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Abstract. We consider the optimal control problem of an elliptic PDE with random diffusion
under pointwise box constraints on the control. The constraints make the optimality conditions
nonsmooth, with an active set that is not known in advance, and the random diffusion couples the
state and the adjoint across all stochastic modes. To design a solution algorithm for this problem,
we rely on the Fenchel duality viewpoint. Fenchel duality absorbs the box constraint into the ob-
jective and yields an exact reduced problem in the elliptic adjoint variable alone. After a stochastic
Galerkin—finite element discretization, eliminating the state leaves a strongly monotone, piecewise
smooth equation, which we solve directly by a matrix-free semismooth Newton method with the box
projection retained exactly and with no outer iteration, penalty or smoothing parameter. Next, we
introduce and analyze a current-set preconditioner, which adds the active-set correction of the cur-
rent Newton step to a mean-diffusion reference operator and is inverted exactly by a rank-1 update.
For implementation, we use a cheaper preconditioner that keeps only a fraction of free control values.
Numerical experiments show second-order convergence of the state, and Newton and PCG counts
that stay bounded under mesh refinement and growth of the stochastic dimension.

Key words. stochastic optimal control, Fenchel duality, semismooth Newton method, control
constraints, stochastic Galerkin method, preconditioning, uncertainty quantification

MSC codes. 49M15, 49N15, 65K10, 65N30, 65F08, 65C30

1. Introduction. Optimal control problems governed by partial differential equa-ii
tions (PDEs) are ubiquitous in computational science and engineering, and both a
mature theory and a large body of numerical methods are available in the determin-
istic case [35, 14]. Pointwise control bounds a < u < b change the picture. The
first-order conditions are no longer a system of equations but a variational inequality,
or equivalently a nonsmooth equation built from the metric projection onto the admis-
sible box [20, 15]. Three consequences follow. First, although the reduced objective
is strongly convex, the resulting Karush-Kuhn—Tucker (KKT) system is nondifferen-
tiable, so classical Newton methods do not apply. Second, the set of indices at which
the bounds are attained—the active set—is not known in advance and must be dis-
covered as part of the solution process. Third, the standard remedies—penalization,
interior-point regularization, smoothing—replace the exact constraint by an approxi-
mation governed by an additional parameter, and recover it only in the limit.

In the deterministic problem, the primal-dual active set (PDAS) strategy of
Bergounioux, Ito and Kunisch [9] treats the bounds exactly by alternating between
a prediction of the active set and the solution of an equality-constrained subprob-
lem. Hintermiiller, Ito and Kunisch [18] subsequently showed that PDAS is precisely
a semismooth Newton (SSN) method for the projection-based reformulation, which
explains its local superlinear and mesh-independent convergence [11, 28, 30, 36, 19].

In most applications the PDE coefficients are uncertain and are modelled by
random fields and lead to optimal control problems under uncertainty [27]. The
random variable may be discretized by sampling, by stochastic collocation [10, 21, 22,
34], or by stochastic Galerkin (SG) projection onto a global orthogonal polynomial
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basis [16, 39, 23, 26, 4, 24, 32]. We use SG, which yields a single coupled system: the
discrete state operator is a sum of Kronecker products, and state and adjoint interact
across all stochastic modes.

Combining pointwise constraints with random coefficients is harder than treating
either feature alone. For control constraints, the projection onto the box is available
in closed form and need not be regularized, yet stochastic Galerkin discretizations of
such problems have been studied mainly from the approximation side: Shen et al. [33]
derive a priori error estimates for obstacle-type control constraints, and Winkler and
Yiicel [38] combine error estimates for a Dirichlet boundary control problem with a
primal—dual active set solver and block-diagonal preconditioning. There, the control
is deterministic and acts on D, so the active set stays decoupled from the stochastic
tensor structure. Solvers for stochastic control problems are developed in [8, 6, 1, 25,
3, 2, 7]. None of them treats control constraints.

An alternative is the Fenchel duality viewpoint, where the dual absorbs the con-
straint into the objective. Clason and Kunisch [12] found the duals of certain un-
constrained elliptic control problems structurally more favourable than the primal
problems, and Wang et al. [37] derived the Fenchel dual of a linear parabolic prob-
lem with box constraints on the control, in which the constraints are embedded in
an unconstrained, differentiable dual objective, and solved it by conjugate gradients
and by semismooth Newton. They also identified the obstacle that reappears here:
semismooth Newton applied to the primal problem treats the box and the PDE con-
straint simultaneously, so the varying active set changes the structure of the Newton
equation and the preconditioner has to be adjusted at every step. In the stochastic
setting, this obstacle is sharper: control values are indexed by pairs of a spatial node
and a quadrature point, so the active-set term of the Jacobian matrix has no Kron-
ecker structure. A preconditioner containing it exactly must be rebuilt at every step,
whereas a mean-based Kronecker preconditioner is cheap but blind to the location of
the free set.

In this paper, we develop a dual-based SSN framework for optimal control prob-
lems governed by elliptic PDEs with random coefficients and pointwise box constraints
on the control. We derive the Fenchel dual in Bochner spaces over the parameter do-
main, which absorbs the control constraints into an unconstrained dual objective in
the adjoint variable, and establish the corresponding optimality system and primal—
dual recovery relations. After stochastic Galerkin—finite element discretization, we
derive the exact finite-dimensional dual and solve the resulting reduced equation di-
rectly by a matrix-free semismooth Newton—PCG method, in which the box projec-
tion is retained exactly, and no outer iteration, penalty, or smoothing parameter is
required. To handle the active set, which changes at every Newton step, we analyze
a current-set preconditioner Py, that places the current active-set correction beside a
mean-based reference operator and applies its inverse exactly through the Sherman—
Morrison-Woodbury (SMW) identity [17]. For numerical implementation, we use a
cheap approximation Py of the preconditioner Py, which keeps only the fraction of
free control values, and its application needs one sparse Cholesky factor of a spatial
matrix, which is reused across Newton steps.

The remainder of the paper is organized as follows. Section 2-3 presents the
problem and derives the Fenchel dual and the optimality system. Section 4 gives the
SG-FE discretization and its exact dual. Section 5 develops the direct SSN-PCG
method and the spectral analysis of the current-set preconditioner Py . Section 6
specifies the practical preconditioner P, and reports the numerical experiments. Sec-
tion 7 draws conclusions and discusses future work.



BOX-CONSTRAINED ELLIPTIC CONTROL UNDER UNCERTAINTY 3

2. Problem formulation and well-posedness.
2.1. The optimal control problem. Let D C R?, d € {1,2,3}, be a bounded
Lipschitz domain with Poincaré constant C'p, that is, |[v][12(p) < Cp [|[Vvl|p2(pya for

all v € HY(D), let € = (&1,...,€Kk): (,F,P) - RE K < oo, be a random vector
with image I'¢ := £(Q2), and let (I'¢, B, p) be the induced parameter probability space,
where B is the Borel o-algebra on I'¢ and p == P o ! is the law of £&. Let y denote
the state and u the control, and set

V=HyD), H=IL*D), V=L[IgV), H=LyI¢H),
where the norms and inner products on V and H include the expectation with re-
spect to p. We equip V' with the norm ||vly, = |[Vv| 2pya, so that ||v||§, =
fl“g ||Vv(f)||2L2(D)d dp(€) and ||v||y < Cp |jv|ly for v € V. Given a desired state yq € H,

a regularization parameter v > 0, finite bounds a < b, and a random diffusion coefhi-
cient x, the problem studied in this paper is

win 5 [ [ @8 v fardp©+ 3 [ [ Jute 0 dedote

Yy, u
(2.1) subject to  — V- (k(z, ) Vy(z,§)) = u(z,§) in D x I,
y(w,g) =0 on 0D x Fg,
a<u(z,§) <b (dx @ dp)-a.e.

Both integrals are taken with respect to the product of the Lebesgue measure on
D and the probability measure p; so, the objective in (2.1) is exactly

1 2 7 2
= vl + 2l

and we use this compact form from Section 3 onwards.
We note here that the bounds are imposed pointwise in the spatial and the pa-
rameter variables, so the admissible set

(2.2) C={uecH:a<u(zf <bfor (dr®dp)-ae. (z,8)}

is a subset of the full Bochner space rather than of a deterministic space of controls.
Since D and the parameter space carry finite measure, C is nonempty, bounded, closed,
and convex in H.

2.2. The state operator and the reduced problem. Assume that x is jointly
measurable, symmetric, and uniformly elliptic:

(2.3) 0< ko <k(z,6) < Ky <00,

for almost every (z,¢), with deterministic constants x_ and k;. The weak form of
the state equation in (2.1) is governed by the bilinear form

a(y,v) = / /D i, €)Vy (2, €) - Vo, €) di dp(€).

THEOREM 2.1 (Lax-Milgram [35]). Let W be a real Hilbert space and let t :
W x W — R be a bilinear form for which there are constants M > « > 0 such that

2
tw,2)| < M[wly lzly  ond ww)>allwld,  (wzeW).
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Then, for every £ € W', there is a unique z € W such that
t(z,w) =Llw)  (weW),

and |[zllyy < @™t ||l
PROPOSITION 2.2. Under (2.3), for every u € H there is a unique y = Su € V
such that
(2.4) a(y,v) = (u,v)m (veV).
The solution map
S H—V—H
1s bounded, linear, positive, injective, and self-adjoint as an operator on H.

Proof. Boundedness and coercivity of a on V follow from (2.3). Moreover,

|(u, )a| < ullgg 1ol < Cp [lullg [[o]ly -

Theorem 2.1 therefore gives a unique solution and
Cp C?
I1Sully < —lulle,  1Sullg < — lluly-

Linearity of .S follows from uniqueness. For ui,us € H and ¢, co € R, the bilinearity of
a and of (-, )y shows that ¢; Suj + c2Sug solves (2.4) with right-hand side ¢juq + cous.
By uniqueness, S(ciu; + caug) = ¢15uy + c2Sug, that is, S is linear. For f,g € H,
utilizing the symmetry of this form, we obtain from the equation corresponding to Sg
(with Sf) and the equation corresponding to Sf (with Sg) that

(Sf,9)m = (9,5f)u = a(Sg,Sf) = a(Sf,S9) = (f,S9)u-

Hence S* = S. Moreover, (Sf, f)m = a(Sf,Sf) > 0, so S is positive. Finally, if
Sf =0, then (2.4) gives (f,v)g = 0 for all v € V. Since C°(D) is dense in L?(D)
and H-valued simple functions are dense in H, the space V is dense in H. Then f =0,
and S is injective. a

Substituting y = Su eliminates the state from (2.1) and leaves the reduced primal
problem

) 1 2 7 2
2.5) min Ju) = 2 150 = yally + 2l

which is the form used throughout the paper.

ProOPOSITION 2.3 (Existence and uniqueness). Problem (2.5) has a unique min-
imizer u*€ C. Consequently, with the state equation in (2.1) and the weak form (2.4),
(Su*,u*) € V x C is the unique solution of (2.1).

Proof. The extended functional
) 1 2 2
() = 5 18w = yall} + 2 ully + Te(w),

where Z¢ is the indicator function of C (0 on C and +oo elsewhere), and it is proper,
coercive, convex, and weakly lower semicontinuous. The direct method gives a mini-
mizer. The term 7 ||ul|g /2 is strictly convex, so the minimizer is unique. By Propo-
sition 2.2, the feasible pairs of (2.1) are exactly (Su,u) with u € C, and the objective
of (2.1) at such a pair equals J(u); this gives the second assertion. O
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3. Fenchel dual and the optimality system. The reduced problem (2.5) is a
constrained minimization over C. This section removes the constraint by dualization.
We first compute the two convex conjugates, then invoke Fenchel-Rockafellar duality
to obtain a dual problem in a residual variable, and finally change variables to the
elliptic adjoint. The last form is the one the algorithm of Section 5 actually solves,
and the recovery relations obtained at the end of the section are what return the state
and the control once the adjoint is known.

3.1. The dual problem. To apply Fenchel-Rockafellar duality, we define F :
H — (—o00,00] and G : HH — R by

ol 1
Fu)= o lullg +Ze(),  G(z) =3Iz~ yallx-
Problem (2.5) can then be written as the unconstrained problem
&re%ﬂ{F(u) + G(Su)}.

The box constraint has been absorbed into F' through the indicator Z¢, so that both
terms are now extended-real-valued convex functions on H and no explicit feasible set
remains. The next lemma shows that conjugation turns the indicator into a finite,
differentiable function: this is the precise sense in which duality trades a constraint
for smoothness.

LEMMA 3.1 (Conjugates). For q,v € H,

6'(0) = glal+ G P = [ [ o) dod.

where

as — ~a?, s<~a,

§2
(31) 7/}7(3) = 277 ya S S S f)/ba

Y
bs— Lb2, 5> b,
2

Moreover,
(32) V7, (s) = Projqp(s/7)-

Proof. For G*, the substitution w = z — y4 gives
2 2
sup{(¢, 2)m — 3 |12 — yalia} = (¢, ya)m + sup{(q, w)m — 7 [lwllg}-
z w
For F*, maximize the scalar function
i
sr— =r
2
over r € [a,b]. Its maximizer is Projy, ;;(s/7), which gives (3.1). Pointwise integra-

tion is justified by normal-integrand conjugacy; it also follows directly because the
measurable pointwise maximizer belongs to C. a
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Note that 1., is continuously differentiable with a piecewise linear derivative (3.2):
the nonsmoothness of the primal constraint has been reduced to a single projection,
which is exactly the structure the semismooth Newton method of Section 5 exploits.

Strong duality needs a qualification condition. We use the following classical
form, in which the qualification is the finiteness and continuity of GG at a single point
of the image of dom F'; see [13, 31, 5] for proofs and for more general statements.

THEOREM 3.2 (Fenchel-Rockafellar [13, Chap. III], [5, Chap. 15]). Let X,Y be
Banach spaces, let T : X — Y be bounded and linear, and let F' : X — (—o0,00],
G:Y — (—o0,00] be proper and convex. If there exists xo € dom F such that G is
finite and continuous at Txq, then

£§ﬂwm+4%T@}:igﬂ_F“—TW)—GWQ}

When the primal value is finite, the supremum is attained.

The tracking term G is a finite quadratic, hence continuous on all of H, and dom F' = C
is nonempty because the constant control (a + b)/2 is admissible. No interior-point
or Slater-type condition on the box is needed.

THEOREM 3.3 (Residual-variable Fenchel dual). Under (2.3), the Fenchel dual
of (2.5) is

(3.3) nmx{—ﬁ:lfmc4mymdx—;Hm%—%%y@H}.
§><

q€H

There is no duality gap, and the maximum is attained at a unique q¢* € H.
Proof. Apply Theorem 3.2 with

X=Y=H  T=S5,

identifying H’ with H through the Riesz map, so that T* = S* is the Hilbert-space
adjoint. The quadratic G is finite and continuous everywhere, and the constant mid-
point control (a + b)/2 belongs to dom F' = C. Thus the qualification holds. Since
S* = S, Lemma 3.1 gives (3.3). The map ¢ — F*(—Sq) is finite and convex, and
—3 HqH]?ﬂ — (¢, ya)m is 1-strongly concave. Hence the dual objective is 1-strongly con-
cave and its maximizer is unique. O

3.2. The elliptic adjoint form and primal-dual recovery. Problem (3.3) is
already unconstrained, but it is not yet a convenient computational form: the solution
operator S sits inside the nonlinearity 1, (—Sgq), so every evaluation of the objective
requires an elliptic solve. Substituting p = —S¢ moves S out of the nonlinear term and
replaces it by the differential operator A in the quadratic term, which is what makes
the discretized problem sparse and the Jacobian applications of Section 5 matrix-
free. For this substitution to be a genuine reparametrization—creating no spurious
maximizers, losing none of the existing ones, and not tacitly shrinking the feasible
set—we must know that p — —Ap maps D(A) bijectively onto H. Establishing that
is the sole purpose of the next lemma, and it is the only place where the graph domain
(3.4) is needed.

Let A denote the elliptic operator associated with a. As an unbounded operator
on H, its natural graph domain is

(3.4) D(A)={peV:Ap e H},
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where Ap € H means that there is an element of H, denoted Ap, with
a(p> ’U) = (Ap7 U)H (1} € V)

This element is unique since V is dense in H (see the proof of Proposition 2.2).

LEMMA 3.4. The map A : D(A) — H is a bijection with inverse S. Consequently
p+— q= —Ap is a bijection from D(A) onto H.

Proof. For every f € H, Proposition 2.2 gives a unique p = Sf € V satisfying
Ap = f. Hence p € D(A), so A is surjective and S is its right inverse. If Ap = 0,
coercivity of a gives p = 0, so A is injective. No H?(D) regularity is used or asserted.O0

THEOREM 3.5 (Elliptic-adjoint PDE dual). The residual dual (3.3) is equivalent,
up to the constant — Hde]?ﬂ /2, to

1
(3.5) min {2 IAp — yall3 +/ ¥y(p) dpdw}-
FEXD

peD(A)
Proof. Let
p=—29q.
Lemma 3.4 gives ¢ = —Ap, while —Sq = p. Substitution into (3.3) gives
1
max (= [ 00) = 5 1413 + (4p.va)a .

peD(A)

Changing the sign of the objective and completing the square yields (3.5). a

Both duals determine the adjoint, but the quantities of interest—and the residuals
used to monitor convergence—are the primal pair (y,u). The final result of this
section therefore records how the primal variables are recovered from a dual solution
and verifies that the recovered triple solves the classical optimality system, so that
nothing is lost in passing to the dual. The projection formula it produces is not
merely a postprocessing step: it is the term that reappears in the discrete equation
of Section 5 and that the semismooth Newton method differentiates.

THEOREM 3.6 (Optimality system). Let u*,y*, ¢*,p* be primal and dual opti-
mizers, with y* = Su™ and p* = —Sq*. Then
¢ =y — Ya, u* = Proji, 4 (P*/7),
and the primal and dual problems are equivalent to
-V (’%Vy) =u, y|8D = 07
(3.6) —V - (kVp) =ya—y, plop =0,
u = Projj, (p/7).

Here p is the negative of the adjoint state in the usual Lagrangian convention and the
recovery formula followed as u = Proj, ,;(p/7)-

Proof. Fenchel equality is equivalent to
q* € 0G(Su™), —S*q¢* € OF (u*).

The first inclusion gives
¢ =5u"—yi=y" —ya
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Since S* = S and p* = —S¢*, the second inclusion is
p* € yu” + Ne(u'),

where Ne(u) = {v € H: (v,w — u)g < 0 for all w € C} is the normal cone of C at
u € C, which is equivalent to

u* = Proje(p*/7) = Proji, 5 (p*/7) a.e.

Finally,
Ap" =—¢" =ya—y"
Together with primal feasibility, these identities give (3.6). |

4. Stochastic Galerkin discretization and its dual.

4.1. SG-FE state and mass matrices. Let Pp C L2(I'¢) be the space of
polynomials in & of total degree at most P, and let {¢;}."",, np = ( ;P), be a basis
of Pp that is orthonormal in L/%(I‘g), i.e., E[¢;9;] = 0;j, which is the generalized
polynomial chaos (gPC) basis [40]. Let {¢,}"; be the nodal basis of a conforming
finite-element space V;, C H}(D). The SG method approximates the state in the
tensor-product space Pp Q@ Vj,

np np

yhP(xa 5) = Z Z Yii,r) ¢z(£)¢r(x)a

i=1r=1

and requires the weak state equation (2.4) to hold for all test functions v = ¥;¢s,
j=1,...,np,s=1,...,n,. The coefficient vector y = (y(i,r)) e RN, N :=npny, is
ordered stochastic-major, i.e., the index (i,7) is stored at position (i — 1)np, +r. The
adjoint p is expanded in the same basis.

Unlike the state, the control is not expanded in the gPC basis but represented
by its values u = (u(x,y) € R™, m = ngny, at the points (z,,&x). This keeps the
box constraint a < u < b pointwise and componentwise. The SG load E[[,, u ;¢ dz]
is approximated by the quadrature rule in £ and the lumped mass in x, which gives
(ETWu)(.0 = 2o, wihj (&) (ML) sstuk,s)-

Suppose that the diffusion coefficient x used in the SG form admits the separable

representation
Ni—1

K(r,8) = Y we(@)C(§), Q=1

£=0

where k, € L°°(D) are deterministic spatial functions, (;: I'e — R are given scalar
functions of the parameter, and Nk is the number of terms. For the affine coefficients
used in Section 6, Ny = K + 1 and (y(§) = & for ¢ > 1. Followed by [8], with the
definition of

(Gr)ij = E[Cevivs],
(Mp)i; = /D ¢i¢; dx,

(Kg)ij = /D Iig(l‘)vgf)l . V(;S] dSL‘,
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the SG mass matrix and stiffness matrix are

Nig—1
(4.1) M=Gy® Mp, K= Z G, ® Ky.
=0

For an exactly integrated orthonormal basis, Gy = I. The control is represented by
its values at the points (z,,&), where z1,...,x,, are the interior nodes of V}, and
{€,wi ), is a positive quadrature rule on I'e. Let Ve € R™*"P with (V) =
;i (&k), We = diag(ws, ..., wy, ), and My = diag(Mp1), the row-sum lumped spatial
mass. Define

FE = ‘/f ® Inh c annthPnh’ W = Wg ® M € R amn XNgnn

For a coefficient vector p, (EP),r) = Zj Vi (&k)p(j,ry s the value at (x,,&) of the
SG function 3, p(j.r¥;(§)dr(x), because the nodal basis satisfies ¢s(x,) = d,5. The
entries of W are positive, so W is positive definite and diagonal. Boundary nodes
carry no control values, since the Dirichlet degrees of freedom are eliminated. Thus
E and W belong to the control discretization, whereas Mp, Ky, M, and K belong to
the state discretization.

We assume that M and I are symmetric positive definite; this holds, for instance,
when the matrices Gy are computed exactly and x satisfies (2.3).

4.2. Lagrange dual and KKT system. Let u € R™ be independent control
values at the positive quadrature points. Observe that the discrete state y € RY
satisfies the SG weak equation

Ky = E"TWu.

The exact finite-dimensional constrained primal is

: 1 T TT
—(y — My — —u Wu,
epitin o 3 —ya) MUy —ya) +
(4.2) subject to Ky — F'Wu =0,
a<u<hb.

Theorem 4.1 below refers to the dual of (4.2).

THEOREM 4.1. Problem (4.2) has the concave dual

(4.3) max {—;pTICMllCTp +p Kya—> wm»y((Ep)e)} :

RN
pe =1

There is no duality gap. Moreover, the primal and dual optimizers are unique.

Proof. Let
a+b

2

This is an affine-feasible point in the relative interior of the box, so the finite-dimensionallj
relative-interior qualification holds.
Now, consider the Lagrangian

a= 1, y=K'E"Wu.

1
(4.4) Lp(y,u,p) = §(Y_Yd)TM(y_Yd)+%UTWU+pT(Ky_ETWU)+I[a,b}m(u)-
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Minimization in y of (4.4) gives

y=ya—-M'K'p
and the minimum objective

1
—ng/CM*IICTp +p' Kya.

For Sy = (Ep)g,

. Y
(3 o) = o

Since W = diag(wy,...,w,,) is diagonal and the box is a product of intervals, the
u-part of L separates into the m scalar problems above. Summing them over ¢ =
1,...,m and adding the minimum in y gives (4.3). Since K is invertible, CM LT =
0, so the dual objective is strongly concave and tends to —oo as ||p|| — oco. Hence it
has a unique maximizer. The primal objective is strictly convex on the affine feasible
set, giving primal uniqueness. a

COROLLARY 4.2. After eliminating u, the KKT conditions are

(4.5a) My + K p = Myy,
(4.5b) Ky = R(p),
where R(p) = E™W Proji, 4 (EP/7)-

Proof. Stationarity iny, Vy Ly, = M(y—ya)+K p = 0, gives (4.5a). Stationarity
in each control value is

0 € yu— Ep + N ym (),

where N, yjm is the normal cone of the box [a,b]™ C R™, because positive diagonal
rescaling leaves the componentwise box normal cone unchanged. Therefore

u = Proji, ;y(Ep/7).

Substitution into the primal feasibility condition Ky —E T Wu = 0 gives (4.5b). Equiv-
alently, differentiating (4.3) and using (3.2) gives

—KM K p+ Kys— R(p) =0,

which is the same equation after substituting y = yq — M~ 1K Tp. a

LEMMA 4.3. If W = 0, then R : RN — R in (4.5) is monotone and Lipschitz
continuous.

Proof. For any v,z € RV,
(v—2)T(R(v) - R(z)) = (BV — E2) "W [Proj, ) (Ev/v) - Projy,(Fz/4)] = 0.

Each summand is nonnegative because the scalar projection is monotone and each
quadrature weight is positive. The scalar projection is 1-Lipschitz, so R is Lipschitz.O
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5. A semismooth Newton—PCG method. Eliminating y in (4.5) gives
(5.1) Fp)=KM'K'p-Kys+E'W Proji, 4 (Ep/7) = 0.

For the diagonal free-set mask D(p) = diag(d,(p)) € R™*™, where d,(p) = 1 on a
free component and d,(p) = 0 on a saturated component (and zero is selected at a
breakpoint), the Newton derivative of F' in the sense of [18, 36] is

(5.2) Jp=KM™IKT + vy 'ETWD(p)E.

For a vector v, Jpv is evaluated matrix-free using one application each of K, KT,
M~ E,and ET. Each Newton system is solved by PCG to the forcing tolerance

(5.3)  ne = min{max, max(1071%,0.1y/7%)}, e = | F(pr)| / max{1, [Kyall},

and the step is globalized by Armijo backtracking with parameters 10~% and 1/2,
which preserves descent of the convex dual merit function. The iteration stops when
the normalized KKT residual is at most 1076 or after kma.x Newton steps, and the
values of Nmax and kmax are given in Section 6. The complete procedure is specified
by Algorithm 6.1 in Section 6, after the preconditioner has been specified.

5.1. Current-set preconditioner and spectral bounds. Here Mp, Ky, and
K, retain the spatial finite-element meanings defined in Section 4. The calligraphic
symbols M, K, and K denote the full stochastic-Galerkin matrices. We use stochastic-
major ordering first and apply an orthogonal permutation to node-major ordering for
the local assembly estimates. In stochastic-major ordering, since Gog = I for the
exactly integrated orthonormal basis of Section 4, the matrices in (4.1), with the
mean term ¢ = 0 written separately, become

Ng—1
(54 M=I,,®Mp, K=IL,®K+ » G &K, K=I,®K.
/=1

Here K is the part of K generated by the mean coefficient kg, N — 1 is the number
of non-mean terms of x, and Mp, Ky are symmetric positive definite, G,, K, are
symmetric, and K is positive definite. The stochastic basis is orthonormal for the
mass inner product represented in M. All coefficient amplitudes and normalization
factors are already included in G, or K.

The control weights W are positive and diagonal, as above. Written in terms
of the reduced equation (5.1), the Jacobian matrix (5.2) associated with a selected
projection derivative D has the form
(5.5)

H=KMK', Hy=KMK', J=H+~'Cp, Py=Hy+~ Cp,

where ¥ > 0 and Cp = ETWDE > 0. The algorithm uses the binary mask D = D(p)
of (5.2) and the spectral results below hold for any positive semidefinite C'p shared
by J and Py .

Let |[v]g = (vTQv)'/? for an SPD matrix Q. All unweighted matrix norms below
are Euclidean operator norms. The notation condgy, (P\R}J ) means the ratio of extreme

eigenvalues, equivalently the condition number of the SPD matrix PV}l/ 2J PI;,l/ 2

LEMMA 5.1. Let

T = M_l/ZICfilMl/Q, 0_ =0min(T) >0, 04 =o0max(T),
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where omin(T) and omax(T) denote the smallest and largest singular values of T, and
the extreme generalized eigenvalues of (H, Hy) are exactly o2 , 03_. In particular,

(56) O'zHO j H j O'_%_H().

Proof. Let Lo = M™/2K, an invertible matrix, since M = 0 and K = I,, ® K is
invertible. With the fact that K = KT and K = K from (5.4), direct multiplication
gives Hy = L] Lo and H = L] T "7 Lo, indeed T Ly = M~Y/2KC. Therefore

v Hv B | Tz]3

— = LovVv.
viHy  Jz20 7T

Since Ly is onto, extrema over v # 0 equal extrema over z # 0. They are the extreme
eigenvalues of 7 "7, namely 02 and o%. Note that o_ > 0 because 7 is invertible. O

THEOREM 5.2. If cHy = H <X CHy for constants 0 < ¢ < C, then for every~y >0
and Cp = 0,

(5.7) spec(Py'J) C [0-,04], 0_ = min{c, 1}, 604 = max{C,1}.

Consequently condsp(nglJ) < 0./0_. In particular, one can always take c = 0 ,C =
Ji at a fived discretization.

Proof. First, observe that both
J—0_Py=(H—-0_Hy)+(1-0_)y'Cp

and
0, Py —J=(0,Hy—H)+ (0, — 1)y 'Cp

are positive semidefinite: in the first terms because §_ < ¢ and 6 > C, and in the
second terms because §_ < 1 < 04 and Cp >~ 0. Since Py > 0, congruence with
PI;,I/ 2 preserves semidefiniteness and gives 6_1 < P‘;,l/ 27 P‘;,l/ 2 =< 64+1. Hence the
eigenvalues of the symmetric matrix PI;,I/ 2] PVT,I/ ? lie in [0_,0,], and so do those of
Pl = P AP oy PP O

5.2. Uniform bounds from local assembly. We next provide sufficient local
structure that yields a uniform bound. Consider a square of fixed side length Lp >
0 with n. > 2 equal elements per direction, h = Lp/n., and conforming bilinear
elements. All boundary nodal values are zero and are eliminated. On each element
T, let g index the four tensor Gauss points xrg, let wry, > 0 include the physical
Jacobian, let g7, € R? be the gradient of the local nodal basis function i at TTq, and
let agrq = Ke(xTyg).

ASSUMPTION 5.3. Let the scalar reference weights and symmetric coefficient blockdj
satisfy

(5.8) 0 <v_ <aprg <vy, aly,, = Ary 2 BI,,, 0<a<g.

The reference stiffness has entries

_ T
(Ko)ij = E g WTqa0,Tq 8Tiq8T7jq-
T>i,5 q
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After an orthogonal permutation into node-major ordering, the full stiffness has np X
np blocks

(59) Kzg = Z Zquao,Tq(g;iqujq)ATq-

T35 ¢
The spatial mass is the consistent bilinear mass, integrated exactly by the same Gauss
rule.

Orthogonal reordering does not change any spectral or norm assertion. For a
Kronecker assembly with scalar coefficient arrays a4, (5.9) is exactly (5.4) when

Ng—1

(5.10) Apg =T, + Y g,
=1 40Tq
LEMMA 5.4. Under Assumption 5.3,
h? _
(5.11) 31— < Mp =< h?I, (Ko)ii < %7 Ko = AMMp, A= SLLQ
D

Moreover ak < K < BK.

Proof. Let one-dimensional interior matrices be

h 1
M, = gtridiag(l,él, 1), S| = %tridiag(—l,z —1).
Inserting the vector with entries sin(irm/n.) into the three-point stencils shows that
the eigenvalues are
h 2
mT:§(2+c089r), Sr:E(l—COSQT), 0, = %

These orthogonal sine vectors form a basis. Since h/3 < m, < h, the tensor identity
Mp = M; ® My gives the mass bounds. The unit-reference stiffness is Kynit =
M; ® S; + S1 ® M. Its generalized eigenvalues relative to Mp are s,./m, + s¢/m;.
The ratio is increasing with 6, and

51 12sin’(n/(2n,)) N
my  h22+cos(n/n.) ~ h2nZ2 L%’

Here sinz > 2x /7 for 0 < z < 7/2 follows from concavity of sine. Positive quadrature
gives Ko = v_ Kunit, proving the generalized lower bound.

The diagonal of the unit local 4 x 4 bilinear stiffness is 2/3. Indeed, for N =
(1 —7)(1 — s)/4 on [—1,1]%, the physical gradient and Jacobian give the integral
%f_ll f_ll((l — 52+ (1 —r)?)drds = 2/3. Gauss quadrature is exact here. An
interior node belongs to four elements, yielding (K¢);; < 4v4+(2/3).

Finally let v; € R™? be nodal values, extended by zero at boundary nodes, and
let

UT!I(V) = Zvig;iq € RnPXQa
i€T
then
VIRV =3 wrqtor[Urg(v) 7
T.q

while v Kv replaces the squared Frobenius norm by tr(Ur,(v)" A7,Ure(v)). The
eigenvalue bounds on Ar, prove the final assertion. a
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For each interior node i, let Q; consist of all incident element—quadrature pairs.
We take A; to be the arithmetic average

1

. A; =
(5.12) e

Arg — A;
’ Z AT(I? Q) = max max HthH2_
Y (T,9)€Q; i (T,q)€Q:

Each A; is a convex combination of the symmetric blocks Ar,, and the set {X = X ' :
al = X < I} is convex, then (5.8) gives al < A; < SI. Consequently the matrix D
defined next is symmetric positive definite, with ||D|[2 < 8 and |[D7!||2 < a~!. Define
the nodal block-diagonal multiplication matrix D = diag;(A;) and set

(5.13) K =DK + R.
LEMMA 5.5. Under Assumption 5.3, the remainder in (5.13) satisfies
(514) HRV”M—I < CRQhHVHE, CR = \/961/4_.

Proof. Subtracting the two assembled rows before the boundary values are elim-
inated, we find that the ith block row is exactly

(Rv); = Z wrqa0,7q(Arq — Ai)Urq(V)8Tiq-

Since ||Ugll2 < ||U]|rllg||2, weighted Cauchy—Schwarz gives
I(Rv)il3 < R*Q, (Z quaO,TQHgTqug> (Z quao,qulUTq(v)H%> :
Qi Qi

element energy is counted at most four times. Thus

The first parenthesis equals (Ky);; < 8v4/3. Upon summing over interior nodes, any

| Rv[} < 22120k TR, .
By (5.11), Mp" < 9h721, hence M~ =1I,,, ® Mp' < 9h72I and
IRV[34-1 = (Rv) "M (Rv) < (Rv) T (9h2I)(Rv) = 9h 2| Rv||3 < 961, QF |[v]%-
Taking square roots gives (5.14) with Cr = /96v. All vector bounds use operator

norms of the coefficient blocks. The Frobenius norm above sums the physical gradient
energies, not the entries of Ar,.

LEMMA 5.6 (Multiplication and discrete energy estimates). For all f € RY,
1 3
(5.15) IDfl v < 3BIIElac-1, D™ Ellae-s < —l1Ellaer.

With ¢, = /\*_1/2, one also has

— Cy
(5.16) IVl < elilvliae-r, lIviie < — IKvlm-1
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Proof. Since the spectral condition number conds (M) = Apax (M) /Amin (M), the
operator norm of the nodal multiplication, which multiplies the gPC coefficients at
each node i by A;, satisfies

M™Y2DMY2||y < y/condy(M)||D||2 < 3.

Applying the same argument to D! yields 3/a.
Since K = I,, ® Ko = AxM by (5.11), we have [[v|[am < cif|v][z. The weighted
Cauchy-Schwarz inequality |a’b| < ||a||sp||b||a-1 with a = v, b = Kv then gives

IVIE = v Ky < [IVIamllEvllaer < ellvIglKviiae-1,

Similarly,
allvliE < vy < [VImlKviver < evlizlvline-:

Dividing by ||v||; (the case v = 0 is trivial) yields (5.16). O

THEOREM 5.7. Under Assumption 5.3, let
(5.17) an = Crey, Un =36+ an, Vi = % (1 + %) :
Then
(5.18) Vi UIKvlmer S KVIaer S UnllKvliae-1, Vi Ho < H < UjfHo.

No smallness of qn,, Qn, or K — K is required.

Proof. The upper bound follows from (5.13) and Lemmas 5.5 and 5.6:
1KVl pm-1 < 3BIKVI pm-1 + CrOnIVI < UnlKv a1

For the other one, let f = Kv, then the decomposition gives Kv = D~(f — Rv), and
therefore

(07

_ 3 3 CRC*Qh
IRl < 2 (Il + Crtlvlie) < 2 (14 ZH2 ) ey,

Here the second inequality uses energy coercivity of K. Finally, [|[Kv|3,., = v Hv
and ||Kv||3,-1 = v' Hov, so squaring gives the matrix inequalities. O

COROLLARY 5.8. Let the side length Lp be fixed, and suppose the local constants
v_,vy,a, B can be chosen uniformly over a family of meshes and stochastic spaces,
with v_,a > 0, and suppose Q < Q uniformly. Define

3
¢=Cre.d,  U=30+q  V=—(l+q/a)
Then for every member of the family, every v > 0, and every current mask,
(5.19) spec(Py,!J) C [min{V =2 1}, max{U?,1}].

The interval is independent of h,np, Ni,7, and the mask D(p).

Proof. The constants in (5.11) and (5.14) depend only on d,v_,v;. Hence The-
orem 5.7 gives uniform constants U, V', and Theorem 5.2 applies with ¢ = V=2 and
C =U% d



16 Z. LI, A. ONWUNTA, AND H. WANG

5.3. Perturbation bounds and PCG convergence. Back to stochastic-majorjj
ordering, multiplication in (5.4) gives the exact identity

Ng—1
(5.20) T=I1+€ €= Ge®By,  By=Mp" KKy 'Mp*.
=1

PROPOSITION 5.9 (Small-perturbation enclosure). If ||E]|2 < 6 < 1, then

1 2
(5.21) spec(PyJ) C [(1—0)%, (14 6)?], condgp, (P J) < <1i_§> .
Moreover,
Ng—1
(5.22) I€ll2 < D IGellal Bella-
=1

Proof. The triangle and reverse triangle inequalities give (1 — 0)||z|2 < || T 2|2 <
(1+9)||z||2- Hence o >1—4 and o < 1+, so Lemma 5.1 gives (1 —8)2Hy < H <
(14 6)2Hy. Theorem 5.2 with ¢ = (1 —§)?2 <1 < C = (1 +6)? then yields (5.21).
For (5.22), the triangle inequality gives ||z < >, [|Ge ® Bell2, and ||G¢ @ Byl =
|G¢|l2]| Bell2 because the singular values of a Kronecker product are the products of
the singular values of its factors (tensor the two singular value decompositions). O

The following proposition gives computable bounds on || By||2 and [|€]]2 from local
coefficient values, rather than assuming the desired graph-matrix bound. Let K, be
assembled with scalar weights ag g, and let pp 74 = ap14/a0,17¢. Define

1 \te,rqg — duil
d-:—g by = max wep = max =4 "L
“7 ol =y pero  be=maxlueral, wen i,(T,q)€Q; h

PROPOSITION 5.10. With the matriz assumptions above, signed fluctuation arrays
satisfy

(5.23) ||Bg||2 < 3be + CRC*Wg7h.
Alternatively, for the jointly assembled blocks, let T, = max; ||A; — I||2. Then
(5.24) ||5||2 < 373, + CRreefdy,.

Proof. Let Dy = diag(dy;) and Ry = Ky — DyKy. The proof of Lemma 5.5 carries
over to the scalar case np = 1, with Ap, and A; replaced by w14 and dy;. Positivity
is needed only for ag 14, not for uy r,. Since |dy;| < by, the argument for (5.15) also
applies to D,. Hence

||R€"”Mgl < Crwe,n|| vl Ko ||DZfHM51 B 3b€”fHM51‘
Substituting v = K(;lM;)/Zz in the definition of B, gives

—1/2 —1q,1/2 )
1Byl = sup IMp " KeKo "My all> _ Sup%'
z#0 HZHQ v£0 HKO"HMBI




BOX-CONSTRAINED ELLIPTIC CONTROL UNDER UNCERTAINTY 17

Since Ky = DyKy + Ry, the two estimates above with f = Kyv, together with the
first inequality in (5.16) for np =1, i.e., ||V||x, < c*||K0v||M51, give

”KgVHM51 < 3bgHK0V||M51 + CRWZJLHVHKO < (3[)@ + CRC*wﬁyh)HKOVHMBI'

Taking the supremum over v # 0 proves (5.23). For (5.24), we find K — K = (D —
I)K 4+ R and apply the same estimates with the joint block norm 7,. Then, taking
the supremum over v gives the claim. a

COROLLARY 5.11. Suppose, uniformly over the considered meshes and stochastic

spaces,
Ng—1 Ng—1

Y 1Gellabe <m <1, Y lIGellawen < Qo < oo,
=1 /=1

Then (5.10) satisfies the uniform local hypotheses with o =1—mn, B =1+mn, and Q =
Qq. Consequently Corollary 5.8 applies, whether or not 3n + Crc. o < 1.

Proof. By (5.10) and the triangle inequality, ||Arq — Ill2 < >, |pe,rql [|Gell2 <
> o bel|Gell2 < . Since every Gy is symmetric, so is Apq — I. Hence its eigenvalues
lie in [—n, 7], i.e., (1 —n)] X Apqy = (1 4+ n)l. Linearity of the same nodal averaging
gives A; =1+ ,dyGy and

|Arg — Aill2 < Z |Gell2lie.rq — deil < hQ.
¢

It remains to show how the preconditioner is applied.

PROPOSITION 5.12 (Exact current-set inverse). Let Cp = BB with B € RVN*";
the columns need not be independent. From the SMW identity

(A+UCV) ' =Aa7' — AT WU(C +vaATU) T TvaTh,
Here we use A= Hy,U =B,V =BT",C =~"'1,, gives
(5.25) Py' = (Ho+ B(y ') BT)"' = H;' — Hy'B(yI, + BTH; 'B) "' BTH; .

For a binary mask, one may take the columns of ETW?Y? selected by D. Reusing
unchanged columns of B, H; 'B, computing added columns, and discarding removed
columns preserves this inverse if the correction matrixz is formed and solved for the
current columns.

Proof. The matrix Z, = yI, + BT Hy ' B is SPD since q' Z,q > 7||q]|3 for all
q € R”. Multiplying the right-hand side of (5.25) by Py on the left gives

I+B[y ', - Z;' =y 'B"Hy'BZ | (Hy'B)T = I

For r = 0, the correction is absent. Because Hy is fixed, an unchanged column has the
same inverse image. Reordering the columns simply permutes Z,. Finally, we have

Hy''=1I,, ® (Ky 'MpKy'),

S0 its action uses reference stiffness solves and a mass multiplication, without assem-
bling the double-stiffness matrix. a
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COROLLARY 5.13 (PCG consequence). Consider one Newton system Jx = b
with current-set preconditioner Py,. If (5.7) holds, let x = 04 /0_. With exact arith-
metic and exact preconditioner applications, PCG satisfies

k
Y —1
(5.26) e — ]l < 2 (§+ ) Ixo — ..

Under Proposition 5.9, the right-hand side is bounded by 26%||xo — x.|| .

Proof. PCG is CG for Pv;l/ZJPI;,l/z after the substitution X = P‘}V/2x. Its energy-
error norm equals ||x —x.||s. CG minimizes the SPD quadratic over its affine Krylov
space. The Galerkin orthogonality of that minimizer bounds its relative energy error
by the maximum modulus of any degree-k error polynomial with value one at zero
on the spectral interval. The normalized Chebyshev polynomial gives the factor in
(5.26); see, e.g., [14]. In the perturbation case, \/x < (1+9)/(1—0), and substitution
gives the factor 4. a

6. Numerical Experiments. This section reports two examples. Example 1
has a manufactured solution and measures the discretization error together with the
solver cost. Example 2 has no known solution and measures how the solver cost
depends on the noise amplitude, the stochastic space, the mesh and +. The stochastic
approximation uses total-degree Legendre polynomials in random variables. We use
continuous bilinear finite elements on uniform Cartesian meshes with 2"¢ elements
in each coordinate direction, that is, n, = 2"¢ and h = 2!7"¢ in the notation of
Assumption 5.3 , where nc = 4,...,8. All runs start from the zero dual variable
and use a normalized KKT stopping tolerance of 107%. The inexact Newton forcing
tolerance is bounded below by 10712 and above by nyax = 1072, and at most kyayx =
100 Newton steps are allowed in both examples. Successful runs additionally satisfy
a box-constraint violation not exceeding 107'2. In Example 1, they also satisfy a
normalized primal-dual gap not exceeding 107°. The computations use MATLAB
R2023b on the 26-core Intel Xeon Gold 6230R, machine.

We use the notation of (5.4): M =1,,®@Mp, K =1I,, ® Kq and Hy = KM~'K.
The stochastic quadrature integrates 1;1; exactly, so VgWﬂ/g =1I,,and ETWE =
I np & M L~ M.

If every control value is free (D = I,,,) and K is replaced by K, the Jacobian
matrix (5.2) becomes approximately Ho -+~ ~!M. This sum is not factorized directly.
Following the matching strategy of [29], we use

61) Prean = (K477 2MIMTHE +4712M)
= I, ® [(Ko +7~Y?*Mp)Mp* (Ko +~7'/2Mp)].
Expanding (6.1) gives

Prean = Ho + 2y '?K+ 7'M =1,,, ® [KoMp' Ko + 27" /? Ko + v~ ' Mp).

The two outer terms reproduce Hy + v~IM exactly. The cross term is controlled by
(K- ’Y_I/QM)M_I(/C - ’Y_I/QM) = 0, which gives

Hy + 7 M = Poean < 2(Hog +~v7M).

Only the sparse spatial matrix I?v = Ko+~ Y2Mp € R"™*™ ig factorized by
Cholesky decomposition. Using the identity (BT ® A)vec(X) = vec(AX B), we ob-
serve from (6.1) that

Pl p= vec(I?;lMDIA(;lR),

mean
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where r = vec(R) with R € R™"»*"P.
In practice, part of the control is saturated, and the term 7_1//\\/1 overestimates
v LETWD(pr)E. At Newton step k, we therefore replace y~! by 9% /vy, where

1
Uy = —Tr D(pk) € [0, 1],
m

and Tr stands for the trace operator. Next, let ¢, = \/1%/7 and [?k = Ko+ ¢, Mp.
We then define an approximation Py of Pyean as follows:

P, =K+ oMM YK +eaM),  Prlr=vee(Ky'MpK;'R).

Observe then that P, = Pypean when 'ﬁk =1 and P, = Hy when 1/9\k = 0. Note that I?k
is not recomputed at every Newton step. Let ¢ = ¥y /7, and let 1,5 be its value at
the last refactorization. We refactorize only at the first Newton step or when

|tk - tlast’ > 0.15 max{|tk|, |t1ast‘a vV 8mauch}-

In that case 1% = Jp; otherwise 1% is the fraction stored at the last refactorization
and the old factor is reused. The free set enters only through the scalar 9%, so no
information on the location of the free set is needed.

Algorithm 6.1 Direct semismooth Newton-PCG for the reduced dual equation (5.1).

Set po = 0 and evaluate F'(pg) and D(py).
for k=0,1,2,... do N
Compute the free fraction ;. Refactorize K}, if the test above is met, otherwise
reuse the stored factor. This defines Pj.
Solve Jp opr = —F(px) by PCG with preconditioner Py to the tolerance n
of (5.3).
Choose a by Armijo backtracking and set px+1 = pr + ok 0Pk-
Recompute the projection, the active set, the residual r;41 and the stopping
indicators.
if r;41 meets the stopping tolerance or k 4+ 1 = k2« then
break
end if
end for
return y =y, — M 1K p and u = Proji, 4 (EP/7)

Example 1 We consider a control box-constrained stochastic elliptic optimal
control problem on D = (—1,1)2. Let &1,&,&3 be independent random variables
uniformly distributed on [—1, 1], and set

I'= [_17 1]37 p<£> = é? "f(g) =10+ Z§£

Thus 7 < k(§) < 13 throughout the parameter domain. The optimization problem is

1 Y
min §E[Hy - yd”%?(D)} + §E[HUH%2(D)} ,

Y, u
(6.2) subject to  — V- (k(§)Vy(z,€)) = f(x,§) +u(z,£),
y(z,§) =0 on 9D,
—1<u(z,§) <1 ae. inDxT,
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where v = 1073.
To obtain a known optimal solution, define
(6.3)

y*(l',f) - Sin(ﬂ-xl)Sin(ﬂ-x2)7p*($a€) = li(ﬂé-)s(m)aU*(fB,g) = Proj[—l,l} <]fk(il;’£)> .

Here s(x) = sin(mzq)sin(mzs), so that y* = s, and = 0.02. The corresponding
target and source are

(6.4) ya(z) = (1 +2m2B)s(x),  fl@,§) = 2mK(€)s(x) — u”(x,€).

These choices satisfy the state equation and the adjoint relation

—V - (k(E) VD" (z,8)) = yalz) — y"(2,£),

together with the box-projection optimality condition. The sign convention is there-
fore consistent with u* = Proj_; 1;(p* /7).
For the accuracy assessment, define

loliZ, = / /D lo(a, )2 de p(€) de,

and report the absolute errors

ey =y —y*llop: e =1Pr—DP"llop: €= llun —ulo,-
At independent evaluation points, the control is reconstructed as

up(z,§) = Proj[—l,l] (p;&:,f)) )

The empirical state convergence rate is defined by
ey(nc—1)
EOC,(nc) =lo AN
y(nc) 52 < ey(nc) )
where e, (nc) is the error on the mesh with 2"¢ elements per direction.

TABLE 1
SSN-PCG performance and absolute Lg (T; L2(D)) errors for the manufactured problem. The
stochastic degree is fized at P = 3 with 8 = 0.02. PCG mean/maz refers to the iterations per
Newton step. Here v =103, and PCG uses the preconditioner Py, of Section 6.

nc N Newton PCG total PCG mean/max ey ep €y EOC,
4 4,500 3 16 5.33/7 1.5116 x 1072 4.1864 x 10~° 1.6610 x 1072  2.004
5 19,220 3 16 5.33/7 3.7607 x 1073 1.0550 x 107>  4.1985 x 103 2.007
6 79,380 3 16 5.33/7 9.3835 x 107*  2.6878 x 1075  1.0740 x 1072 2.003
7 322,580 3 16 5.33/7 2.3437 x 107* 85077 x 10~7  3.3461 x 10~*  2.001
8 1,300,500 3 16 5.33/7 5.8571 x 107°  5.6443 x 1077 2.1656 x 10~*  2.001

Observe from Table 1 that the value of EOC, for all the mesh sizes is roughly 2,
which suggests that the method achieves approximately second-order convergence in
the state. Moreover, we notice small errors corresponding to the state, the adjoint,
and the control on fine meshes. On every mesh the solver takes three Newton steps

and 16 PCG iterations in total, at most seven per step, while N grows by a factor of
289 from 4,500 to 1,300,500.
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Example 2 is designed for stress test for parameters to verify the preconditioner
robustness.
Example 2 The optimization problem is

. 1 Y
min QE[Hy — yd||%2(p)] + §E[HUH%2(D)] 5

Y,u
(65) subject to -V (/‘i(ﬁ?, E)Vy(l'7 5)) = ’LL(JI, g)a
y(z,§) =0 on dD,
03 <u(z,§) <1 ae.in D xT,

and the random coefficient x(z, f) is the truncated Karhunen—Loeéve (KL) expansion
k(z,€) = 1—1—\/302] 1V g5 ()& with & ~ U[—1,1], where ();, g;) are the eigen-

pairs of the covariance functlon

Cyfon) = o%exp (2L Il ) ey e o
1 2

where o denotes the standard deviation and ¢; = 5 = 1 are correlation lengths. The
discontinuous target is defined on D = (—1,1)?

( é-) 17 1 S Oa €2 S 05
:L" = .
v 0, otherwise.

We fix v = 1073 and vary the amplitude o € {0.01,0.02,0.05,0.1,0.2}, the pair
(K,P) € {(3,3),(4,4),(6,3)} of the number of retained expansion terms and the
total polynomial degree, and the mesh level nc = ,8. The total-degree Legendre
space has np = (K;P) € {20,70,84} modes, and w1th np = (2"¢ — 1)? interior nodes
the SG-FE system has N = njnp unknowns, from 4,500 for (K, P,nc) = (3,3,4) to
5,462,100 for (K, P,nc) = (6,3,8). Example 2 tests the solver on a problem without
a known solution. Since u > 0.3 while y; = 0 on three quarters of D, the lower bound
is expected to be active on a large part of the domain, and the active set changes
during the iteration.

TABLE 2
Each entry is Newton / mean PCG (mazimum PCG) / solve time in seconds with v = 1073,
Ezxample 2 with the preconditioner Py. Here o is the amplitude, K is the number of random variables,
and P is the degree of the polynomials.

o (K, P) ne=4 nc=>5 nc==6 ne="7 c=8
001 (3,3) 8/550(9)/0162 7/571(8)/031 7/586(9) /149 7/6.43(10)/6.78 6 /6.33 (10) /25.6
(4,4) 9/622(11) /0444 7/571(8)/1.17  7/6.00(9) /533 7/6.29(10) /2.7 6 /6.33 (10) / 97.9
(6,3) 8/538 (8) /0845 7/571(8)/2.60 7/6.00(10)/10.8 6/583(9)/37.5 6 /6.33 (10) / 168
002 (3.3) 8/575(9)/0175 7/586(8) /0205 7/629(10)/153 7/6.86(10)/7.11 6/6.83(11)/23.3
(4,4)  8/562(9)/038 8/6.25(10) /142 7/6.43(10)/5.48 6/6.33(10) /217 6 /6.83 (11) / 102
(6,3) 8/562(9) /0872 7/586(8) /275 7/643(10)/11.1 6/6.33(10) /389 6 /6.83 (11) / 155
005 (3,3) 8/6.25(9)/0.177 8/6.88(10)/0.367 7/6.86(10)/161 6/6.67(10)/593 6 /7.17 (10) / 27.6
(4,4) 8/6.50(10) /0420 7/6.57(9) /124 7/7.00(11)/5.67 6/6.83(10)/225 6/ 7.17 (10) / 104
(6,3) 8/6.38(10) /0914 7/6.43(10)/2.8 7/7.00(11)/122 6/6.67 (10)/39.5 6 /7.17 (10) / 177
01 (3,3) 7/620(9)/0146 7/7.29(11)/0.343 7/829(13)/1.76 7/8.71(13)/861 6 /850 (13) /29.6
(4,4) 7/629(9)/0.379 7/7.29(11)/1.32 7/843(13)/6.48 6 /800 (13) /244 6 /8.67(13) / 115
(6,3) 8/7.00(12) /0984 7/743(11)/292 7/843(13)/13.6 6/8.00(13) /429 6 /8.50 (13) / 101
02 (3,3) 7/857(12)/018 7/9.14(12) /0381 7 /1043 (16) /2.04 6/10.00 (14) / 741 6/ 10.50 (14) / 34.1
(4,4) 87925 (15 ) /0506 7/9.86(15) /1.38 7/10.71 (16) / 7.33 6 /10.17 (14) / 27.7 6 / 11.00 (14) / 115
6,3) 8950 (1 /108 7/943(14) /496 6 /9.67 (14) /11.6 6/ 10.00 (14) / 47.7 6 / 10.50 (14) / 212
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TABLE 3
Dependence on v of Direct SSN-PCG with the preconditioner Py at (K, P,nc,0) = (3,3,4,0.1).
Entries report Newton steps, total PCG, mean/maz PCG, and solve time in seconds.

~ Newton PCG  mean/max  time
107t 4 20 5.00/7 0.074
1072 6 36 6.00/9 0.138
1073 7 44 6.29/9 0.146
107% 16 168 10.50/16 0.364
107° 48 937 19.52/33 2.066
10~ 47 2,106 44.81/127  2.980

Table 2 shows three trends. First, the Newton count is insensitive to the dis-
cretization. Over all 75 runs it lies between 6 and 9, and it does not grow under
refinement: it decreases from 7-9 at nc = 4 to exactly 6 at nc = 8 for every o and
every (K, P). This is in line with the mesh-independent behaviour of semismooth
Newton methods [19].

Second, the number of PCG iterations per Newton step is essentially independent
of the mesh and of the stochastic discretization. For fixed o and (K, P), the mean
count rises by at most about two iterations from nc = 4 to nc = 6 and then stays
nearly constant. For fixed o and nc, the three choices of (K, P) differ by about one
iteration or less, although np grows from 20 to 84.

Third, the amplitude o is the only parameter with an effect on PCG. At nc =8,
as o grows from (.01 to 0.2, the mean count rises from 6.33 to 10.5-11.0 and the
maximum from 10 to 14. This is consistent with the theory: the reference Hy uses
only the mean coefficient, and the constants U and V of Corollary 5.8 grow with the
deviation of the coefficient from its mean through «, 5 and €. Even for ¢ = 0.2 the
growth is moderate, and the Newton count is unaffected. The solution time grows
reasonably with the scale of the problem, yet it remains within an acceptable range,
even the most difficult one can still be solved in 212 seconds.

Table 3 separates the two levels of the method. Its row v = 1072 is the entry
o= 0.1, (K,P) = (3,3), nc = 4 of Table 2. For v > 1073, the Newton count lies
between 4 and 7, and the mean PCG count per Newton step lies between 5.00 and
6.29. Below v = 103 both counts grow. Aty = 10~° the solver takes 47 Newton steps
with 44.81 PCG iterations per step on average and 127 at most, that is, 2,106 PCG
iterations in total against 44 at v = 10~3. This is the regime in which Py stops being
robust. The growth of the Newton count is a property of the nonlinear iteration: the
projection term in (5.1) has slope 7!, so for small «y the reduced equation approaches
a bang-bang system, and more steps are needed before the fast local convergence of
the semismooth Newton method sets in. While, the solve time is acceptable and it
grows from 0.074s at v = 107! to 2.980s at v = 1075,

7. Conclusions. We have studied the optimal control problem of elliptic PDEs
with random coefficients subject to a box-constrained control variable via Fenchel du-
ality. In both the function space and the discrete setting via stochastic Galerkin—finite
element methods, the dual formulation yields an unconstrained problem in the ad-
joint variable and reduces to a single semismooth equation without a duality gap. Our
matrix-free semismooth Newton—PCG algorithm solves this equation directly without
requiring outer iterations, penalties, or smoothing parameters. The current-set pre-
conditioner Py adds the active-set correction to a mean-based reference operator and
is inverted exactly by the Sherman—Morrison—Woodbury identity. For Py we prove
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that the preconditioned spectrum is bounded uniformly in the mesh size, the stochas-
tic dimension, v and the active set. In the numerical experiments, the solver uses the
cheap approximation Pj of the preconditioner Py,. The state solution converges at
second order, and the Newton and PCG counts stay bounded under mesh refinement
and enlargement of the stochastic space.

Future work includes developing continuation strategies for small regularization
parameters, extending the duality framework to lognormal diffusion coefficients using
weighted spaces, and exploring risk-averse objectives alongside alternative stochastic
discretizations.
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