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Abstract

Identifying active constraints from a point near an optimal solution is important both theoretically and
practically in constrained continuous optimization, as it can help identify optimal Lagrange multipliers
and essentially reduces an inequality-constrained problem to an equality-constrained one. Traditional
active-set identification guarantees have been proved under assumptions of smoothness and constraint
qualifications, and assume exact function and derivative values. This work extends these results to
settings when both objective and constraint function and derivative values have deterministic or stochastic
noise. Two strategies are proposed that, under mild conditions, are proved to identify the active set of a
local minimizer correctly when a point is close enough to the local minimizer and the noise is sufficiently
small. Guarantees are also stated for the use of active-set identification strategies within a stochastic
algorithm. We demonstrate our findings with two simple illustrative examples and a more realistic
constrained neural-network training task.

1 Introduction

A critical feature of an algorithm for solving constrained continuous optimization problems is its ability to
identify the inequality constraints that are active at a local minimizer. Suppose that, with respect to a
function ¢ : R” — RY, a problem defined with respect to a decision variable x € R"™ involves inequality
constraints of the form c(z) < 0. The aim of active-set identification is for an algorithm to be able to
determine, with respect to a local minimizer z, € R™, the set {i € {1,...,q¢} : ¢;(zs) = 0} of inequality
constraints that hold at equality—i.e., are active—at x., even if the algorithm only has access to a solution
estimate that is within a local neighborhood of x,. Active-set identification is critical in multiple ways. One
way is in the context of algorithms that, in each iteration, compute a search direction by (a) estimating
the active set, and then (b) computing the search direction with respect to the estimated active set (while
ignoring all of the constraints that are estimated to be inactive) [I0, [©9]. Another manner in which active-
set identification is critical is in the computation of Lagrange multipliers, which in turn can be useful
algorithmically and/or for sensitivity analysis of the local minimizer.

Various strong active-set identification guarantees have been proved for settings in which a problem’s
objective and constraint functions are continuously differentiable and an algorithm has access to exact
function and derivative values; see, e.g., [7, 8, 18 22| 24, 29] [34]. Typically, these guarantees require that
a constraint qualification—such as the linear independence constraint qualification (LICQ) or Mangasarian-
Fromovitz constraint qualification (MFCQ) [25]—and/or a second-order condition hold at the local minimizer
z4. Each such guarantee states that, if a point = is sufficiently close to x., then the active set at x, can be
identified correctly by solving a subproblem involving problem function and derivative values at z.
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The contributions of this paper relate to showing that such guarantees can be extended to settings in
which the problem function and derivative values contain errors. The design and analysis of optimization
algorithms when function and derivative values are subject to errors are active areas of research, which
motivates extensions of these techniques. Errors can arise in multiple settings. One setting of modern
interest is that of deterministic noise, which we use to refer to situations in which the evaluation of a
problem function or derivative always results in the same approximate value whenever the evaluation occurs
multiple times at the same point. This may represent situations in which the problem function is defined
by a numerical simulation that is subject to computational noise. We refer the reader to the recent articles
[1, 1T, 17, 31, B3, B6] on the design and analysis of algorithms for solving unconstrained or constrained
optimization problems subject to deterministic noise. Another setting of modern interest is that of stochastic
noise. This refers to situations in which a problem function value is defined for any point in its domain by,
e.g., a large finite sum and/or an expectation over a random variable argument. The noise arises from the
fact that, in practice, it is intractable to evaluate the value or derivative of such a function exactly, and
instead one obtains an approximate value defined by a random sample of inputs. There are a large number
of articles on the design and analysis of algorithms for solving unconstrained optimization problems when
evaluations are subject to stochastic noise; see, e.g., the references in [5], [16]. For recent articles on solving
constrained problems of this type, see [2, [3 12| 13| T4} 15, 19} 26l 27].

Despite these efforts on algorithm design and analysis, little has been done to extend active-set identi-
fication guarantees to settings with errors. (An exception is [27] wherein an active-set algorithm is devised
for solving problems when objective function and derivative values are subject to stochastic noise while con-
straint function and derivative values are exact. However, in that setting, the active-set estimation is tied
to a specific algorithm and the results do not allow noise in the constraint function or derivative values.)
In this paper, we consider strategies for active-set identification that may be employed irrespective of any
particular algorithm, and when objective and/or constraint function and derivative values may be subject
to noise. Following primarily [29], we show that when a point x is sufficiently close to a local minimizer x,
and the noise is sufficiently small, the active set at z, can be identified correctly through solving two types
of subproblems at z. We also state how our active-set identification guarantees can be employed for accu-
rate active-set identification in the context of a stochastic algorithm for constrained optimization. Finally,
we demonstrate our theoretical guarantees through a pair of illustrative numerical experiments, one involv-
ing a couple of small-dimensional examples where the results can be seen visually and another involving a
constrained neural-network training problem.

1.1 Notation

We use R to denote the set of real numbers and, for any r € R, use R, to denote the set of real numbers
greater than or equal to r. Real-valued n-vectors and m-by-n matrices are denoted by R™ and R™*",
respectively. Given an integer ¢ > 1, we define the corresponding set of integers [¢] := {1,...,¢}. Given
A C [q], we use A° C [q] to denote the complement of A with respect to the set [¢], namely, A° := [¢] \ A.
We use 1 to denote the vector with all components equal to 1; in each instance, the length of the vector
is determined by the context in which it appears. Similarly, we use I to denote the identity matrix whose
size is determined by its context. Given any vector or vector function v, its ith component is written as v;.
In addition, given such v, we define [v]y := max{v,0} and [v]_ := max{—wv,0}, where in each case the
maximum is taken component-wise. Given a pair of vectors (a,b) € R™ x R™, we use a L b to indicate that
a;b; = 0 for all i € [n]. Given sets A C R™ and B C R", we denote the ¢y-norm-induced distance between
them as

dist(A,B) := inf —b2. 1
(A B) = int b, (1)

1.2 Organization

In we state the general form of the optimization problems that we consider throughout the paper, and
provide background on optimality conditions and related concepts that are referenced throughout. In we



discuss active-set identification guarantees in the context of having exact problem function and derivative
values. This section includes one new contribution in the form of a modification of a result from [29] from
the setting of employing a linear optimization problem (LP) with a trust-region constraint to one employing
a quadratic optimization problem (QP). However, our main contributions are contained in §4] wherein we
provide theoretical guarantees about active-set identification when function and derivative values can be
subject to errors. We provide the results of illustrative numerical experiments in §5| and provide concluding

remarks in

2 Preliminaries

Given an objective function f : R™ — R, equality-constraint function e : R — RP, and inequality-constraint
function ¢ : R™ — R, where all of the problem functions (i.e., f, e, and ¢) are continuously differentiable,
consider the constrained continuous optimization problem

;2%@ f(z) st. e(x) =0 and ¢(z) < 0. (2)

Let the Lagrangian of be denoted by £ : R™ x RP x R? — R and defined by
L(z,y,2) = f(z) +e(x)Ty +c(x) "z,

where y € RP and z € R? are Lagrange multiplier variables. Under a constraint qualification, such as the
LICQ or MFCQ), first-order necessary conditions for are that at a local minimizer x € R" there exist
y € RP and z € R? such that

Vf(xz)+ Ve(z)y+ Ve(z)z =0 (3a)
e(x) =0 (3b)
0<zle(x)<0, (3c)

where and correspond to V. L(z,y,2) = 0 and V,L(z,y,2) = 0, respectively. We refer to any tuple
(z,9,2) € R™ x RP x RY satisfying as a KKT (i.e., Karush-Kuhn-Tucker) point. Similarly, we refer to
xz € R™ as a primal KKT point if and only if there exists (y, z) € RP x R? such that (z,y, z) is a KKT point.

At a local minimizer x € R™ of at which a constraint qualification is presumed to hold, a Lagrange
multiplier pair (y, z) such that (x,y, z) satisfies is not necessarily unique. Therefore, for any x € R", let
us define

D(z) = {(y,2) € R? x R : (z,y, 2) satisfies (3)}.

That is, for any « € R™, the set D(z) (which may be empty) contains all Lagrange multiplier pairs that yield
a KKT point along with x. It is well known that if the MFCQ holds at a local minimizer x of , then D(x)
is nonempty and bounded, and if the LICQ holds at a local minimizer = of , then D(x) is a singleton.
Strict complementarity is said to hold for a KKT point (z,y, z) for (2)) if and only if z; > 0 for all ¢ € [q]
such that ¢;(x) = 0; thus, if the LICQ holds at a local minimizer x of , then strict complementarity holds
if and only if the unique Lagrange multiplier pair (y, z) has z; > 0 for all i € [g] such that ¢;(x) = 0.

Let us indicate the set of active constraints at any primal point z € R™ as the set of indices of the
inequality constraints that are satisfied at equality at x, namely,

A(x) :={i € [q] : ¢;(z) = 0}.

Let (z,y, 2) be a KKT point. Of the constraints whose indices are contained in A(x), the set of weakly active
inequality constraints at x are those such that the corresponding Lagrange multiplier is equal to zero for all
elements of D(z), i.e.,

Ao(x) :={i € A(x) : z; = 0 for all (y,z) € D(z)}.



Later in our analysis, we reference a particular second-order optimality condition. In particular, let us define
the critical cone at a local minimizer x € R" as

C(z) :={d € R": Ve;(z)"d = 0 for all i € [p],
Vei(2)Td <0 for all i € Ag(x), and
Vei(z)Td =0 for all i € A(z) \ Ap(x)}.

Then, the second-order condition that we reference requires that, at x, one has
dT'V? L(x,y,2)d >0 for all deC(z)\ {0} and all (y,2) € D(x). (4)

We close this section with an observation and a lemma that will be referenced later in our discussions
and analysis. First, recall that by Farkas’ theorem, one has that for any g € R”, A € R"*P, and B € R"**
where £ € [g], one and only one of the following two systems of equations and inequalities has a solution:

g+ Ay + Bz =0 and 2 > 0 for some (y,2) € R? x RY; or
ATd =0, BTd <0, and ¢7d < 0 for some d € R™.

Thus, at any « € R™ that is feasible for (2) in the sense that e(x) = 0 and ¢(x) < 0, either D(z) is nonempty
or for any 6 € (0,00) the QP given by

. T l 2
min Vf(z)"d + 30| dll3 ©)
s.t. e(x) + Ve(z)'d = 0 and ¢(z) + Ve(z)Td <0

has a negative optimal value. In addition, recall the following lemma pertaining to solutions of perturbed
linear systems; see, e.g., [6, Theorem 7.29] or [30, Theorem 2.1.2].

Lemma 2.1. Suppose K € R™*™ is nonsingular and b € R™ \ {0}. Let v € R™ be the unique solution of
Kv = b (meaning v # 0 since b # 0) and let v satisfy Ko = b, where K = K 4+ 6K and b = b+ 6b. Then,
for any vector-induced norm || - || and with cond(K) := ||K|||K~'||, one has that if [|0K||||K~ | < 1, then

[v—of _ _ cond(K) (II5KII ||5b||>.
ol = L= oK\ (ol

3 Exact Function and Derivative Values

The purpose of this section is to state two active-set identification results for the setting of having exact
function and derivative values. These are the results upon which we build for our new theoretical guarantees
for noisy settings, which are presented in the next section.

Let 2. € R™ be a local minimizer of problem . Each active-set identification result that we present
is based on solving a subproblem that is designed to determine an estimate of the optimal active set with
respect to x,, namely, A(z.), at some distinct point € R™. In particular, the theoretical results that we
present state that, under certain conditions, the estimate of the optimal active set is correct as long as x is
sufficiently close to x,. One subproblem that we introduce in this section, an LP defined with respect to
problem function and derivative values at z, involves computing an estimate of an element of D(z.) that
can be employed to estimate A(z,). The second subproblem, a QP also defined with respect to function
and derivative values at x, involves computing a step in the primal space that in turn can be employed to
estimate A(x,). The former technique is based directly on one established in [29]. The latter technique is
similar to one from [29], except that we consider a QP subproblem whereas the approach in [29] employs
an LP subproblem with a trust-region constraint. Our motivation for employing a QP is that this allows
active-set identification to be done through subproblems that may already be solved for computing search



directions within the context of recently designed algorithms for noisy settings. Extending the primal-step-
based approach from [29, §3.1] to the noisy setting may also be possible, but we omit it from consideration
here.

Let x € R™ be given. A strategy for estimating the active set at a nearby local minimizer z, involves
first obtaining Lagrange multiplier values (y, z) € RP x R?, and then evaluating the KKT error given by the
function ¥ : R™ x R? x R? defined as

Vf(x)+ Ve(z)y + Ve(x)z
(o, y,2) = () , (7)
min{z, —c(x)} L
where the minimum is taken component-wise; recall . The motivation for obtaining Lagrange multiplier
values and evaluating the KKT error can be seen through the following theorem, also stated in [29], which
is similar to results from [18] 20, [35].

Theorem 3.1. [29, Theorem 2.1] Suppose that, with respect to problem , the MFCQ and the second-order
condition hold at a local minimizer x, € R™. Then, there exist € € (0,1] and C € Ry such that, for all
(z,y,2) € R" x RP x R? with z > 0 and dist({(z,y, 2)}, {z«} X D(x.)) <€, one has that

C_lw(l“’ Y, Z) S diSt({(x’:% Z)}7 {.1‘*} X D(J}*)) S C’(/J(Z‘,y, Z)

Motivated by Theorem a technique is proposed in [29] for estimating the active set from a primal
point x € R™. Specifically, at x, the idea is to compute Lagrange multiplier values by minimizing v (z, y, 2)
with respect to (y, z) subject to z > 0, i.e., to evaluate the function w : R® — R at x that is defined by

w(x) = min T,Y,2). 8
(@)= i V2 ®)

This can be done by solving a linear program with equilibrium constraints (LPEC), which in turn can be
solved as a mixed-integer linear program (MIP). However, since it can be computationally expensive to
solve such a problem in large-scale settings, a technique is subsequently proposed in [29] to solve an LP
approximation to the LPEC, the solution of which can in turn be used to estimate the active set. Let us
refer to this as the LP-LPEC approach. This is the approach that we describe in detail here and extend to
the noisy setting in the next section.

To state the LP-LPEC approach, let us first introduce  : R x R?» x R? - R, p: R" x R? x RL, — R,
and p: R™ x R? x RZ ) — R defined respectively by N

K@y, 2) = |V f(2) + Ve(r)y + Ve(x)z1 + lle(@) 1, (9a)
o) =rmp)t Y —a@at Y a), (9b)
{i:c;(z)<0} {i:ci(z)>0}
and Ia(xvya Z) = "i(may7 Z) + Z (_Ci(x)zi)l/Q + Z Ci(x)' (9C)
{i:ci(xz)<0} {i:c;(z)>0}

At x € R™, an approximate solution of the aforementioned LPEC can then be obtained by solving the
following subproblem for the given constant M € R :

mi .Y, b 0<z< M1
(y,z)EHIQI'F}XR‘I p(m y Z) S *
(10)
[y] ‘ }+ 1.
Zx

Observe that M is finite when the MFCQ is assumed to hold at the local minimizer z,. (In practice, M can
be estimated by a large constant, or one might consider the constraint simply to be z > 0 and, if the LP has

where M := max{|c(x*)|oo, max
(y+,2:)ED ()



a solution, using such a solution instead.) A solution of this subproblem can be obtained by solving the LP

min 17r +17s + E —ci(x)z;
(y,z,r,8) ERP XRI XR™ xR™ .
{i:c;(z)<0}

s.t. Vf(z) + Ve(z)y + Ve(z)z =1 — s,
r>0, s>0, and M1 >z > 0.

(11)

Given z, let (yz, 2z;) be an optimal solution of . An active-set estimate can then be obtained through
evaluation of the function p; in particular, let the estimate be

ALP(ymsz’;x) = {Z € [Q] : cl(m) > _<ﬁﬁ($vym721))a}7 (12)

where f € Ry and o € (0,1) are user-defined constants. The following theorem from [29] shows that this
LP-LPEC approach can be employed under certain assumptions to provide an accurate active-set estimate
from x near a local minimizer x..

Theorem 3.2. [29, Theorem 3.7] Suppose that, with respect to problem , the MFCQ and the second-order
condition hold at a local minimizer x. € R™. Then, with ¢ € (0,1] defined as in Theorem and any
B €R,y and o € (0,1), there exists € € (0,€] such that for all € R™ satisfying ||z — x| < €, the following
hold.

(a) There exists a solution (Y, z:) of such that dist({(ys, 22)}, D(2+)) < Fe.
(b) Any (Ya, zo) solving has M~ p(x, Yz, 22) < w(x) < Mp(2, Yo, 22)-

(c) Any (Y, 2z) solving yields App (Y, 223 2) = A(zy).

This completes our discussion of the LP-LPEC approach that we extend to the setting of noisy function
and derivative values in the next section.

Let us now introduce the QP-based approach that we extend to the noisy setting as well. Note that if a
local minimizer z, is a primal KKT point and x = x,, then @ is feasible and by Farkas’ theorem it has the
unique solution d, = 0. However, if x is not a local minimizer, then (@ might be infeasible, and even if it
is feasible it might have a negative optimal value, indicating that z is not a primal KKT point. To handle
each of these possibilities, and in particular to compute a primal search direction that can also be used to
determine an optimal active-set estimate at x, one can choose (6,v) € R,y x Ry and solve the nonsmooth
subproblem

win V£ ()7d+ 301dJ3 + vle(z) + Ve()Tdls + vllle(w) + Ve(@)d] 1, (13
Alternatively, one can solve the equivalent constrained QP subproblem
min Vi) d+vdTr+17s +17t) + 10||d||3
(d,r,s,t)ER™ X RP X RP X R4 /(@) ( )+ 20l dllz
st. e(z) + Ve(x)Td=r —s, (14)
c(x) + Ve(x)Td < t,
r>0, s>0, and t > 0.

This subproblem is feasible for any (z,6,v); indeed, d = 0, r = [e(z)]+, s = [e(x)]-, and ¢t = [¢(x)]+ form a
feasible point. The dual of can be written as the QP
T T 1p-1 2
- 07|V \Y \%
o e@)Tate(@)’8 - 367V (@) + Ve(@)a + Ve(@)Bll3 )
st. —vl<a<vland 0< g <vl.

This dual QP subproblem is also feasible for any (z, 0, v); indeed, («, 8) = (0,0) is a feasible point. Conse-
quently, by weak duality, the optimal values of and are both finite, and one has that these optimal
values are attained by some (d,r, s,t) and («, 3), respectively; see, e.g., [4, Proposition 1.4.12].



Given any (z,0,v) and a corresponding solution (dy .1, 75,0, Sx.6,v, tz,0,) Of subproblem , an esti-
mate of the optimal active set is given by

AQP(dz,H,u;x) = {Z € [Q] : Cl(.’ﬂ) + vci(x)Tdm,G,u 2 0} (16)

Theorembelow shows that this approach is successful when z is sufficiently close to a local minimizer of
at which the LICQ and strict complementarity hold. Our proof follows closely that of Lemma 3.1, Theorem
3.2, and Corollary 3.3 in [29], although various details are different due to our use of a QP subproblem,
whereas [29] considers an LP subproblem with a trust-region constraint.

Theorem 3.3. Suppose that, with respect to problem , the MFCQ holds at a local minimizer x, € R™.
Then, the following hold.

(a) There exists (e,0) € Ry x R such that, for any (z,0,v) € R" x R_, x R with ||z — z.|| <€, the
solution dy g, of yields Aqp(dg,g.0;2) C A(z).

(b) With respect to any ¢ € (0,1), there exists (¢,0,v) € Ry such that for any (z,0,v) € R" xR_4 xR,
with ||z — 7.|lee < € and 0 < ||z — 2.]| 7, the solution subproblem d g, of yields

—V f(z) € range[Ve(z,)] + pos[{Ve;(zy) 1 i € Aqp(ds 0,03 2)}, (17)

where range[-] denotes the range space of the matriz input and pos|-] denotes the set of nonnegative
combinations of the input set of vectors.

(¢) If the LICQ holds at x., then for any (C,€,0,v,x,0,v) satisfying the conditions of part (b), the solution

dz o of yields
A(zy) \ Ao(zy) C Aqp(dao,0;x) C A(s).

If strict complementarity also holds at x., then Aqp(dg.e..;x) = A(xy).

Proof. Consider part (a). First, by continuity of ¢, it follows that one can choose € € R, small enough such
that for any « € R" with ||z — 2]/ < € and any i ¢ A(x.) one has that ¢;(z) < F¢;(2.) < 0. Second, given
such an € and for any such x and positive v, it follows from that ||dg.9..]| = 0 as 8 /* co. Thus, one can
choose @ sufficiently large enough such that i ¢ A(z.) implies ¢;(z) + Vei(x)Tdy 9, < 0. Thus, the claim in
part (a) follows from the definition of Aqp(ds.0,.; ) in (16).
Next, consider part (b). Let us first suppose that (e, §) satisfies the conditions of part (a). Furthermore,

to prove the claim, let us introduce

:

Zx

V= max{H

The value v is well-defined and positive since z, is a primal KKT point and the MFCQ assumption ensures
that D(x,) is bounded. For any pair (y«, z«) € D(z4), the dual subproblem at x, has an objective value
of 0, as previously stated. Otherwise, for the dual subproblem at x # x, with ||z —z.|| < eand v > 7, a
feasible point is given by («, 8) = (y«, 2«), for which the corresponding dual objective value satisfies

+1: (yu,24) € D(x*)} . (18)

‘ o0

e(2) "y + c(2) 2 = 307V f(x) + Ve(z)y. + Ve(z) 23
= (e(@) = e(x:)) Ty + (c(@) = e(2:))" 2

= 307 IV F(@) = V() + (Ve(z) = Ve(@"))ys + (Ve(z) = Ve(z.)) 3
> =Lz = 2.l* + [l — 2.])

for a sufficiently large constant L € R ;. This latter inequality follows due to the continuous differentiability
of the problem functions and ||z — z.| < e.



Now let us assume, for the sake of deriving a contradiction, that no matter how small one chooses € € R,
there exists a point z € R™ satisfying ||z —2.||c < € such that the resulting active-set estimate Aqp(ds,0,.; )
yields

—V f(z) ¢ range[Ve(z,)] + pos[{Ve;i(xy) 1 i € Aqp(dz 0,03 2) }.

Since there are only finitely many active set estimates (i.e., subsets of [q]), it follows that there exists a
sequence of points converging to . such that along this sequence the active-set estimate is the same set of
indices, call it .A. At the same time, observe that by Rockafellar [32, Theorem 19.1] the set range[Ve(z.)] +

pos[{Ve;(x,) : i € A}] is finitely generated, meaning that it is a closed set. Now, by the definition of the
distance function in equation , one can define the quantity 7 as

7= 1 dist(—V f(z.), range[Ve(z.,)] + pos[{Ve;(z.) : i € A})) > 0. (19)
Reducing € from above, if necessary, one has that
dist(—V f(z), range[Ve(z)] + pos[{Ve;(z) : i € A}]) > 7

for the given A and all z satisfying |z — z4]loo < €. The justification for this claim follows from standard
continuity arguments; see [29, Appendix 1].
Now consider any such « such that Aqp(dse,.;2) = A. Let (dy, 7z, 8z,tz) and (o, Bz) denote the

solutions to and ([15)), respectively. For any index i ¢ A, the KKT conditions for (14)—(15) and equation
together imply that

ci(x) + Vei(x)Td, <0, [rp]; =0, and [B,); = 0. (20)

One can now analyze the objective of the dual subproblem by separating it into two parts. First, using
property , one can observe that

%@va(x) + Ve(x)a, + Ve(z)Be |3
1

- 2
2 55 i g V(@) + Vet Vel@)Bll
2
1 .
=% (a,ﬁ)gﬁé&ﬂ{;o Vf(x)+ Ve(z)a + Z Voo
. icA )
= 5g dist(=Vf(x), range[Ve()] + pos|{Ve(w) 17 € A}])* > 572,

From S, > 0 and , one also that
e(x) ag +c(@)"Br < (@) ap + () {8 < vle(@)|r + vl (e(x))+ -

Combining these inequalities into the dual objective , one has

e(@) oy +c(@)" B, — *IIVf( ) + Ve(z)ag + Ve()B: |3
1
< vlle(@)[lx + vl[(c()+lr — %72. (21)
Finally, one can decrease e further, if necessary, to have that
1 z— x|
W@l +vle@)) ol — pgr® < 2= 202 (2)



This choice is possible since e(z) and (c¢(x)) are both O(||z — z||) and under the conditions of the lemma
one has that 6 < ||z — z,]|7¢. Since ¢ € (0,1), the bounds (2I)—(22) stand in direct contradiction to our
earlier result, which established that the optimal value of the dual subproblem satisfies

Ll P = na]) < )T+ (o) B — 5|V (@) + Velr)a + Ve() B3
This inconsistency forces the conclusion that 7 defined in equation cannot be positive, and in fact must
be 0. Thus, the inclusion in must hold, as desired.

Finally, consider part (c). Since the LICQ holds, one has that [z.]; > 0 for all i € A(z.) \ Ao(x). Thus,
for the inclusion to hold, any index ¢ for which [z.]; > 0 must satisfy ¢ € Aqp(dy.9..;x); otherwise, (17)
would be violated. Therefore, one can conclude the left-hand side inclusion A(z.)\ Ao () C Aqp(ds0,0; ).
The final conclusion follows directly from the fact that strict complementarity implies that Ag(z.) = 0,
meaning there are no active inequality constraints at the solution for which the corresponding multiplier is
zero. The proof is complete. O

The proof of Theorem reveals the influence of the parameters of the QP approach. Intuitively, the
lower threshold @ ensures that the component d, g, is sufficiently small in norm such that the step in
does not “go too far” to include indices of constraints that are inactive at x,. The lower threshold v, on the
other hand, is a typical type of bound for exact penalization; it ensures that, when possible, the solution of
will have the appropriate auxiliary variable values equal to zero.

4 Noisy Function and Derivative Values

In this section, we continue to consider techniques for active-set identification with respect to problem .
However, we now assume that, at any = € R™, one only has access to approximations of the values of f,
e, and ¢ and their first-order derivatives. More precisely, throughout this section, we assume that there
exist positive error bounds (e, €, €c, €v s, €ve, €ve) such that at all z € R™ one can only compute f(z) € R,

é(x) e RP, é(x) € RY, ﬂ(m) € R", Ve(z) € R™P, and Ve(z) € R"¥ satisfying

If(z) = F@) < e Nle@) — @) < e, le@) — @) < e, 25)
IVf(@) = V@) < evy, [[Ve@) = Ve(@)] < eve, [|[Ve(a) = Ve()| < eve.

Our theoretical guarantees are designed to hold regardless of whether these approximate function and deriva-
tive values are computed subject to deterministic or stochastic noise. For convenience, let us define a vector
of these error bounds as

€orr 1= [ef,e&emevf,ev@,evc]T. (24)

Our theoretical guarantees will show that, under reasonable assumptions, accurate active-set identification
will occur when the components of €,, are sufficiently small.

4.1 Identification through Lagrange Multipliers

We first describe a technique for identifying the active set by estimating Lagrange multipliers at a primal
point x € R™. This approach extends the LP-LPEC method described in §3| adapting it to settings with
noisy function and derivative evaluations.

With the goal of again constructing a two-sided bound on w(z)—the minimization of ¢ (z,-,-) with
respect to (y, z) as defined in and —We follow the structure of the functions in @D to define their noisy
counterparts & : R" x R?P x R - R, 5 : R" x R? x RY ) - R, and p: R” x R? x R ) — R by

R(z,y,2) == |V f(z) + Ve(z)y + Ve(@)z]1 + ||é(@)]|, (25a)
plz,y, z) =Rz, y,2) + Z —¢i(x)z; + Z é(x), (25Db)
{i:¢;(xz)<0} {i:¢;(z)>0}
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and p(z,y,2) = k(z,y,2) + Z (—&(x)z)Y? + Z éi(x). (25¢)

{2 (x) <0} {i:2:(x)20}

The following relationship can be established for p and p, drawing on [29, Lemma 3.5] with respect to p
and p. We provide a proof for the sake of completeness.

Lemma 4.1. For any (z,y,z) € R" x R? x R%, it follows that

Pz, y.2) < pz,y, 2) + ¢ p(x,y, )2

Proof. Let [(—¢;(x)2;)"/?]z,(x)<0 denote a vector with elements (—¢;(z)z;)'/2 for all i € [¢] such that &(z) < 0.
Using the definitions of p and p and basic norm properties, it follows that for any (z,y,z) € R™ x RP x R?
with z > 0 one finds

Fay,2) = #(,9.2) + (6@ P wmel + Y @)
{i:¢;(z)>0}

< R(x,y,2) +q/? H[(_éi<x)zi)l/2]6i(r)<0H2 + Z ¢i(x)
{i:¢;(z)>0}

1/2
= i(2,y,2) + q'/* Z (—Ci(x)z) + Z ¢i(z)
< ey, 2) + ¢ pla,y, 2)'/?,
which completes the proof. O

A relationship between p, p, and ¢ (recall ) is given in our next result.

Lemma 4.2. Consider arbitrary M > 1. Then, there exist positive error bounds €p and €; that tend to zero
as €err tends to zero such that for all (v,y,z) € R" x R? x RT with 2 > 0, ||c[lec < M, [Jylloc < M, and
Izlloc < M one has that o

M p(x,y,2) — ¢ < W(2,y,2) < pla,y, 2) + €. (26)
Furthermore, if such €, and (z,y,2) also satisfy

M~'p(xz,y, 2)

z,y,2) >0 and €, < —
p( Yy ) 14 M_1+1

; (27)

then the left-hand side of 1s strictly positive.

Proof. Consider arbitrary (x,y, z) satisfying the conditions of the lemma. Let us begin by proving the
right-hand side of by analyzing the following difference:

|ﬁ(f£,y,2) - p(m,y7z)|

Y Ca@m) - S (—a(w)m)

{i:c;(z)<0} {i:¢;(z)<0}
D DERCTC) R €
{i:ci(z)>0} {i:¢;(z)>0}

+le@)l = lle@)l

+[[Vf(z) + Ve(z)y + Ve(z)z|1 — |V f(z) + Ve(a)y + Ve(z)z||:

> (ma@z) - Y (<E))'

{i:c;(z)<0} {i:¢;(z)<0}

<

11



+ Y al@- Y Gl

{i:c;(z)>0} {i:¢;(z)>0}
+ |le(@)l — (@)l
LIV (@) + Ve(a)y + Ve(@)zl — [VF() + Ve(ly + Ve(@)zlh).

We proceed by bounding each of the two terms separately. Since it can be bounded more simply, let us start
with the second term and observe that by one finds

(@)1 — 1)1
+ [V (2) + Ve(z)y + Ve(@)z|i — |V (@) + Ve(z)y + Ve(x)z||1|

< lle(z) = &@)lh + I(Vf(z) = Vf(z)) + (Ve(x) — Ve(@))y + (Ve(@) — Ve())zlh
< p1/2€e + nl/Qevf + nl/zﬁ(evE + eve).

Let us now return to bound the first term from above, namely,

> (ma@zm) = Y (=a)w)'

{i:ci(z)<0} {i:¢;(xz)<0} (28)
+ Z ci(z) — Z éi(z)].
{izei(x)>0} {i:¢i(x)>0}

For bookkeeping purposes, let us define the following sets of indices based on the sign of the constraint
function values and their approximations. Specifically, let us define

PP(z) :={i: c;(x) > 0 and ¢;(x) > 0},
PN (z) :={i:c;i(z) >0 and ¢(x) < 0},
NP(z) :={i:¢;(x) <0 and ¢(z) > 0},
and NN (z) :={i:¢;(x) <0 and ¢(z) < 0}.

The difference can be expressed through sums over these sets:

S e Y e Y a@s Y aw

1ENP(z) 1ENN (x) i€PP( a:) €PN ()
- ) Ca@=)'"? = Y (a@w) - Y a@@) - ) ).
€PN (z) 1€ENN (z) 1€PP(x) 1ENP(x)

Note that for all of the terms with indices corresponding to values of opposite signs—specifically for i € NP (z)
and ¢ € PN (z)—it is straightforward to verify graphically that both |c;(z)| and |¢;(x)| are bounded above

by €.. Combined with ||z|« < M, this allow us to bound each of these terms by expressions involving e,

i/ % and MY/2. Also, for the pair of terms with indices both corresponding to positive signs, one has

Z ci(z) — Z éi(z)| < gee.

1€PP(x) 1€PP(x)

Now for the terms with indices both corresponding to negative signs, one finds that

Y (meil@)z)'? = (<&(@)z)'?)

TENN (z)
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= > ((—ei(@)zi)'/? = (=éi(z)z:)"/?)

i€ENN (z)N{i:é;(z)<ci(x)}

+ > ((—ei(@)z)'/? = (=&i(2)z)' /)],

TENN (z)N{i:¢s (x)>ci(x)}

which one can assume without loss of generality implies that

> ((ei@)z)? = (=éi(x)z) ")

1ENN (z)

IN

> (=ci(@)z)'? = (=ai(w)z)) /%))

iENN (z)N{i:¢; (z)>ci(z)}

(Our analysis would be similar if the sum over i € NN (z) N {i : ¢;(z) < ¢;(x)}, which is a negative value,
were to dominate the sum within the absolute value.) In order to further bound this term on the right-hand
side, let us consider two subcases. First, if for some ¢ in the sum one has —¢;(z) < e, then it follows (since

i € NN (z)) that
|(—ci(2)2) ' = (=@i(w)zi)?| < (—eil2)2i)'/? < /M2,
Otherwise, if for some ¢ in the sum one has that —c¢;(z) > €., then by the Mean Value Theorem there exists

¢ € [-¢i(x), —ci(x)] with

(—ci(@)'? = (=&())"? = &' (O(=ci(x)) — (~&(2))),
where s(+) is the square root function. Since —¢;(x) > €., the largest value that s'(¢) can take is bounded
by the slope of the line segment from (0, 0) to the point (e, e/ 2), which is % Consequently, one finds by
i € NN (z) N {i:¢(z) > ci(x)} that )
(—ci(@)z:)'/? = (=&i(2)z) "7

61/2 1/2 1/2771/2
= ((—ei(@) /2 = (=&(2))/?)2)? < e ((~aile)) — (~@(x)))z? < /22,

€c

Putting everything together, one finds that

|ﬁ($,y,2) - p(xu y,Z)|

_ 29
< 3q1/2(ec + ei/QJ\T/Q) —|—p1/26e + nl/Qevf + 7”L1/2M(eve + eve) =: €z, (29)

where, as claimed, one has that €; — 0 as €y — 0. Hence, with [29, Lemma 3.6],

U(z,y,2) < p(z,y, 2)
= ,5(x,y,2) +,5(‘T7yuz) - 5(5573/12)
S ﬁ(x,y,z) +€ﬁ7

which establishes the right-hand side of .

Applying the same procedure, now to |p(x,y, z) — p(z,y, 2)|, one finds that this difference can be bounded
by €,, where €, — 0 as €e;r — 0; the proof is omitted since it follows by similar arguments to those above.
Thus, with [29, Lemma 3.6],

Mi(z,y,2) = p(z,y, 2)
p(xa y,Z) - [3(3}, Y, Z) + ﬁ(l’, Y, Z)
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2 [3(.’1}, y,Z) — €p,

thus verifying the left-hand side of .
Finally, since |p(z,y,2) — p(z,y,2)| < €,, one has p(x,y, z) > p(x,y, 2) — €,, 50

Milﬁ(‘rﬂ% Z) — € 2 Mil(p(lyyv Z) - el)) — €= Mﬁlp(zvzﬁ Z) - ep(Mil + 1)7
which is strictly positive provided that holds, as claimed. O

It should be emphasized that the result of Lemma shows that, in order for the left-hand side of
to be strictly positive, the error bound €, must be small in proportion to p(z,y, z) > 0, a quantity that can
be smaller as x approaches z,. We will provide further comments about the consequence of this in §4.3]

The LP-LPEC-based active-set identification strategy can now be established as follows. First, one
computes a solution (y,, z,;) of the optimization problem

. 0 ' Y, .t. 0 < < M]l’ 30
(Z/,Z)Igﬂlﬁrl}xﬂ{q p(x Y Z) s S22 ( )

where M is defined in . (See our comments after about how this constant can be chosen in practice.)
The solution of can be obtained by solving the LP

i 17r +17 —&i(x)z;
(y,z,r,s)GRrgli%q XR™ xXR"™ T s+ ) ~Z Cl(m)zl
{i:¢;(z)<0} (31)
s.t. Vf(z) + Ve(z)y + Ve(z)z =r — s,
r>0,s>0 M12>z2>0.
The active-set estimate is then defined, similarly to , by
ALp (Yo, 205 7) 1= {i € [q) : &i(2) > —(BA(, Y, 22))7} (32)

where 8 € R, and o € (0,1) are user-defined constants.

In the following theorem, we demonstrate that this methodology yields a two-sided bound on the value
of w(z) and can accurately identify the optimal active set at a point near a KKT point under moderate
assumptions.

Theorem 4.1. Suppose that, with respect to , the MFCQ and the second-order condition hold at a
local minimizer x, € R™. Let € be as defined in Theorem and for arbitrary M > 1 let €, and ¢; be defined
as in Lemmal[{.3 Then, there ezists é € (0,€/2] such that for each x with ||z — z.| < é and p(z, Yy, z) > 0,
there exist €, € Ry, € € Ry, € €ERy g, evy € Ry, eve € Ry, and ey, € Ry such that if €. defined by
(24]) satisfies ||€crr||co < €z, then

(a’) 0< M_lﬁ(xayzvzm) —€p < W(x) < 5(5573/9:7230) + €5 and

(b) "ZLP(yacv Zxs x) = A(l‘*)

Proof. Consider part (a). First, let € satisfy 0 < € < € < €/2, where € is defined in [29, Theorem 3.4]. Then,
reduce € to a smaller positive number, if necessary, to ensure that ||c(z)||cc < M for all  with ||z — z.| < €.
Next, observe that according to [29, Theorem 3.4(i)], the minimizer of the problem in that defines w(x)
satisfies dist((y, z), D(z«)) < €/2. Hence, for any Lagrange multiplier pair (y., z.) € D(z.), it follows that
[Ylloo <lysll +1 < M and [|z]|oo < [|zu]| +1 < M.

Now using Lemma and by replacing M by M, one has

Py, 2) + €5 2 (2, Yo, 22)

- .
> oo U(z,y,2)
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> min (M 7'5(z,y,2) —€,)

y,0<z<M1
= M 'p(x, Yz, 22) — €, > 0.

However, since M > 1 and € < 1 and as was shown in [29, Theorem 3.4], the minimizer of ¥(x,y, z) over
(y, z) with z > 0 is attained at values of (y, z) that satisfy the restriction ||z||cc < M. Thus one can write,

by (8), that
0< M 'p(2,ys,22) — € < Hé1<n V(x,y,2) < p(T, Yo, 22) + €5.
Y,

Now consider part (b). One has from Theorem that p(x, Yz, 2.) — 0 as x — x,. Thus, for any B> B,
and using continuity of ¢ and , it follows for ¢ ¢ A(z.) that one can decrease € if necessary to ensure
that for ||o — z,|| < € one finds

¢i(z) = éi(z) — ci(z) + ci(w) < e + Cz‘( )
<€+ =ci(xy)

2
<€ — ( ( ywvzx))
<e€ — ( (:(‘T yw72$) 6/3>)U'

For any such z there exists €, > 0 sufficiently small such that ||€er||co < € implies

€c — (ﬁ(ﬁ(xayxazx) + eﬁ))g < —(ﬂﬁ(%ym,zm))a.

Hence, i ¢ ;le(yz,zI;x). Now for i € A(z.) and sufficiently small € > 0, one has, using [29, Theorem
3.4(ii)] and [29, Theorem 3.7(ii)], that for any 5 > 3

|¢i(2)] = |éi(z) — ci(@) + ()]
< léi(z) — ci(@)] + |ei(z)]
<€+ |CZ( )|

<€+ (Bﬁ(x, Yz, Z!L’))Uv

For any such x there exists €, > 0 sufficiently small such that ||€ey||co < €, implies

€+ (Bﬁ(xvy:m Zw))a <€+ (B( (JJ Yz, Zw) =+ ep))o < (65(37’ Yz, Zx))d'

Hence, one finds i € .ZLp(yz, zg; ¢). The proof is complete. O

4.2 Identification through a Primal Step

We now present a technique for active-set identification in noisy settings that is based on computing a primal
step through solving a QP. The approach is an extension of the one that offers Theorem for the exact
setting. Our primary tool for extending the approach to noisy settings is perturbation theory for the solution
of linear systems, in particular, Lemma

Analogously to , consider the QP subproblem

i Vi@ Td+v@Tr+17s +17¢) + 6] d||3
(s )T srrxpa © 1 () A F VT H 100 4 3

s.t. (x) + V (z )Td =r—s, (33)



Like , this QP is always feasible and has a finite optimal value. Later in our analysis we will recall the
well-known fact from exact penalty function theory that under a constraint qualification and if the parameter
v is sufficiently large, the (unique) solution component d, g, of also solves the QP given by

in Vf(z)"d+ 10||d|3
min Vf() ~+ 50ldllz B (34)
s.t. é(z) + Ve(z)Td = 0 and é(z) + Ve(z)Td < 0;

i.e., under these conditions, the solution of has (r4,0,0, 85,0,0, tz.0,0) = (0,0,0).

Our first lemma is based on the relatively straightforward observation that if the LICQ holds at a local
minimizer x, of problem , a point x is sufficiently close to ., and the noise in certain constraint derivative
values at x is sufficiently small, then the corresponding constraint derivative matrix has full rank.

Lemma 4.3. Suppose that, with respect to problem , the LICQ holds at a local minimizer z, € R™.
Let A, = A(zy) and £ := |A.|. Then, there exist ¢, € Ry, eve € Ry, and ey. € Ry so any
(z,Ve(xr),Vey, (2)) € R™ x R™P x R™ ¢ with

Iz — 2| < &, [[Ve(z) = Ve(a)|| < eve, and ||[Vea, (z) = Vea, (@)] < eve (35)
yields that the matriz [%(w) %A* (a:)} has full column rank.

Proof. Under the conditions of the lemma, specifically that the LICQ with respect to problem holds at
., the matrix [Ve(z,) Vca, ()] has full column rank. Then, since the functions e;(z) and ¢;(x) are
continuously differentiable, it follows that [Ve(z) Vea, (z)] is continuous as a function of z. Since the set
of full-column-rank matrices is open, there exists €, € R such that for all z € R with ||z — .|| < €, the
matrix [Ve(z) Veg, (z)] has full column rank. Consequently, for any such e,, there exist sufficiently small

eve € Ry and ey, € R such that [%(m) %A* (:c)] has full column rank as well, which completes the
proof. O

Our next lemma shows that if = is sufficiently close to a local minimizer x, and the noise in the function
and gradient evaluation is all sufficiently small, then the QP subproblem is feasible and its primal-dual
solution is given by the solution of a certain linear system defined with respect to the active set at x..

Lemma 4.4. Suppose that, with respect to problem , the LICQ and strict complementarity hold at a local
minimizer x, € R". Let A, := A(z.) and £ := | A|. Then, for any 0 € Ry, there exist e, € Ry, €. € Ry,
ec € Ryg, evy € Ry, eve € Ry, and ey. € Ry such that for all (z,é(x),é(x), Vf(z), Ve(z), Ve(z))
satisfying ||z — x.|| < €, and the error bounds it follows that the linear system

oI Ve(x) Vea, ()| [ d V/(x)
Ve(z)T 0 0 a | =—| é=) (36)
Vea, ()T 0 0 Ba. ca.(x)

has a unique solution (d,a, B4,) € R™ x R? x RY which, along with Bae =0, satisfies the KKT conditions of
subproblem ; i particular, one has

Vf(x)+0d+ Ve(z)a + Ve(z)TB =0,
é(x) + Ve(x)Td =0, éa,(z)+ Vea. (2)7d =0,

& e () + Veue (z)Td < 0, (
and &z) + Ve(z)Td L B. (37e
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Proof. Under the conditions of the lemma, the conditions of Lemma[4.3 hold, which in turn implies that there
exist €, € Ryg, eve € Ry, and ey, € Ry such that the matrix in , call it K, is invertible and the linear
system in has a unique solution. Let such (e, €ve, €v.) be given. Now we note that, by construction
of the linear system and with 4. = 0, the conditions , , and are all satisfied. All that
remains is to show that, when x is sufficiently close to x, and all of the noise in the function and derivative
values is sufficiently small, the conditions and hold as well. Toward this end, let us define

01 Ve(z.) Vea,(z4) dy Vf(z.)
K = | Ve(z,)T 0 0 and a, | =K' e(x.)
Vea (z)" 0 0 [Ba.]« ca. (@)

Under the conditions of the lemma, it follows by Farkas’ theorem that d, = 0 and, along with [84¢]. = 0, the
pair (., Bx) =: (Yx, 2+) is the unique Lagrange multiplier such that (z., y., z«) is a KKT point for problem .
Indeed, by the strict complementarity assumption in the lemma, it follows that [84,]« > 0. Now note that
the matrix K is invertible (e.g., by setting x = z, in Lemma , and that one has K = K + 0K, where—
since f, e, and ¢ are continuously differentiable—one finds that 0K — 0 as x — z, and €o, — 0, where
€err is defined in (24). Consequently, ||6K||[|K~!|| — 0 as  — ., and €ey — 0, which means that, for «
sufficiently close to x, and €, sufficiently small, one has from Lemma that yields

d, —d V/(x) V{(m;) H
Qay — é(x) | — | elzx

[Ba.ls = Ba. cond(K) 19K, ll1ea. @) ca. (22)

H d. T L= lSKE ] K VJ(C(JU;) H '
[ﬁAi]* CA (;*)

Overall, since d,, = 0 and [B.4, ]« > 0, it follows that for e, € R, e« € Ry, €. € Ry, evs € Ry, eve € Ry,
and ey, € Ry all sufficiently small, any (z,é(z),é(x), V f(x), Ve(z), Ve(x)) satisfying ||z — .|| < €, and
the error bounds yield that all conditions in hold, as desired. O

We are now prepared to prove our main theorem of this subsection, for which we refer to the active-set
estimate defined similarly to as

Aqp(d;z) == {i € [q) : &(x) + Ves(x)Td > 0. (38)

Theorem 4.2. Suppose that, with respect to , the LICQ and strict complementarity hold at a strict local
minimizer x, € R". Let A, := A(z.) and { := |A|. Then, for any 0 € Ry, there exist e, € Ry, €. € Ry,

ec €ERog, evy € Ry, eve € Ry, eve € Ry, andv € Ry such that for all (z,é(x), é(x), W(m), Vwe(x)7 %vc(x)7 v)
with ||z — .|| < €, the error bounds~, and v > v, the solution (d,r,s,t) of s unique and the active-
set estimate defined by yields Aqp(d; z) = A..

Proof. Under the stated conditions, it follows by Lemma@ that for any 6 € R, one has for = sufficiently
close to z, and sufficiently small errors that is feasible and has a unique minimizer at which the LICQ
holds. Consequently, by [2I, Theorem 4.4], it follows that for any 6 € R, there exist (e, €, €c, €vf, €ve, €ve)
as stated such that with any v > v := M (where M is defined as in ) the solution (d,r,s,t) of has
(r,s,t) = 0, which in turn means by Lemma that d is the unique solution of . All that remains is to
observe that by Lemma [£.4] one can conclude that for z sufficiently close to x., sufficiently small noise, and
v sufficiently large, one also has the the active-set estimate given by yields A,. In particular, this fact

follows by the latter equation in (37b)) along with (37¢)). O

4.3 Active-Set Identification within a Stochastic Algorithm

Let us now consider the use of active-set identification procedures within the context of a stochastic algorithm
for solving . Let (2, F,P) be a probability space that captures all outcomes of a run of the algorithm.
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That is, each possible run of the algorithm is associated with an outcome w € 2, an infinite-dimensional
tuple whose kth element determines the outcome of any stochastic quantity in iteration & € N. In this
manner, the algorithm defines a stochastic process { X}, where for all k£ € N the random variable X is the
primal iterate generated by the algorithm. Given, for simplicity, the initial condition that X;(w) = 2 for
some z1 € R™ for all w € 2, let Fj denote the sub-g-algebra of F corresponding to the initial condition and
all of the stochastic quantities prior to iteration k. In this manner {Fy} is a filtration.

Our first setting, for identification through Lagrange multipliers presented in §4.1] requires that the
MFCQ and the second-order condition hold at a local minimizer z,. For all kK € N, the LP is solved
with x = X}, to yield a Lagrange multiplier pair (Y, Z;). The following theorem presents a consequence
of Theorem namely, that if the primal iterate sequence converges almost surely to x,, and if at each
iterate the conditions of Theorem hold with probability at least p—which include that p(Xy, Yi, Zi) > 0
and the noise in the function and derivative values is sufficiently small relative to p(Xy, Yx, Zx)—then with
probability one there exists an iteration threshold such that in all iterations beyond the threshold the optimal
active set will be identified correctly with probability at least p. It should be emphasized that, as mentioned
in the conditions of Theorem [.1| may require that the noise is smaller near x.; in particular, the
conditions may require that the bound on the noise is in proportion to the distance from the primal iterate
to x,.. Hence, practically speaking, to ensure the probability lower bound required in the theorem, one may
require noise reduction (if possible) in the function and derivative estimates.

Theorem 4.3. Suppose that, with respect to , the conditions of Theorem hold. In addition, with
€ € Ry as defined in Theorem suppose that

P[[23)) holds with x = X,
A p(Xg, Yk, Zi) > 0 where (Yy, Zy,) is computed to solve with © = Xy,
N €z 1s as small as required in Theorem
| Fiu AN Xy —as|| < €] >p forallk €N

for some universal constant p € (0,1]. Then, for any parameters f € Ry, and o € (0,1), if {Xi} converges
almost surely to x,, it holds with probability one that there exists an index K € N such that for all k € N
with k > K it holds with probability at least p that the computed solution (Y, Zy) of with x = X, yields
an active-set estimate defined by satisfying ./ZLP (Yi, Zi; Xi) = As. Thus, it holds with probability one
that A, will be identified infinitely often by the algorithm.

Proof. Under the stated conditions, it holds with probability one that there exists K € N such that for all
k € N with & > K the primal iterate has || Xy — .|| < €,. Consequently, the desired conclusion follows along
with the result of Theorem (.11 O

Our second setting, for identification through a primal step as presented in §4.2] requires that the LICQ
and strict complementarity hold at a strict local minimizer x,. These conditions may be seen as more
restrictive than only the MFCQ and second-order condition, as in the previous setting. However, this setting
does not necessarily require noise reduction in the function and derivative value estimates. In particular,
once an iterate sequence enters into a neighborhood of the local minimizer, accurate active-set identification
is achieved whenever the noise in the function and derivative values is sufficiently small. This is captured in
the following theorem, where we recall that for all k¥ € N the active-set estimate is obtained by solving the
QP , which yields the subproblem solution we denote as (Dy, Ry, Sk, Tk).

Theorem 4.4. Suppose that, with respect to (2), the conditions of Theorem hold. In addition, with
(€, €, €cr €V F, EVe, €ve, V) as defined in Theorem suppose

P[[23) holds with x = Xj, | Fi A || Xk — 24| < €5] = p for allk €N

for some universal constant p € (0,1]. Then, for any parameter 0 € Ry, and v > v, if {X}} converges
almost surely to x,, it holds with probability one that there exists an index K € N such that for all k € N
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with k > K it holds with probability at least p that the solution (Dg, Rk, Sk, Tk) of with x = X, s
unique and the active-set estimate defined by yields Aqp(Dy; Xi) = A«. Thus, it holds with probability
one that A, will be identified infinitely often by the algorithm.

Proof. Under the stated conditions, it holds with probability one that there exists K € N such that for all
k € N with & > K the primal iterate has || X} — .|| < €,. Consequently, the desired conclusion follows along
with the result of Theorem O

5 Numerical Results

The purpose of our numerical experiments is to demonstrate the behavior of the active-set identification
techniques analyzed in §4] in the context of a few test problems. We present the results of two sets of
experiments. Our first experiment focuses on two related two-dimensional test problems that allow us to
provide clear visualizations of active-set identification behavior in both deterministic and noisy settings.
Our second experiment focuses on behavior in the context of a larger-dimensional neural-network training
problem. We emphasize that any number of problems could be used to demonstrate the behavior of the
active-set identification methods from §4] each potentially leading to interesting conclusions about the two
techniques in general, the parameter choices for them, and so on. We chose our first experiment since two-
dimensional problems allow for nice visualizations, and we chose our second experiment since it involves the
problem of training of a neural network, which is a problem type of immense interest in modern optimization.

5.1 Visualization with Two-Dimensional Problems

Let us consider a pair of two-dimensional problems of the form

min f(z) s.t. ¢i(z) =23 — 22 <0 and ex(z) =27 + 22 — 3 <0, (39)

z€R?
where ¢; and z; for each i € {1,2} denote the ith component of the constraint function ¢ : R? — R? and
the ith component of the vector z € R?, respectively. (Since there are no equality constraints in , we
denote the constraint function simply as c.) The feasible region is thus the region in R? contained between
two parabolas, one upward-facing and one downward-facing. Let us also consider two objective functions
fi :R? 2 R and f5 : R? — R that are defined respectively as

fi(@) = (21 + 5)° + 422 — 3)?
and fo(z) = 4(z1 + 2)* + (22 — 1)*.

The problems to minimize f; and minimize fy, each subject to ¢(x) < 0, have convex feasible regions and
strongly convex objectives. Therefore, each problem has a unique solution, call it x, in each case. It is
straightforward to confirm that the problem to minimize f; subject to ¢(x) < 0 has one active constraint at
x4 such that A(x,) = {2}, and at x, the LICQ and strict complementarity hold. On the other hand, for the
problem to minimize fy subject to ¢(z) < 0, both constraints are active at x., i.e., A(x,) = {1,2}, and the
LICQ and strict complementarity hold at x,.

For each problem, we generated points in a grid around z,. For each point x in the grid, we solved
various instances of the LP-LPEC subproblem (with M < 108, B « 0.7071E| and o < 0.7) and the
QP subproblem (with v + 100 and 6 < 5) in order to determine active-set estimates, as described in
and respectively. For each problem, we first considered the deterministic setting, denoted as € = 0
(for zero noise). For each point in the grid, we determined whether the active-set estimate exactly matched
A(x.,) or not, yielding a value of 1 or 0, respectively. Then, for two noise levels, denoted by € € {1072,1071},

1This value of S was determined by choosing a point Z randomly within the grid and evaluating 8 <«
1/ max{||V f(Z)||co, ||c(Z)]|so, || Ve(T)||oo } in order to account for the scaling of the problem functions. We conjecture that
this may be an effective choice in practice.
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respectively, we solved 8 instances of each subproblem with noise added to the function and derivative values,
then determined the fraction of times that the active-set estimate exactly matched A(z,). This yielded a
fractional value between 0 and 1 for each point, where a value of 1 indicates that the active set was always
identified correctly. With respect to the noise, for each function value or component of a function or derivative
value, we added a number generated from a uniform distribution over the interval [—e, €].

The results associated with objective functions f; and fo are presented in Figures [l and [2| respectively.
In each case, one finds that for noise level 1072, the active-set identification at points near z, is relatively
robust to noise in the function and derivative values, as can be guaranteed by our theoretical results. On
the other hand, for noise level 1071, the active-set identification is less reliable, failing to identify A(z.)
in some cases. This is also consistent with our theoretical guarantees, since our theory requires that the
noise is sufficiently small in order to guarantee accurate active-set identification. Generally speaking, at
least for these test problems, the LP-LPEC approach identifies the active set correctly less often than the
QP approach when only one constraint is active at z,, and identifies the active set correctly more often
when both constraints are active, at least with our choices of the parameters 3, o, v, and 6. Naturally, the
behavior of the methods can vary with these parameter choices, so these comparisons do not necessarily hold
in general.

A notable observation about the heatmaps in Figures [I| and [2] is that, when the noise level is nonzero,
one should only assume that the errors in the function and derivative values are sufficiently small with some
probability such that active-set identification can be performed accurately, even within a small neighborhood
of z,. This is an empirical demonstration of the comments that we made in §4.3

5.2 Neural Network Training Problem

Now let us consider a constrained neural network training problem. The problem that we consider is one of
supervised learning of a prediction function that aims to predict, based on feature data for a given patient,
whether or not the patient is at high risk for developing heart disease. The constraints are designed to
ensure that the prediction function yields a higher probability of heart disease when the patient has a known
high-risk factor. We emphasize that the constraints that we impose are for demonstration purposes only,
and may not be ones that lead to better predictions in reality for this type of problem. That being said, the
problem that we consider in this section might represent the type of constrained supervised learning problem
that could potentially lead to better and more explainable prediction functions in the context of medical
diagnoses, as opposed to prediction functions obtained purely through empirical loss minimization.

Let {(a;,b;)}Y, be a set of training data, where for each i € [N] the value a; € R" is an ns-vector of
feature data for a given patient (including age, sex, and cholesterol level) and the value b; € {0,1} indicates
whether the patient eventually developed heart disease (indicated by b; = 1) or not (indicated by b; = 0).
In particular, let us suppose that for each ¢ € [N] the jth component of a;, namely, a;;, indicates the
patient’s cholesterol level. For the purposes of devising a tractable training problem, let us further suppose
that the N data points are separated into K groups, where the indices in N correspond to group 1, the
indices in N3 correspond to group 2, etc. (In this manner, one has that {N7,Ns, ..., Nk} are disjoint sets
and [Ni| + [N2| + -+ |[Nk| = N. In practice, the groups might be determined randomly or according to
certain features, such as age and/or sex.) Given a prediction function p parameterized by a vector z € R™
of trainable parameters—in our setting, defined by a neural network—and a loss function ¢, our problem of
interest can be written as

N
lI_Iel]iRI}L 2 L(p(x,a;),b;) s.t. max {—;fjj(m,ai)} <0 for all k € [K], (40)
where dp/0a. ; indicates the partial derivative of p with respect to the jth element of the input of the
neural network, which in our setting corresponds to cholesterol. Here, the objective function is a typical
one for empirical loss minimization that aims to maximize the accuracy of predictions on unseen data. The
constraints, on the other hand, aim to ensure that—all else being equal—an increase in a patient’s cholesterol
would increase (or at least not decrease) the prediction that the patient will develop heart disease. Rather
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Figure 1: Heatmaps for the problem to minimize f; subject to ¢(x) < 0 for noise levels e = 0 (deterministic),
1072, and 107!, respectively. The top row corresponds to the LP-LPEC approach based on computing
Lagrange multiplier estimates; the bottom row corresponds to the QP approach based on computing a
primal step. The value of the heatmap at each point indicates the fraction of times that the active set A(x,)
was identified correctly by solving a subproblem at the point. (The unique optimal solution z, is indicated
by a black dot.) In the case of positive noise levels, the value was determined as a fraction over 8 randomly
generated subproblem instances.
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Figure 2: Heatmaps for the problem to minimize fs subject to ¢(z) < 0. The details are the same as stated
in the caption for Figure
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than impose a constraint for each data point, which may lead to an intractable problem in large-scale settings,
a constraint is imposed for each group in the data set. It should be noted that the maximum function is
nonsmooth, and in practice one could impose a smooth constraint through a smoothed approximation of the
maximum function. However, for our experiments we did not smooth the functions since (a) we were able to
solve the problem to sufficient accuracy despite nonsmoothness in the constraint functions and (b) it is often
the case in modern practice that algorithms employed for neural network training ignore nonsmoothness due
to maximum functions, as with rectified linear unit (ReLLU) activation.

We acquired a data set of 1025 data points with each point having ny = 13 features [23]. For the
prediction function p, we used a neural network with one hidden layer with 6 nodes and tanh activation.
Including both neural network edge weights and bias terms as trainable parameters, this led to a problem
with 91 variables. For the loss function we used the log-loss function. The data was split initially into training
and testing data according to cholesterol level; in particular, we sorted the data points by cholesterol and
used the top 20% according to cholesterol as the testing data. In this manner, training was conducted on
those with lower cholesterol and testing was conducted on those with higher cholesterol. As an interesting
side-note to our study of the behavior of active-set identification strategies, the idea here was to test the
effect of training without the highest-cholesterol individuals in order to see if the presence of the constraints
in was able to improve the predictions on the testing data.

The training data was split into 10 groups in order to define a set of 10 constraints. We began our experi-
mentation by employing an implementation of an L-BFGS method with a backtracking Armijo line search in
order to minimize the objective of , without any constraints. This resulted in an approximate stationary
point—we used a threshold of 10~ for the norm of the gradient—with a maximum constraint function value
of 1.1e+03; i.e., it resulted in a point that was infeasible for the constraints in . Corresponding to this
point, the training accuracy was determined to be 92.4% while the testing accuracy was determined to be
78.5%.

We then employed the same L-BFGS method to minimize a quadratic penalty function corresponding to
with a penalty parameter of 1e+02; see [28] for further details on penalty methods. With a tolerance
of 10~ for the norm of the gradient, this resulted in a feasible point for . Corresponding to this point,
the training accuracy was determined to be 89.0% while the testing accuracy was determined to be 83.9%.
This demonstrates a case in which the presence of the constraints during the training process was able to
improve testing accuracy by over 5%.

In terms of active-set identification, we considered the final iterate of the algorithm to minimize the
quadratic penalty function as a solution estimate. At this point, in order to determine the estimated optimal
active set, we employed the active-set identification techniques from §4]to solve both an LP-LPEC subproblem
and a QP subproblem at z,. Here and throughout the remainder of these experiments, we employed the
parameters M < 108, 8 < 10712, o < 0.7, v + 10%, and 0 < 5.) These both led to the same active set
A(z.) = [10], i.e., all constraints being active.

We studied the behavior of the active-set identification techniques from §4] by following the sequence of
iterates in the L-BFGS method for minimizing a quadratic penalty function, as described previously. At
each iterate, Figure [3| shows the number of correctly identified active constraints by the LP-LPEC and QP
approaches when there is no moise in the function and derivative values used to define the subproblems
for each approach. One finds that the LP-LPEC approach identifies the correct active set even in early
iterations. We found this to be due to the fact that the iterates are consistently points where all constraints
are violated. Combined with the fact that the right-hand side of the inequality in is always negative, this
demonstrates a situation in which the LP-LPEC approach is lucky always to identify violated constraints as
being active at the optimal solution. The QP approach, on the other hand, does not identify the optimal
active set until the iterates are closer to z,. That said, it should be emphasized that both the LP-LPEC
and QP approaches correctly identify the optimal active set in all later iterations.

To observe the effect of noise in the function and derivative values on active-set identification, we ran
the algorithm with exact function and derivative values, but at each iterate we generated 10 different sets
of noisy objective and constraint function and derivative values for active-set identification by sampling the
data defining the objective and constraints. In particular, at each iterate, we used a random batch of data
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Figure 3: Over the iterates of an algorithm to solve , the number of correctly identified elements of the
optimal active set by the LP-LPEC approach (left) and the QP approach (right) when there is no noise in
the function and derivative values.

points with batch size equal to 32 in order to evaluate the function and derivative values employed in the
subproblems for active-set identification. (We ran the code with other similar batch sizes and the results were
qualitatively similar to those presented here.) The results are shown in Figure @r where for each iteration
index we plot the average number of correctly identified active constraints over the 10 different batchings
that were generated. One finds that the LP-LPEC approach does a poorer job (compared to the results in
Figure|3)) of identifying the optimal active set in earlier iterations, but it still identifies the optimal active set
correctly in later iterations. The QP approach, on the other hand, happens to do a better job (compared to
the results in Figure [3) of identifying the optimal active set in later iterations. We found this to be due to
the fact that the noisy function and derivative values more often caused the QP solution to have linearized
constraint values to be positive (see (38))), which caused more constraints to be predicted to be active.
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Figure 4: Over the iterates of an algorithm to solve , the number of correctly identified elements of the
optimal active set by the LP-LPEC approach (left) and the QP approach (right) when there is noise in the
function and derivative values.
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As for the experiments in the behavior of the methods can vary with different problems and pa-
rameter choices, so these specific comparisons do not necessarily hold in general. That said, the important
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thing is that we observe accurate active-set identification in later iterations for both the LP-LPEC and QP
approaches.

6 Conclusion

We have shown that state-of-the-art techniques for active-set identification when solving constrained con-
tinuous optimization problems can also be employed in contexts when function and derivative values are
corrupted by noise. In particular, our theoretical guarantees show that when a point x is sufficiently close
to a local minimizer xz, and the noise in the function and derivative values is sufficiently small, one can
predict the active set at x, correctly by solving two different types of subproblems defined at the point x.
We have also shown how such techniques can be employed to offer active-set identification guarantees in the
context of a stochastic algorithm for solving constrained continuous optimization problems. We have also
provided the results of numerical experiments that demonstrate the behaviors of these techniques on a pair
of illustrative problems and a neural-network training problem.

Interesting follow-up investigations to our work in this paper include studying how active-set identifica-
tion techniques can be employed within noisy and stochastic algorithms for solving constrained continuous
optimization problems both for computing certain types of primal search directions and for more accurate
Lagrange multiplier estimation. For example, one may consider whether, despite noise in problem function
and derivative values, one can design algorithms with convergence guarantees that operate by (a) estimating
the active set, then (b) computing each search direction with respect to the estimated active set, as has been
done in the deterministic setting [10,[9]. It would also be interesting to investigate how, e.g., the theoretical
guarantees for Lagrange multiplier estimation presented in [12] (for the case of equality constraints only) can
be extended to the setting of an algorithm for solving inequality-constrained problems. This may involve
employing the active-set identification techniques and theoretical guarantees from this paper in order to
provide guarantees for optimal Lagrange multiplier estimation.
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