variance: E[||¢(z, &) — (z)||?] < Vi, where Vi, > 0 is some positive scalar.

Assumption C.4 states that the term E[¢/(1(x), u) V1) (, €)] always lies in the subdifferential
of the function f.

Assumption C.4 For all x € R™ and for all > 0, it holds that

E[¢ (¢ (x), 0)Voth(2,€)] € Of(2).

Before showing the convergence analysis of Algorithm 4, we first present a lemma ([43,
Lemma 2(a)]) bounding the difference between yy41 and ¢(xy) at each iteration k.

Lemma C.1 Let Assumptions 4.1 and C.3 hold. Consider the sequences {(xk,yr)} generated
by Algorithm 4, it holds that

2

AE[||zk — mp_1]?] +2VyBE. (C.2)

Ellyrs1 = ¢@)l’] < (1= B)Ellye — v(ze-1)]*] + /C;k

Proof. See [43, Supplementary Materials Section G.1].
O

With the necessary assumptions and lemma listed, we now present the following convergence
results. The proof of the theorem is inspired by [43].

Theorem C.2 Under Assumptions 4.1, 4.2, and C.1-C.4, suppose that Algorithm 4 runs with
stepsizes ap = %, B, = kz%, and smoothing parameter ui = k=, where a > 0. Assume that x.
is the minimizer of the function f. For all a € (0, %) and for sufficiently large T', we have

O(G%Gg 1 LEGIGE L2GRVy )

IN

2
Elllzri1 — 27] 02 Tl-2a ot T2/3-4a o2 T2/3-2a

1
=0 (T2/3—4a> :

Proof. First, from the update rule of Algorithm 4, we have

|zks1 — 2l = ||on — and (Yror1, k) Vot (Th, &) — 2|

= Nl — 2al” = 200 (2 — 2) " &' (Ys1, 1) Varth (2, 7))

+ aj || (Y1, 1)V x¢(xk7€k)||2 (C.3)
= [log — 2al® = 20p (2 — 2) Q' (V@) 1) Vatb (21, &) + g

+ N (W1, 1) Vit (o, G012,
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where uy, is defined as

up = 20 (g, — 7) " Vb (2, §)(& (W(@r), i) — & (Yki1, b))

To bound wg, we use Assumption C.2 and Young’s inequality for products

we < 20|z, — 24| Vot (zr, DG (V(n), 1) — & Yresr, 1) |

2akL¢; 9
< " 2k — 24l IV2t (2k, E) 11 (k) — Yt ]
2 akL?i? 2112 2
< oz — 2|7 + Tugﬂvzlb(xk,fk)ﬂ [(wk) = Y1l (C.4)
k

Taking the conditional expectation with respect to x; on both sides of (C.3) and applying
the convexity of f together with Assumption C.4, we obtain

Elllzrsr — 2 |%|2n] = lox — 2)1® = 200 (2p — 2.) "E[S (W (), k) Varh (zk, ) ]
+ GE[| (st ) Vet (@i, EDI ] + Elug| ]
< ok — zal® = 20k (f (1) = £%) + RE[Y (yrr1s 1) Varb (i, &)1 2k]
+ Efug | o).
(C.5)

Next, by taking conditional expectation in (C.4), plugging it into (C.5), and taking total expec-
tation on both sides, we have

Ell ek — @l*) < (1+ oap)llag — al® = 200.(f (21) = £*) + QB Yhr1, 1) Vard (r, E)|]

L2
Hh=g 2412 2
+ — E[IVatb(@r, &) I 1¥ (@r) — yra7]-
o
We now use Assumptions 4.1-4.2 and (C.1), and obtain
2 2
GGy 2 o L2GY
Bllss ~ 2.l < (1 oan)lon ol + o (C2) 4 =8 DBl - Pl (€0
1223 Ol
9 9 L%G%ak
Now we denote ar = E[||zp—z.||*] and b = E[||yx—(xk—1)||*]. Let Agrq = max{m—
L2G3ay . . L2 Gloy, :
e 0}. Given the choice of ay and Sy (ax/Br — 0), one has Agp1q = G(W) Multiply-
L2G2a
ing (C.2) by Agy1 + “;;2 " and summing it with (C.6), we obtain
k
L%G%O&k L%G%O&k
ap1 + (A1 + ——5 )bkt < (1 —oag)ag + (1 = Be) (Ak1 + ——5 )bk
Hk 7k (C.7)
LgG%ak
+wp + ——5—bk11,
ouz
where 20
G1G2\? L:Giag\ /G2
2 1G2 @ 1 2 2
W = « + | Ap1 + ——— <E Tp — Tp— +2Vﬁ>
() <k+l UM%) LBl — 1|1+ 2757
212
GG >2 L:GY a3GiG2
2 [ G1G2 é rG1G2
=a ( )O( + Vo Br).-
"\ o Bz
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From (C.7) and the expression for Ajy1, we can infer that

L2G2%a
Pk
apy1 + Apprberr < (1 —oag)ag + (1 = Be) (Agy1 + T)bk + wy,
k

< (1 —oag)(ag + Apy1by) + wi,

where the second inequality comes from the expression for Ay 1 and ooy < Bi. Similarly to [43],
it can be shown that 0 < Ax11 < Ay for sufficiently large k. Thus, if k is large enough, we have

a1+ Apyrbeyr < (1 — o) (ar, + Agby) + wi. (C.8)

Now, letting Jp = ag + Apby = E[||zr — 2:||?] + AcE[|lyx — ¥(zx-1)]|?], (C.8) is rewritten
as E[Ji1] < (1 — oap)E[Jy] + wy. By applying ap = 1/(ck), B = k723, y, = k=2, and
multiplying both sides of this inequality by k, we obtain

2 (16,12 2 2
KE[Jp1] < (k = DE[Ji] + o2k1—2a T oAk2/3—4a T o2k2/3-2a | (C.9)
Next, summing the inequality (C.9) from k = 1 to T for some large T > 0, we obtain
212 L2G8G3 LAG3V,
TE[Jr41] < O <G1§2 T2 4 % . Tha+1/3 | ¢ . T2a+1/3> )
o o o
Thus, it follows that
22 1 L2G%G3 L2Gv, 4
Ellleri - o.1%) < Elgr] < 0 | S5 ’ ’
o2 Tl-2a o4 T2/3 4a o2  T2/3-2a
1
=0 <T2/3—4a> :
]

Notice that the rate in this specific strongly convex case using Algorithm 4 is arbitrarily close
to 1/72/3 when a — 0, which matches the rate in [43] under a similar setting.
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