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Abstract

We discuss how to apply the scientific method to algorithm design to develop practical
algorithms with a solid theoretical understanding of their performance. The process forms
a feedback loop that combines theoretical design and analysis, implementation, experimen-
tation, and analysis of experimental results. This analysis can provide insights for further
improving algorithm performance, both in theory and in practice. The scientific method helps
mitigate the shortcomings of theoretical analysis and experimental evaluation when conducted
in isolation. We focus on closing the feedback loop by giving a theoretical explanation for the
experimental results. We also discuss how to keep the research relevant to practice by using
real-life instances.

1 Introduction

In this paper we discuss algorithm science, by which we mean the use of the scientific method in
developing practical algorithms whose behavior we understand. The scientific method is widely
used in many disciplines, in particular in the natural sciences. Before becoming a central part
of computer science, algorithms were formalized by mathematicians, implemented on hardware
designed by engineers, and used by practitioners with mathematical, scientific, engineering, and
operations research backgrounds. These communities brought somewhat different perspectives on
algorithms.
Hoare [34] gives a mathematician’s view of algorithms (programs):

Computer programs are mathematical expressions. They describe, with unprecedented
precision and in the most minute detail, the behavior, intended or unintended, of the
computer on which they are executed.

We take the computer science view of algorithms, where the relationship between programs and
the application domain is preserved, as observed by Colburn [16]:

In each of these accounts of mathematics, all concern for the content or subject matter
of specific terms is abandoned in favor of the form of the deductive system. So the
abstraction involved results in essentially the elimination of content. In computer
science, the content is not totally abstracted away in this sense. Rather, abstraction
in computer science consists in the enlargement of content. For computer scientists,



this allows programs and machines to be reasoned about, analyzed, and ultimately
efficiently implemented in physical systems.

Preserving the real-world content implies that, in addition to the formal analysis, we must evaluate
algorithm performance in the real world. This includes implementing the algorithms and running
them on real-life instances.

Theoretical design and analysis of algorithms is a well-established discipline. One develops
algorithms and analyzes them in a formal model of computation using mathematical tools to
obtain upper and lower bounds on the complexity of the resulting algorithms. See, e.g., [17].
We express the bounds using the “O” or “€2” notation. The bounds are usually worst-case. In
some cases, we have average-case bounds for simple input distributions. However, we usually do
not know what the real input distribution is. Theoretical analysis is machine-independent, but
ignores constant factors.

To have real-world impact, algorithms need to be implemented and evaluated on real-life
instances. For a given application, we also need to model the corresponding instances. The goal
of this evaluation and modeling is to predict algorithm performance.

One caveat is that many problems arising in computer science and operations research have
a human-defined component. In addition to fundamental problems, real-life problems may have
human-defined features. Examples of the former are the halting problem and sorting. Definitions
of these problems do not depend on the application domain. The vehicle routing problem [24]
is an example of the latter. For example, government regulations and operational requirements
define driver constraints. Different regions may have different regulations (e.g., EU vs. North
America), and these regulations change over time. If autonomous trucks are deployed in the
future, they will operate under different constraints. The underlying problem will change and
may require substantially different algorithms. Problems related to data center optimization are
another example. Data centers are human-made, and their architecture is under our control.
Another issue related to algorithm implementation is computer hardware. It also evolves, and
new architectures may require different algorithms (e.g., taking advantage of GPUs).

To future-proof algorithms, we need to understand their performance, including its dependency
on features such as problem size and other parameters, and problem structure. We also need to
anticipate future problems and enable their algorithmic solutions. Therefore, we need to predict
future problems, in particular, to identify future problem features and parameters.

Much of the experimental work on algorithms falls into two categories. One is to run one
or more algorithms on a set of benchmarks and report the results. If the set of algorithms
used includes the state-of-the-art code, the results are useful for future applications that involve
similar problem instances. Such an experimental evaluation may also be part of a broader study
that includes an analysis of the results and a better understanding of the problem complexity.
Note, however, that a study that involves running a bad algorithm on arbitrary instances is of
questionable value.

Another approach to experimental evaluation [35, 47, 48] is to measure algorithm dependency
on the size and the parameters of the problem. This approach takes a mathematical view of
algorithms. In particular, to speed up the process of algorithm implementation, the authors of [35,
47] advocate using non-optimized implementations or simulations in combination with operation
counts. The goal is to model algorithm performance as a function of the parameters. However,
such studies often do not include real-life instances and do not produce efficient implementations.
Hooker [35] criticizes developing optimized implementations and comparing them on real-life



instances. The results involving slow implementations cannot be applied to practice without
producing efficient implementations, which involves significant work. Furthermore, due to the
limitations of theory, in real life the optimized implementations may not perform as predicted.

These experimental evaluation approaches evolved into the discipline of algorithm engineer-
ing [55], which focuses on developing efficient algorithm implementations and testing them on
both real and synthetic instances. In this paper, we review some of the algorithm engineering
practices and discuss how these can be modified to better fit the scientific algorithm development
approach.

While both the theoretical and the experimental approaches have their merits, they can be
combined using the scientific metod. The interaction of the two approaches allows one to mit-
igate their shortcomings. In addition to observing performance on real instances, one needs to
collect additional data that can help in understanding algorithm performance, identifying perfor-
mance bottlenecks, and determining the parameters affecting performance. One can use synthetic
instances to better understand parameter dependence.

Even if the authors of the experimental study are only interested in performance, the addi-
tional data can be used by others to provide a theoretical explanation for the observed behavior,
which may help improve the algorithms. In algorithm research, the methodology of reading ex-
perimental papers and analyzing the data to provide a theoretical understanding of the results is
not as common as, for example, in physics. Wider use of this methodology will make theoretical
algorithm research more relevant.

Many studies of algorithms use the scientific method implicitly. In this paper, we emphasize
the need for experimental work to generate data that can be used to obtain theoretical results,
and for subsequent data analysis to obtain such results. We focus on the interaction between
experimentation and theoretical analysis. Most examples we use are from our work on shortest
path and related problems, where we know the conjectures made and can make them explicit.
We give examples of new theoretical results and practical algorithm speedups obtained from the
analysis of the experimental data. This illustrates the main benefit of the scientific method.

2 Preliminaries

In this paper, we discuss algorithm performance and heuristics. By performance, we mean the
running time, unless mentioned otherwise. By a heuristic we mean an algorithmic enhancement
that has no theoretical justification but may lead to practical improvements. Under this definition,
if the enhancement gets a theoretical justification, it ceases to be a heuristic.

We use examples from papers on the shortest path problem, the closely related negative cycle
detection problem, and the special case of the shortest path problem on road networks. We
assume the reader is familiar with the shortest path problem; Tarjan’s book [60] gives a good
introduction.

Most of the previous work follows the scientific method implicitly, without explicitly stating
conjectures to be verified. In this paper, we spell out the conjectures, emphasizing the scientific
approach. To conduct an experimental study, one starts with a conjecture the study aims to
verify. This determines the requirements for the experimental part of the study, including the
benchmarks and the codes to be compared, and the level of code optimization. For example, one
can conjecture that a new algorithm with a better theoretical time bound outperforms previous
codes on a certain problem class. Then one needs the corresponding benchmark, the previous



state-of-the-art code, and an implementation of the new algorithm. The collection of benchmark
instances and codes forms an experimental framework.

After setting up the experimental framework, one runs experiments, which should produce
enough data for statistically valid conclusions. Note that initial experimental results may give
feedback for improving the framework. For example, if algorithm running times have a large
variance, one may need more instances.

The results of the experiments are analyzed to gain insight into algorithm performance. For
example, one can identify the real-life bottleneck, e.g., using profiling. If it is different from
the theoretical bottleneck, one may investigate the new bottleneck. A natural research direction
would be to attempt to modify the algorithm to mitigate the bottleneck. Alternatively, one
can attempt to prove that on the class of benchmark instances used, the observed bottleneck
is also a theoretical bottleneck. Sometimes a deep dive into the experimental results may lead
to a better understanding of algorithm performance, including theoretical or practical algorithm
improvements. This is one of the main benefits of the scientific method.

3 Planning an Experimental Study

The goal of an experimental study is to test a conjecture and collect data on algorithm performance
that may be used in a subsequent theoretical analysis of the results. A conjecture can be, for
example, “a new algorithm implementation can outperform existing codes on a benchmark”, or “a
heuristic improves algorithm performance”. Note that conjectures can be implicit. For example,
a study may disprove a folklore belief that the authors had implicitly assumed to be true. The
design of an experimental study needs to ensure well-justified results and facilitate subsequent
analysis of the data.

The conjecture influences the selection of test instances. If a study focuses on a specific appli-
cation, one needs a representative set of application-generated instances. To evaluate algorithm
dependence on an input parameter, the test set needs instances with different values of the pa-
rameter. If no real-life instances with the desired properties exist, one may need to use synthetic
instances.

The conjecture also determines which algorithms need to be implemented and how much
to optimize the code. If one aims to outperform the current state-of-the-art code, significant
optimization may be needed. One also has to include all competing methods that are not known
to be dominated on the benchmark instances. If one only wants to show that a heuristic reduces
the number of certain operations, there may be no need for optimization.

Note that an experimental study plan is not static. Experiments may show the need for
additional experiments or suggest new ideas for further experiments or algorithmic improvements.

4 Benchmark Problem Selection

4.1 Real-Life Instances

Real-life instances are the key to keeping algorithmic research relevant in the real-world context.
Selecting the set of test instances depends on the scope of the study. If the study is limited to
an existing application domain, one may use existing benchmarks. If the application domain is
evolving, one needs to make sure the benchmarks are up to date.



Companies often view their data as proprietary and limit or deny external access to it. In
some cases this is justified, for example, by personal user data or trade secret protection. In other
cases, the decision is due to the unwillingness to take the risk.

In many cases, production data can be modified to hide proprietary or user data. If algorithms
behave similarly on the original and the modified instances, these instances can serve as proxies
for production instances. For example, while employed by Microsoft and working on routing
algorithms for road networks [20], we observed that turn penalties have a significant effect on
algorithm performance, and different algorithms are affected by substantially different amounts.
We used proprietary data that we could not share. However, we showed that adding a one-minute
U-turn penalty to publicly available road network data reproduces the phenomena observed in
the proprietary data. This allows other researchers to replicate our results and study the effect
of turn penalties.

Data availability makes academic research more relevant to real-world applications. It also
allows industry to easily evaluate academic results and build on the community’s work, since
researchers will develop algorithmic techniques for problems that matter to industry. Making
production data publicly available therefore benefits both industry and academia.

Generalizations and Special Cases. Given a real-life problem instance, one can add, remove,
or relax some constraints to obtain new instances. For example, one may study how a constraint
affects the problem complexity.

Simplified instances may have a different complexity, and one needs to justify their use. Aca-
demic studies sometimes focus on a clean version of the problem, ignoring “ugly” or unavailable
real-life constraints. Studying simplified problems can lead to insights into the original prob-
lem, but extending these insights to real problems and verifying their effectiveness may require
significant work.

Derivative instances. Derivative instances modify data from one domain to obtain a prob-
lem in another domain. For example, one can take a graph of social network connections, add
arc lengths and a source, and obtain a shortest path problem instance. If such instances give
new insights into algorithm performance, their use is justified even though they are not real-life
instances. Having the original instances available, and understanding their structure, makes the
derivative instances easier to use.

Domain expertise. Maintaining and updating benchmark instances relevant to evolving appli-
cations requires domain expertise. An expert knows the current problem sizes and the appropriate
modeling assumptions. An assumption that seems reasonable to a non-expert may not hold in
practice. For evolving applications, benchmarks need to be kept up to date using expert knowl-
edge.

4.2 Synthetic Instances

Synthetic instances can be used to supplement the real ones. In particular, they allow control
over problem parameters, which is useful for studying parameter dependence. For example, we
can increase the number of vertices in the graph while keeping the degree constant. We can also



adjust several parameters simultaneously; for instance, we can increase the number of vertices n
while setting the degree to /n.

The choice of parameters to investigate is guided by an understanding of the algorithms for
the problem. For example, the analysis of the Bellman-Ford shortest path algorithm [10, 43,
50] shows that the number of passes of the algorithm is bounded by the depth of the shortest
path tree, and each pass takes linear time. This suggests that the tree depth is an interesting
parameter.

One of the synthetic instance generators used in [13] is a grid generator. A grid graph has Y
layers L; of size X, and a source vertex s. The source is connected to every vertex in the first
layer. Vertex i in layer j < Y is connected to vertex ¢ in layer j + 1. The vertices of each layer
form a bidirectional cycle. Arc lengths are chosen independently and uniformly at random from
the interval [0, 10000]. Note that the expected depth of the shortest path tree grows with Y. As
the graph size grows, fixing Y gives wide grids, and fixing X gives long grids. The expected tree
depth is small in wide grids and large in long grids. In Section 7, we show that these problem
families yield interesting results.

When Dijkstra’s algorithm [21] is implemented with certain data structures, such as k-heaps [64],
its time bound depends on the heap size during execution. The grid problem families are also
useful for investigating this dependence. For wide grids, the heap is large during most of the
execution; for long grids, it is small. We discuss this further in Section 7.

Other interesting classes of test instances are what we call algorithm separators: classes on
which competing algorithms perform very differently. For example, [13] shows that acyclic graphs
with negative arc lengths separate the Bellman-Ford algorithm from the algorithms of Pape [52]
and Pallottino [51]. Note that acyclic graphs with negative arc lengths arise naturally in PERT [62,
63] applications.

Problem transformations are another source of test instances. Even simple transformations
can have a significant effect on performance. For example, a common assumption for path-finding
algorithms is that every vertex is reachable from the source. For shortest path problems, one can
ensure this by adding a new artificial source vertex and connecting it to all original vertices by
arcs. The arc to the original source has length zero, and the other new arcs have a large length:
the sum of all original positive arc lengths. Although the two problems are equivalent, we will
see that the transformation affects different algorithms differently.

Algorithm expertise. Determining which synthetic problems may give significant insight into
algorithm performance requires a good understanding of the problem and the algorithms for it.
Take, for example, the problem of factoring a product of two primes. This problem is believed
to be computationally hard, and this assumption underlies the security of the RSA encryption
scheme [53]. Now consider a problem family consisting of products of two consecutive primes. A
non-expert may think that this problem is also hard. However, someone familiar with number
theory and primality testing algorithms can easily see that the problem is solvable in polynomial
time under standard number-theoretic conjectures.



5 New and Competing Codes

5.1 Competing Implementations

When prior experimental work on the problem exists, the authors should identify the best available
codes and include them in their study, using the best parameter settings for the benchmark set.
If no single previous code dominates, the authors should include all codes that are not dominated
by another existing code.

Previous codes may be available in one of two forms. For a black-box code, only the executable
is available. We can time it and examine its output, which may or may not include additional
performance data. Alternatively, the source code may be available. In that case, we can add
instrumentation for performance analysis (e.g., operation counts).

Some experimental work is done in industry using proprietary code that is not publicly avail-
able. Authors publishing such work should include results on a good publicly available benchmark
dataset, along with machine calibration experiments. This allows follow-up studies to make indi-
rect comparisons with the proprietary code.

5.2 New Algorithm Implementation

For many experimental studies, new algorithm implementations need to be optimized. This
is especially important if the goal is a state-of-the-art code and technology transfer to a user
community—the gold standard of successful algorithm research. In some sense, an algorithm is
not fully specified without its implementation details. Poor implementations may lead to wrong
conclusions about the performance of the underlying algorithm.

Hooker [35] claims that careful implementation “diverts time and resources from productive
investigation.” One can sometimes rule out algorithm variants without implementing them care-
fully, for example by using operation counts [48]. However, optimizing sophisticated algorithms
requires algorithm engineering skills, which are orthogonal to software engineering skills. Work-
ing with several product teams in different companies, the author has seen slowdowns of one to
two orders of magnitude when software engineers productized algorithm prototypes, even when
the prototype had been implemented in the same environment. Regaining the lost performance
required a deep dive into the code by the prototype’s creators.

Modern languages come with extensive libraries implementing various primitives. Analyzing
experimental results may require a good understanding of library implementation details, since
library implementations can create performance bottlenecks or cause unexpected behavior. An-
other reason to limit library use is reproducibility: a change in a library’s implementation may
change the algorithm’s performance.

6 Reducing Dependence on Imlementation and Architecture De-
tails
Algorithm performance depends on implementation details and computer architecture. Machine

and implementation-independent performance measures help to separate algorithm behavior from
these factors, which helps to analyse the data.



6.1 Operation Counts

Operation counts are one way to abstract away from implementation details. If one can identify
operations whose count strongly correlates with algorithm performance, then these counts should
be used to supplement running times.

Consider, for example, the generic scanning method for the single-source shortest path prob-
lem [60]. For algorithms that use a simple queue, stack, or deque to order the operations, vertex
scans are the bottleneck, and the scan count is a very good measure of performance. Note that
if one uses some other algorithm as a subroutine to find the shortest path tree and then scans
vertices in topological order with respect to the tree, each vertex is scanned at most once. How-
ever, in this case the subroutine is the bottleneck, and the scan count is not a good performance
measure.

6.2 The Use of Lower Bounds

Sometimes one can use upper or lower bounds to gauge the quality of algorithms. For example,
for a non-exact minimization algorithm, one can compare its result with a lower bound to bound
how far the value is from the optimum. If the optimal value is available, one can use it as the
lower bound. For hard problems with no known optimal solution, one can use the optimal value of
a relaxed problem. An example is the Held-Karp lower bound [32, 33| for the traveling salesman
problem.

One can also use lower bounds on the running time. For example, the paper [1] studies distance
oracles for road networks. Given a pair of vertices in the network, a distance oracle query returns
the distance between them. One can argue that the time of a lookup in a precomputed table of
all pairwise distances is a lower bound on the running time of any such algorithm. The fastest
algorithm studied in [1] answers queries, on average, within a factor of about 5 of the table lookup
time.

7 Analyzing the Results

In order to understand and explain the data, one needs to analyze the results. In this section, we
discuss some of the common approaches to the analysis.

7.1 Regression Analysis

To predict how algorithm performance scales with the problem size, one can use regression analy-
sis [49] to fit an algorithm running time on a problem family with a function. For example, Ahuja
et al. [3] conclude that on several problem families, an implementation of the push-relabel algo-
rithm [28] runs in O(n'®) time, where n is the number of vertices in the input graph. Regression
analysis is useful, but one has to be aware of the potential pitfalls.

To predict how algorithm performance scales with problem size, one can use regression analy-
sis [49] to fit a function to an algorithm’s running time on a problem family. For example, Ahuja
et al. [3] conclude that on several problem families, an implementation of the push-relabel algo-
rithm [28] runs in O(n'*®) time, where n is the number of vertices in the input graph. Regression
analysis is useful, but one has to be aware of its potential pitfalls.



When evaluating polynomial-time algorithms, authors usually fit a simple function, e.g., an®.

The implicit assumption is that, over the range of problem sizes in the study, the highest-order
term dominates. However, this assumption often remains unverified. If the resulting growth rate
is lower than the worst-case one, it is possible that a lower-order term dominates for the problem
sizes studied. To check whether this is the case, one needs to run the code on problems much
larger than those used for the regression analysis. This may be impractical if larger instances
cannot be solved in reasonable time. However, one can still use the regression to predict running
times for the problems sizes that can be solved. If solving larger problems becomes feasible, one
can redo the regression analysis.

Another issue is that architecture and implementation details can affect performance differ-
ently for different problem sizes. For example, small problems may fit in cache, while the memory
footprint of large problems may greatly exceed the cache size. This can make the same opera-
tion much faster on a small problem than on a large one. Therefore, small instances should be
excluded from the regression. If a machine-independent operation count closely correlates with
the algorithm’s running time, one can fit the operation count instead of the running time. Then,
to make practical running time predictions, one needs a way to translate operation counts into
running times.

7.2 Conjecture Verification

After running experiments, one needs to check whether the conjecture has been verified. For a
well-chosen conjecture, at least one of the outcomes has to be interesting a priori. We can always
state the conjecture so that the positive outcome is interesting. The negative outcome may or
may not be interesting. An example of an interesting negative outcome involves the ellipsoid
method [41], the first polynomial-time algorithm for linear programming. The mathematical
programming community expected it to outperform the simplex method [19]. Although this
conjecture was disproved [11, 30], the outcome brought into the mainstream the fact that a better
worst-case bound does not necessarily imply better practical performance.

The motivation for our study of shortest path algorithms [13] came from multiple papers
claiming that several heuristics with poor theoretical time bounds (e.g., those of Pape [52] and
Pallottino [51]) outperform theoretically more efficient algorithms. We conjectured that these
heuristics were not robust, in particular compared to the Goldberg-Radzik algorithm [27]. We
also conjectured that for non-negative arc lengths, a proper implementation of Dijkstra’s algorithm
is more robust than these heuristics.

We confirmed the conjecture that Pape’s [52] and Pallottino’s [51] heuristics are not robust.
For example, these heuristics perform poorly on acyclic graphs with negative arc lengths. Further
evidence that these algorithms are not robust came from experiments in which an artificial source
was added. This affected the performance of Pape’s and Pallottino’s heuristics much more than
that of Dijkstra’s algorithm. These heuristics rely on the order in which vertices are discovered,
and adding the artificial source changes that order. On grid graphs, their performance changes
from linear to highly superlinear. The two heuristics were the fastest on the original grid problems
and the slowest on the modified ones.

Next, we discuss the performance of Dijkstra’s algorithm. As we mentioned in Section 4,
the benchmarks used in [13] include wide and long grids. Results for these families support the
conjecture that the running time of the Bellman-Ford algorithm is strongly correlated with the



depth of the shortest path tree, and the running time of Dijkstra’s algorithm is correlated with
the heap size. For wide grids, the expected tree depth is constant, and Bellman-Ford runs in
expected linear time. The heap size on wide grids grows asymptotically, so Dijkstra’s algorithm
runs in superlinear time and is asymptotically slower than Bellman-Ford, both in theory and in
practice. For long grids, the tree depth is linear, and Bellman-Ford runs in superlinear time. The
expected heap size is small, and Dijkstra’s algorithm asymptotically outperforms Bellman-Ford.

In search of a robust implementation of Dijkstra’s algorithm, [13] compares several implemen-
tations and shows that the R-heap and two-level bucket implementations are more robust than
the k-heap implementation. The data structure operation bounds for the first two implementa-
tions depend on |C], the largest absolute value of an arc length, but not on n. The two-level
bucket implementation was, overall, the best code for problems with non-negative arc lengths.
While the running time of the k-heap implementation is superlinear on many problem families,
the bucket-based implementations exhibit near-linear performance. This motivated a subsequent
study [14], which developed a bucket-based data structure with improved theoretical bounds and
even more robust practical performance. A later theoretical result [26] shows that a variant of the
multi-level bucket algorithm runs in expected linear time if arc lengths are drawn independently
from a natural probability distribution.

We also compared the performance of Dijkstra’s algorithm on grid graphs with and without an
artificial source. The conjecture was that adding the artificial source would slow down the k-heap
implementation. This is because the initial scan of the artificial source adds every original vertex
to the heap, which then contains all unscanned vertices at all times, leading to the worst-case
heap size. Experiments confirmed the conjecture. On the original long grids, Dijkstra’s algorithm
runs in linear time; adding the artificial source results in superlinear behavior.

7.3 Real-Life Bottlenecks

Most real-life instances are much easier than worst-case analysis suggests. An experiment should
attempt to determine the real bottleneck of an implementation. Sometimes this bottleneck differs
from the worst-case bottleneck. In such cases, one may improve practical performance by focusing
on the real bottleneck.

For example, non-saturating pushes are the theoretical bottleneck of the push-relabel method
for the maximum flow problem [29]. The dynamic tree data structure [58] improves the worst-
case bound by performing multiple non-saturating pushes in a single tree operation. In practice,
however, the number of non-saturating pushes is of the same order of magnitude as the number of
saturating pushes, so they are not the real bottleneck. Moreover, a typical dynamic tree operation
performs too few pushes to offset its overhead. As a result, dynamic trees hurt the algorithm’s
practical performance [5].

7.4 Implicit Assumption Violations

When analyzing the data, one needs to check whether the results align with current folklore
beliefs, which are usually implicitly assumed to be true. If there is a conflict, one has identified a
violation of an implicit conjecture. Such findings improve the understanding of the problem.
Given a weighted graph and a source vertex s, the classical shortest path problem is to find
either shortest paths from s to all other vertices or a negative-length cycle reachable from s. Until
the mid-1990s, most experimental studies focused on instances with no negative cycles. While

10



some algorithms, e.g., [18, 27], have a built-in cycle-detection mechanism, the classical Bellman-
Ford algorithm [10, 43, 50] needs to be augmented to find cycles. Multiple experimental studies
on instances with no negative cycles concluded that Bellman-Ford performs poorly. Because
augmenting the algorithm requires it to perform additional work, the folklore belief was that such
augmentations only slow the algorithm down.

In [12], we conducted a study of negative cycle detection algorithms. Based on the folklore and
the fact that Bellman-Ford performs poorly in the absence of negative cycles, we conjectured that
the algorithm would also perform poorly in the context of negative cycle detection. In particular,
we expected it to perform much worse than the Goldberg-Radzik algorithm. Despite this ex-
pectation, we included in our study all cycle-detection strategies for the Bellman-Ford algorithm
that we were aware of, because no experimental study had confirmed their poor performance. All
but one of these strategies performed poorly. However, Tarjan’s subtree-disassembly augmenta-
tion [61] greatly improved the practical performance of Bellman-Ford, even on instances with no
negative cycles. On many problem families, the improvement was asymptotic, and the modified
algorithm was competitive with the Goldberg-Radzik algorithm. This disproved our conjecture
about the poor performance of the Bellman-Ford algorithm.

Our analysis explained the performance improvement. The variant of the Bellman-Ford algo-
rithm we implemented [60] uses a FIFO queue to maintain the vertices that need to be scanned.
During subtree disassembly, some vertices are removed from the queue. The removed vertices
have the property that their current distance estimate is incorrect: it is greater than the true
distance. Scanning a vertex with an incorrect distance estimate is wasteful, because the vertex
will be scanned again once its estimate improves. Furthermore, scanning such a vertex may cause
its neighbors to be added to the queue with incorrect estimates. Therefore, removing a vertex
with an incorrect distance estimate can eliminate many wasteful scans. Scan counts confirmed
that the augmented algorithm performs fewer scans.

When we worked on [12], the Bellman-Ford algorithm had been known for over four decades
and was standard textbook material. The subtree-disassembly technique had been known for
almost two decades but was considered to be of purely theoretical interest. Our work showed that
the subtree-disassembly version of this classical algorithm is the one to implement and to teach,
due to its improved performance and integrated negative cycle detection.

8 Example: Road Network Routing

The problem of finding shortest paths in road networks (road network routing) is a special case
of the shortest path problem, motivated by navigation systems. Since road networks do not
change often, in this application we can preprocess them to facilitate fast queries. This problem
has received considerable attention; see [8] for a survey. Extensive research has reduced query
times from seconds to microseconds while maintaining realistic preprocessing times. The work
on this problem is a good example of the scientific method in action, with multiple contributions
made by several groups of scientists over a long period of time. Initial experimental work led
to increasingly fast algorithms and implementations. These algorithms take advantage of the
hierarchical structure of road networks [31, 54, 7, 25] or the fact that road networks partition
well [46, 20]. Some of the algorithms were adopted by industry. Then came theoretical work that
explained many of the experimental observations. These theoretical results have since been used
to develop efficient algorithms for other problems on road networks.

11



Another approach is based on the hub labeling (HL) algorithm of Cohen et al. [15]. Abra-
ham et al. [1] gave an efficient implementation of HL for road networks. Subsequent work sped
up the algorithm [37, 59] and produced theoretical results on the complexity of the underlying
problem [45]. The work on efficient hub labeling algorithms had an impact beyond road network
routing: later research showed that the algorithm also works well on “complex” networks. This
line of research, which started with [4], includes multiple papers; see [44] for a survey.

While fast algorithms for road network routing had a major practical impact, there was
no theoretical analysis of these algorithms, because there was no mathematical model of road
networks. Abraham et al. [2] developed such a model and introduced the notion of highway
dimension (h). They conjectured that h is small for road networks. For the hub labeling [15],
contraction hierarchies [25], and transit node routing [7] algorithms, they obtained query time
bounds that are linear in A and logarithmic in other network parameters. Follow-up research
uncovered a relationship to VC-dimension [38] and gave an alternative model of road networks [42].
Although it was developed in the context of road network routing, highway dimension has been
used to design theoretically efficient algorithms for other problems on road networks, such as the
traveling salesman, Steiner tree, vehicle routing, k-means, and facility location problems [9, 22,
23, 39]. This is an example of experimental results leading to a better understanding of a problem,
which in turn leads to new theoretical results.

9 Concluding Remarks

Many modern algorithms and applications are quite sophisticated, and high-quality experimental
studies may require significant resources. We discussed how making these studies part of the
scientific method loop leads to better and more practical algorithms. We would like to highlight
the following points:

e An experimental study should explicitly state the conjectures that it aims to verify.
e The experiments should be designed to produce data that may give insight into the problem.
e The resulting data should be used in subsequent theoretical analysis.

e Real-life instances should be used to keep research connected to practice.

The current rapid advances in Al can help both algorithm engineering and scientific evaluation.
AT assistants can help with coding (e.g., [6]). Machine learning can automate parameter tuning
(e.g., [36, 57]) and algorithm selection (e.g., [40]). Machine learning and Al agents are also being
used to aid algorithm design (e.g., [56, 65]). From the late 1950s to the late 1970s, advances in
compiler optimization led high-level programming languages to largely replace assembly language.
Similarly, advances in Al may eliminate the need to code algorithms manually. An Al-based
system would take a sufficiently detailed textual description of a new algorithm, along with
previous implementations, and produce an efficient implementation. A companion system could
then conduct an experimental evaluation of the new algorithm. This would greatly accelerate the
algorithm design cycle.
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