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Abstract

We consider the multilinear polytope defined as the convex hull of the feasible region of
a linearized binary polynomial optimization problem. We define a relaxation in an extended
space for this polytope, which we refer to as the complete edge relaxation. The complete edge
relaxation is stronger than several well-known relaxations of the multilinear polytope, including
the standard linearization, the flower relaxation, and the intersection of all possible recursive
McCormick relaxations. We prove that the complete edge relaxation is an extension of the
multilinear polytope if and only if the corresponding hypergraph is a-acyclic; i.e., the most
general type of hypergraph acyclicity. This is in stark contrast with the widely-used standard
linearization which describes the multilinear polytope if and only if the hypergraph is Berge-
acyclic; i.e., the most restrictive type of hypergraph acyclicity. We then introduce a new class
of facet-defining inequalities for the multilinear polytope of a-cycles of length three, which serve
as the generalization of the well-known triangle inequalities for the Boolean quadric polytope.

Key words: Binary polynomial optimization; Multilinear polytope; Complete edge relaxation;
Hypergraph acyclicity; Extended formulations; Generalized triangle inequalities.

1 Introduction

Problem statement. Binary polynomial optimization, i.e., the problem of finding a binary vec-
tor maximizing a multivariate polynomial function, is a fundamental N P-hard problem in discrete
optimization. To formally define this problem, we employ a hypergraph representation scheme
that we first introduced in [10]. A hypergraph G is a pair (V, E), where V is a finite set of nodes
and FE is a set of subsets of V' of cardinality at least two, called the edges of G. With any hyper-
graph G = (V, E), and the cost vector ¢ € RVY? | we associate the binary polynomial optimization
problem:

max Z CyZy + Z Ce H Zv;y (BPO)
veV

2€{0,1}V cE  vee

where, without loss of generality, we assume that each node is contained in at least one edge, and
ce # 0 for all e € E. With the objective of constructing LP relaxations for Problem BPO, we
proceed with linearizing the objective function by introducing a new variable for each product term
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to obtain an equivalent reformulation of Problem BPO in a lifted space:

max E cvzv—i—g Cele

veV eck
s.t. Ze = sz Ve € E, (¢-BPO)
vEe

zy €40,1} Yv e V.

To understand the complexity of Problem BPO, we study the facial structure of the convex hull
of its feasible region. In the same vein as our previous work [10], we define multilinear set as the
feasible region of Problem ¢-BPO and refer to its convex hull as multilinear polytope:

MP(G) := conv {z €{0,1}VYE : 2, = sz, Ve € E}

veEe

The McCormick relaxation. If the objective function of Problem BPO is quadratic, then the
hypergraph G is a graph, and the multilinear polytope coincides with the well-known Boolean
quadric polytope BQP(G) introduced first by Padberg in 1989 in the context of binary quadratic
optimization [21], and later investigated by many others to study the maximum cut problem [1,15].
In [21], Padberg introduced a simple relaxation of BQP(G) obtained by replacing each bilinear
equation zg, .y = 2z, over {0, 1}2 by its convex hull:

BQPLP(G) = {Z < RVVF Zluw} > 0, Z{u,v} > zut 2z — 1, Zu,v} < zu, Zlu,v} < Zy,
V{u,v} € E}

The polytope BQP™Y(G) is often referred to as the McCormick relazation of BQP(G). Padberg
then proved the following result regarding the tightness of the McCormick relaxation:

Proposition 1 ( [21]). BQP(G) = BQP"W(Q) if and only if G is an acyclic graph.

Observe that BQP™(G) is defined by 4|F| inequalities, implying that binary quadratic op-
timization over acyclic graphs can be solved in polynomial-time. Padberg then considered the
simplest graph for which BQP(G) € BQPY(Q), i.e., a cycle of length three, and introduced tri-
angle inequalities, a class of facet-defining inequalities for the Boolean quadric polytope whose
addition significantly strengthens BQP™(G). In [5] the authors show that triangle inequalities
are Chvatal-Gomory (CG) cuts for the McCormick relaxation. Furthermore, if G is a complete
graph, they proved that the addition of triangle inequalities to the McCormick relaxation gives the
CG-closure of BQPMY(G).

The standard linearization. It is natural to ask whether the multilinear polytope of acyclic
hypergraphs has a simple structure as well. Interestingly, unlike graphs, the notion of cycle and
acyclicity in hypergraphs is not unique. The most well-known types of acyclic hypergraphs, in
increasing order of generality, are Berge-acyclic, y-acyclic, -acyclic, and a-acyclic hypergraphs [2,
16,17]. In a similar vein to the McCormick relaxation, a simple relaxation of the multilinear
polytope can be constructed by replacing each multilinear equation z. =[] .. 2z over z, € {0,1}
for all v € e by its convex hull:

MPLP(G):{zeRVUE:zvgl, Vo EV, 220, 2>y 2z — e[ +1, Ve € E,

vee



2ze < 2y, Ve € F, We@}.

The above relaxation is known as the standard linearization and has been widely used in the liter-
ature [7]. The standard linearization has often been regarded as the generalization of McCormick
relaxation for higher-degree binary polynomial optimization problems. In [11], we prove the fol-
lowing result regarding the tightness of the standard linearization:

Theorem 1 ( [11]). MP(G) = MPY(G) if and only if G is a Berge-acyclic hypergraph.

Henceforth, given a hypergraph G, we define the rank of G, denoted by r, as the maximum
cardinality of an edge in E. Observe that MP™Y'(G) is defined by at most |V |+(r+2)|E| inequalities,
implying that Problem BPO over Berge-acyclic hypergraphs can be solved in polynomial time.
However, recall that Berge-acyclicity is the most restrictive type of hypergraph acyclicity, and
indeed, the standard linearization is a very weak relaxation for the multilinear polytope of general
hypergraphs. Next, we introduce a different generalization of the McCormick relaxation that is
significantly stronger than the standard linearization.

The complete edge relaxation. Let G = (V, E) be a hypergraph and let V/ C V. We define
subhypergraph of G induced by V' as hypergraph Gy with node set V' and with edge set {e NV’ :
e€ E, [enV|>2}. A hypergraph G is complete if its edge set consists of all possible subsets of V'
of cardinality at least two. Given a hypergraph G = (V, E), we say that an edge e € E is mazimal
of G if it is not contained in any other edge in E. Clearly, in a graph, every edge is a maximal edge.
Then, for a graph G, the McCormick relaxation of the Boolean quadric polytope BQP(G) can be
described as follows. For each maximal edge e of G, consider the subgraph G, of G induced by this
edge. The McComick relaxation is then obtained by putting together the descriptions of BQP(G,)
for all e € E. While this interpretation of McCormick relaxation seems unnecessarily complicated,
applying the same scheme to hypergraphs of rank r > 2 yields an interesting relaxation of the
multilinear polytope, in a higher-dimensional space, which we describe next.

To work with relaxations in higher-dimensional spaces, we need to introduce some terminology.
An extension of a polyhedron P C R™ is a polyhedron @ C R"*¢ with d > 0, such that P =
{:c €Q:Iy R (z,y) € Q}. Any description of @ by linear equalities and inequalities is called
an ertended formulation of P. In this paper, the size of an extended formulation is the size of the
system of linear inequalities, as defined in [22].

Let G = (V,E) be a hypergraph and denote by Ey.x C F the set of maximal edges of G.
For each e € Epax, denote by K, the complete hypergraph with the node set e. Then MP(K,)
is an extension of MP(G,), where as before G, is the subhypergraph of G induced by e. While
characterizing MP(G.) is difficult in general, the explicit description of MP(K.) can be readily
obtained using the Reformulation Linearization Technique (RLT) [24]. We can then construct
a relaxation for MP(G), in a higher-dimensional space, by putting together the descriptions of
MP(K,) for all e € Eyhax. To formally define this relaxation, we next present the explicit description
for the multilinear polytope of a complete hypergraph.

Proposition 2 ( [24]). Let G = (V, E) be a complete hypergraph. For any U C V, define

YU, V) = Z Z(V\UYUW — Z Z(V\U)UW > (1)
WCU: WCU:
|W| even |[W| odd

where we define zy := 1. Then the multilinear polytope MP(G) is given by
YU, V) >0, YUCV. (2)



Henceforth, given a hypergraph G = (V, E), we define the completion of G as the hypergraph
c(G) = (V,cl(E)), where cl(E) := {f C e,|f| > 2,3e € E}. We then define the complete edge
relaxation of MP(G), denoted by CER(G), as the polytope defined by the following system of
inequalities:

CER(G) = {z e RVVUE) . (U, e) > 0, YU Ce, Ve € Emax},

where ¢ (U, e) is defined by (1). Notice that we have CER(G) = CER(cl(G)). In this paper, we
settle the tightness of the complete edge relaxation. Our main result is as follows:

Theorem 2. CER(G) is an extension of MP(G) if and only if G is an a-acyclic hypergraph.

Therefore, the complete edge relaxation is tight if and only if the hypergraph G exhibits the
most general form of acyclicity. In fact, given any hypergraph G, the hypergraph obtained from G
by adding one edge that contains all nodes of G is a-acyclic. From Proposition 2, it follows that
CER(G) is defined by at most 2"|Epax| variables and inequalities. Therefore, if the rank of the
hypergraph is bounded; i.e., 7 € O(logpoly(|V],|E|)), where poly(|V],|E|) denotes a polynomial
function in |V, |E|, then the complete edge relaxation is of polynomial-size and can be constructed
in polynomial time. This implies that Problem BPO over a-acyclic hypergraphs of bounded rank
can be solved in polynomial-time. Recall that the rank of the hypergraph G corresponds to the
degree of the binary polynomial optimization problem, which is a small number in almost all
applications. Hence, assuming r € O(logpoly(|V|,|E])) is reasonable for all practical purposes.
In [9], the authors prove that solving Problem BPO over a-acyclic hypergraphs is, in general,
strongly N P-hard. This result implies that, unless P = NP, one cannot construct, in polynomial
time, a polynomial-size extended formulation of the multilinear polytope of a-acyclic hypergraphs.

The ‘if’ statement in Theorem 2 is the simpler one. In fact, in [3,20], the authors present a similar
result but stated in terms of the concept of primal treecwidth, rather than a-acyclicity. Moreover,
the connection between treewidth and a-acyclicity is detailed in [13], which together with the result
of [3,20] implies the ‘if’ statement in Theorem 2. In this paper, we present a simple proof of this
result that does not involve treewidth and makes direct use of a-acyclicity. Our main contribution,
however, is to prove the ‘only if’ direction; that is, to show that a-acyclicity is necessary for the
tightness of the complete edge relaxation. Proving this result is fairly involved and requires the
building of new tools in both hypergraph theory and polyhedral theory. First, we obtain a novel
characterization of a-acyclic hypergraphs in terms of simple cycles. This new characterization
is essential to prove our main result and is of independent interest. Second, we introduce several
operations on hypergraphs, namely node fixing, node contraction, and node expansion; we show how
the multilinear polytope and the complete edge relaxation are transformed under these operations.
Through a recursive application of these operations, we are able to show that it is enough to limit
our attention to hypergraphs with simple cycles of length three, a structure that can be tackled
directly.

In this paper, we propose the complete edge relaxation as the generalization of McCormick re-
laxation for binary polynomial optimization problems of bounded degree. While Theorem 2 serves
as the main theoretical justification for the strength of the complete edge relaxation, this relax-
ation has several other desirable properties, which we briefly describe next. In [19] the authors
prove that the existing cutting planes for the multilinear polytope, i.e., flower inequalities [11], and
running-intersection inequalities [13] are implied by the complete edge relaxation. By the results
in [13,18,23], this further implies that, for general hypergraphs, the complete edge relaxation is
stronger than the intersection of all possible recursive McCormick relazations of MP(G). On the
computational side, the authors of [19] show that for degree three, four, and five binary polynomial



optimization problems arising from image restoration and decoding error-correcting codes, opti-
mizing over CER(G) can be done very efficiently. Furthermore, for the image restoration problem,
their computational experiments indicate that optimizing over the complete edge relaxation almost
always yields a binary solution.

Next, we show that the complete edge relaxation can further be used to obtain new classes of
facet-defining inequalities for the multilinear polytope of hypergraphs that do not exhibit any degree
of acyclicity. Namely, we introduce a new class of facet-defining inequalities for the multilinear
polytope of hypergraphs with a-cycles of length three. These inequalities serve as the generalization
of the well-known triangle inequalities [21]. We prove that the proposed inequalities are CG-cuts
for the complete edge relaxation, while they are not CG-cuts for the standard linearization, hence,
demonstrating the superiority of the complete edge relaxation.

Organization. The remainder of this paper is organized as follows. In Section 2, we introduce a
novel characterization of a-acyclic hypergraphs, which is key to prove the reverse direction in The-
orem 2. Sections 3-4 are devoted to proving Theorem 2. Namely, in Section 3, we prove the
sufficiency of a-acyclicity, while in Section 4, we prove the necessity of a-acyclicity. In Section 5
we introduce a new class of facet-defining inequalities for the multilinear polytope corresponding
to a-cycles of length three.

2 A new characterization of a-acyclic hypergraphs

As we mentioned earlier, a-acyclic hypergraphs are the most general type of acyclic hypergraphs.
In [17], the author presents twelve equivalent characterizations of a-acyclic hypergraphs, which
have been used widely ever since. We start by presenting one of these characterizations that we
will use to prove the sufficiency of a-acyclicity in Theorem 2:

Definition 1 (a-acyclic hypergraph). Let G be a hypergraph. We say that G is a-acyclic if its
edge set has the running-intersection property.

Recall that a set F of subsets of a finite set V' has the running intersection property if there

exists an ordering fi, fo,..., fm of the sets in F' such that for each k = 2,...,m, there exists 7 < k
such that
an (Uﬁ) C f;
i<k

Such an ordering is called a running intersection ordering of F. Interestingly, none of the charac-
terizations in [17] is in terms of a-cycles. More than twenty years later, in [25], for the first time,
the author introduced the notion of a-cycles and proved that a hypergraph G is a-acyclic if and
only if it does not contain any a-cycles. Below, we give the definition of a-cycles as defined in [25].

Definition 2 (a-cycle). Let G = (V, E) be a hypergraph. Let C' = ey, ea,...,esepr1 be a sequence
of edges with e; = egy1 for some € > 3. Define s; := e; Nejy1 for all i € [¢]. We say that C is an
a-cycle of G of length £ if the following conditions are satisfied:

ei\e; #0 Vi # j € [, (A1)
(32'—1 Us; U 3i+1) \6 =+ 0 Vi € [f], Ve € F, (AQ)

where the indices in (A2) are modulus (.

Observation 1. Consider the sets s;, i € [{] in Definition 2. We have s; # 0 for all i € [£].
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Figure 1: Removing a-cycles by adding edges to the hypergraph. (a) The hypergraph has an -
cycle eq, eg,e3,e1. (b) The hypergraph is a-acyclic because e4 2 s1 U s U s3.

Proof. For ease of notation, in this proof the indices are modulus ¢. Condition (A2) implies

(8i Usit1Usita) \ eiya # 0.
However, s;11 U s;2 C €49, thus s; \ ;12 # 0, implying that s; # (0. 0

From Definition 2 one observes a stark contrast between a-cycles and other types of cycles in
hypergraphs, i.e., Berge-cycles, y-cycles, and S-cycles. Namely, while all other types of cycles are
defined in terms of the edges of the cycle, the definition of an a-cycle depends on the entire edge
set of the hypergraph. That is, while all other cycles are defined “locally”, a-cycles are defined
“globally”; i.e., over the entire hypergraph. This implies that a cycles have a significantly more
complex structure than other types of cycles. Additionally, notice that given a graph (resp. hyper-
graph) G, one can obtain an acyclic graph (resp, Berge-acyclic, y-acyclic, S-acyclic hypergraph) by
removing edges from G and hence removing cycles. In contrast, to remove a-cycles and obtain an
a-acyclic hypergraph, one could add edges to G. For example, from (A2) it follows that if G has
an edge containing all its node set, then G has no a-cycles. See Figure 1 for an illustration.

In this paper, we present a novel characterization of a-acyclicity, based on a “simpler” notion
of cycles. This new notion will enable us to prove the necessity of a-acyclicity in Theorem 2. We
start by defining a new type of cycle in hypergraphs, which we refer to as simple cycle.

Definition 3 (simple-cycle). Let G = (V, E) be a hypergraph. Let C = ej,ea,...,ep,¢er41 be a
sequence of edges with ey = egy1 for some ¢ > 3. Define s; := e; Ne;y1 for all i € [¢(]. We say that
C is a simple-cycle of G, and of length ¢ if:

(siUsjUsp)\e#0 Vi<i<j<k</{ YeckE. (S)

The key differences between definition of a simple cycle and an a-cycle are that condition (A1)
is omitted, and the indices in condition (A2) are no longer required to be contiguous. While these
differences may appear minor, they play a crucial role in our proof of Theorem 2. We are now
ready to state our new characterization for a-acyclic hypergraphs.

Theorem 3. A hypergraph G is a-acyclic if and only if it does not contain a simple cycle.

To prove Theorem 3, we make use of the following lemmata relating simple cycles to those
a-cycles that cannot be “shortened.” We first show that a simple cycle is an a-cycle.

Lemma 1. A simple cycle is an a-cycle.



Proof. Let G = (V, E) be a hypergraph and let C = ey, e, ..., ey, ep11 with ep11 = 1 and for some
¢ > 3 be a simple cycle of G. We show that C' satisfies conditions (A1) and (A2) implying that it
is an a-cycle. We first consider (A2). Letting i = j — 1 and & = j 4+ 1 in (S) we deduce that C
satisfies condition (A2) for 2 <i < ¢ —1. Lettingi =1,j=2and k = ¢ (resp. i =1,j=4(—-1
and k = /) in (S) we deduce that C satisfies condition (A2) for ¢ = 1 (resp. i = £). Therefore, C'
satisfies (A2).

Next, consider condition (Al); that is, for any i # j € [¢(] we want to show that e; \ e; # 0.
Recall that for any i € [¢], we have e; O s;_1Us;. Let ¢ = min(4,j) and p = max(i, 7). First assume
that ¢ > 1; in this case letting it = ¢ —1, j = ¢, k = p and e = ¢, in (S), we obtain s, \ e, # 0,
which implies that e, \ e, # 0 for all 2 < ¢ < p < £. Next, let ¢ = 1; in this case letting i = 1, j = p,
k = ¢ and e = e in (S) we obtain s, \ e; # 0, which implies that e, \ e; # 0 and ep1 \ €1 # 0 for
all 1 < p < —1. Therefore, e, \ e; # () for all p € [¢] \ {1}. Hence, C satisfies condition (A1) and

as a result it is a simple cycle. O
We say that an a-cycle C' = ej,ea,..., e ep41 is chordless if for every 1 < i < j < ¢ with
j—1i < €—3 and for every € € E\ {e;,...¢e;}, the edge sequence e;,€;11,...,¢e;,€ €; is not an

a-cycle. Clearly, an a-cycle of length three is chordless. As for chordless cycles in graphs, chordless
a-cycles are a-cycles that cannot be “shortened.” We next prove a property of chordless a-cycles
which relates them to simple cycles:

Lemma 2. Let G = (V, E) be a hypergraph and let C = ey, ea,...,ep, €011, for some £ > 4, be an
a-cycle of G. Define s; = e; Ne;q1 fori € [€]. If C is chordless, then for every e € E, we have

(5iUsj)\e#£D Vi<jelf]:j—i>1, (i,5) # (1,0), Ve € E. (C)

Proof. Denote by é a maximal edge of G that does not satisfy (C). Notice that if there is an edge
in E that violates (C), then any maximal edge of G' containing this edge also violates (C). Denote
by L the set of indices i € [¢] for which we have € D s;. We then have é O U;crs;. Notice that we
have |L| > 2. Let i1 be the smallest index in L and let is be the second smallest. If io — i3 > 1,
then we set p = i1, ¢ = is. Notice that by (C), we must have (i1,i2) # (1,¢). If i —i; = 1, then L
should contain at least three elements because by assumption € violates assumption (C). Denote
by i3 the third smallest index in L. We then set p = i2, ¢ = i3. In this case, since C is an a-cycle,
by (A2) we must have iz — iy > 1.

We claim that the edge sequence C' = €, epi1,€pt2,...,€q, € is an a-cycle, which contradicts
the assumption that C' is chordless. Since € is a maximal edge of G, to verify condition (A1) it
suffices to show that e; \ € # 0 for all i € {p + 1,...,¢}. This follows since, by definition of L, é
does not contain any s; for p < i < ¢ and we have s; = e; N e;11. Notice that since by assumption
q—p > 1, C" has at least three distinct edges. Then, to prove that C’ is an a-cycle, it suffices to
check if condition (A2) holds. We consider two cases:

o If ¢ —p > 2, then we need to show that for every e € E:
(ENept1) Uspr1Uspra) \ e # 0,  (sq—2Usq_1U(egMNE)) \ e #0.

Since by assumption € D s, U sg, it follows that e Nep1 D s, and eg N € D s4. Since C' is an
a-cycle, by (A2), the above relations are valid.

o If ¢ — p =2, then we need to show that for every e € E:

((ENept1) Uspr1 U (egNé)) \ e # 0,

whose validity follows from (A2) since € Nepq1 2 Sp, €4 NE 2 54, and C' is an a-cycle.

7



€6 €7 €3
€5 v €4
Figure 2: The edge sequence C = ej,e9, - ,€g,€1 is an a-cycle. However, C' is not a simple cycle

because e7 O so U s4 U sg. The sequence e, eo, ereq is a simple cycle.

€3

Figure 3: The edge sequence C' = eq, €9, €3, €4, €1 is a simple cycle which also satisfies condition (C).
However, C' is not a chordless a-cycle because it can be shortened; i.e., e1, €9, €5, €1 is a shorter
a-cycle.

We then obtain the following.
Lemma 3. A chordless a-cycle is a simple cycle.

Proof. Let G = (V,E) be a hypergraph and let C' = ej,es,...,ep,€p11, With e;11 = €1, be a
chordless a-cycle of G. If ¢ = 3, the definitions of a-cycles, chordless a-cycles, and simple cycles
coincide. Hence, let £ > 4. We show that any chordless a-cycle C' satisfies condition (S), implying
that it is a simple cycle. Consider any i,j, k € [¢] satisfying i < j < k. Notice that k —¢ > 1. If
(i,k) # (1,£), then the statement follows since by (C) we have (s; U sg) \ e # 0 for every e € E.
Now suppose that (i,k) = (1,£). Since i < j < k and ¢ > 4, we either have j —i > 2or k —j > 2,
in which case by (C) we get (s; Us;) \ e # () for all e € E or (s; Usg) \ e # 0, respectively. Hence,
condition (S) holds for C'. O

Figures 2 and 3 illustrate the difference between a-cycles, chordless a-cycles, and simple cycles.
Thanks to Lemma 1 and Lemma 3, we can now easily prove Theorem 3.

Proof. If a hypergraph contains an «a-cycle, then it contains a chordless a-cycle and by Lemma 3,
it contains a simple cycle. If a hypergraph does not contain an a-cycle, by Lemma 1, it does not
contain a simple cycle either. O
3 Sufficiency of a-acyclicity

In this section, we prove the “easy” direction of Theorem 2:

Theorem 4. Let G = (V, E) be an a-acyclic hypergraph. Then CER(G) is an extension of MP(G).



gv‘

Figure 4: An illustration of the proof technique for Theorem 4.

v.l

As we discussed earlier, Theorem 4 is implied by the results in [3,20] and [13]. In [3,20], the
authors give extended formulations for the convex hull of the feasible set of (possibly constrained)
binary polynomial optimization problems. The size of these extended formulations is parameterized
in terms of the “treewidth” of their so-called intersection graphs. As we detail in [13], in the
unconstrained case, their result can be equivalently stated as: Let G be an a-acyclic hypergraph of
rank 7. Then MP(G) has an extended formulation with at most 2"|Eyax| variables and inequalities.
While not stated explicitly, the proofs in [3,20] imply that CER(G) is an extended formulation for
MP(G).

Here, we present a simple proof that does not involve treewidth and makes direct use of a-
acyclicity. Our proof relies on a result of [12] regarding the decomposability of the multilinear
polytope. To state this result, we introduce some terminology. Given a hypergraph G = (V| E),
and V' C V| the section hypergraph of G induced by V' is the hypergraph G’ = (V', E’), where
E'={e € E:e CV'}. Given hypergraphs G = (V1, E1) and Gy = (Va, Es), we denote by G1 N G2
the hypergraph (V1 NVa, E1 N Es), and we denote by G1 UGy, the hypergraph (V3 UV, E1UE3). In
the following, we consider a hypergraph GG, and two distinct section hypergraphs of G, denoted by
G1 and G, such that G UG2 = G. We say that MP(G) is decomposable into MP(G1) and MP(G3)
if the system comprised of a description of MP(G1) and a description of MP(G2), is a description
of MP(G).

Theorem 5 ( [12]). Let G1,G2 be section hypergraphs of a hypergraph G such that Gy UGy = G
and G1 NGy is a complete hypergraph. Then, MP(G) is decomposable into MP(G1) and MP(G3).

In the following, we will often use the fact that, for hypergraphs, adding or removing edges inside
a maximal edge preserves a-acyclicity. This follows, for example, from the definition of acyclicity
(page 483) and theorem 3.4 in [2]. In particular, this fact implies that G is a-acyclic if and only if
cl(G) is a-acyclic. We are now ready to present our proof. See Figure 4 for an illustration of our
proof technique.

Proof. To prove Theorem 4 we show that, if the hypergraph G = (V, E) satisfying G = cl(G) is
a-acyclic, then CER(G) = MP(G). We prove this statement by induction on |FEyax|, where Epax
denotes the set of maximal edges of G. The base |Fyax| = 1 case follows from Proposition 2.

In the remainder of the proof we show the step case, and we assume | Fyax| > 2. The hypergraph
(V, Emax) is a-acyclic. By definition of a-acyclicity, there is a running intersection ordering of Eyax,
say fi, f2,..., fm. In particular, there exists j < m, such that f,, N (fi U faU... U fin—1) C f;. Let
(G1 be the section hypergraph of G induced by f,,. The hypergraph G is complete, therefore from
Proposition 2 implies CER(G;) = MP(G)).



Let G2 be the section hypergraph of G induced by fi U foU...U fn—1. We claim that the set
of maximal edges of Gg is Epax \ {fm}. Clearly, fi, fa,..., fm—1 are maximal edges of Go. Since
every edge of GG is also an edge of G, we only need to show that no edge f of G with f C f,,, is a
maximal edge of G2. So let f be an edge of Gy with f C f,,. Then f C fiU foU...U fi,—1. Hence,
f=fn(fivfou...Ufmo) € fmN(fiUfoU...U finm1) = fj. Since f; is an edge of Ga, f is
not a maximal edge of G.

We also observe that G2 is a-acyclic, since the running intersection ordering fi, fo, ..., fin of
Epax directly implies that f1, fa,..., fm—1 is a running intersection ordering of Fax \ { fm }, which
we showed is the set of maximal edges of G3. So G» is a-acyclic, has m — 1 maximal edges, and
clearly Gy = cl(G3). Thus by induction CER(G2) = MP(G2).

Observe that G1 UGy = G, since every node of G is contained in at least one edge of GG, and each
edge of GG is contained in at least one edge among f1, fo, ..., fm. Furthermore, G1 NGy is a complete
hypergraph, due to the definition of H, since G is complete. We can now apply Theorem 5 and
obtain that MP(G) is decomposable into MP(G1) and MP(G2). Since CER(G1) = MP(G1) and
CER(G2) = MP(G2), the system comprised of a description of CER(G;) and a description of
CER(G2), that is precisely the description of CER(G), is a description of MP(G). O

In [11], we give a polynomial-size extended formulation of the multilinear polytope of v-acyclic
hypergraphs with at most |V'| + 2|E| variables and at most |V| + (r + 2)|E| inequalities. In [14], we
further generalize this result by obtaining a polynomial-size extended formulation of the multilinear
polytope of -acyclic hypergraphs with at most (r —1)|V|+|E| variables and at most (3r —4)|V| +
4|E| inequalities. From Theorem 4, the complete edge relaxation is also an extended formulation
of the multilinear polytope of y-acyclic and S-acyclic hypergraphs, because a-acyclicity subsumes
B-acyclicity and v-acyclicity. However, the extended formulations of [11,14] grow linearly in the
rank 7, while the size of the complete edge relaxation is exponential in the rank. Recall that
CER(G) is defined by at most 2"|Eyax| variables and inequalities. Therefore, for the multilinear
polytope of «v-acyclic or S-acyclic hypergraphs with unbounded rank, the aforementioned extended
formulations are of polynomial-size while CER(G) is not. It is worth mentioning that CER(G) is
simpler to construct in the sense that it requires only the knowledge of the set of maximal edges
of G. On the other hand, the extended formulation in [11] requires G to be v-acyclicity as it uses
laminar hypergraphs as its building block, and the extended formulation in [14] requires G to be
B-acyclic together with knowledge of a nest-point elimination ordering.

4 Necessity of a-acyclicity

In this section, we prove the main result of this paper:

Theorem 6. Let G = (V, E) be a hypergraph and suppose that CER(G) is an extension of MP(G).
Then G is an a-acyclic hypergraph.

To prove Theorem 6, we show that if G has a simple cycle, then CER(G) is not an extension
of MP(G). To this end, we first introduce some operations on hypergraphs; namely, node fixing,
node contraction, and node expansion. We show how the multilinear polytope and the complete
edge relaxation are transformed under these operations. Through a recursive application of these
operations, we then prove that one can reduce the length of simple cycles. This in turn implies
that we can limit our attention to hypergraphs containing simple cycles of length three, a structure
that can be tackled directly.
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4.1 The node fixing operator

Consider a hypergraph G = (V, E) and let V' C V. Recall that the subhypergraph of G induced by
V' is the hypergraph Gy with node set V' and with edge set Ey: :={eNnV’':e € E, [enV'| > 2}.
For every edge e of Gy, there may exist several edges €’ of G satisfying e = ¢’ N V; we denote by
¢/(e) one such arbitrary edge of G. For ease of notation, we identify an edge e of Gy with an edge
é¢/(e) of G. Define

mn:{zeRWE;%:1vueV\v}. (3)

Let R(G) denote a convex relaxation of MP(G). Denote by projg, , (R(G) N Ly+) the set obtained
from R(G) N Ly by projecting out all variables z,, for v € V' \ V', and z., for e € E'\ E’, where
E' :={é'(e) € E:e € Ey/}. Define

Ly = {z eRVVIE) . 2 — 1w e V\V’}. (4)

Let R(cl(G)) denote a convex relaxation of MP(cl(G)). Denote by projg, , (R(cl(G)) N Ly) the set

obtained from R(cl(G)) N Ly by projecting out all variables z, for all v € V \ V', and z; for all
f C e such that f € V' all e € E. We then have the following result.

Lemma 4. Let G = (V, E) be a hypergraph and let Ly and Ly with V' = V\{v'} for somev' € V
be defined by (3) and (4), respectively. Then we have:

(i) MP(Gy+) = projg, , (MP(G) N Ly,
(i) CER(Gy») = projg, ,(CER(G) N Ly»).

Proof. Let S(G) denote the multilinear set associated with G. First, consider Part (i). Denote
by projg,, (S(G) N Ly) the set obtained from S(G) N Ly by projecting out variables z,/, and z,
e € E\ E'. From the definition of the subhypergraph it follows that S(Gyv) = projg,, (S(G)NLy),
implying that MP(Gy) = projg,,, conv(S(G) N Ly). Moreover, the set MP(G) N Ly~ is a face of
MP(G) defined by the valid inequality z,, < 1, implying that MP(G) N Ly = conv(S(G) N Ly»).
We then deduce that MP(Gy») = projg, , (MP(G) N Ly).

Next, consider Part (ii). We start by characterizing the polytope projg, ,(CER(G) N Ly)
and then show that it coincides with CER(Gy/). Denote by FEpax the set of maximal edges of
G. Recall that CER(G) is obtained by putting together the inequalities defining MP(K;) for all
€ € Fmax, where Kz denotes the complete hypergraph with node set € and MP(K7%) is obtained
using Proposition 2:

Y(U,e) >0, VU Ce,

and where (U, €) is defined by (1). Now consider any edge € € Epax such that € 3 ¢/, and let
U denote the set of subsets of & such that for any U € U, we have U 3 v’. Since by definition
ze = [[,ce 20 for all e C &, it follows that (U, €) = [,y (1 — 2v) [[,ea\p 20- We then deduce that

Y W(Ue)=1-2, =0,

UueU

which together with ¢(U, &) > 0 for all U € U implies that

Y(U,e) =0, YUecU. (5)
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First consider U = {v'}. In this case (5) simplifies to:

Ze = Zé\{vl}. (6)

Then for any v € €\ {v'}, consider U = {v,v'}. Substituting in (5) and using (6) we obtain:

Za\{v} = Z&\{v'}> Yv € é\ {Ul}. (7)

Next for any u # v € € \ {v'}, consider U = {u,v,v’'}. Substituting in (5) and using (6) and (7)
yields 2z fuv} = 2&\{u,v} for all u # v € €\ {v'}. Applying this argument recursively, we deduce
that for each € € Epax with € 3 v' the polytope MP(Kz) N {z : z,/—1} is given by:

Ze = Ze\[v}, VeCe: lef>2,e30 (8)
YU, e\{v'}) 20, VU Ce\{v}. (9)

Notice that by Proposition 2, inequalities (9) define the polytope MP(Ka (v}), Where Ke\ f}
denotes the complete hypergraph with node set € \ {v'}. Moreover, the relaxation CER(Gy) is
obtained by putting together the descriptions of MP(Kz (1) for all edges € € Epyax with € 3 0/
and MP(K5) for all edges € € Fyax with € Z v'. Hence, using equalities (8) to project out variables
ze, for any edge e > v/, we obtain CER(Gy/) = projg, , (CER(G) N Ly).

O

Thanks to Lemma 4, we can show that the tightness of the complete edge relaxation is preserved
under the node fixing operation.

Proposition 3. Let G = (V, E) be a hypergraph and let V. C V. If CER(G) is an extension of
MP(G), then CER(Gy ) is an extension of MP(Gy).

Proof. Consider the affine set Ly (resp. Ly-) defined by (3) (resp. (4) ) with V' = V \ {¢'} for
some v’ € V. Denote by proj;(CER(G)) the set obtained from CER(G) by projecting out variables
Ze, for all e € cl(E) \ E. Since projo(CER(G)) = MP(G), we have projo(CER(G)) N Ly =
proj(CER(G) N Ly+) = MP(G) N Ly, where the first equality follows since the operator projq(-)
does not project out variables z,, v € V' \ V', This in turn implies that

projg. , (proj(CER(G) N Ly+)) = projg(proje,, (CER(G) N Ly+)) = projg,, (MP(G) N Ly»).
Therefore, by Parts (i) and (ii) of Lemma 4, we deduce that proj;(CER(Gy/)) = MP(Gy~). The
proof then follows from a recursive application of this argument. O
4.2 The node contraction operator

Let G = (V, E) be a hypergraph, and let u,w € V such that there exists e € E with e > u,w.

We say that the hypergraph Gy—y = (Viy—u, Ew—w) is obtained from G by contracting w to u, if
Vo =V \ {w}, and

Eyy={ecE:eFwU{(e\{w})U{u}:ec E\{u,w}, e>w}.

Define the subspace:
Qu_sy = {z eRVVYE . 2, = zu}. (10)
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Let R(G) denote a convex relaxation of MP(G). Denote by projg, .. (R(G) N Qu—y) the set
obtained from R(G) N Q- by projecting out variables z, and z., e € E such that e = {u, w} or
e>w and (e \ {w})U{u} € E. Define

Qusu = {z e RVVIE) . 5 = zu}. (11)

Let R(cl(@)) denote a convex relaxation of MP(cl(G)). Denote by projg, . (R(cl(G)) N Q) the
set obtained from R(cl(G)) N Qu—u by projecting out variables z,, and z. for all e € cl(E) such
that e = {u,w} or e > w and (e \ {w}) U{u} € cl(E). We then have the following result.

Lemma 5. Let G = (V, E) be a hypergraph, let u,w € V, let Gy—,, be the hypergraph obtained
from G by contracting w to u, and let Qs and Qu sy be defined by (10) and (11), respectively.
We then have:

(Z) MP(GM—W) = prOjGwﬁu (MP(G) N Qw—m)
(i) CER(Gw—u) C projg, ., (CER(G) N Qu-—u)-

Proof. Let S(G) denote the multilinear set associated with G. First, consider Part (i). Define
G := (V,E), where E := E U {{u,w}}. Clearly, if {u,w} € E, then the two hypergraphs G and
G coincide. Define Quy_yy 1= {z € RVVE . Zw = zy}. Denote by projg. (S( ~) N Qw_m) the set
obtained from S(G) N Q.. by projecting out variables z,, and z., e € E such that e = {u,w}
or e > w and (e \ {w}) U{u} € E. From the definition of the contraction operator it follows that
S(Gy—u) =projg, . (S(G)N Qu—u), implying that MP(Gy_y) = projg. . conv(S(G D) N Qusa)-
Moreover, the inequality 2z, + 2w > 2z{y4,) is valid for S (é) and is satisfied tightly at a binary
point z only if z,, = z,. It then follows that MP(G ) N Qw_m is a face of MP(G) defined by this
inequality, and therefore we have MP(G) N Qu_y = conv(S(G) N Qu_y). We then deduce that

MP(Gyosa) = projg, ., (MP(G) N Quos) (12)

Now consider MP(G); if {u, w} € E, then MP(G) = MP(G) and we are done. Otherwise, MP(G)
is obtained by projecting out the variable zy, .,y from the description of MP(G). Let us denote this

operation as MP(G) = projo(MP(G)). We then have

projg,, ., (MP(G) N Qu—u) =projg, ., (Projc(MP(G)) N Qu—u)
=projg,, ., (P10j(MP(G) N Qu—su))
= pI"Ojé (MP( ) N Qw—m)

where the second equality follows since the operator proj;(-) does not project out variables zy, z,.
Together with (12), this in turn implies that MP(G.y—s,,) = projg,, ., (MP(G) N Qu—u)-

Next, consider Part (ii). We first define a polyhedral relaxation of S(G)NQ.—, in the extended
space RYYE) which we denote by CER(G), satisfying CER(G) € CER(G)NQu—su. Subsequently,
we show that CER(Gw—u) = projg, ,,(CER(G)). This in turn implies that CER(Gw—u) C
prOjGwﬂu (CER(G) N Qw—)u)'i

Let us start by defining CER(G); Denote by Ep,.x the set of maximal edges of G. For each
€ € Emax, as before denote by Kz the complete hypergraph with the node set &. Then CER(G) is
obtained by intersecting the following polyhedral descriptions for all € € Fyax:
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1. For each € € Eyax such that € Z w, the multilinear polytope MP(K3z) obtained using Propo-
sition 2.

2. For each € € Epax such that € > w and € # w, the multilinear polytope MP(K5) obtained
using Proposition 2 together with the equality constraint z,, = z,.

3. For each € € Ep,x such that € O {u,w}, the convex hull of the set

ST (Kz) = {z € {0, l}P(é)\{w} D 2o = sz, Ve Ce, le] > 2, z, = zw},

veEe

using RLT [24], where P(€) denotes the power set of e.

Notice that the difference between CER(G) N Qv and CER(G) is in Case (3) above. That is,
while to construct CER(G) N Qs for each maximal edge € D {u,w}, we first construct MP(Kz)
using RLT and then intersect this polyhedron with 2z, = z,, to construct CER(G), we directly
construct the convex hull of the set S=(K¢), which can be written as S=(Kz) = S(Kz) N{z €
{0, 1}P@OMO} . 2 = 2,}, using RLT. It then follows that CER(G) C CER(G) N Qu_sy. In the
remainder of the proof, we show that CER(Gy—u) = projg, .. (CER(G)). This equivalence follows
trivially for Cases 1 and 2, above. Henceforth, we prove it for Case 3.

Next, we characterize the convex hull of the set S=(K¢z) using RLT [24]. The product factors
in this case are given by ¢/(U,€) = [[,ep (1 — 20) [[eq\p 20 for all U C €. In addition to imposing
nonnegativity on all product factors, we should multiply the equality constraint z, = z, by the
product factors. Two cases arise:

o If u e Uand w ¢ U or if u ¢ U and w € U, multiplying z, = 2z, by ¥ (U, €), we obtain
»(U,e) = 0.

o If u,w ¢ U (resp. u,w € U), then multiplying z, = z, by ¥(U,€) yields ¥(U,e) = (U, ée)
(resp. 0 =0).

Therefore, the convex hull of S=(K¢) is given by:

Y(U,e) =0, VU Ce:|UN{u,w} =1 (13)

Y(U,e) >0, VU Ce:|UN{u,w} =0 or 2. (14)

First, let U = Uy = {w}; substituting in (13), we get ¢(U1,€) = (1 — 2w) [[,ce\ fu} 2v = 0, which
after linearization can be written as:

Ze = Zg\{w}> V€ € Emax 1 € D {u,w}. (15)

Next, for any v € e\ {u}, let U = Uy = {w,v'}; substituting in (13) we get ¥(Us,€) = (1 —
zw)(1 — zy) Hveé\{wm/} zo = (1 — 2zy) Hveé\{w’v,} zy — Y(Ur,€) = 0, which in turn implies that
V' (Uz,€) = ¢p(Us, €) + (U1, €) = (1 — zw) [[,ee\ fw,ry 20 = 0, and this after linearization can be
equivalently written as:

Za\{v} = Ze\[ww}s VU € €\ {u}, V€ € Emax : € D {u,w}. (16)
Next, for any v # 0" € e\ {u}, let U = Uz = {w,v’,v"}; substituting in (13) we get ¢(Us,€) =
(1 - Zw)(l - Z?)’)(l - ZU”) Hveé\{w,v’,v”} 2y = (1 - Zw) HvEé\{w,v’,v”} Zu — wl(U% é) - w(U% é) = (1 -
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Zw) HUEE\{’UJ;U/,U"} Zo —T,Z)(Ul, é) —211}(U2, é) = (. This in turn 1mphes that (1 —Zw) H’UEE\{’LU,U’,’U”} Zy =
0, which after linearization can be equivalently written as:

Ze\{v,v'} = Re\{w,v,v'}s Vo 7& v' e é\ {U}, Ve € Epax 1 €D {u,w} (17)

Therefore, by a recursive application of the above argument we find that for each € € E .« with
e D {u,w} we have:
Ze = Ze\[w}s Ve C e:e 2 {u,w}. (18)

Now let U = Uj = {u}; substituting in (13) and linearizing we get 2z = 2a\ 4}, Which together
with (15) implies that
Ze\{u} = Ze\{w}s Ve € Emax : € D {u,w}.

Similarly, replacing w by w in Uy and Us and following a similar line of arguments and using (18),
for each € € Epax with € D {u,w} we get:

Ze = Z(e\{w})U{u}> VeCe:edw,eFu. (19)

Therefore, the convex hull of S=(K;) for any € € Enax with € D {u, w} can be written as:

Ze = Ze\(w}, VeCe: le[>2, eD{uw} (20)
Ze = Z(e\[whU{u}, Ve E: le]>2 edweFu (21)
YU, e\{w}) 20, VU Ceé\{w}. (22)

By Proposition 2, inequalities (22) coincide with the description of MP(Kz\ (1), where Kg gy} is
the complete hypergraph with node set € \ {w}, which can be obtained from Kz by contracting w
to u. By using equations (20) and (21) to project out variables z, for e C € with e 3 w, we conclude
that CER(Gw—u) = projg,, ., (CER(G)). This together with CER(G) € CER(G) N Qu-y implies
that CER(Gw—u) C projg,,_,, (CER(G) N Qu-—su)- O

Thanks to Lemma 5, we can show that the tightness of the complete edge relaxation is preserved
under the node contraction operation.

Proposition 4. Let G = (V, E) be a hypergraph, let u,w € V, and let Gy, be the hypergraph
obtained from G by contracting w to u. If CER(G) is an extension of MP(G), then CER(Gy—u,)
is an extension of MP(Gy—).

Proof. Denote by projo(CER(G)) the set obtained from CER(G) by projecting out variables z,
e € cl(E) \ E. By assumption, we have proj;(CER(G)) = MP(G). Therefore, proj;(CER(G)) N
Qu—u = pProja(CER(G) N Qu—u) = MP(G) N Qu_su, where the first equality follows since the
operator proj;(-) does not project out variables z,, z,,. We then deduce that

projg, ., (Projg(CER(G) N Qu—u)) =projg(projg,, ., (CER(G) N Qu—u))
=projg,,_,, (MP(G) N Qu—u)-
By Part (i) of Lemma 5 we have projg, . (MP(G) N Qu—u) = MP(Gy—y), and by Part (ii)
of Lemma 5 we have projg, . (CER(G) N Qu—u) 2 CER(Guw—u). These together imply that

MP(Gy—u) 2 projg(CER(Gy—y)). However, by definition MP(Gy—y) C projo(CER(Gy—a)).
Hence, we deduce that MP (G- ) = projq(CER(Guw—w))- O
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4.3 The node expansion operator

Let G = (V, E) be a hypergraph, let w € V, and let f be a nonempty set of nodes disjoint from V.
We define the hypergraph obtained from G by expanding w to f as the hypergraph G’ = (V' E’),
where:

V=V \{w}wf,

E ={flu{ec E:wé¢elw{e\{wlyWf:ec E weE e},
and where W denotes the disjoint union of sets. In the following we show how the multilinear
polytope and the complete edge relaxation are transformed under the node expansion operator. To
this end, we use the following result from [8], which allows us to combine perfect formulations that
overlap in only one variable.

Lemma 6 ( [8]). Let my, my,n1,ny be nonnegative integers with my, my > 1. Let A € RmM*(m+1),
beR™, C € ngx(ngﬁ-l)’ d € R™2 and define

P:={(z,y) e R" xR : A(z,y) < b},
Q:={(y,2) eRxR"™:C(y,z) <d}.

Assume that P and @ are polytopes with binary vertices. Then the following polytope has binary
vertices:

R={(x,y,2) e R x RxR": A(z,y) <b, C(y,z) <d}.

The next theorem shows how an extended formulation for the multilinear polytope is trans-
formed under the node expansion operator and is of independent interest. The result is similar in
nature to theorem 4 in [8]. However, it concerns general extended formulations, instead of only for-
mulations in the original space. In the following, given a hypergraph G = (V, FE) and an edge f € F,
by the standard linearization of f, we imply the system of inequalities in variables y € R/}

nyZyv—|f|+1»
vef
Yr < Yo Vv € f, (23)
yr > 0,

Yo <1 Yv € f.

Theorem 7. Let G = (V,E) be a hypergraph, let w € V, let f be a nonempty set of nodes
disjoint from V, and let G' = (V' E") be the hypergraph obtained from G by expanding w to f.
Let A(z,u) < b be an estended formulation of MP(G), where x € RVYE are the original variables,
and where u € RY denote the extended variables. Let Cy < d be the system (23), in variables
y € RIUY. Then, an extended formulation of the multilinear polytope MP(G"), with original
variables z € RV'YE" and extended variables u € RY, is obtained from A(z,u) < b, Cy < d by
renaming the x variables in A(xz,u) < b as follows:

Tw — Zf,
Ty — 2 Vv e V\{w},
Te — Ze Vec E, w ¢ e,
Te = Ze\{wwf Ve E E, wEe,
and by renaming the y variables in Cy < d as follows:
— zf,
s 4 (25)

Yo = 2y YU E f.
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Proof. Let V,, :=V \ {w}, and observe that V' =V, Wf. Let E, :={e€ E:w ¢ e}d{e\{wty f:
e € E,w € e}, and observe that F' = E, W {f}.

Next, we consider the extended formulation of MP(G) given by the system A(x,u) < b. We
rename the x variables as in (24), and obtain the system A(z,u) < b in variables z € RY=¥E9{/}
and u € RY. Let P be the polyhedron defined by

P= {(z,u) e RVU¥EI}  RU ;. A(z,u) < b} .

Let P be obtained from P by projecting out variables v € RV, i.e

P = {z e RV=¥E:9} . 3 € RV such that A(z,u) < b} .

By assumption, P is obtained from MP(G), in variables z € RV¥E, by renaming variables as in
(24). In particular, P is a polytope with binary vertices. Denote by Az < b a system of linear
inequalities, in variables z € RV=¥E¥{/} describing P, i.e.,

P = {z e RV=¥EM} 4, < B} .

Next, consider the standard linearization of the edge f, given by the system Cy < d. We rename
the y variables as in (25), and obtain the system Cz < d in variables z € R/}, Let Q be the
polyhedron defined by

Q= {zeRf&J{f}:ngd}.

If we denote by H the hypergraph H = (f,{f}), it is well-know that @ is obtained from MP(H), in
variables y € R/} by renaming variables as in (25). In particular, Q is a polytope with binary
vertices.

Observe that P and Q share only one common variable, namely variable zf. In P, such variable
was obtained by renaming variable x,,, while in @ it was obtained by renaming variable y;. We
can then apply Lemma 6 to P and @, and obtain that the following polytope has binary vertices:

R = {z c RV=UIUE{f} . 4, < B, Cz < d}
L B (26)
:{ZE]RV&JE Az < b, ngd}.

Recall that the system Az < b is obtained from the system A(z,u) < b by projecting out
variables u € RY. Since the variables u € RY are not present in the system Cz < d, projecting
out variables u € RV from the system A(z,u) < b, Cz < d, results in the system Az < b, Cz < d.
Therefore, A(z,u) < b, Cz < d is an extended formulation of R. More precisely,

R= {z e RV'YF . 34 € RY such that A(z,u) < b, Cz < d} .

To conclude the proof, we need to show that R coincides with MP(G’). We already know that both
R and MP(G’) have binary vertices, so we only need to check that they contain the same binary
vectors. The remainder of the proof is devoted to proving this claim.

Let Z be a binary vector in MP(G’). We prove Z € R. From (26), it suffices to show that the
restriction of z to RV+¥E«¥{f} ig in P, and the restriction of z to Rf¥1} is in Q. To do so, we define
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binary vectors € RV¥F and 5 € R/} using the inverse of (24) and (25), and prove & € MP(G)
and § € MP(H). Specifically, z € RV¥F is defined by

Ty 1= Zf,
Ty 1= Zy Vo e V\{w}, (27)
Te = Ze Vee E, w¢e,

Te 1= Ze\{wlwf Vee E, w € e,

and § € R/ is defined by
Yy = Zy, (28)
Yo := 2y VU E f.

We have § € MP(H) because
gr=z=]]z2=]]0
vef vef
Furthermore, we have & € MP(G) because, for every e € E with w ¢ e,

Te = Ze :Hgv :Hi'vy

vee vee

and for every e € F with w € e,

Te = Ze\{w}wf = H Zy H Zy

vee\{w} vef
= II z|z=| II #|z=]]%
vee\{w} vee\{w} vEe

Now, let z be a binary vector not in MP(G’). We prove z ¢ R. From (26), it suffices to show
that either the restriction of z to RY=¥E=¥{f} is not in P, or the restriction of z to R/} is not in

Q. To do so, we define binary vector Z € RV¥F as in (27), and § € R/¥!/} as in (28), and prove
z ¢ MP(G) or y ¢ MP(H). If zf # [[,¢ Zv, then
gf :Ef 7é HZU = H?jw
vef vef

and § ¢ MP(H). Thus, we now assume Zy = [[,c; 2. Since Z is not in MP(G’), there exists an
edge ¢’ € E' with ¢’ # f such that Zy # [[,c, Zv- Let g be the edge of G corresponding to ¢, i.e.,
g=4g iftgnf=0and g=g W{w}\ fif f C g Note that in the first case we have w ¢ g, while
in the second case we have w € g and ¢’ = g\ {w} W f. We now show z ¢ MP(G). In fact, if w ¢ g,

then
Zy =72y # || 2 =[] 2-
veg’ veEyg
On the other hand, if w € g, then

Tg=Zpqupr =% # [[2=| [[ 2| []]%]=

veg’ veg\{w} vef
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= H Z |z = H T fw:H:f:U.

veg\{w} veg\{w} veyg

O]

Thanks to Theorem 7, we can show that the tightness of the complete edge relaxation is pre-
served under the node expansion operation.

Proposition 5. Let G = (V, E) be a hypergraph, let w € V, let f be a nonempty set of nodes
disjoint from V', and let G' be the hypergraph obtained from G by expanding w to f. If CER(G) is
an extension of MP(G), then CER(G') is an extension of MP(G’).

Proof. By assumption, CER(G) is an extension of MP(G). Denote by x the original variables and
by u the extended variables in such extended formulation. By Theorem 7, an extended formulation
of MP(G"), in original variables z and extended variables u, is obtained from the description of
CER(G) and (23) by renaming the x variables in the description of CER(G) as in (24) and renaming
the y variables in (23) as in (25). Let us consider the obtained formulation of MP(G’). By
construction, each inequality in this formulation contains variables corresponding to nodes and
edges inside some maximal edge of G’. Moreover from the definition of complete edge relaxation,
as well as Proposition 2, the description of CER(G’) is obtained by putting together the convex hull
description for each subhypergraph of G’ induced by a maximal edge. It follows that all inequalities
in the obtained extended formulation of MP(G’) are implied by some inequalities in the description
of CER(G’"). Therefore, CER(G’) is an extension of MP(G’). O

4.4 Reducing the length of simple cycles

Thanks to the node contraction and node expansion operators introduced earlier, we are now able
“reduce” the length of simple cycles. This in turn enables us to limit our attention to simple cycles
of length three. The following theorem is of independent interest in hypergraph theory.

Theorem 8. Let G = (V, E) be a hypergraph, assume that it contains a simple cycle, and let £
denote the minimum length of a simple cycle in G. If £ > 4, through a sequence of expansion and
contraction operations, we can obtain, from G, a new hypergraph G’ that contains a simple cycle
of length at most £ — 1.

Proof. Let C = ey,ea,...,e4, €011, for some £ > 4, be a simple cycle of G of minimum length.
As before, define s; := e; N e;41 for every i € [¢]. In the following, we define the expansion and
contraction operations that enable us to reduce the length of a simple cycle.

Expansion. Recursively, we expand each node v € s1Uss to a set of new nodes f,, of cardinality
|s1 U sg|. Since, for every node v € s1 U so, there is a bijection between the nodes in f, and the
nodes in s1 U s (including v itself), we can label each node in f,, with the corresponding node in
s1 U so.

Contraction. For each pair of distinct nodes v, w € s; U s3, we recursively contract the node
in f, labeled by w to the node in f,, labeled by v; we denote the resulting node by ., where vw
is an unordered pair. Note that each such contraction can be performed since each such pair of
nodes, after expansion, is contained in e3. Denote by G’ = (V’, E’) the obtained hypergraph and
by

U :={upy :v,w € 51U S, vF#w}.
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For every node v € s1 U s9, we identify the node in f, labeled by v (which has not been contracted)
with the original node v. In this way, we have that V' is the disjoint union of V and U.

The new simple cycle. For every i = 1,...,¢, let €] be the edge of G’ that originated from
the edge e; of G. More precisely, €] is the edge of G’ given by

e =e; U{upw €U :e; N {v,w} #0}. (29)
Define ¢’ := ¢/, e3,¢€),...,ep,€,,,. Define s| := e} Ney and, for every i = 3,...,¢, define
s; := e;Nej, ;. In the remainder of the proof, we show that C’ is a simple cycle of G’ of length

¢ — 1. From Definition 3, it suffices to show that C’ satisfies condition (S).
Let 4,7, € [(] \ {2} with i < j <[ and ¢ € E’. We need to show (s; Us; Us))\ e # 0. For a
contradiction, assume (s; U s U s;) C €.
First, assume that ¢’ is an edge of G’ contained in U. In this case, we obtain (sjUs;Us)) C ¢’ C U.
In particular,
59 cUu.

Note that j > 3. Applying (29) to € and €, ;, we obtain

sj=s;\U =19,

which contradicts Lemma 1 and Observation 1.

It remains to consider the case in which €’ is an edge of G’ that is not contained in U. In this
case, €' is an edge that is originated from an edge of G. More precisely, there exists e € E such
that

¢ i=eU{up €U :en{v,w} #0}. (30)
Claim 1. For every k € {3,4,...,0}, si \ e # 0 implies s, \ ' # 0.

Proof of claim. By assumption, there exists v € s, \ e. We show that v € s\ €.
Applying (29) to ey and ey, we obtain s, C s}, thus v € s; implies v € 5. On the other
hand, v € s;, implies v € V and v ¢ U. Since v ¢ e, from (30) we obtain v ¢ ¢’. o

Claim 2. 51\ e # 0 and 52\ e # 0 imply s \ ' # 0.

Proof of claim. By assumption, there exist v € s1 \ e and w € 52\ e.

Consider the case v = w. In this case, we show v € s} \ €. First, observe that v € s}. In fact,
by assumption, v € s N sy = e; Nex Nes. From (29), v € ef NejNes C sf. On the other hand,
from v € V, v ¢ e, and (30), we obtain v ¢ €. This concludes the proof for the case v = w.

Next, consider the case v # w. In this case, we sShow uy,, € s} \ €. First, observe that wu,, € s}.
In fact, by assumption, v € s1 = e; N ez, thus from (29), u,, € €] N ée). Similarly, by assumption,
w € s9 = ez N es, thus from (29), uy, € €, N es. Therefore, uy,, € €] Ne)Nes C s). On the other
hand, we have u,,, ¢ €. In fact, from v ¢ e, w ¢ e, and (30), we obtain u,,, ¢ €. This concludes
the proof for the case v # w. o

Recall that, in order to obtain a contradiction, we assumed (s} U s’; U s}) C e’. For k € {1, 5,1},
we then have s). C /. From Claim 1, if k € {3,4,...,¢}, then s, C e. From Claim 2, if £ = 1, then
s1 C e or s C e. We have therefore obtained p, ¢, € [¢] with p < ¢ < r such that (s,Us,Us,) Ce,
which gives us a contradiction. O
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4.5 The key structure

By Theorem 8 to prove Theorem 6, it essentially suffices to consider hypergraphs containing simple
cycles of length three. As we show in the next section, all such hypergraphs contain a subhypergraph
with n nodes whose maximal edges consist of all subsets of cardinality n — 1. In the following,
we show that for such subhypergraphs, the complete edge relaxation is not an extension of the
multilinear polytope.

Proposition 6. Let G = (V, E) be a hypergraph; let n := |V| > 3, and let the set of maximal edges
of G consist of all subsets of V' of cardinality n — 1. Then CER(G) is not an extension of MP(G).

Proof. Denote by Enax the set of maximal edges of G. Consider the following inequality:

- Y w<|V]-2 (31)

veV e€ Fmax

We claim that (31) is a valid inequality for MP(G). To see this, notice that there are two cases in
which this inequality can be violated:

e z, =1 for all v € V: in this case we also have z, = 1 for all e € E. Substituting this point
in (31) we get |V| — |Emax| = |V = |V| < |V] = 2.

o zy=1forallve V' CV, with |[V/| =|V]| — 1: in this case we have z, = 1 for some maximal
edge e € Epayx, with e = V', Substituting this point in (31) we get |[V|—1—-1 < |V|—2.

Hence, we conclude that (31) is a valid inequality for MP(G). Now consider the following fractional
point Z € RVUA(E);

_n—1-1p
Zp= ———

5 Wevud(D). (32)

First, consider the projection 2 of Z onto the space RYVEmax; 2~ — _2 forallv e V and 2, =0
for all e € Emax. Substituting 2 in inequality (31) we obtain n(2=f ) =n-— ;5 £n—2, since

n—1

< % for n > 3. Therefore, 2 violates the valid inequality (31). In the following, we show that

n—1 —

z € CER(G) implying CER(G) is not an extension of MP(G). The relaxation CER(G) is defined
by the following inequalities:

n

Y(U,e) >0, YU C e, Ve € Epax, (33)
where ¢ (U, e) is defined by (1). Define m := |U|. Substituting (32) into ¢ (U, e), we obtain:

Y(Ue) =" - <”f>7:__11 4 (’;)Zl__f (e 1<mm > L o)

(o) o) o))

where the second equality follows from the identity (})(n — k) = (k+1) (kzil) Moreover, we have

f; (™ 1 ifm=1;
0 ifm=0o0orm>1.

Therefore, point (32) satisfies inequalities (33), implying that Z € CER(G). We conclude that
CER(G) is not an extension of MP(G). O



Letting n = 3 in Proposition 6, the hypergraph G simplifies to a graph consisting of a cycle of
length three. Let V = {u,v,w}. In this case inequality (31) simplifies to the following “triangle”
inequality [21]:

Zy t 2y T 2w — Z{uw) — Fuwy T F{vw) <1.

In fact, for any n > 3, the set of maximal edges F.x of G in Proposition 6 forms a simple cycle. To
see this, consider an ordering of the edges in F.x denoted by eq,ea, ..., en,ent1, with e,11 = ey.
We then have s; U s; Usy =V, and by construction e\ V # () for all e € E.

4.6 Proof of necessity

We are now ready to prove Theorem 6.

Proof. We prove that if G is not a-acyclic, then CER(G) is not an extension of MP(G). Suppose
that G is not a-acyclic; then by Theorem 3, G contains a simple cycle. Denote by C' = eq, e, ... ep41,
where ey = e, for some ¢ > 3, a simple cycle of minimal length in G. Our proof is by induction
on the length ¢ of C'. Recall that s; = e; Ne; 41 for i € [£].

Base case. Suppose that G contains a simple cycle of length three; C = ej,eq,€e3,e1. Define
V = 51 Usa Usg, and let Ly denote the affine set as defined by (3). Denote by Gy = (V, E) the
subhypergraph of G induced by V. By Proposition 3, to prove that CER(G) is not an extension
of MP(G), it suffices prove that CER(GYy) is not an extension of MP(Gy;). The hypergraph Gy is
not a-acyclic because it contains a simple cycle C = &1, &, €3, €1, where &; = ¢; NV for i € {1,2,3}.
In the following, for notational simplicity, instead of e; we write e; for all i € [¢ 4+ 1]. We show that
CER/(GYy) is not an extension of MP(Gy ). Letting £ = 3 in condition (S), we deduce that V is not
an edge of Gy, and that the following sets are nonempty:

51:=(e1Nez)\e3, Sa:=(eaNes)\er, S3:=(e1Ne3))\ e (34)

We consider two cases separately.

Case 1. In this case, we assume that there exist three nodes v; € 81, v9 € S, v3 € §3 such
that {vi,vs,v3} is not contained in an edge of E. Let V = {vi,vs,v3} and denote by Gy the
subhypergraph of Gy (or G) induced by V. By Proposition 3, it suffices to show that CER(Gy)
is not an extension of MP(Gy;). Clearly, Gy, is a graph consisting of a cycle of length three. By
letting n = 3 in Proposition 6, it follows that CER(GY,) is not an extension of MP(GY,), which in
turn implies that CER(G) is not an extension of MP(G).

Case 2. In this case, we assume that for any three nodes v; € §1,v2 € 59,v3 € 53, the set
{v1,v2,v3} is contained in some edge of E. Recall that from condition (S) it follows that there is
no edge e € F such that e = V. First, consider all subsets of V of cardinality |V| — 1. If all these
subsets are edges of Gy, then by Proposition 6 we conclude that CER(GY) is not an extension
of MP(Gy). Otherwise, take a subset of V of cardinality |V| — 1, denoted by V=1, which is not
an edge of Gy,. Notice that V1 contains at least one node from each of 51, 5, 53, since otherwise
it coincides with one of the three edges e, eg, e3, implying that V! is an edge of Gy. If all
subsets of V! of cardinality |V| — 2 are contained in some edge of E and hence are edges of Gy—1,
then by Proposition 6 we conclude that CER(Gy-1) is not an extension of MP(Gy-1). Otherwise,
we choose a subset of V! with cardinality |V| — 2 that is not contained in any edge of E. We
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apply the above argument recursively, until we find a subset V¢ of cardinality |V| — ¢ for some
g € {1,...,|V| — 4} satisfying the following properties:

(i) V~4 is not contained in any edge in £, and

(ii) each subset of V7 of cardinality |V ~9| — 1 is contained in some edge of E.

We claim that we can always find a subset satisfying the two conditions above. To see this,
consider any V/ C V such that |V/| =4 and V' € e for any e € E. It then follows that V'’ must
contain three nodes v; € §1,v9 € S2,v3 € §3. By assumption, we have {v1,v2,v3} C e for some
e € E. Denote by © the fourth node of V’. Define sn = e; Nea Nes. We then have 5; = s; \ sn,
i €{1,2,3}. Two cases arise:

e ¥ € §; for some i € {1,2,3}: without loss of generality, let ¥ € 5;. Then by assumption,
we have {0,v9,v3} C e for some e € E. Moreover, by construction, {0,v1,v2} C es and
{@71)17”3} g €1.

e 0 € sn: in this case, we have {0,v1,v2} C e, {0,v1,v3} C e, and {0,v9,v3} C es.

Now consider the subhypergraph Gy~ of G induced by V’. By assumption V' is not an edge
of Gy. By the above argument, all subsets of cardinality three of V' are edges of Gy~ . Hence,
letting n = 4 in Proposition 6, we deduce that MP(Gy+) C projg, ,(CER(Gy/)). Therefore, we
conclude that CER(Gy—,) is not an extension of MP(Gy—q), where ¢ € {1,...,|V| — 4}. Hence,
by Proposition 3, if G contains a simple cycle of length three, CER(G) is not an extension of
MP(G).

The inductive step. Now suppose that the minimal length of a simple cycle in G is £ > 4.
Suppose that for any hypergraph G that contains a simple cycle of length at most ¢ — 1, CER(G)
is not an extension of MP(G). Then we would like to prove that for any hypergraph G containing
a simple cycle of length ¢, CER(G) is not an extension of MP(G) either.

Let C be a simple cycle of minimal length ¢ in G for some ¢ > 4. Then by Theorem 8, through
a sequence of expansion and contraction operations, we can obtain a hypergraph G’ such that G’
contains a simple cycle of length at most £ — 1. By the induction hypothesis, CER(G’) is not
an extension of MP(G’). Then by a repeated application of Proposition 4 and Proposition 5, we
deduce that CER(G) is not an extension of MP(G) and this completes the proof. O

5 Generalized triangle inequalities

In [21], Padberg introduced triangle inequalities, a class of facet-defining inequalities for the Boolean
quadric polytope. Let G be a graph. Then for any cycle of length three in G with nodes denoted
by u, v, w, we define the following triangle inequalities:

Zlup} T Zuwt < Zu + 20w} (35a)
Zup} T 2w} < 2o+ Zluw) (35b)
Zluwy T 2wy S 2w+ Zuw) (35¢)
2y + 2o + 2w = Z{up} — Fuw) — Howy < 1 (35d)
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Padberg proved that inequalities (35) define facets of BQP(G). He further generalized triangle
inequalities to odd-cycle inequalities, a family of facet-defining inequalities corresponding to chord-
less cycles of any length. Subsequently, he showed that the polytope obtained by adding odd-cycle
inequalities to the standard linearization coincides with the Boolean quadratic polytope if G is a
series-parallel graph. In [5] the authors showed that triangle inequalities are Chvéatal-Gomory (CG)
cuts for the McCormick relaxation. Furthermore, if G is a complete graph, they proved that the
addition of triangle inequalities to the McCormick relaxation gives the CG-closure of BQPYF(G).
On the computational front, triangle inequalities have had a significant impact on the performance
of mixed-integer quadratic programming solvers [4].

In this section, with the goal of strengthening the complete edge relaxation, we generalize
triangle inequalities (35) to obtain a family of facet-defining inequalities for simple cycles of length
three. Notice that for cycles of length three, simple cycles coincide with a-cycles. We show that the
proposed inequalities are CG-cuts for the complete edge relaxation, while they are not CG cuts for
the standard linearization. Throughout this section, we consider hypergraphs satisfying G = cl(G);
i.e., the space in which the complete edge relaxation is constructed.

5.1 The switching operation for the multilinear polytope

To define the new inequalities, we make use of the switching operation for the multilinear polytope,
which has been employed in [6,10]. This operation enables us to convert valid linear inequalities
into other valid linear inequalities that induce faces of the same dimension. A similar operator has
been introduced by several authors independently for Boolean quadric and cut polytopes [1,21].
Consider a hypergraph G = (V, E) with G = cl(G). Let T' C V. The characteristic vector for T,
denoted by x* € {0, I}VUE, is defined by

1 ifveT
X{::{ nv Vv eV,

0 ifogT
1 ifeCT

XL = ne= Ve € E.
0 ifedT

Clearly, the multilinear set of G is precisely the set of all T, for T C V. Then, for any U C V, the
corresponding switching of x” is defined as

ou(xT) == x4V,

The term ‘switching’ naturally refers to flipping the value of each binary variable z,, for every
v € U. It is shown in theorem 4.3 in [6] that, due to our assumption G = cl(G), each switching can
be extended to an affine automorphism of MP(G) (and of RVYF) given by:

1— 2z, ifveU
o (z0) = { - foeV\U Vv eV, (36)
Pu(ze) = Z Z(e\U)UW — Z Z(e\U)UW Vee L, (37)
WCenU WCenU
|W| even |W| odd

where we define zp := 1. For any U C V, we define the U-switching of an inequality az < ( in
RVVYE | as the image of the inequality under ¢rr. We also refer to a U-switching of an inequality
az < B, for some U C V, simply as a switching of az < 3. Notice that if we set U = (), the U-
switching of az < f coincides with az < . It then follows from the above discussion (see corollary
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4.5 in [6]) that an inequality az < 3 is valid for MP(G) if and only if any of its switchings is valid
for MP(G), and the former is facet-defining for MP(G) if and only if the latter is. We also refer to
all switchings of az < [ as the system of U-switchings of az < 3, forall U C V.

Observe that the transformation defined by (36) and (37) is also an affine automorphism of the
complete edge relaxation CER(G). In fact, the system of inequalities defining CER(G) is precisely
the system obtained by putting together all switchings of the inequality z. > 0, for every e € Epax.
This implies that an inequality az < f is valid for CER(G) if and only if any of its switchings is
valid for CER(G). Since switchings preserve the integrality of the coefficients and the integrality
of the right-hand side, we deduce that an inequality az < 8 is a CG cut for CER(G) if and only if
any of its switchings is a CG-cut for CER(G).

Observation 2. Let us consider Padberg’s triangle inequalities for the Boolean quadric polytope.
It can be checked that every inequality in (35) is a switching of inequality (35a): Inequality (35b)
can be obtained with U = {w}, inequality (35¢c) with U = {v}, and inequality (35d) with U = {u}.
In fact, system (35) consists of all switchings of any of its inequalities.

5.2 The new inequalities

In the following, given an a-cycle C' = ey, es, e3, e1, we define the support hypergraph of C as the
hypergraph G = (Ve, Ec), where
Vo = Uieei, FEo = {eCei:le] >2,Vie (]} (38)

We are now ready to present our new inequalities, which serve as the generalization of triangle
inequalities, to the multilinear polytope.

Proposition 7. Let G be a hypergraph with G = cl(G), and let C = ey, ez, e3,e1 be an a-cycle of
G. Suppose that
el \ (62 U 63) = @, € \ (61 U 63) = @, €3 \ (61 U 62) = 0. (39)

Then all switchings of the following inequalities are valid for MP(G):

Zey + Zey < Zejney T Zes (40a)
Zey + Zes < Zeynes + Zes (40b)
Zeg T Zey < Zegnes T Zey (400)
Zernes T Zernes T+ Zeanes — Zey — Zey — Zes < Zeyneaness (40d)

where we define zy := 1. Moreover, all switchings of inequalities (40) define facets of MP(G¢).

Proof. First, we show that it suffices to consider inequality (40a) by proving that every other
inequality in the system (40) is a switching of (40a). Let U = e; \ eg; then the U-switching of (40a)
is given by
ZeiNeg — Zey T Zey < ZeiNes T Zez\(e1\e2) ~ Res-

First note that ez \ (e1 \ e2) = (e2 Ne3) U (e3 \ e1). Moreover, by assumption (39) we have
es\ (e1Uez) = 0, implying that (ezNes) U (es\ e1) = e2Nes. Substituting into the above inequality
we get Ze, + Zes < Zesnes + Zey s 1-€., inequality (40c). Similarly, we can prove that inequality (40b)
is the U-switching of inequality (40a) with U = ey \ e;. Next, let U = (e; Ne2) \ e3; then the
U-switching of inequality (40a) is given by:

Zep\(e2\e3) — Re1 + Zex\(e1\e3) — ez < Ze1NeaNes — ZeiNea + Res-
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Again, from assumption (39) it follows that e; \ (e2 \ e3) = eg Nes and e \ (e1 \ e3) = e2 Nes.
Substituting into the above inequality yields inequality (40d).
Henceforth, in the remainder of the proof, we consider inequality (40a):

_Zelﬁeg + Zel + 262 - Zeg S 0. (41)

We start by proving the validity of inequality (41) for MP(G). Two cases arise:

o if z,, =1 and z,, =0 (or 2z, =0 and z., = 1), then we have z¢,ne, = 1, implying the validity
of (41).

o if 2., = 2z, = 1, then we have z,ne, = 1, and by assumption (39) we have z., = 1, implying
the validity of (41).

Therefore, inequality (41) is valid for MP(G).

Next, we show that inequality (41) defines a facet of MP(G¢), where Go = (Vo E¢) and Vi, Ec
are defined by (38). To this end, denote by az < « a nontrivial valid inequality for MP(G¢) that
is satisfied tightly by all binary points in MP(G¢) that are binding for inequality (41). We show
that the two inequalities coincide up to a positive scaling, which by the full dimensionality of
MP(G¢) [10] implies that inequality (41) defines a facet of MP(G¢). Define 51 := (e1 Ne2) \ es,
Sp:=(e2Nes)\ e1, 53 := (e1Nes) \ ez, and sn = e; Nea Neg. From assumption (39) it follows that
ei = 8;Nsn, i € {1,2,3}. Recall that from condition (S) it follows that 5; # 0 for i € {1,2,3}. In
the following, by a tight point, we imply a binary point in MP(G¢) that satisfies inequality (41)
tightly.

First, consider a tight point with z, = 0 for all v € Vo. Substituting into az < « yields:

a=0. (42)

Next, consider a tight point with zz = 1 for some ¥ € SoUS3UsA and z, = 0 otherwise. Substituting
into az < o and using (42) and the fact that 5, # (), we obtain:

a, =0, Yv €& SsUs3Usn. (43)

If ey Neg| > 1, consider a tight point with z; = 1 for some ¥ € 51 and z, = 0 otherwise. Substituting
into az < « and using (42), we obtain:

a, =0, Yv € sy, if ’61 N 62’ > 1. (44)

If les| > 2, let € C e3 be an edge of cardinality two. Consider a tight point with z, = 1 for
all v € € and 2z, = 0 otherwise. Substituting into az < « and using (42) and (43), we obtain
az = 0. If les| > 3, let € C e3 be an edge of cardinality three. Again, consider a tight point as
constructed above. Substituting into az < o and using the above result, we get az = 0. By a
recursive application of this argument, we get

ae =0, Vee Ecg:eC es. (45)

If le1] > 2 (resp. |e2| > 2), let € C e; (resp. € C e2) be an edge of cardinality two such that
€ 2 e1 Ney. Consider a tight point with z, = 1 for all v € € and z, = 0 otherwise. Substituting
into az < a and using (42) and (44) we obtain az = 0. Next we let € to an edge of cardinality three
such that € 2 e; Ney. Applying this argument recursively, we obtain:

a.=0, VYVe€cEc:eCeioreCes:epeNes. (46)
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If |53] > 1, consider a tight point with z, = 1 for all v € ey and 2, = 0, otherwise. Substituting
into az < a and using (42)- (44) and (46) we get:

Y a=o (47)

ecEqc: eCes,
eDeiNes
Now, let © € §3. Consider a tight point with z, = 1 for all v € e; U {0} and z, = 0, otherwise.
Substituting into az < «a and using (42)- (46) we obtain:

Z Qe + A(erNex)U{d} — 0,

ecFEq:eCeo,
eDJeiNeg
which together with (47) implies that a(c,ne,)u{sy = 0. Next we should let ©,v € 53 and construct
a tight point as above to get a(c,ne,)ufs,5) = 0- Using this argument recursively together with a
symmetric argument, we deduce that:

a.=0, VeCe oreCes:eDerNes. (48)

Next, consider a tight point z, = 1 for all v € e; and z, = 0, otherwise. Substituting into az < «
and using (42)- (48) we obtain:
Qeiney + Ae; = 0. (49)

Moreover, by symmetry we have:
Aeiney T Gey = 0. (50)

Consider a tight point with z, = 1 for all v € Viz. Substituting into az < « and using (42)- (48)
we obtain:
a’€1ﬂ€2 + ael + aeg + aeg = 0 (51)

Finally, consider a point z, = 1 for all v € e3 and z, = 0 otherwise. Since by assumption 51 # 0,
substituting this point in az < « and using (42)- (51) we get a., < 0. Since az < « is a nontrivial
valid inequality for MP(G¢), from (42)- (51), we deduce that this inequality can be equivalently
written as 5(—ze,ney + Zey + Zey — Ze5) < 0 for some B > 0. Therefore, inequality (41) defines a fact
of MP(G¢) and this completes the proof. O]

Observation 3. Let us consider assumption (39) of Proposition 7. It is simple to check that if this
assumption is not satisfied for an a-cycle C' in G, then inequalities (40) are not valid for MP(G).
Now, let G = (V,E) be a hypergraph with G = cl(G), and let C = ey, es,e3,e1 be an a-cycle of
G that does not satisfy assumption (39). Define 1 = e1 N (ea Ues), éa = ea N (e1 Ues), and
és = ez N (e1 Uea). Notice that since by assumption G = cl(G), we have €1, éz,e3 € E. Moreover,
since eg Ney = €1 Neég, e Ne3 =€ NeéEs, and e N ez = €z N és, from condition (S) it follows that
C = e1,69,83,81 is an a-cycle of G. Moreover, C satisfies assumption (39) and therefore we can
write inequalities (40) for C instead.

Observation 4. In [8], the authors introduce odd [-cycle inequalities, a class of valid inequalities
for the multilinear polytope whose support hypergraph is a 5-cycle. Consider odd B-cycle inequalities
of length three. First, notice that these inequalities are associated with B-cycles of a hypergraph.
Hence, by construction, many of them are implied by the complete edge relaxation. More precisely,
for any B-cycle that is not an a-cycle, the corresponding odd B-cycle inequalities are implied by the
complete edge relaxation. Second, these inequalities are only valid if e; Nes Neg = (0, a restrictive
assumption that is not needed for inequalities (40). However, assumption (39) is not needed for odd
B-cycle inequalities. This is because these inequalities are defined for general sparse hypergraphs
while generalized triangle inequalities are defined over hypergraphs satisfying G = cl(G).
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As we described in Observation 2, in the case of triangle inequalities, the system (35) represents
all switchings of any of its inequalities. However, this is not the case for the generalized triangle
inequalities (40). The following example demonstrates how to obtain new switchings of inequalities
in (40).

Example 1. Let G be a hypergraph and suppose that C = ey, ez, e3,e1 with e = {1,2,4}, ex =
{2,3,4}, es = {1, 3,4} is an a-cycle of G. Inequalities (40) in this case are given by:
2124} T 2{234} < Z{2.4} T 2{1,34}
2124y t 2134} < 2{14} T 2{234}
Z(234} T 2{1,34} = 2{3.4} T 2{1,2,4}
Z{o4} T 2{14} T 2{34} — Z{1,2,4} — Z{2,34} — 2{1,34} < %4
Now, let U = {4}. Then the image of the above inequalities under the mapping ¢y defined by (36)
and (37), is given by:
212} — #{124} T {23} — %{2,34} < %2 — Z{24} + 2{13} — #{1,34}
212} — #{1,24} T 2{1,3) — Z{1,34) < 21 — 214} T 2{2,3) — %{2,34)}
Z{2.3} — Z{234} T 2{1,3} — #{1,34} < 23 — Z{34} T 2{1,2} — %{1,2,4}
21+ 22+ 234 2 — 212y — 2018} — 214} — 42,3} — {24} — 234} T 2124} T 2134y T 22343 < 1.
Neat, suppose that C = ey, eq,es,e1 with e = {1,2,3}, ea = {1,2,4}, es = {3,4} is an a-cycle of
G. Inequalities (40) in this case are given by:
Z{12,3} T 2124} < 2{1,2} T 2{3.4}
2{1,2,3} T 2{34} < 23 + 2{124}
2124} T 234} < 24+ 2123}
Zi1oy t 23+ 24 — 2123} — {124} — {34} = L.
Now, let U = {2}. Then the image of the above inequalities under the mapping ¢y defined by (36)
and (37), is given by:
213} —2{1,2,3} T 214} — #{124} < 21 — Z{12} T 2(3.4}
2(1,3} — 2{1,2,3} T 2{34} < 23 + 2{14} — 2{1,24}
2(14y — #1224} T 2{34} < 2+ 2{13) — 2123}

21+ 23+ 24 — 219y — 213} — 2{14} — {34} T 2123} T 2124} < L.

5.3 Generalized triangle inequalities as CG-cuts

In the following, we show that inequalities (40) can be obtained from the complete edge relaxation
as CG-cuts. Together with Proposition 7, this demonstrates the usefulness of the complete edge
relaxation, as it can be used to obtain new families of facet-defining inequalities for the multilinear
polytope of general hypergraphs. Interestingly, inequalities (40) are not CG-cuts for the standard
linearization, another reason that conveys the superiority of the complete edge relaxation.

Proposition 8. Let G = (V, E) be a hypergraph with G = cl(G), and let C = ey, ea,e3,€e1 be an
a-cycle of G satisfying assumption (39). Then all switchings of inequalities (40) are CG-cuts for
the complete edge relaxation CER(G).
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Proof. From our discussion at the beginning of Section 5, it suffices to prove the statement for one
of the inequalities in (40), for example for inequality (40a).

Recall that we denote by G = (V, E¢) the support hypergraph of the a-cycle C, where Vi
and E¢ are defined by (38). It is simple to check that inequalities defining CER(G¢) are implied
by the inequalities defining CER(G). To complete the proof, it suffices to show that the inequality

2Ze1ney — 2%e; — 2%ey + 2264 > —1 (52)

is implied by the inequalities defining CER(G(¢), since inequality (40a) can then be obtained by
dividing inequality (52) by 2 and rounding up the right-hand side. To this end, we make use of the
following two claims:

Claim 3. The following inequalites are obtained by summing up some of the inequalities defining
CER(G¢):

z81ﬁ62 - Z61 Z 07 261062 - zez Z 0 (53)
ZeiNes — Rep Z 07 ZeaNesz — Reg 2 0.

Proof of claim. By symmetry it suffices to show the statement for ze,ne, — 2¢, > 0. Consider the
following inequalities defining CER(G¢):

w(el\(egUJ>,€1) >0, ngel\eg.

Summing up all of the above inequalities and using z. = [], . 2 for all e € E we obtain:

Z bler\ (eaUJ),e1) = H 2y Z (sz H (1—21)))

JCei\e2 veeiNe2  JCej\ea v€J  weer\(e2UJ)
ST (- T =)
vEeiNez veer\e2

=ZeiNez — ey > 0.
<

Claim 4. The following inequality is obtained by summing up some of the inequalities defining
CER(G¢):
1-—- Zelﬂeg - 262063 + Z€3 Z 0 (54)

Proof of claim. Consider the following inequalities defining CER(G¢):
Y(es\ Jye3) >0, VJCez:J PerNes, JDexNes.

Summing up all of the above inequalities and using z. =[], ., 2, for all e € E we obtain:

vEe
> Ples\ Jes) =1 — > hles\Jies)— > t(es\ Joes) + (0, es)
JCes: JCes: JCes:
JPeiNes, JPeaNes JDeiNes JDeaNes

1 I = > (1=~ II 0-=)

veeiNes  JCes\er vE€J  wvees\(e1UJ)

- H Zy Z (sz H (1—zv))+sz

veezNes  JCesz\ea vE€J  veEes\(e2UJ) vEes
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=1- 261063 - Zegﬂeg + z63 2 07

where the first equality follows from assumption (39) and the second equality follows from the

identity > ;e n [Tpes 20 [T s(1 — 20) =1 forany N C V. o
Finally, summing up all of inequalities (53) and inequality (54) and inequality z., > 0, we obtain
inequality (52). O

A natural question is whether inequalities (40) are also CG-cuts for the standard linearization.
The following example shows that the answer is negative.

Example 2. Let G = (V,E) be a hypergraph with G = cl(G) and the set of mazimal edges
Enax = {e1.e2,e3}, where e = {1,2,4}, ea = {2,3,4}, es = {1,3,4}. It can be checked that
C = ey, e9,e3,e1 is an a-cycle of G satisfying (39). A generalized triangle inequality in this case is
given by:

2{124} T 2{1,34} — #{2,34} — 2{1,4} < 0.

We now show that the above inequality is not a CG-cut for MPYF(G). Assume, for a contradiction,
that it is. From Proposition 7 it follows that, this inequality is facet-defining for MP(G). Therefore,
it is also facet-defining for the CG-closure of MPYY'(G). This implies that the strict inequality

2{1,24} T 2{1,34) — {234} — 2{14} <1

is valid for MP™(G). However, the vector z € MP™(G) defined by z; = 5 for i € {1,2,3,4},
Z{124) = #{134} = % and zZe =0 for all e € E \ {e1,es3} satisfies

Z{24y T 21,34y — Z2,34) — Z{1,4y = L.

We would like to conclude this section by acknowledging that we are leaving several questions
as directions of future research. First, an important question is how to generalize inequalities (40)
for a-cycles of any length. The resulting inequalities will serve as the generalization of odd-cycle
inequalities [21]. The next step is to understand the complexity of separation over these inequalities.
We can then define a new relaxation of the multilinear polytope by adding the proposed a-cycle
inequalities to the complete edge relaxation and characterize the class of hypergraphs for which
the new relaxation coincides with the multilinear polytope. Finally, examining the computational
benefits of these relaxations is a topic of future research.
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the views of the Air Force Office of Scientific Research.
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