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Abstract

We consider the problem of minimizing a sparse nonconvex quadratic function over the
unit hypercube. By developing an extension of the Reformulation Linearization Technique
(RLT) to continuous quadratic sets, we propose a novel second-order cone (SOC) representable
relaxation for this problem. By exploiting the sparsity of the quadratic function, we establish a
sufficient condition under which the convex hull of the feasible region of the linearized problem
is SOC-representable. While the proposed formulation may be of exponential size in general, we
identify additional structural conditions that guarantee the existence of a polynomial-size SOC-
representable formulation, which can be constructed in polynomial time. Under these conditions,
the optimal value of the nonconvex quadratic program coincides with that of a polynomial-size
second-order cone program. Our results serve as a starting point for bridging the gap between
the Boolean quadric polytope of sparse problems and its continuous counterpart.

Key words: nonconvex quadratic programming, convex hull, second-order cone representable,
Boolean quadric polytope, polynomial-size extended formulation.

1 Introduction
We consider a nonconvex box-constrained quadratic program:

min z'Qr+c'x (QP)
st. x€l0,1]",

where ¢ € R" and Q € R" " is a symmetric matrix. It is well known that Problem QP is NP-
hard in general [18]. If @ is positive-semidefinite, then Problem QP is a convex optimization
problem and can be solved in polynomial-time. Henceforth, we assume that @ is not positive
semidefinite. Following a common practice in nonconvex optimization, we linearize the objective
function of Problem QP by introducing new variables Y := z2 ", thus, obtaining a reformulation
of this problem in a lifted space of variables:

min (Q,Y) +c'z (LQP)
st. Y=az'
z € [0,1]",
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where (Q,Y) denotes the matrix inner product. Given a set S, we denote by conv(S), the convex
hull of the set S. We are interested in obtaining sufficient conditions under which Problem /QP
can be solved via a polynomial-size convex relaxation. We define

n(n+1)

QP,, = conv{(x,Y) eR"™ 2 Y =uzxz', ze0, 1]"}

In [9], the authors study some fundamental properties of QP, and investigate the strength of
existing relaxations for this set.

1.1 Semidefinite programming relaxations

Semidefinite programming (SDP) relaxations are perhaps the most popular convex relaxations for
nonconvex quadratic programs and quadratically-constrained quadratic programs [23, 5]. The core
idea is to replace the nonconvex constraint Y = zz ' by the convex relaxation Y > zz ', to obtain
the following basic SDP relaxation of Problem ¢QP:

min  (Q,Y) +c'z (bSDP)
1 '
s.t. L Y] =0
diag(Y) < 2 1)
x € [0,1]",

where diag(Y") denotes the vector in R™ containing the diagonal entries of Y. It then follows that
a convex relaxation of QP,, is given by:

n(n+1) T

CSPP .= {(x,Y) eER" 3 E v

Y} =0, diag(Y) <z, z € [0,1] }

In [20], the authors proved that if the off-diagonal entries of @) are nonpositive and the vector c is
entry-wise nonpositive, then the optimal value of Problem QP equals the optimal value of Prob-
lem bSDP. Problem bSDP can be further strengthened by incorporating the following so-called
McCormick inequalities [24]:

Yij >0, Yij>2ai+a;—1, Vi <wz, Yij<uz; ViI<i<j<n. (2)

The McCormick inequalities (2) and the SDP constraints in Problem bSDP are generally incom-
parable. For example, in [17] the authors show that under certain sparsity patterns of @, the
McCormick inequalities dominate the SDP constraints. On the other hand, if ) is positive semi
definite, while the optimal values of Problem ¢/QP and Problem bSDP are equal, it is straightfor-
ward to construct examples where McCormick inequalities are not enough to close the gap. In [10],
the authors considered the SDP relaxation of Problem QP obtained by adding inequalities (2)
to Problem bSDP; they showed that if the off-diagonal entries of () are nonpositive, then the opti-
mal value of this SDP relaxation is equal to that of Problem QP. We then define a stronger convex
relaxation for QP,,;:

CSPPHMC . {(:p,Y) e RS (z,Y) € C3PY | (2,Y) satisfy inequalities (2)} (3)

In [3], the authors proved that if n = 2, then QP,, = CSPPHMC while if n = 3, then QP,, C
CEDP +tMC To date, obtaining an explicit characterization of QP35 remains an open question.



1.2 Binary quadratic programming and the Boolean quadric polytope

Minimizing a quadratic function over the set of binary points, hence referred to as binary quadratic
programming, is a fundamental A/P-hard problem in discrete optimization:

min z' Qr+c'x (BQP)
st. xe€{0,1}",
Since xf = z; for z; € {0,1}, without loss of generality, we can assume that the diagonal entries of

Q) are zero. As before, to linearize the objective function we define Y;; := z;z; forall 1 <i < j < n,
and obtain a reformulation of Problem BQP in a lifted space of variables:

min 2 Z qinij + CTQT (EBQP)
1<i<j<n
s.t. Y;j = T;Zy, Vi<i<j<mn,
xz € {0,1}".

In [25], Padberg introduced the Boolean quadric polytope as the convex hull of the feasible region
of Problem /BQP:

n(n—1)

BQP, :=convq(z,Y)eR" 2 Y=z, VI<i<j<n, x€{0,1}"}.
n J J

He then studied the facial structure of BQP,, and introduced various classes of facet-defining in-
equalities for it. If n = 2, then BQP,, can be fully characterized by McCormick inequalities (2).
If n = 3, then the facet-description of BQP,, is obtained by adding the following so-called triangle
inequalities:

Yij +Yik <z + Yy
Yij +Yje <+ Yig
Yir, + Y <11 + Y5
ri+xj+ap—Yy — Y — Y <1

Vi<i<j<k<n, (4)

to McCormick inequalities. Clearly, BQP,, is closely related to QP,,. In [9], the authors investigated
the connections between QP,, and BQP,,. In particular, they showed that BQP,, is the projection
of QP,, obtained by projecting out variables Y;;, i € [n]. They then show that if a linear inequality
is valid for BQP,,, it is also valid for QP,,. In addition, their results imply that triangle inequalities
define facets of QP,,. Subsequently, they introduced a stronger convex relaxation for QP,,:

CoPPAMOHTY {(x,Y) e RS (z,Y) € C3PY | (2,Y) satisfy inequalities (2) and (4)}
(5)
Yet, they showed that if n = 3, then QP,, C CSDPJFMC*Tri. In [2], the authors introduced additional
classes of valid inequalities for QP,, whose addition to C3PP+MEH+TH regults in a stronger convex
relaxation for QP,,.

Recall that, given a convex set C C R", an extended formulation for C is a convex set Q C R**",
for some r > 0, such that C' = {z € R | dy € R" such that (x,y) € Q}. If C has a polynomial-
size extended formulation @) that can be constructed in polynomial-time, then optimizing a linear
function over C' can be done in polynomial-time. Since Problem BQP is NP-hard in general, unless
P = NP, one cannot obtain, in polynomial time, a polynomial-size extended formulation for BQP,,.



However, the key observation is that in many applications, the objective function of Problem BQP
is sparse; i.e., ¢;; = 0 for many pairs 4, j. To this end, Padberg [25] introduced the Boolean quadric
polytope for sparse problems, which we define next. Let G = (V, E) be a graph, where we define a
node i € V for each independent variable z;, i € [n]. Two nodes i, j are adjacent; i.e., {i,j} € F,
when g;; # 0. We then define the Boolean quadric polytope of a graph G as follows:

BQP(Q) := conv {(a:, Y) € {0,1}VVYE . Yy = wxj, Wi, j} € E}

In [25], Padberg obtained sufficient conditions in terms of the structure of graph G under which
BQP(G) admits an extended formulation whose size can be upper bounded by a polynomial in
|[V|,|E|. The first result characterizes the case for which McCormick inequalities (2) define the
Boolean quadric polytope:

Proposition 1 ([25]). Let G = (V, E) be a graph. If G is acyclic, then BQP(G) is defined by 4|F|
linear inequalities; i.e., inequalities (2) for all {i,j} € E.

Subsequently, Padberg [25] introduced odd-cycle inequalities, which serve as a generalization of
triangle inequalities (4). He proved that if G is a series-parallel graph, then the polytope obtained
by adding odd-cycle inequalities to McCormick inequalities defines the Boolean quadric polytope.
This result implies the following.

Proposition 2 ([25]). Let G = (V, E) be a graph. If G is a chordless cycle, then BQP(G) has a
polynomial-size linear extended formulation.

More generally, in [22, 21, 6], the authors proved that given a graph G = (V, E) with treewidth
tw(G) = k, the polytope BQP(G) has a linear extended formulation with O(2%|V]) variables and
inequalities. Moreover, from [11, 1] it follows that the linear extension complexity of BQP(G)
grows exponentially with the treewidth of G. Recall that given a polytope P, the linear extension
complexity of P is the minimum number of linear inequalities and equalities in a linear extended
formulation of P. Hence, a bounded treewidth for GG is a necessary and sufficient condition for the
existence of a polynomial-size extended formulation for BQP(G).

1.3 Our contributions

Motivated by the rich literature on the complexity of the Boolean quadric polytope of sparse graphs,
in this paper, we study sparse box-constrained quadratic programs.

In a similar vein to Padberg [25], to exploit the sparsity of (), we introduce a graph representation
for Problem QP. Consider a graph G = (V, E, L), where V denotes the node set of G, E denotes
the edge set of G in which each {i,j} € E contains two distinct nodes i,j € V, and L denotes the
loop set of G in which each {i,7} € L is a loop connecting some node i € V to itself. We then
associate a graph G to Problem £QP, where we define a node i for each independent variable z;, for
all 4 € [n], two distinct nodes 4, j are adjacent if the coefficient ¢;; is nonzero, and there is a loop
{i,1} for some i € [n], if the coefficient g;; is nonzero. We say that a loop {7,:} for some ¢ € [n], is
a plus loop, if q; > 0 and is a minus loop, if q;; < 0. We denote the set of plus loops by L, and
we denote the set of minus loops by L~. We then have L = L~ U L". Henceforth, for notational
simplicity, we denote variables x;, by z;, for all i € [n], and we denote variables Y;;, by z;;, for all
{i,j} € EU L. We then consider the following reformulation of Problem ¢QP that enables us to



exploit its sparsity:

min Y gz +2 Y Gzt Y iz ({QPG)
{iiteL {ijteE ieV
st oz > 22, Vi,iy e LT
2 < 22, V{i,i} € L™
zij = zizj, V{i,j} € E
e 0,1], Vi e V.

Furthermore, we define:
QP(G) := conv {z e RVVEVL . 2o > 22 V{ii} € LT, 2 < 22, V{i,i} € L™, 2z = z2j,
V{i,j} € B, z € [0,1],¥i V}.

In this paper, we obtain sufficient conditions in terms of the structure of graph G, under which
QP(G) has a polynomial-size second-order cone (SOC) representable formulation, which can be
constructed in polynomial time. The main contributions of this paper are as follows.

1. In Section 3, we propose a new technique to build SOC-representable convex relaxations for
QP(G). This method can be considered as a generalization of the widely used Reformula-
tion Linearization Technique (RLT) [29] to continuous quadratic programs. The proposed
SOC-representable relaxation is not implied by the existing SDP relaxations of QP(G); i.e.,
relaxations C5PF, CSPPHMC - apg ¢SPP+MC+Tr,

2. In Section 4, we investigate the tightness of the proposed relaxation. Let G = (V, E, L) be a
graph, and let VT be the subset of nodes of G with plus loops. We prove that if VT is a stable set
of G, then QP(G) is SOC-representable. This extended formulation is obtained by combining
the proposed convexification technique with a decomposition argument. In particular, this
result implies that if G is a complete graph and has one plus loop, then QP(G) admits a
SOC-representable formulation with O(2/V1) variables and inequalities.

3. In Section 5, we obtain sufficient conditions under which the proposed extended formulation
of Section 4 is of polynomial-size; that is, it can be upper bounded by a polynomial in |V].
Roughly speaking, our main result requires that graph G has a tree decomposition with a
small width, such that each bag in the tree decomposition contains at most one node with
a plus loop, and each node with a plus loop is contained in a small number of bags of the
tree (see Theorem 3). This result serves as a generalization of the bounded treewidth result
for BQP(G) to the continuous setting. As corollaries of this result, we obtain generalizations
of Proposition 1 and Proposition 2 for the continuous case.

The remainder of this paper is structured as follows. In Section 2 we present the preliminary
material that we need to obtain our main results. In Section 3, we describe our new convexification
technique for nonconvex quadratic programs. In Section 4, we examine the tightness of the proposed
relaxation. In Section 5, we obtain sufficient conditions under which QP(G) admits a polynomial-
size SOC-representable formulation. Finally, in Section 6 we present some extensions and discuss
directions of future research.



2 Preliminaries

In this section, we present the preliminary material that we will need to prove our main results in
subsequent sections.

2.1 Extended formulations and the multilinear polytope

In this paper, we derive SOC-representable extended formulations for QP(G). These extended
formulations are obtained by introducing auxiliary variables that are products of more than two
independent variables. To this end, we briefly recall the multilinear polytope and hypergraphs [13].
A hypergraph G is a pair (V, E), where V is a finite set of nodes and F is a set of subsets of V' of
cardinality at least two, called the edges of G. With any hypergraph G = (V, E), we associate the
multilinear polytope MP(G) defined as:

MP(G) := conv {z €{0,1}VVE : 2, = Hzi, Ve € E}

i€e

In [14, 16], the authors give a complete characterization of the class of acyclic hypergraphs for
which MP(G) admits a polynomial-size extended formulation. A key step to proving these results
is to establish sufficient conditions for the decomposability of the multilinear polytope; a concept
that we define next.

We say that a hypergraph G = (V, E) is complete, if E contains all subsets of V' of cardinality
at least two. Given a hypergraph G = (V, E) and V' C V| the section hypergraph of G induced
by V' is the hypergraph G’ = (V'  E’), where E' = {e € E : e C V'}. Given two hypergraphs
G1 = (V1, E1) and Gg = (Va, Ey), we denote by G1 N G the hypergraph (Vi N Vs, By N Ey), and by
G1 U9, the hypergraph (V3 U Vs, E1 U Es). In the following, we consider a hypergraph G, and two
distinct section hypergraphs of GG, denoted by G and Ga, such that G; U Gy = G. We say that
MP(G) is decomposable into MP(G1) and MP(G2) if a description of MP(G1) and a description
of MP(G?2), is a description of MP(G) without the need for any additional constraints. The next
proposition provides a sufficient condition for the decomposability of the multilinear polytope.

Proposition 3 ([15]). Let G1,Go be section hypergraphs of a hypergraph G such that G1UGe = G
and G1 NGy is a complete hypergraph. Then, MP(G) is decomposable into MP(G1) and MP(Gs).

With a slight abuse of notation, in the following, we sometimes replace z(; ;; by zi;. In our
setting, in addition to the multilinear equations z. = [];, # for all e € E, we also have relations
of the form z; > ZZ-Q or z; < ziz . To take these relations into account, we define hypergraphs with
loops; i.e., G = (V, E, L), there V, E are the same as those defined for loopless hypergraphs and L
denotes the set of loops of G. As before, we partition L as L = L~ U L™, where L™ and L' denote
the sets of minus loops and plus loops of G, respectively. With any hypergraph G = (V, E, L), we
associate the convex set PP(G) defined as:

PP(G) := conv {z e RVVUEVL . o > 22 V{ii} € LT, 2y < 22, Y{i,i} € L™, 2. = Hzi, Vee€ F,
i€e
€[0,1], Vi e V}. (6)

While the convex hull of an unbounded set is not closed, in general, the following lemma indicates
that PP(G) is a closed set.

Lemma 1. The convex set PP(G) is closed.



Proof. Define the sets

S= {2 e RVVEVL . 0 > 22, V{iyiy € LY, 2y < 22, V{i,i} € L™, 2, = Hzi, Ve € E,
i€e

€[0,1], Vi € V},

So = {z ERVVPUL = 22 {iyi} € L, zo = [[ 2, Ve € E, z €[0,1], Vi€ V},
i€e

S = {z € RVVEVL 2> 0, V{i,i} € LT, 2 <0, ¥{i,i} € L™, 2, = 0, ¥p € VUE}.

We then have S = Sy @ Soo, where @ denotes the Minkowski sum of sets. Since the operations
of taking the convex hull and the Minkowski sum commute, it follows have PP(G) = conv(S) =
conv(Sp) @ Se. Moreover, conv(Sp) is a compact convex set and S is a closed convex cone. This
in turn implies that PP(G) is closed (see corollary 9.1.2 in [26]). O

The next lemma characterizes the set of extreme points of PP(G). This result enables us to
obtain our extended formulations.

Lemma 2. Let G = (V,E, L) be a hypergraph. Then the set
0= {z eRVVEVL . 5 c[0,1], Vie V: {i,i} € LT,z € {0,1}, Vi€ V : {i,i} ¢ LT,

zp:Hzi, Vp € EUL},
1ED

is the set of extreme points of PP(G).

Proof. First, fix each z;, i € V with {i,i} € LT to any value in [0,1]. It then follows that a
minimizer of any linear function over the resulting set is attained at a binary point. This is because
a minimizer of a strictly concave function or a multilinear function over the unit hypercube is
attained at a binary point functions [30]. This shows that Q contains all the extreme points of
PP(G).

Next, we show that any point z € Q is an extreme point of PP(G). To this end, it suffices to
construct a linear function whose unique minimizer is attained at z. Consider the linear function

f = Z (]_ — 2Zi)zi + Z (1 — 221'1')21'1' + Z (Zii — 221‘21').
ieV: {i,i}el— veV:
{ii}g L+ {iiteL*
We show that z is the unique minimizer of f over PP(G). First, notice that, minimizing f over
PP(G) is the same as minimizing the following (quadratic) function over PP(G):

F= > (-2z)z+ Y (1-2Z)zat+ Y (2— 7).

ieV: {i,i}eL~ ieV:
{iitg L+ {iiteL*

First consider the third term in f . Clearly, the unique minimizer of this expression is attained at
z = % for all i € V with {i,i} € L. Next, consider the first two terms in f. If Z = 0, then the
minimum of (1 —2%;)z; = z; is zero and is uniquely attained at z; = 0. If Z; = 1, then the minimum
of (1 —22;)z; = —z; is minus one and is uniquely attained at z; = 1. If {4,i} ¢ L™, this completes
the argument. If {i,i} € L™, then we must consider the impact of the second term in f . Recall that



at any z € Q we have z; = 22 = z; for all {i,i} € L™, that is, we have z; = z;. Again, considering
the second term independently, we have that the unique optimizer for z;;, equals Z; = Z;. Since
this value of z; agrees with the value of z; obtained from optimizing the first term, we obtain that
the unique minimizer of f is attained at Zz.

O

The next lemma enables us to obtain an extended formulation for QP(G) by obtaining a for-
mulation for PP(G’) of certain hypergraphs G'.

Lemma 3. Consider two hypergraphs G1 = (V, E1,L) and Go = (V, Ea, L) such that By C FEjs.
Then a formulation for PP(G9) is an extended formulation for PP(Gy).

Proof. From Lemma 2 it follows that the projection of every extreme point of PP(G3) onto the
space of PP(G1) is an extreme point of PP(G1) and every extreme point of PP(G1) is obtained
this way. Since the operations of taking the convex hull and projection commute, it follows that
PP(G) is obtained by projecting out variables z., e € Es \ E from the description of PP(G3). [

Next, we make use of Proposition 3 to obtain two similar decomposability results for PP(G).
Together with Lemma 3, these results enable us to obtain SOC-representable formulations for
QP(G). The proof of Proposition 3 is based on the fact that the multilinear polytope of a complete
hypergraph is a simplex (see the proof of Theorem 1 in [15]). More precisely, if we denote by 2 the
variables corresponding to nodes and edges both in G and in G, by 2! the variables corresponding
to nodes and edges in G and not in G5, and by z? the variables corresponding to nodes and edges
in G2 and not in Gy, then MP(G) is decomposable into MP(G1) and MP(G3) if and only if

(21,27 € MP(Gy), (27, 2%) € MP(Gy) = (2,27, 2%) € MP(G). (7)

Since MP(G1NGs) is a simplex, it follows that 2™ can be uniquely written as a convex combination
of the extreme points of MP(G; N G2). Therefore, condition (7) is satisfied.

Our first decomposability result indicates that, to study the facial structure of PP(G) or QP(G),
we can essentially discard the minus loops.

Lemma 4. Consider a hypergraph G = (V,E,L), where L = L~ U L". Define a hypergraph
G’ obtained from G by removing all minus loops; i.e., G' = (V,E,L"). Then a formulation for
PP(G) is obtained by putting together a formulation for PP(G') together with the following linear
inequalities:

Zii < 2y 2 € [0, 1], V{Z,Z} e L. (8)

Proof. Let j € V such that {j,j} € L™. Define the hypergraph G :=(V,E,L\ {j,7}). We show
that a formulation for PP(G) is obtained by combining a formulation for PP(G) together with
linear inequalities z;; < zj, 0 < z; < 1. The proof then follows from a recursive application of this
argument. Define the set T = conv{(zj, zj;) : z;j; < 2]2-, zj € [0,1]} = {(2j,255) : zj; < zj, 25 €
[0,1]}. Clearly, at an extreme point of T; we have z; € {0,1}. By Lemma 2, at any extreme point

of PP(G) and PP(G) we also have z; € {0,1}. Moreover, z; is the only common variable between

the two sets T; and PP(G). Therefore, a formulation for PP(G) is obtained by putting together a

formulation for PP(G) and a formulation for 7}, and this completes the proof. O

If Lt = (), then from Lemma 2 it follows that QP(G) is a polytope. Moreover, by Lemma 4, a
description of QP(G) is obtained by putting together a description of the Boolean quadric polytope
BQP(G') together with inequalities (8).



Next we obtain a rather straightforward generalization of Proposition 3 to the case where
hypergraphs G, G1, G5 also have loops. To this end, we modify the definition of section hypergraph
as follows. Given a hypergraph G = (V, E, L), and V' C V, the section hypergraph of G induced by
V' is the hypergraph G’ = (V/,E', L), where E' ={e€ E:e CV'} and L' = {{i,i} e L:i € V'}.
Moreover, if a loop is a plus (resp. minus) loop in G, it is also a plus (resp. minus) loop in G'.
Given hypergraphs G = (Vi, E1, L1) and G2 = (Va, E2, La), we denote by G1 N G4 the hypergraph
(VinVa, EyNEy, L1N Le), and we denote by G1 UG2, the hypergraph (V1 UVa, E1UEs, L1ULy). We
say that PP(G) is decomposable into PP(G1) and PP(G2) if the system comprised of a description of
PP(G1) and a description of PP(G2), is a description of PP(G). Then the following decomposability
result is a direct consequence of Lemma 2 and Proposition 3.

Corollary 1. Let G = (V, E, L) be a hypergraph. Let G1,G2 be section hypergraphs of G such that
G1UG2 = G and G1 NGy is a complete hypergraph. Moreover, suppose that the hypergraph G1NG>
has no plus loops. Then, PP(G) is decomposable into PP(G1) and PP(G3).

2.2 The RLT and the multilinear polytope

The RLT developed by Sherali and Adams [29] provides an automated mechanism to construct
hierarchies of increasingly stronger polyhedral relaxations for an arbitrary set S C {0,1}", in an
extended space of variables, such that the nth level relaxation of the hierarchy coincides with
conv(S). Our convexification technique in this paper can be considered as a generalization of RLT
for box-constrained nonconvex quadratic optimization problems.

In the following, we provide a brief overview of the RLT terminology and results that we will
use to develop our convexification technique. Consider any S C {0,1}", let z € S. In a similar vein
to [29], for some d € [n], we define a polynomial factor as:

fa(J1, J2) : szH 1—2z), Ji,J2Cn], IiNnJ=0,|J1UJs] =d,
i€J1  1€J2

where we define zp = 1. Since by assumption z € {0,1}", it follows that fq(J1,J2) > 0 for all
d € [n] and all Jy, Jo satisfying the above conditions. We then expand these polynomial factors

and rewrite them as:
fa(J1, J2) = Z (=D H zlnzl

t:tCJ2 i€J1 1S

Next, we linearize the polynomial factors by introducing new variables z s, := [[;¢ 5 % [Lic; 2i for
all t C Js to obtain the following system of valid linear inequalities, in an extended space, for the
set S:
(T, Ja) = (=D)lzp 00 >0, Ji,J Sl AN Ty =0, [/ U Jo| =d. (9)
t:tCJ2

Observation 1. In [29], the authors prove that for any 1 < d < n, the system of inequalities
Ly(J1, J2) =0 for all Jv, Jo C [n] satisfying J1 N Jo =0 and |Jy U Jo| = d is implied by the system
of inequalities Lyy1(J1, J2) > 0 for all Jy, Jo C [n] satisfying Jy N Ja =0 and |J1 U Jo| =d+1. The
proof uses the fact that for any k € [n] \ (J1 U J2) we have

fa(J1, J2) = far1(J1 ULk}, Jo) + far1(Jr, J2 U {k}),

implying that the nonegativity of £4(J1, J2) follows from the nonnegativity of €q11(J1 U{k}, J2) and
liv1(J1, JoU{k}) (see Lemma 1 [29]).



Additional valid linear inequalities for S can be generated by multiplying the polynomial factors
by the constraints that define & and linearizing any resulting nonlinearity by introducing new
variables. An explicit description for the multilinear polytope of a complete hypergraph can then
be obtained using the RLT. We present this description next.

Proposition 4 ([29]). Let G = (V, E) be a complete hypergraph with n := |V'|. Then the multilinear
polytope MP(G) is given by
G(JVNJ) >0, YICV, (10)

where £n,(J,V '\ J) is defined by (9).

We are interested in generalizing Proposition 4 to the case in which the hypergraph G has loops.

3 A new convexification scheme

In this section, we propose a new technique to build SOC-representable convex relaxations for
QP(G). Our convexification technique serves as a generalization of RLT for box-constrained
quadratic optimization problems. In [28] the authors proposed a relatively direct extension of
the original RLT to nonconvex quadratic programs. In [31], the authors present a generalization
of RLT, which they refer to as the Reformulation Perspectification Technique, for nonconvex con-
tinuous optimization problems. However, in these studies, it remains unclear whether and under
what conditions the resulting relaxations constitute extended formulations for QP(G). In contrast,
as we detail in the next section, our relaxation technique yields an exact characterization of QP(G)
for a large class of graphs G.

To formalize our technique, we need to introduce some terminology first. Consider the function
f(u,v) = “72, u € R and v > 0. Recall that f(u,v) is a convex function because it is the perspective
of the convex function u2. We define the closure of f(u,v), denoted by f(u,v) as follows:

2 .
2 ifu >0

flu,v) = 0, ifu=v=0 (11)
400 ifu#0, v=0.

For notational simplicity, in the remainder of this paper, whenever we write a function of the form
"72, or its composition with an affine mapping, we imply its closure as defined by (11).
Consider a graph G = (V, E, L), with L = L~ U L™ and suppose that L™ # (). For each plus
loop {i,i} € L, define
N(i):={jeV:{ij} € EUL}. (12)

Notice that N(i) 3 ¢. We are now ready to present our new convexification technique.

Proposition 5. Let G = (V, E, L) be a graph with L = L~ UL". Let {i,i} € L' and let M C N (i)
such that M > i. Define d := |M|. Then following inequalities form a closed convex set:

) (La(J, M\ J))?
R DNREARGRIEY) 9
Ca(J, M\ J) >0, ¥.J C M, (14)

where Lq(-,-) is defined by (9). Moreover, the projection of (13)-(14) into the space z,, p € VUEUL
is a convex relazation of QP(Q).

10



Proof. For any J C M such that J 3 4, define the function

(T M\ D)
9 T) = e L M\ T

First, note that by Observation 1, inequalities (14) imply that €41 (J\{i}, M\J) > 0. It then follows
that g(M,J) is a closed convex function because it is obtained by composing the closed convex
function f(u,v) defined by (11), with the affine mapping (u,v) — (€g(J, M\J), €g_1(J\{i}, M\ J)).
Notice that g(M, J) # +oo, because ly_1(J\{i}, M\ J) = Lg(J, M\ J)+L5(J\ {i}, (M \ J)U{i}),
which together with inequalities (14) implies that whenever €41 (J \ {i}, M \ J) = 0, we also have
Lq(J, M\ J) = 0 and as result g(M, J) = 0. We then deduce that the set defined by inequalities (13)-
(14) is a closed convex set.

Next, we show the validity of inequalities (13)-(14) for QP(G). Inequalities (14) are RLT
inequalities and hence their validity follows. Now consider inequality (13). Define M" = M \ {i}.
We have

2= ][ [I a-2)

KCM' jeK jeM\K
2

(HjeKU{i} Zj [jemnx (1 — Zj))

KCM' HjGK Zj HjGM’\K(l — Zj)

(ealk U (i, M0 (D))’
li1(K,M'\ K)

KCM!

) (tald, M\ D))
= 2 LGN

JCM:J>i
where the first equality follows thanks to the following identity:
> Iz II a-==1
KCM'jeK  jeM\K

and where in the second equality we define % := 0. Finally, using 2;; > 2?2, inequality (13)

follows. m
The following example illustrates the construction of the proposed relaxations.

Example 1. Let G = (V,E,L) be a graph with V = {1,2,3}, E = {{1,2},{1,3},{2,3}}, and
L =L"={{1,1}}. In this case, we have N(1) = V. Letting M C N(1) such that M > 1 and
|M| =2, we obtain the following valid inequalities for QP(G):

2 2
z 21 — 212
2112;2+(1z), 21220, 21 — 21220, 22— 21220, 1 =21 — 20+ 212 >0
2 — 22
2 2
z Z1 — %13
2112;3-1-(1Z), 21320, 21 — 21320, 23— 21320, 1 — 21 — 23+ 213 > 0.
3 — 23

11



Alternatively, letting M = N(1), we obtain the following valid inequalities for QP(G) in an extended
space:
(2123) N (212 — z123)° N (213 — z123)° G TR 2123)*
293 29 — 223 23 — 223 1 — 29— 23+ 203
z123 2 0, 212 — 2123 > 0, 213 — 2123, 223 — 2123 > 0, 21 — 212 — 213 + 2123 > 0

Z11 2

29 — 212 — 223 + 2123 > 0, 23 — 213 — 223 + 2123 > 0, 1 — 21 — 20 — 23 + 212 + 213 + 223 — 2123 = 0.

Given a plus loop {4,7} € Lt and the set N (i) defined by (12), there are 2/ I~ choices for the
set M and hence as many choices for constructing inequalities (13)- (14). The following proposition
provides a dominance relationship among the corresponding set of inequalities.

Proposition 6. Let G = (V, E, L) be a graph with L = L~ UL™. Let {i,i} € Lt and let My, My C
N(i) such that My, My > i. If My C My, then the system of inequalities (13)- (14) with M = M,
is implied by the system of inequalities (13)- (14) with M = My.

Proof. Without loss of generality, let My = M; U {k} for some k € N(i) \ M;. Define d := |My]|.
By Observation 1, inequalities (14) with M = M; are implied by inequalities (14) with M = M.
Therefore, to prove the statement, it suffices to show that

(Cass (7, M\ J))? (Ca, M\ J))?
2 NG IBND S 2 U\ AR\ T)

JCMso:J>i JCMiy:J>i

Substituting My = M; U {k}, the above inequality can be equivalently written as:

Z ( (La1(J, My U{k}\ J))? n (a1 (J ULk}, M\ J)) ) Z (La(J, My \ J))?
5 Ma(IN\ i My USRI\ ) La( ORI\ (i}, My \ )/ = e baa (TN {i}, My \ )
J3i J3i

To show the validity of the above inequality, it suffices to show that for each J C M; satisfying
J 34, we have:

(Lo (J, My U LRI\ ) | (Lapr(JU{k}, My \ J))? o (la(J, My \ J))?
Ca(J\Ai}, My U{k}\ ) La(JU{RF\{i}, My \ J) = La—y(J\ {i}, M1\ J)’

Recall that by definition, we have

(15)

Ca(J, My \ J) = Laypr (J, My U LRI\ J) + €aia (J U {k}, My \ J)
Caa(J\A{i}, My \ J) = La(J\ {i}, My U{k}\ J) + La(J ULE}\ {i}, M1\ J).

That is, to show the validity of inequality (15), it suffices to show that the function f(u,v) defined
by (11) is subadditive. This is indeed true, since f is both convex and positively homogeneous, and
this completes the proof. ]

By Proposition 6, the strongest relaxation is obtained by letting M = N(i) for all {i,i} €
L*. However, it is important to note that the system (13)- (14) consists of ©(2/M) variables
and inequalities. Hence, to obtain a polynomial-size convex relaxation of QP(G), we should set
|M| € O(log|V]). In the same spirit as in RLT, we can then define a hierarchy of relaxations,
where in the rth level relaxation, for each {i,i} € L™ we consider all M C N (i) with M > 4 such
that |[M| = r. Denoting by dmax the maximum degree of a node with a plus loop in G, we have
1< 7 < dpax + 1.

12



Observation 2. By Proposition 6, the weakest type of inequalities (13)-(14) is obtained by letting
M = {i}, in which case inequality (13) simplifies to z; > 22 and inequalities (14) simplify to
zi > 0 and 1 — z; > 0. These inequalities are indeed redundant because they are already present in
the description of QP(G). The second weakest type of inequalities (13)- (14) is obtained by letting

M = {i,j} for some j € N(i). It this case, inequality (13) simplifies to:

. szj N (2 — zij)Q _ zfj — 222525 + zfzj
I zj(1 = )
_ (g —mz)? 2750 -2) _ G zi%5)?
zi(1 = 2j) Coz(l-z)

and inequalities (14) simplify to z;; > 0, zi—2;; > 0, zj—2z;; > 0, and 1 —z;—z;+2;; > 0. Therefore,
in this case, inequality (13) dominates inequality z;; > 22-2 at any point satisfying z;j # 2iz;.

Observation 3. Inequalities (13)- (14) are SOCP-representable. To see this, for each J C M
satisfying J > i define a new variable t(J). It then follows that an equivalent reformulation of
inequalities (13)- (14) in an extended space of variables is given by:

Ziq Z Z t(J)
JCM:J>1
HI) gy (TN {iY, M\ J) > (Ca(J, M\ TN VI C M:J >

Ca(J, M\ J) >0, ¥.J C M.

The first and third sets of the above inequalities are linear, while the second set consists of rotated
second-order cone inequalities composed with an affine mapping. Again, notice that if we let |M| €
O(log|V|), then the above system is of polynomial-size.

Let G = (V,E, L) be a graph. We next show that for any plus loop {i,i} € L™, if the degree of
node 7 is larger than one, then the proposed convexification scheme enables us to obtain stronger
convex relaxations for QP(G) than the existing ones.

Proposition 7. Consider a graph G = (V, E, L) withn := |V|, L = L~UL" and Lt # 0. Consider
inequalities (13)- (14) for some {i,i} € L™ and let M C N(i) such that M > i. Denote by Si; the
projection of these inequalities onto the space z,, p € VUE U L. Then we have the following:

(i) if M| = 2, then Si; is implied by the relazation C3PYTMC defined by (3).
(ii) if |M| > 2, then Sk, is not implied by the relazation CoPY M defined by (5).

Proof. Part (i) follows from theorem 2 of [3] in which the authors prove that for n = 2, we have
QP,, = C5PPHMC. Henceforth, let n > |M| > 3. By Proposition 6 it suffices to show that Si, for
|M| = 3 is not implied by CSPP+HMC+T - Without loss of generality, let i = 1 and M = {1,2,3}.
Consider the point:

1
Z = T 2o = Z3 = 3 Z =0, Vi e [n]\{1,2,3}
3 1
Zn = 6 Zog = Z33 = 5 Zi =0, Vi e [n]\ {1,2,3} (16)
1
Zog = T Zij=0,V1<i<j<n, (i,5) # (2,3).

13



We first show that z € C,SLDPJFMC*T“. By direction calculation, it can be verified that Z satisfies both
McCormick and triangle inequalities. Moreover, inequalities z; < z;, i € [n] are satisfied. Hence,

to complete the arugment, it suffices to show that the following matrix is positive semidefinite:

b

Il
D[RO s = =
o O Glwel—
B0 I= O Nl
N = O NI

To this end, it suffices to factorize A as A = LDL" where L is a lower triangular matrix with ones
in the diagonal and D is a nonnegative diagonal matrix. By direct calculation it can be checked
that the following are valid choices for L and D:

1 0 0 0 1000
1 1
11 0 0 0§00

— |2 — 8

L%—110’D00;0
-1 -11 0000

Therefore, 7 € CSPPHMEHTH - However, as we show next, (71, 22, Z3, 212, 213, 223) ¢ Si;, implying
that S%, is not implied by relaxation CHPP+MC+Tri,

Denote by (21, 22, 23, 212, 213, 223, 2123) @ point satisfying inequalities (14) for M = {1, 2,3} such
that 21 = Z1, 29 = 29, 23 = Z3 212 = Z12, 213 = Z13, 223 = Zo3. Then substituting Z10 = Z10 = 0
in inequalities 212 — 2123 > 0 and 2193 > 0, we obtain 2193 = 0. Now consider inequality (13) with
i=1and M = {1,2,3}:

(2123)% (212 — 2123)? N (213 — 2123)° N (21 — 212 — 213 + 2123)*

zZ11 > + 17
293 29 — 293 23 — 293 1 — 29— 23+ 223 (17)
Substituting Z in the above inequality we get
3, G 1
T 1,1 :
16 —53—3t+t71 4
Therefore, Z violates inequality (13) and this completes the proof. ]

Recall that in [9], the authors show that for n = 3, the relaxation CSPP+HMC+TH gtrictly contains
QP,,. Interestingly, the proof of Proposition 7 implies an even stronger result. Namely, when n = 3,
even if we have only one square term z1; = 27, then the relaxation CEDPJFMC*T“ is not tight.

Corollary 2. Consider the set:
S:{z:zn:z%, Zij = 225, 1 <i<j<3,0< 2 <1, 2'6{1,2,3}}.

Then, CSPPTMCHT defined by (5) is not an extended formulation for the convex hull of S.

Proof. Consider the point Z defined in the proof of Proposition 7. The proof follows by noting
z € CSDP‘FMC‘FTH, while Z violates inequality (13), which by Proposition 5 is a valid inequality for
the set S. O
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Observation 4. In [2], the authors introduced valid inequalities for QPs, referred to as the ex-
tended triangle inequalities, which are not implied by CSPY+HMCHT - The first group is given by:

221 + 211 — 2212 — 2213 + 223 > 0,
229 — 22192 + 213 + 222 — 2203 > 0, (18)
223 + 212 — 2213 — 2293 + 233 > 0.

Substituting the point Z defined by (16), in the first inequality we get %4—%—2(0)—2(0)—}—% = % >0,
substituting in the second inequality we get % —-2(0)+0+ % — % =1 >0, substituting in the third
inequality we get % + 0 —2(0) — % + % =1 > 0. Hence S with |[M| > 2 is not implied by

inequalities (18). The second group of inequalities introduced in [2] is given by:
4z1 + 4211 — 4210 — 4213 + 293 > 0,

4z — 4212 + 213 + 4200 — 4223 > 0, (19)
4zs + 219 — 4213 — 4293 + 4233 > 0.

Substituting the point Z defined by (16), in the first inequality we get %—}—% —4(0)—4(0)4—% =22>0,
substituting in the second inequality we get % —4(0) +0+ % — % = 3 > 0, substituting in the third
inequality we get % + 0 — 4(0) — % + % =3 > 0. Hence S with |[M| > 2 is not implied by
inequalities (18). The third and last group of linear inequalities introduced in [2] consists of nine
inequalities, and by direct calculation it can be checked that the point Z defined by (16) satisfies

these inequalities as well implying that S]iw with |M| > 2 is not implied by these inequalities.

Observation 5. In [2], the authors introduced a SOC relazation for QPs by introducing one ex-
tended variable. Interestingly, this variable corresponds to the variable z123 in our setting. Their
SOC relazation consists of linear inequalities €3(J,{1,2,3} \ J) > 0 for all J C {1,2,3} together
with the following inequalities:

9 9 2
Zio3 < 211223, 223 < 222213, 223 < 233212,

and all their switchings (see definition 2 in [9] for the definition of switching for QP, ). Consider
the first inequality above. First, consider all switchings of this inequality in which the variable z;
s not switched. These inequalities are given by

2

2 2123
Zio3 S z11223 & z11 =2 —
223

- 2
(z12 — 2123)2 <zii(zzg—23) © 211> M

Z3 — 293

2
Z13 — 2123

(213 — 2123)2 <zi(z2 —223) & 21> g
Z2 — 223

2
(51— 22— 213+ 2123)° < zi1(l — 22 — 23+ 293) & 211 > (211_ 712 — 213+ Z133) .
— 22 — 23+ 223
It is then simple to see that the above four inequalities are implied by inequality (17). Next, consider
all switchings of 2%23 < 211293 in which the variable z1 is swtiched. Using a similar line of arguments
as above, it follows that the resulting four inequalities are implied by the following inequality which

is obtained by switching z1 in inequality (17):
(223 — Z123)2 " (22 — 212 — 223 + 2123)2 n (23 — 213 — 223 + Z123)2
223 29 — 2923 23 — 223
(1 — 21 — 22 — 23 + 212 + 213 + 223 — 2123)*
1 — 29 — 234 293 '

211 — 221+ 12>

_l’_

(20)
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Finally, we prove that inequality (20) and inequality (17) are equivalent. Denote by Ry the right-
hand side of inequality (17) and by Ry the right-hand side of inequality (20). To show the equivalence
of the two inequalities, it suffices to show that:

Ro— R1=1-—22. (21)
We then have:

(223 — 2123) — (2123)? N (22 — 212 — 223 + 2123)% — (212 — 2123)?

Ry — Ry =
293 22 — 223
(23 — 213 — 223 + 2123)2 — (213 — 2123)2
23 — 223
N (1 — 21 — 22 — 23 + 212 + 213 + 223 — 2123)% — (21 — 212 — 213 + 2123)>

1 — 29 — 23+ 293
= 293 — 221923 + 22 — 2212 — 293 + 221923 + 23 — 2213 — 293 + 22193 + 1 — 221 — 29 — 23
+ 2212 + 2213 + 223 — 22123
=1- 221

Therefore equation (21) is valid. We then conclude that the SOC relaxation of [2] is implied by
inequalities (13) and (14) with |M| = 3.

4 Convex hull characterizations

In this section, we examine the tightness of our proposed convexification technique. As we prove
shortly, given a graph G = (V, E, L), as long as the plus loops are located on non-adjacent nodes
of G, the set QP(G) is SOC-representable. We use the following lemma regarding a property of
product factors to prove our first convex hull characterization.

Lemma 5. Let G = (V, E) be a complete hypergraph. For any J C 'V, consider inequality (10).
Let j ¢ V. Then we have the following:

(i) By replacing each variable z, in inequality (10) by the variable zy g5y for allp € DUV UE, we
obtain
Lot (TULGHV A T) > 0.
(i) By replacing the variable z, in inequality (10) by the expression zp — z,q; for allp € DUV UE,
we obtain
bor (LV UG\ J) = 0.

Proof. First consider part (i); we have:

farr(TULE VA = > D) ][ =] =

tCV\J ieJ et

It then follows that fpi1(JU{j}V \J) = 3 iciy (—1)|tlz{j}ujut. Therefore, by (9), inequality
lnt1(JU{j}, V\J) > 0 is obtained by replacing each variable z, by the variable z,;} in inequality
Lo (J,V\ J) > 0.
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Next consider part (ii); we have:

fon (VUGN = Y (D]

tCVU{j}\J e i€t
= Z (_1)|t|HZzHZ7,+ Z (—1)‘t|+1ZjHZiHZi
tCV\J i€J i€t tU{j}:tCV\J ieJ i€t
= Z (_1)|t|(HziHZi_ZjHZiHZi>'
tCV\J e i€t eJ i€t

It then follows that £n1(J,V U {j}\ J) = 3 icn (=D (250 — zgjyugue)-  Therefore, by (9),
inequality ¢,+1(J,V U {j}\ J) > 0 is obtained by replacing each variable z, by the expression
zp — Zpug;} in inequality £,(J, V' \ J) > 0. O

We are now ready to give our first convex hull characterization. This result serves as a gener-
alization of Proposition 4 to the case where the hypergraph G has one plus loop.

Theorem 1. Let G = (V,E,L) be a complete hypergraph with n nodes. Suppose that L = LT =
{j,7} for some j € V. Then an explicit description for the set PP(G) defined by (6) is given by:

2 (U (J,V\ J))?
jj = JCVZ:DU} loa(J\{G},V\J) -

(L V\J)>0, VJCV

Proof. The proof is by induction on the number of nodes n in V. In the base case, i.e., n = 1, the
hypergraph G consists of a single node j and a single plus loop {j,j} and the set PP(G) is given
by PP(G) = conv{(zj, zj;) : zjj > 2]2-, zj € [0,1]}. In this case, we have

0({i40) =25, G0.{5}) =1-2, LI\ {7}0) =1
Therefore, inequalities (22) simplify to z;; > ? = ZJZ, zj > 0, and 1—2; > 0, which clearly coincides
with PP(G).
Henceforth, let n > 2. Let k € V' \ {j}. Let PP%(G) (resp. PP}(G)) denote the face of PP(G)
defined by 2z = 0 (resp. zr = 1). Since by Lemma 2 at every extreme point of PP(G) we have
z, € {0,1}, we deduce that:

PP(G) = conv(PP’(G) U PP(G)). (23)

Let G = (V \ {k},E,L), be a complete hypergraph; i.e., E consists of all subsets of V' \ {k} of
cardinality at least two, and let L = Lt = {j, j}. Since the hypergraph G is complete with a plus
loop and with one fewer node than the hypergraph G, by the induction hypothesis, an explicit

description for PP(G) is given by:

- (bu—1(J,V \ (J U {k})))?
922 G U\ RV (U
J3{5}

by (LV\(JU{ED) >0, VYICV\{k}
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Denote by z the vector consisting of z,, v € V' \ {k} and 2 for all e € E'U L. It then follows that

PPY(G) = {2z eRVWEVL . 5, =0, 2.=0,Ve€c E:e 3k, 2 PP(G)},
PPYG) ={z e RVl =1, 2 = 201y, Ve € E:e 3k, 2€ PP(G)}.
By (23), and using the standard disjunctive programming technique [4, 26], it follows that PP(G) is
the projection onto the space of variables z,, v € V', and z., e € EU L of the following system (24)-
(26):
A+A =1, 220, A\ 20
=204 2, VeV

24
ze=20+2, Vec E (24)
2ij = 255 + 25
2 =0
2=0,Vec E:e2k
Gia(LVA(JULRY) 20, VI CV\{k} (25)

R R AN )

T2}
where we define (9 (J,V'\ J) := DottCV\J (=15, >0, and 2y == Ao; i.e., £ (-, ) is obtained from
{n(-,-) by replacing z, with z)) for all v € V, z, with 2 for all e € E and zp, with zj.

b (LVAN(JULRY) >0, VJCV\{k}
3 (pa (LV\ (JU{ED))?

st BN VAT U R
J>{j}

where we define £1(J, V' \ J) := DottCV\g (=)t >0, and zé := \y; i.e., £1(-, ) is obtained from
£n(+,-) by replacing z, with 2} for all v € V, 2, with z} for all e € E and zp, with Zé.
In the remainder of the proof we project out variables g, A1, 2%, 2! from the system (24)- (26)
to obtain the description of PP(G) in the original space. From zj, = 20 + 21, 20 = 0, and z} = A\
it follows that
X=1-—2z, M\ =z (27)

By ze =20+ zl foralle € E, 20 =0 and 2! = zé\{k} for all e € F such that e 3 k, we get:

1

Ze

:z;\{k}:ze Veec E:e3k (28)
zg\{k} =Ze\(k} — 2 Ve€E:edk (29)

We use equations (27) to project out Ag and A1, equations (28) to project out 2l for allv € V'\ {k}
and for all 2! for all e € E, and we use equations (29) to project out variables z{) for all v € V' \ {k}
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and 2z for all e € E. By part(i) of Lemma 5, replacing all variables zp with z,u() In inequality
8 (J,V\(JU{k})) > 0, we obtain £,(JU{k},V\ (JU{k})) > 0 for any J C V'\{k}. Moreover, by
part(ii) of Lemma 5, replacing all variables z) with z,—z, k) in inequality £5 ; (J, V\(JU{k})) > 0
we get £,(J,V\J) > 0forall J C V\{k}. Notice that inequalities £, (JU{k}, V' \ (JU{k})) > 0 for
any J C V \ {k} together with inequalities ¢, (J,V \ J) >0 for all J C V' \ {k:} can be equivalently
ertten as inequalities ¢, (J,V '\ J) > 0 for all J C V. Finally, we use z;; = z 5+ z - to project out

] ;- Hence, system (24)-(26) simplifies to:

C(JV\J)>0, VJCV

1 (La(J,V\ J))?
Zjj — %jj > ;
s BN GHV V)
J3{s}
e (T ULV AU s~ AV
ii =
sy, b (O TR G VA {k:} Z T
J2j T2 {j.k}
Finally, projecting out the variable z] ;» We obtain:
0o (J,V\J) >0, VJCV
(L (J,V\ ) (L VN J))?
TEEDON + D
S B N V\J = =i nna)
J>{5} J2{j.k}
-y (L V\ )2
2 o J\{J} ViJ)
J3{5}
Therefore, the statement follows. O

Thanks to Lemma 3, Lemma 4, and Theorem 1, we obtain an extended formulation for QP(G),
where G is a complete graph with one plus loop.

Corollary 3. Let G = (V,E,L) be a complete graph with Lt = {j,j} and n := |V|. Then
inequalities (8) together with inequalities (22) define an extended formulation for QP(G).

The next example illustrates the application of the proposed extended formulation.

Example 2. Let G = (V,E,L) be a graph with V = {1,2,3}, E = {{1,2},{1,3},{2,3}}, L =
L~UL*t, LT ={{1,1}} and L™ = {{2,2}}. In this case, by Corollary 3, an extended formulation
for QP(QG) is given by:
> (2123) n (212 — 2123)° n (213 — 2123)° n (21 — 212 — 213 + 2123)°
293 29 — 223 23 — 223 1 — 29— 23+ 293
z123 2 0

212 — 2123 2 0, 213 — 2123 > 0, 223 — 2123 > 0

21— 212 — 213 + 2123 > 0, 220 — 212 — 2923 + 2123 > 0, 23 — 213 — 223 + 2123 > 0
1—21—20—23+2z12+213+223— 212320
299 <z, 0 <20 < 1.
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Recall that for a graph, a stable set is a subset of nodes such that no two nodes are adjacent.
Thanks to the decomposability result of Corollary 1, the next theorem indicates that if the subset
of nodes associated with the plus loops of G is a stable set of G, then QP(G) is SOC-representable.

Theorem 2. Let G = (V,E, L) be a graph. Define Vt = {i € V : {i,i} € LT}. If VT is a stable
set of G, then QP(G) is SOC-representable.

Proof. If [V*| = 0, i.e., LT = (), by Lemma 4, the convex hull of QP(G) is a polyhedron, and
hence the statement is trivially valid. Henceforth, suppose that |[V*| > 1;let i € VT, and as before
define N(i) = {i € V : {i,j} € EUL}. Define N'(i) := N (i) \ {i}. Now, define the hypergraph
G := (V,E,L), where E = EU{p: p C N'(i), |[p| > 2}. By Lemma 3, an extended formulation
for PP(G) serves as an extended formulation for QP(G). Let G be the section hypergraph of G
induced by N (i) and let G2 be the section hypergraph of G induced by V '\ {i}. By construction
G1 NGy is a complete hypergraph with node set N'(7). Moreover, since V' is a stable set of G and
i € VT, we have N'(i) N VT = (); i.e., G1 N G has no plus loops. Therefore, all the assumptions
of Corollary 1 are satisfied and PP(G) is decomposable into PP(G1) and PP(G3). By Lemma 3
and Theorem 1, PP(G;) is SOC-representable.

Now consider PP(G3). We have Gy = (Va, Ea, La), where Vo = V \ {i}, BEo = E\ {{i,j}:j €
N'(i)} and Ly = L\ {{i,i}}. Note that G5 has one fewer plus loops than G. If G has no plus loop,
then we are done. Otherwise, consider some j € V*\{i}. Define N(j) :={k € Vo : {j,k} € E2ULs}
and N'(j) := N(j) \ {j}. Notice that N(j) = {k € V : {j,k} € EU L}, because i,j € V* and
all edges in £\ E are of the form e C N’(i); i.e., they only contain nodes that are not in plus
loops. It then follows that N’(j) N V* = (). Now, define the hypergraph Go = (Va, Ea, L2), where
Ey=FEyU{p:pC N'(j), |[p| >2}. By Lemma 3, an extended formulation for PP(G2) serves as
an extended formulation for PP(Gs). Let G3 be the section hypergraph of Go induced by N(j)
and let G4 denote the section hypergraph of Go induced by Vs \ {j}. Again, by construction
G3 N Gy is a complete hypergraph with node set N’(j) and we have N’(5) N V* = (). Therefore,
by Corollary 1, PP(G2) is decomposable into PP(G3) and PP(G4). By Lemma 3 and Theorem 1,
PP(G3) is SOC-representable.

Next consider PP(G4); Applying the above argument |V| — 2 times, we find that PP(Gy) is
decomposable into [V 1| — 2 sets, all of which by Theorem 1 are SOC-representable and one set
PP(G’), where G’ is a hypergraph without plus loops. By Lemma 3, the set PP(G’) is a polyhedron.

Therefore, the set PP(G) is SOC-representable, implying that QP(G) is SOC-representable. O

5 Polynomial-size extended formulations

In this section, we obtain sufficient conditions under which QP(G) has a polynomial-size SOC-
representable formulation. Recall that Theorem 2 provides a sufficient condition under which
QP(G) is SOC-representable. However, this representation might be of exponential-size. For ex-
ample, letting V™ = () in Theorem 2 and using Lemma 4, we deduce that in this special case QP(G)
has a polynomial-size extended formulation if and only if the Boolean-quadric polytope BQP(G)
has a polynomial-size extended formulation. From [11, 1] it follows that the linear extension com-
plexity of BQP(G) grows exponentially in the treewidth of G. Hence, it seems that a bounded
treewidth for G is a necessary condition for the polynomial-size representability of QP(G).

In order to formally state our result, we introduce some terminology. Given a graph G = (V, E),
a tree decomposition of G is a pair (X,T), where X = {X;, -+, X,,} is a family of subsets of V,
called bags, and T is a tree whose nodes are the bags X;, i € [m], satisfying the following properties:
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2. For every edge {v;, v} € E, there is a bag X; for some ¢ € [m] such that X; 3 v;, vy.
3. For any three bags X;, X;, X; of T such that X} is on the path from X; to X;, we have
X;N Xj C Xg.

Property 3 can be equivalently stated as follows: for each node v € V, the set of all bags containing
v forms a connected subtree of T'. The width w(X) of a tree decomposition (X,T) is the size of
its largest bag X; minus one. The treewidth tw(G) of a graph G is the minimum width among all
possible tree decompositions of G.

Now consider a graph G = (V| E) and let (X, T') be a tree decomposition of G. For each v € V,
we define the spread of node v with respect to tree decomposition (X, 7T), as:

so(X) = > |Xi—1]. (30)

1€[m]: X;5v

For any node v € V that is present only in one bag X;, we have s,(X) = |X; — 1|. Therefore, for
a graph G with tw(G) = k, for any tree decomposition (X,T) of G we have s,(X) > k for some
v € V. Moreover, if the graph G is a tree, then for any valid tree decomposition of G in which each
bag consists of one edge, the spread of a node v is equal to its degree; i.e., the number of edges
incident to v.

If the graph has loops, i.e., G = (V, E, L), then we define its tree decomposition, treewidth, and
spread, as the tree decomposition, treewith, and spread of the corresponding loopless graph; i.e.,
G' = (V, E). Given a hypergraph G = (V, E, L), we define its tree decomposition, treewidth, and
spread, as the tree decomposition, treewith, and spread of its intersection graph; i.e., the graph
G’ = (V,E’) in which any v # v’ € V are adjacent, if v,v" € e for some e € E. We make use of the
following lemma to prove the main result of this section:

Lemma 6. Let G = (V, E) be a graph, and let (X,T) be a tree decomposition of G. Then we have:

(i) Let X; € X, let C C X;, and let G' be a graph obtained from G by adding edges {u,v} for all
u#v€C. Then (X,T) is a tree decomposition of G'.

(ii) Let T" be a connected subtree of T and define X' := {X; € X : X; corresponds to a node in 7"}
and V' = Uy, cxr Xi- Let G' be the subgraph of G induced by V'. Then (X',T') is a tree
decomposition of G'.

Proof. First, consider part (i). Since the node set of G’ is identical to that of G and we are not
changing the bags, property 1 of tree decomposition is trivially satisfied. All additional edges in
G’ are inside the bag X;; therefore, property 2 of tree decomposition is satisfied. Finally, notice
that the tree decomposition remains unchanged, implying that property 3 of tree decomposition is
trivially satisfied.

Next, consider part (ii). By construction, the node set V'’ of G’ consists of nodes in bags of X’,
implying that property 1 of a tree decomposition is trivially satisfied. Suppose that {u,v} € E'.
To prove that property 2 of a tree decomposition holds, we need to show that there exists some
Xk € X’ such that X, > w,v. Since by assumption (X,7T) is a tree decomposition of G, from
property 3 of a tree decomposition it follows that the set of all bags containing some node of G
forms a connected subtree of T'. Denote by T}, the connected subtree of T" containing the node u,
and denote by T}, the connected subtree of T' containing the node v. Since u,v € V', there exists
some bag in T” containing u and there exists some bag in 7" containing v; i.e., 7" NT, # @ and
T'NT, # 0. If T"'NT, and T' NT, have an intersection, then there exists a bag in 7" that contains
both v and v, and we are done. Otherwise, consider a bag X; € TN T, and a bag X; € T N T,,.
Since T” is a connected subtree, the unique path P between X; and X; in 7 must be in 7" as well.
We claim that there exists a bag X on path P containing u,v. To obtain a contradiction, suppose
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that X} is not on path P. Since T), (resp. T),) is a connected subtree and contains both X; and X}
(resp. X; and Xj), the unique path between X; and X}, (resp. X; and X}), denoted by Py (resp.
denoted by P») in T is in T, (resp. in T,). Consider the union of these two paths Q = P, U P,.
This is a path from X; to X; that passes through Xj. Since we assumed that X}, is not on path P,
the path @ is different from path P, which is in contradiction with the fact that in a tree there is a
unique path between two nodes. Therefore, we conclude that X; must be on path P. This implies
that there is a bag X € X’ that contains u,v. Therefore, property 2 of a tree decomposition is
satisfied.

To prove that property 3 of a tree decomposition holds, we need to prove that for any v € V/,
the set of bags in X’ containing v forms a connected subtree of T”. Denote by T, the connected
subtree of T" whose bags contain v. Define 7, := T,, N T’. We would like to show that T, is a
connected subtree. Notice that T}, is the intersection of two connected subtrees of a tree. Moreover,
T! is not empty because there exists at least one bag in X’ containing v. Therefore, T, must be a
connected subtree and this completes the proof. O

Consider the tree decompositions (X, T) and (X’,7") as defined in part (i) of Lemma 6. In
the following, we refer to (X’,T") as induced subtree decomposition of (X, T). It then follows that
w(X') <w(X) and s,(X’) < 8,(X) for all v € V.

We are now ready to present the main result of this section. This result can be considered as
a generalization of the celebrated result in the binary setting, stating that if the treewidth of G is
bounded, then BQP(G) has a polynomial-size linear extended formulation [21, 6]. In the following,
by poly(|V|), we imply a polynomial function in V.

Theorem 3. Let G = (V, E, L) be a graph and denote by (X,T) a tree decomposition of G. Suppose
that (X,T) satisfies the following properties:

(C1) For each bag X; € X, there exists at most one node i € X; such that {i,i} € L.
(C2) The width w(X) is bounded; i.e., w(X) € O(log |V]).
(C3) For each plus loop {i,i} € LT, the spread of node i is bounded; i.e., s;(X) € O(log|V|).

Then QP(G) has a polynomial-size SOC-representable formulation.

Proof. First consider assumption (C1); by Property 2 of a tree decomposition, (C1) implies that
the set {i € V : {i,i} € LT} is a stable set of G. Therefore, Theorem 2 implies that QP(G) is
SOC-representable. In the remainder of this proof, we show that this formulation is polynomial-
size. Consider the tree decomposition (X,T) of G. Without loss of generality, assume that 7" is a
rooted tree with any node chosen as its root. Let X}, be a leaf of 7" and denote by X; the parent
of Xj. The following cases arise:

(I) There exists no node i € X}, such that {i,i} € L". Define X = X;NXj. Define the hypergraph
G = (V,E,L), where E = EU{p C Xn : |p| > 2}. By Lemma 3, a formulation for PP(G) serves
as an extended formulation for QP(G). Let G be the section hypergraph of G induced by Xp,
and let G be the section hypergraph of G' induced by (V \ X;) U Xn. From Property 3 of a
tree decomposition, it follows that the set X is the node set of the hypergraph G; N G2. By
construction, G7 N Gy is a complete hypergraph and G = G U G5. Moreover, by assumption,
there exists no node i € X such that {i,i} € LT. Therefore, by Corollary 1, the set PP(G)
decomposes into PP(G1) and PP(G2). Now, consider PP(G1); notice that G has ny := | Xk|
nodes. Since G has no plus loops, by Lemma 4, an extended formulation for PP(G}) is given
by an extended formulation for the multilinear polytope MP(G1) together with at most ny
linear inequalities of the form (8). An extended formulation for MP(G;) with 2" variables
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and inequalities can be obtained using RLT. By definition of the width, we have n; < w(X).
Therefore, from assumption (C2) it follows that PP(G1) has a linear extended formulation with
at most poly(|V|) variables and inequalities. Moreover, by Lemma 6, a tree decomposition of
the hypergraph Gs is given by (X \ { Xy}, T2), where T3 is a subtree of T obtained by removing
the leaf Xj.

There exists a node i € X}, such that {i,i} € LT and s;(X) = | Xj| — 1. From the definition of
spread (30) it follows that the bag X} is the only bag containing node i. This in turn implies
that i ¢ Xn, where X is as defined in part (I). Moreover, by assumption (C1), there exists
no other node j € X}, such that {j,5} € L*. Define the hypergraph G as in Part (I). Again,
let G be the section hypergraph of G induced by X}, and let Gy be the section hypergraph
of G induced by (V \ X;) U Xn. Using a similar line of arguments as in Part (I) above we
deduce that PP(G) decomposes into PP(G1) and PP(Gs). Now consider PP(G1) and denote
by G the hypergraph obtained from G; by removing all its minus loops. By Lemma 4 an
extended formulation for PP(G1) is obtained by putting together an extended formulation for
PP(G)) together with n; := | Xj| linear inequalities of the form (8). Finally, consider PP(G});
notice that G has one plus loop. Therefore, from Theorem 1 and Lemma 3 it follows that
PP(G)) is SOC-representable and this extended formulation contains at most 2™ variables and
inequalities. By definition of the width, we have n; < w(X’). Therefore, from assumption (C2)
it follows that PP(G1) has a SOC-representable formulation with at most poly(|V|) variables
and inequalities. As in Part (I), by Lemma 6, a tree decomposition of the hypergraph Gy is
given by (X \ {Xy},T2), where Ts is a substree of T obtained by removing the leaf Xj.

There exists a node ¢ € X}, such that {i,i} € LT and s; > |Xj| — 1. Define W = {Xj,j € [m] :
X; 3 i}. By property 3 of a tree decomposition W forms a connected subtree of 7', denoted by
T'. Denote by X, the root of T, i.e., the bag in 7" that is closest to the root of T. Consider a
bag X, € W that is incident in T to a bag X; ¢ W. Define Xn := X;NX,. By assumption (C1),
there is no node v € Xn such that {v,v} € L. Define the hypergraph G = (V, E, L), where
E=EU{pC Xn:|p| >2} If p=gq, then X; is either a child of X, or the parent of X,, while
if p # ¢, then X is a child of X, since T” is a connected subtree of T. If X; is a parent of Xp,
then denote by 7' the subtree of T' rooted at X,. Else if X; is a child of X,,, then denote by T
the subtree of T rooted at X;. Define U = {v € X;,Vj € [ ]: Xjisa node of T}. Denote by
G the section hypergraph of G induced by U and denote by Go the section hypergraph of G
1nduced by (V\U)UXn. Using a similar line of arguments as in Part (I) above we deduce that
PP(G) decomposes into PP(G1) and PP(Gy).
Given a tree T and its subtree T” rooted at some node of T', we denote by T \ T', the subtree
of T obtained by removing all nodes and edges of T”. Define G1 G, T1 G2 GQ, and
Ty = T\ T, if X; is a parent of X,, and Gy = Go, Tt = T\ T, G2 = GY, and Ty =T, if X;
is a child of X),. Notice that T' is a subtree of Tl From Lemma 6 it follows that there exists
a tree decomposition of G, denoted by (X1, T 1), which is an induced subtree decomposition of
G. Similarly, there exists a tree decomposition of Ga, denoted by (Xa, Th), which is an induced
subtree decomposition of G. Now consider PP(G}); If there exists a bag X, € W that is incident
in T} to a bag X; ¢ W, then we apply the above decomposition argument recursively until such
a bag does not exist. That is, we deduce that PP(G) decomposes into PP(Gy), k € [t] for some
t > 2, where each Gy, k € [t] has a tree decomposition that is an induced subtree decomposition
of (X,T). Without loss of generality, denote by G, the hypergraph containing the plus loop
{i,i}. From the above construction, we deduce that the set of bags in the tree decomposition
of Gy is W. Let us consider PP(G1). From the definition of the spread of node 7, given by (30),
and the fact that the spread of a node does not increase in an induced subtree decomposition,
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it follows that |W| < s,(X) + 1. Therefore, using assumption (C1) and Theorem 1 we deduce
that PP(G1) is SOC-representable and this extended formulation contains at most poly(|V])
variables and inequalities.

It then suffices to consider PP(G2) in case of parts (I)-(II), and PP(Gy), k € {2,...,t} in case of
Part (III) above. In all cases, we have reduced the total number of bags in the tree decompositions
by at least one. Moreover, all hypergraphs have tree decompositions that are induced subtree
decompositions of (X, T), implying that they satisfy assumptions (C1)-(C3). Therefore, applying
the above argument at most |V| times, we conclude that QP(G) has an extended formulation with
at most poly(|V'|) variables and inequalities and this formulation is SOC-representable. O

Let G = (V, E, L) be a graph. From the proof of Theorem 3 it follows that if a tree decompostion
of G that satisfies conditions (C1)-(C3) is given, then a polynomial-size SOC representable formu-
lation of QP(G) can be constructed in polynomial time. A natural question is whether it is possible
to check in polynomial-time whether G has a tree decomposition satisfying conditions (C1)-(C3)
of Theorem 3. It is well-known that condition (C2) can be checked in polynomial time [7]. However,
such a tree decomposition may not satisfy conditions (C2) and (C3). We leave as an open question
the complexity of checking conditions (C1)-(C3) of Theorem 3.

The next three propositions are direct consequences of Theorem 3. In all cases, given a graph
G, a polynomial-size SOC representable formulation of QP(G) can be constructed in polynomial
time. The first result can be considered as a generalization of Proposition 1 to the continuous case:

Proposition 8. Let G = (V,E, L) be a graph, and let V* :={i € V : {i,i} € LT} be a stable set
of G. Suppose that (V, E) is acyclic and the degree of each node i € V' is O(log|V|). Then QP(G)

has a polynomial-size SOC-representable formulation.

Proof. Without loss of generality, assume that G is a tree. Otherwise, we can apply the following
argument to each connected component of G separately. Consider a natural tree decomposition of
G, where we create a bag for each edge {i,j} € E, and the bags are connected according to the
topology of the tree (V, F). First, since by assumption V' is a stable set of G, each bag contains
at most one node i such that {i,i} € L", hence satisfying condition (C1) of Theorem 3. Second,
the width of this tree decomposition is equal to one, hence satisfying condition (C2) of Theorem 3.
Third, since all bags have size two, the spread of each node equals its degree. Since by assumption
for each node i € V1, the degree is O(log |V|), we deduce that condition (C3) of Theorem 3 is
satisfied. Therefore, all the conditions of Theorem 3 are satisfied, implying that QP(G) has a
polynomial-size SOC-representable formulation. O

The next result can be considered as a generalization of Proposition 2 to the continuous case:

Proposition 9. Let G = (V,E,L) be a graph, and let V* := {i € V : {i,i} € LT} be a stable
set of G. Suppose that (V,E) consists of a chordless cycle. Then QP(G) has a polynomial-size
SOC-representable formulation.

Proof. Define n := |V|. Let V. = {v1, -+ ,v,}, and E = {{v;,vi+1},Vi € [n]}, where we define
Unt1 := v1. Suppose that v, ¢ V. This assumption is without loss of generality because V7
is a stable set of G and G consists of a chordless cycle. Define the bags X; := {v;, vi41,v,} for
all i € [n —2]. Connect the bags so that they form a path, i.e., X; is adjacent to X;+; for all
i € [n—1]. It is simple to check that this is a valid tree decomposition for G. First, consider
a bag X; := {v;,vi11,v,} for some i € [n — 2]. By assumption, v, ¢ V. Moreover, since V7
is a stable set of G, and {v;,v;11} € E, at most one of the two node v; and v;41 are in V7.
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Therefore, each bag contains at most one node in V1, implying that condition (C1) of Theorem 3
is satisfied. Second, the width of this tree decomposition is two, hence, condition (C2) of Theorem 3
is satisfied. Third, nodes v; and v,—1 are each contained in one bag, while nodes v, --- ,v,_o are
each contained in two bags. Since each bag has size three, it follows that the spread of nodes v; and
Un—1 18 two, while the spread of nodes vg, - -+ , v,_2 is four. Notice that the spread of v, is 2(n — 2),
however this node is not in V*. Therefore, condition (C3) of Theorem 3 is satisfied. We then
conclude that all conditions of Theorem 3 are satisfied, implying that QP(G) has a polynomial-size
SOC-representable formulation. O

The next result indicates that if the set of nodes with plus loops is a subset of a large stable set
of G, then QP(G) has a polynomial-size SOC-representable formulation. Recall that a large stable
set is equivalent to a small vertex cover, and the later problem is fixed-parameter tractable.

Proposition 10. Let G = (V,E,L) be a graph and let V' := {i € V : {i,i} € Lt} C S, where
S is a stable set of G such that |V \ S| € O(log|V|). Then QP(G) has a polynomial-size SOC-
representable formulation.

Proof. Let S = {vi1,---,vn} and denote by N (v;) the set of nodes of G adjacent to v; for all ¢ € [m].
Notice that N(v;) € V'\ S. Let (X, T) be a tree decomposition of G, where X; = {v;} UN (v;) for all
i € [m] and X, 41 = V'\ S. Create a star-shaped tree by connecting X;, i € [m] to X,,,11. From the
definition of a stable set, it follows that this is a valid tree decomposition of GG. Next, we show that
(X, T) satisfies the assumptions of Theorem 3. First, each bag X;, i € [m] contains at most one
node in V* because N(v;) N VT = (). Therefore, condition (C1) of Theorem 3 is satisfied. Second,
the width of (X', T) is at most |V'\ S|, which by assumption is O(log |V|). Therefore, condition (C2)
of Theorem 3 is satisfied. Third, each node v; € V't is present in one bag X; of (X,T), and the size
of this bag is N (v;) + 1, implying that s,,(X) € O(log |V'|). Therefore, condition (C3) of Theorem 3
is satisfied. We then conclude that all conditions of Theorem 3 are satisfied, implying that QP(G)
has a polynomial-size SOC-representable formulation. O

For example, suppose that G = (V, E, L) is a bipartite graph and denote by U, W the bipartition
of V. Suppose that V* C U and that || € O(log |[V|). Then all the assumptions of Proposition 10
are satisfied and, therefore, QP(G) has a polynomial-size SOC-representable extended formulation.

6 Extensions and open questions

The techniques used to obtain the convex hull results in this paper easily extend to the case where we
replace the quadratic functions corresponding to positive loops with more general convex functions.
More precisely, let h : R — R be a convex function. Consider a hypergraph G = (V, E, L), and
define the set:

PP(G},) := conv {z e RVVEVUL . o > h(z), V{i,i} € L, 2o = Hzi, Vee E,z €10,1], Vi € V}.

i€e
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Denote by h(u,v) the closure of the perspective of the convex function h(v). Suppose that {i,i} €
Lt for some i € V. Let M C N (i) and M’ = M \ {i}. We then have:

zii > h(z) = Z h(z;) sz H (1—25)

KCM' jEK  jEM\K

Z A < ZH JEK Zj H]GM/\K< ) H 2 H 1 _ Z]

jeK Zj HjeM/\K(l - 2j)

KCM' jeK  jeM'\K
> b (LB Ui}, M\ K), £g_1(K, M\ K))
KCM'
D b (lad, M\ ), Laa(J\{i}, M\ J)).
JCM:J>i

The above inequality together with the inequalities £4(.J, M \ J) > 0 for all J C M defines a convex
set because b is a convex function. Moreover, using arguments similar to those in Proposition 5, one
can verify that the above inequality is well-defined; in particular the right-hand-side never attains
the value of +00. Furthermore, for the above class of inequalities, the results of Proposition 6 and
Theorem 1 extend directly to this more general setting by using exactly the same proofs. Finally,
the framework can also be generalized to the case where the nodes corresponding to LT form a
stable set in a more general hypergraph G = (V, E, L).

Several questions remain open. First, our convex hull results are established under the condition
that the plus loop nodes form a stable set. Even in the elementary case where G consists of just
three adjacent nodes, with two of them having plus loops, the characterization of QP(G) remains
unresolved, unless one resorts to using a completely positive cone based representation [8, 3, 12]. A
further important question is whether Theorem 3 is tight with respect to the notion of spread; in
particular, whether the number of variables required in any valid SOC extended formulation of the
convex hull of PP(G) must necessarily grow exponentially with the spread of nodes with plus loops,
thus, generalizing the results of [11, 1]. Finally, observe that characterizing QP(G) is a significantly
more general task than solving Problem QP — for example, the techniques in [27] give an SOC-
based approach to solving Problem QP, but cannot be used to characterize QP(G). Whether SOC
formulations for solving Problem QP need representations comparable to the size of QP(G) remains
an open question. Finally, incorporating the proposed relaxations in the state-of-the-art mixed-
integer nonlinear programming solvers [19] and performing an extensive computational study is a
topic of future research.
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